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A vehicle steering by wire (SBW) haptic system based on high gain generalized proportional integral (GPI) observers is introduced.
The observers are considered for the estimation of dynamic perturbations that are present at the tire and steering wheel. To ensure
efficient tracking between the commanded steering wheel angle and the tire orientation angle, the estimated perturbations are on
line canceled. As to provide a haptic interface with the driver, the estimated dynamic effects at the steering rack are fed back to the
steering wheel, yielding a master-slave haptic system with bilateral communication. For implementation purposes few sensors and
minimum knowledge of the dynamic model are required, which is a major advantage compared to other approaches. Only position
tracking errors are fed back, while all other signals are estimated by the high gainGPI observers.The scheme is robust to uncertainty
on the input gain and cancels dynamic perturbation effects such as friction and aligning forces on the tire. Experimental results are
presented on a prototype platform.

1. Introduction

Automobile dynamics, safety, and comfort are taking a major
role in vehicle design [1]. The steering system, or rather the
interface between the driver and the vehicle, is becoming an
important part of automobile design tasks [2–4]. The basic
design of the automobile steering system has changed little
since the steering wheel invention. The driver commanded
direction is transmitted by a column or steering shaft, includ-
ing universal joints and gearboxes, to the front tires. Assisted
steering systems were introduced in 1950, with the hydraulic
power steering system. Since then, the assistance unit
has become standard inmodern vehicles.The steering system
complements the effort required by the driver to steer the
vehicle, by using hydraulic pressure. Meanwhile, electrical
assisted steering systems have been introduced recently,
which eliminate the requirement of a hydraulic pump or dim-
inish the required effort provided by the hydraulic power,
yielding electrohydraulic or electrical assistance to the steer-
ing rack [5, 6].

The steering systems can be classified into three main
groups:mechanical steering systems [7], hydraulic power and
electrohydraulic power systems, and electric power assisted
systems (EPAS) [8–10]. Among the EPAS, there is a new
technology called steering by wire (SBW), whose main char-
acteristic is to completely do away with as many mechanical
components (steering shaft, column, gear reduction mecha-
nism, etc.) as possible [11]; see Figure 1.

In general SBW systems exhibit several advantages, such
as the following.

(1) The absence of steering column simplifies the car
interior design.

(2) The absence of steering shaft, column and gear reduc-
tion mechanism, allows much better space utilization
in the engine compartment.

(3) The steering mechanism can be designed and
installed as a modular unit.
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Figure 1: (a) SBW; (b) conventional steering system.

(4) Withoutmechanical connection between the steering
wheel and the road wheel, it is less likely that the
impact of a frontal crash will force the steering wheel
to invade into the driver’s survival space.

(5) SBW system characteristics can easily be adjusted to
optimize the steering response and driving feeling [12,
13].

Therefore, SBW systems allow better structures for crash
energy absorption [14] and present benefits related to passen-
gers’ comfort and driver feeling.

While substituting conventional steering systems by SBW,
there is a major issue related to what the driver feels through
the steering wheel. The forces, torques, and driving condi-
tions transmitted by the steering wheel to the driver are
important for a proper and safe vehicle driving.Therefore, the
SBW must provide the driver the opportunity to “feel” what
the road driving conditions are, just as the steering column
does. As a consequence, the SBW mechanism must also
behave as a haptic device [13, 14].

Several dynamic models related to haptic SBW systems
are presented in the literature; see [13–16]. In these models,
uncertain and perturbation terms appear which affect the
dynamics and the behavior of the SBW. Phenomena such as
friction, damping, inertia, and aligning forces, among others,
are considered in the dynamic model. The influence of those
uncertain and perturbation terms is rather important to guar-
antee a good performance of the SBW and to provide a reli-
able feedback of the road and driving conditions to the driver.
Dynamic phenomena effects on the SBW are difficult to be
known with certainty due to the changing conditions on the
road and the driving, for example, speed, roadway texture,
tire wear, tire air pressure, and rain. For the purpose of esti-
mating the effects of such unknown perturbations, the use of
observers has been proposed [11, 17]. The implementation of
such observers often requires the use of specialized sensors,
such as GPS and INS, measurement of lateral acceleration
[12], and current and torque motors measurements [15].
Furthermore, most of the proposed observers highly rely on
complicated dynamic models of the phenomena that are
present in the steering system. Besides uncertainty on the
dynamics phenomena, there exists also the problem of model

changes in accordance with the driving conditions and the
wide variety of vehicle models [1, 16].

