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The inhomogeneous Helmholtz equation within the local fractional derivative operator conditions is investigated in this paper. The
local fractional variational iteration method is applied to obtain the nondifferentiable solutions and the graphs of the illustrative

examples are also shown.

1. Introduction

Helmbholtz equation has played an important role in the
partial differential equations arising in mathematical physics
[1, 2]. In computing the solution of Helmholtz equation,
some analytical and numerical methods were presented. For
example, Thlenburg and Babuska used the finite element
method to deal with the Helmholtz equation [3]. Momani and
Abuasad suggested the variational iteration method to solve
the Helmholtz equation [4]. Rafei and Ganji reported the
homotopy perturbation method to report the solution to the
Helmholtz equation [5]. Bayliss et al. considered the iterative
method to discuss the Helmholtz equation [6]. Benamou
and Despres reported the domain decomposition method
for solving the Helmholtz equation [7]. Linton presented
Green’s function method for the Helmholtz equation [8].
Singer and Turkel proposed the finite difference method to
solve the Helmholtz equation [9]. Otto and Larsson applied
the second-order method to discuss the Helmholtz equation
[10].

Recently, the fractional calculus [11, 12] was devel-
oped and applied to present some models in the fields,
such as the fractional-order digital control systems [13],

the fractional-order viscoelasticity [14], the fractional-order
quantum mechanics [15], and fractional-order dynamics [16].
More recently, Samuel and Thomas report the fractional
Helmholtz equations [17] and some methods for solving the
fractional differential equations were reported in [18-23].
However, we are faced with the problem that there must be
some calculus to deal with the nondifferentiable solution for
Helmbholtz equation, which was structured within the local
fractional derivative [24-34]. In this paper, we consider the
local fractional inhomogeneous Helmholtz equation in two-
dimensional case [31, 32]:

M (xy) *M(xy)
Sar e T M) = f(xy), O

where f(x, y) is a local fractional continuous function and
thelocal fractional partial derivative is defined as follows [24]:
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with
A% (f (%, ) = f (%0, )
=T(1+a)A(f(xy) - f(x9)).

The local fractional inhomogeneous Helmholtz equation in
three-dimensional case was suggested as follows [29, 30]:

(3)
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where f(x,y,z) is a local fractional continuous func-
tion. Here, we use the local fractional variational iteration
method [30-34] to solve the local fractional inhomogeneous
Helmholtz equation in two-dimensional case. The structure
of this paper is as follows. In Section 2, we analyze the
local fractional variational iteration method. In Section 3, we
present some illustrative examples. Finally, the conclusion is
given in Section 4.

2. Analysis of the Local Fractional Variational
Iteration Method

Here, we give the analysis of the local fractional variational
iteration method as follows. We first consider the local
fractional linear partial differential equation:

Lyu+Ru=g(t)), (5)

where L, denotes linear local fractional derivative operator of
order 2a, R, denotes a lower-order local fractional derivative
operator, and g(t) is the nondifferentiable source term.

Let the local fractional operator be defined as [24, 30-34]

f () @)*
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with the partitions of the interval [a,b], At; = £;,, —t;, At =
max{Atl,Atz,Atj,...}, and j=0,...,N-1,t,=a, ty=0b.

We now structure the correctional local fractional func-
tional in the form

Uy (%) = 1, (x) + I

(7)
X {C (s) (L 4uty, (5) + Ryuy, (s) — g (5))} -
Making the local fractional variation, we have
8ty (x) = 8%, (x) + I 8
(8)
x {C(s) (L u,, (5) + R,h, () — g (s))} =0
such that the following stationary conditions are given as
1= _ =0 )|, =0
)
()| _ =o.
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In view of (9), we obtain the fractal Lagrange multiplier,
which is given by

(s —x)*

(=TT

(10)

From (7) and (10), we reach at the local fractional variational
iteration algorithm

Upy (%) =1, (x) + OIL“)

) {lss(l_fzx) (Lo, (5) + Ry, (5) = g (s))} ;
1)

where the nondifferentiable initial value is suggested as

1y (x) = u (0) + u“(0). (12)

I'l+a«a)
Therefore, from (11), we write the solution of (7) as follows:

u= lim u,. (13)

n— 00

3. Some Illustrative Examples

In this section, we give some illustrative examples for solving
the local fractional inhomogeneous Helmholtz equation in
two-dimensional case.