All that was previously described makes it difficult to
determine a precise mathematical model and a control strat-
egy for the SBW system. As a solution, model-free observers
might be considered for estimating unmodeled dynamics and
perturbations effects on SBW systems.

In this work a vehicle SBW system is proposed based on
high gain generalized proportional integral (GPI) observers.
The use of extended and high gain observers is rather com-
mon in active disturbance rejection control (ADRC), [18, 19],
and some applications of such approach can be revised in
[20–22].

In the proposed approach high gain GPI observer helps
in determining the effects of uncertain dynamics phenomena
and additive perturbations on the steering rack and tire, such
as continuous and discontinuous friction, aligning forces,
inertia effects, and damping. The purpose of the high gain
GPI observer is twofold: firstly to help a PD controller to
actively reject dynamic perturbations and secondly to provide
the forces and torques that are fed back to the driver through
the steering wheel, therefore closing a haptic loop. The
proposed approach is only based on angle position feedback;
therefore, it can be implemented with common low cost
encoder sensors as in the experimental platform here consid-
ered.

The proposed SBW system behaves as a self-contained
sensor for tire forces, since such forces directly influence
vehicle dynamics. Although all uncertainties and dynamic
perturbations are lumped into an estimated linear term, the
approach shows good performance and a proper estimation
of the combined dynamic effects that are present at the SBW
system. Experimental results on a real platform show good
agreement with the theoretical results, that allows concluding
convergence of the tracking and estimation errors to a small
vicinity around zero.

2. SBW Dynamic Model

When considering a vehicle dynamics there are several
involved phenomena, such as lateral and longitudinal forces,
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tire-road friction [16, 23]. A common approach on vehicle
modeling dynamics is the so-called bicycle model [12, 16, 24],
which considers the chassis. However for the purpose of this
paper and taking into account that the experimental platform
only considers one tire (half of the steering rack), only the
steering system dynamics is to be taken into account.

As result of the SBWdesign of the experimental platform,
the steering wheel system depicted in Figure 3 and the steer-
ing rack system in Figure 5 are very similar. Thus, based on
their similarities, the dynamicmodel of the steering rack sub-
system is obtained alike that of the steering wheel. But, at the
steering rack system the tire-road dynamic phenomena are
included, such as tire-road interaction and aligning forces.

For modeling, control, and implementation purposes
the SBW system might be viewed as a master-slave system
with bilateral communication. In such approach, the steering
wheel acts as a master subsystem, capturing the driver com-
manded steering angle, and the steering rack is seen as a slave
subsystem that has to track the operator commanded steer
angle. The bilateral communication implies that the steering
wheel sends the commanded angle to the steering rack, while
from the steering rack, dynamic effects are estimated and sent
to the steeringwheel subsystem. Furthermore each subsystem
is provided with a PD controller with active disturbance
rejection and high gain GPI observers. The overall system
thus conforms a bilateral control scheme as in [24].

2.1. Steering Wheel Subsystem. The dynamics of the steering
wheel (Figure 2) or master system are affected by physical
phenomena that are presented in its three fundamental com-
ponents: the wheel, the reduction gearbox, and the DCmotor
(Figure 3). In particular the DC motor is in charge of reflect-
ing to the driver the forces that are estimated by the high
gain GPI observer from the dynamical phenomena presented
on the steering rack and tire (slave subsystem). Uncertain
dynamic effects and perturbation on the wheel subsystem are
estimated by another high gain GPI observer and canceled
through a PD controller with disturbance rejection. Dynamic
effects on the steering wheel include discontinuous Coulomb
friction; other works such as [12, 24] considered that
Coulomb friction phenomena affect only the steering rack
and tire subsystem. However the use of a reduction gearbox
induces discontinuous friction phenomena, even dead zones
may occur depending on the reduction gear.

Figure 3 shows an equivalent mechanical-electrical dia-
gram of the steering wheel subsystem. It is shown how the
dynamics of its three components are interconnected. For the
electrical part the relevant parameters are 𝑉V the input volt-
age, 𝐿V armature inductance,𝑅V armature resistance, 𝑖V arma-
ture current, 𝑖𝑓 current through the winding field, 𝑒V electro-
motive force, and 𝑘2 electromotive force constant gain.Mean-
while, themechanical relevant parameters are𝜙V output angle
of the motor, 𝐽1 inertia moment at the reduction input, 𝐵1
damping coefficient at the reduction input, 𝐹1 Coulomb fric-
tion coefficient at the reduction input, 𝑘1 motor torque con-
stant gain, 𝜏V motor torque, 𝐹𝑇V Coulomb friction coefficient
at gearbox, 𝐵𝑇V damping coefficient at gearbox, 𝐽2 inertia
moment at the reduction output, 𝐵2 damping coefficient at
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Figure 2: Steering wheel subsystem.

the reduction output, 𝐹2 Coulomb friction coefficient at the
reduction output, 𝜏V torque at the reduction output, 𝐶V wheel
Coulomb friction coefficient, 𝐵V wheel damping coefficient,
𝐽V wheel inertia moment, 𝑁V = 𝑁V1/𝑁V2 gearbox reduction
ratio, 𝑁V1 the number of teeth on the input gear, 𝑁V2 the
number of teeth on the output gear, and 𝜃V wheel angular
position.

For the electrical part of the steering wheel system, the
dynamic relation between the torque at the reduction output
𝜏V and the input voltage 𝑉V is given by

𝜏V =
𝑁V𝑘1

𝑅V
𝑉V (𝑡) −

𝑁
2
V𝑘1𝑘2

𝑅V

̇𝜃V. (1)

Meanwhile, taking into account the reduction gearbox,
the dynamic relation between 𝜏V and the wheel angular
position 𝜃V is represented by

𝜏V = 𝐽𝑇V
̈𝜃V + 𝐵𝑇V

̇𝜃V + 𝐹𝑇V sign ( ̇𝜃V) , (2)

where the equivalent coefficients of the reduction gearbox are
given by

𝐽𝑇V = (
𝑁V2

𝑁V1
)

2

𝐽1 + 𝐽2,

𝐵𝑇V = (
𝑁V2

𝑁V1
)

2

𝐵1 + 𝐵2,

𝐹𝑇V = (
𝑁V2

𝑁V1
)

2

𝐹1 + 𝐹2.

(3)

Finally, taking into account (1) and (2) and the dynamic
effects of the steering wheel, it is obtained that the dynamic
model of the steering wheel subsystem is given by (4), with
𝐽V𝑒 = 𝐽V+𝐽𝑇V being the equivalent inertia of the steering wheel
system:

𝐽V𝑒
̈𝜃V + (𝐵𝑇V + 𝐵V)

̇𝜃V + (𝐹𝑇V + 𝐶V) sign ( ̇𝜃V)

=
𝑁V𝑘1

𝑅V
𝑉V (𝑡) −

𝑁
2
V𝑘1𝑘2

𝑅V

̇𝜃V.

(4)
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Figure 3: Equivalent mechanical-electrical diagram of the steering wheel subsystem.

2.2. Steering Rack Subsystem and Tire Dynamics. Figure 4
shows the steering rack and tire subsystem (slave subsystem),
while a schematic diagram is presented in Figure 5, where the
main components (tire, reduction gearbox, and DC motor)
are represented by its electrical andmechanical counterparts.
Notice the similarities between the steering wheel subsystem
depicted in Figure 3 and the steering rack subsystem in
Figure 5.Thus, based on their similarities, the dynamicmodel
of the steering rack subsystem is obtained alike that of the
steering wheel. However, because the tire-road interaction,
there are dynamic effects such as friction and aligning forces
that must to be considered [16, 17]. Also longitudinal forces
affect the tire dynamics, but at this point, such forces are
disregarded and would be further included when vehicle
chassis is to be considered.