We present the following local fractional inhomogeneous
Helmholtz equation:

M (x,y) 0™ *M(x,y) x*
M(x,y)= E, ("),
axZa + ay20c + (x )’) F(l +0€) Ot(y )
(14)
subject to the initial-boundary conditions:
"M (0, y) «
S = B (%),
ox (15)
M(0,y) =0.

Making use of (11), we structure the local fractional varia-
tional iteration algorithm as follows:

Mn+1 (x’ }/)

=M, (x, [ (=)
n(xy)+0x r(1+(x)

az“Mn (x,y) aZ“Mn (x,y) (16)
X +
axZa ayZ(x

E0M}

x(X

+M,, (x,y) - Ti+a

where the initial value is presented as

x(x

I'l+a)

M, (x,y) = E, (%), 17)

whose plot is shown in Figure 1.
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FIGURE 1: The graph of the initial value (17) where « = In2/In 3.

In view of (16) and (17), we arrive at the first approxima-
tion:

_ (x) (S_x)a
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The second approximation is
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Making best of (16) and (19), the third approximation reads
as

_ @ (s—=x)"
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From (16) and (20), we obtain the fourth approximation of
(14) given as

@ (s—x)%
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As similar manner, from (21), we arrive at the fifth approxi-
mate formula:

My (%) = M, (x, y) + 1@ =%
S(xy) 4(xy)+0x r(1+a)
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xoc x3oc 2x50¢
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Hence, we have the local fractional series solution of (14):

M, (x,y)

~ xoc - x3oc . 2x5(x
I'l+a) T(A+3x) T(1+5x)

16x110c
— +...
[(1+11a) )
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X Eq (=)
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(23)
From (13), we get the exact solution of (14) given as

M = lim M, (x,y)

1 2 2+ 1)
:nlg%o(zr(1+oc) _z(_ )m)
XEDC (_y"‘)
1 x* 1. [ o
- [Em + Esma (2x )] E, (-y%)

(24)

and its plot is illustrated in Figure 2.

Example 1. We suggest the following local fractional inhomo-
geneous Helmholtz equation:

**M (x,y) 0™ *M(x,y)
Ox2e + ayZ(x +M (x’ }/)

(25)

__x )
T Tl+a)I(1+a)

and the initial-boundary conditions read as

IMO,y)  y
ox% r(l+a) (26)

M(0,y) =
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FIGURE 2: The graph of exact solution of (14) where & = In2/1n 3.

From (11), we set up the local fractional variational iteration
algorithm as follows:

Mn+l (.X', }’)

(s —x)"
=M, (x,y)+ Oli“) s

M, (x,y) M, (x,y) (27)
X +
Ox2« ayZa

x* »*
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where the initial value is suggested as
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x Y
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Appling (27) and (28) gives the first approximate solution:

M, (x, y)
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Using (27) and (29), we obtain the second approximate term,
which is expressed as follows:

M, (x, y)

(s — x)*
=My (%) + OI’(“X) I'(l+«)

aZ(xM ,
y 1 (%) +
ox2« oy
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In view of (27) and (30), we obtain the third approximation,
which reads as follows:

M; (x, y)
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Therefore, we arrive at the approximate term
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which leads to the exact solution of (25) given as
M (x, )
= lim M, (x, )

O S | (33)
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(04 o
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and its plot is illustrated in Figure 3.

4. Conclusions

In this work, the boundary value problems for the inhomoge-
neous Helmholtz equation within local fractional derivative
operator were discussed by using the local fractional vari-
ational iteration method. Their nondifferentiable solutions
are obtained and the graphs of the solutions with fractal
dimension a = In2/In 3 are also given.
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FIGURE 3: The plot of exact solution of (25) where « = In2/In 3.
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