From Figure 5 and by taking into account the electrical
and mechanical parameters, the dynamic model of the steer-
ing rack and tire subsystem is obtained as given by (5). The
aligning forces at the tire, also referred to as self-aligning
forces in the literature, are represented by 𝜏SAT. Meanwhile,
the relevant electrical parameters inmodel (5) are𝑉𝑟 the input
voltage, 𝐿𝑟 armature inductance, 𝑅𝑟 armature resistance, 𝑖𝑟
armature current, 𝑖𝑓 current through the winding field, 𝑒𝑟
electromotive force, and 𝑘2 electromotive force constant gain.
For themechanical part, the parameters are𝜙𝑟 output angle of
the motor, 𝐽𝑎 inertia moment at the reduction input, 𝐵𝑎
damping coefficient at the reduction input, 𝐹𝑎 Coulomb fric-
tion coefficient at the reduction input, 𝑘1 motor torque con-
stant gain, 𝐹𝑇𝑟 Coulomb friction coefficient at gearbox, 𝐵𝑇𝑟
damping coefficient at gearbox, 𝜏𝑟 motor torque, 𝐽𝑏 inertia
moment at the reduction output, 𝐵𝑏 damping coefficient at
the reduction output, 𝐹𝑏 Coulomb friction coefficient at the
reduction output, 𝜏𝑟 rack torque, 𝐶𝑟 rack Coulomb fric-
tion coefficient, 𝐵𝑟 rack damping coefficient, 𝐽𝑟 rack inertia
moment, 𝑁𝑟 = 𝑁𝑟1/𝑁𝑟2 gearbox reduction ratio, 𝑁𝑟1 the
number of teeth on the input gear, 𝑁𝑟2 the number of teeth
on the output gear, 𝜃𝑟 rack angular position (tire angular

position), and 𝐽𝑟𝑒 = 𝐽𝑟 + 𝐽𝑇𝑟 the equivalent inertia of the
steering rack subsystem:

𝐽𝑟𝑒
̈𝜃𝑟 + (𝐵𝑇𝑟 + 𝐵𝑟)

̇𝜃𝑟 + (𝐹𝑇𝑟 + 𝐶𝑟) sign ( ̇𝜃𝑟) + 𝜏SAT

=
𝑁𝑟𝑘1

𝑅𝑟

𝑉𝑟 (𝑡) −
𝑁
2
𝑟 𝑘1𝑘2

𝑅𝑟

̇𝜃𝑟.

(5)

The equivalent coefficients of the rack reduction gearbox
are given by

𝐽𝑇𝑟 = (
𝑁𝑟2

𝑁𝑟1

)

2

𝐽𝑎 + 𝐽𝑏,

𝐵𝑇𝑟 = (
𝑁𝑟2

𝑁𝑟1

)

2

𝐵𝑎 + 𝐵𝑏,

𝐹𝑇𝑟 = (
𝑁𝑟2

𝑁𝑟1

)

2

𝐹𝑎 + 𝐹𝑏.

(6)

2.2.1. Aligning Force at Tire. The aligning torque 𝜏SAT occurs
because of the existence of caster and kingpin angles in the
steering mechanical structure; this torque induces steering
pull. Both linear and nonlinear models for lateral aligning
forces have been proposed, mainly based on cornering
stiffness, the slip angle, and the so-called bicycle model of a
front steering vehicle [16, 24]. While a vehicle is turning, tire
forces acting on the steering system tend to resist steering
motion away from the straight-ahead position. These forces
are due to self-aligning torque, that is a function of the
steering geometry, particularly caster angle, tire deformation,
and vehicle linear velocity. Since the considered experimental
platform is only composed by half of the steering rack (see
Figure 8), then only one tire is taken into account.

The aligning torque at the front left wheel is modeled as
presented in [23]. Figure 6 depicts the forces and variables
related to aligning tire torque. The subindex 𝑓𝑙 indicates that
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Figure 6: Tire force at front left wheel: (a) tire forces; (b) self-aligning torque [23].

front left tire is considered, while the superindices 𝑥 and 𝑦
reflect the axes on which forces act. 𝐹𝑥 and 𝐹𝑦 are driving
and lateral forces, respectively. 𝐹𝑦 is generated by sidesliping
of the tire. 𝐶𝐹 stands for cornering force. 𝐹𝑦

𝑓𝑙
is the front

left tire lateral force, 𝛼𝑓𝑙 is the front tire slip angle, 𝜉𝑝 is the
pneumatic trail, that is, the distance from the center of tire to
the application of lateral force, 𝜉𝑐 is the caster or mechanical
trail, that is, the distance from the tire center to the point on
the ground about which the tire pivots as a result of the wheel
caster angle, and 𝑉𝑓𝑙 is the velocity of the tire at its center.
Then the self-aligning torque is given by

𝜏SAT = (𝜉𝑐 + 𝜉𝑝) 𝐹
𝑦

𝑓𝑙
(𝛼𝑓𝑙) . (7)

According to [23], in the linear region of tire charac-
teristics, the front left tire cornering force 𝐶𝐹𝑓𝑙 depends on
cornering stiffness 𝐶𝑓 and the slipping angle 𝛼𝑓𝑙; that is,

𝐶𝐹𝑓𝑙 = −𝐶𝑓𝛼𝑓𝑙. (8)

Then from Figure 6, the relation between 𝐹𝑦
𝑓𝑙
and 𝐶𝐹𝑓𝑙 is

given by

𝐹
𝑦

𝑓𝑙
=

𝐶𝐹𝑓𝑙

cos𝛼𝑓𝑙
. (9)

Note that the tire slip angle 𝛼𝑓𝑙 is not easy to bemeasured;
thus it must be estimated. In [12], it is mentioned that
on production cars’ sideslip angle is typically derived from
integration of inertial sensors (lateral acceleration), but this
estimation error is prone to uncertainty and errors due to
sensor drift. Furthermore, 𝜉𝑐 and 𝜉𝑝 are only approximately
known; however, in order to obtain a linear model, 𝜉𝑐 and 𝜉𝑝
are assumed to be constant and known. Same consideration
applies to the front cornering stiffness 𝐶𝑓.

Remark 1. Notice that the dynamic models here represented
by (4) and (5) are not used for the design of the PD controller
and the high gain GPI observers. The only parameter that
is required for the high gain GPI observer is the input gain.
Nevertheless, the dynamicmodels are introduced to show the
dynamic phenomena that affect the SBW system.

3. PD plus High Gain GPI Observer

Thedesign of the controller and observer for both the steering
wheel and the steering rack is very similar, but for the sake
of clarity, each controller and observer would be presented
separately.

3.1. Steering Wheel Controller and Observer. Based on the
dynamicmodel of the steeringwheel ormaster subsystem (4),
the nonlinear terms, including perturbations and unmodeled
dynamics, are substituted by a time-variant disturbance term
𝜑(𝑡). Lumping all uncertainties and unknown dynamics on
the time-varying term 𝜑(𝑡) might be considered as a rough
approximation; nevertheless under certain conditions on
boundedness and smoothness such approximation results are
valid (see the appendix and [20, 21]). In state space dynamics
representation, 𝑥1 = 𝜃V and 𝑥2 = ̇𝜃V; the model (4) is
represented as a linear perturbed system depicted in

�̇�1 = 𝑥2,

�̇�2 =
𝑁V𝑘1

𝐽V𝑒𝑅V
𝑉V (𝑡) + 𝜑 (𝑡) ,

(10)

where𝜑(𝑡) is by assumption a uniformly, absolutely, bounded,
time-varying function, that represents all nonlinear and
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uncertain terms, that is, all disturbances affecting the linear
simplified model (see (11)):

𝜑 (𝑡) = −
1

𝐽V𝑒
{ (𝐵𝑇V + 𝐵V)

̇𝜃V

+ (𝐹𝑇V + 𝐶V) sign ( ̇𝜃V) +
𝑁
2
V𝑘1𝑘2

𝑅V

̇𝜃V} .

(11)

Note that the equality established by (11) is enforced by the
proposedmodel (4); if other dynamic effects or perturbations
are to be considered, these phenomena would be included in
the term𝜑(𝑡) aswell, such that the approximated linearmodel
(10) remains valid in local basis. The relation (11) is presented
for the sake of completeness, since the term 𝜑(𝑡) is estimated
by a high gain GPI observer.

Based on the state space representation (10), a high gain
GPI observer is proposed for the linear perturbed system,
given by (12). The number of integrators required at the high
gain GPI observer depends on the order and complexity of
the nonlinearities represented by the term 𝜑(𝑡). This is equi-
valent to truncating a Taylor or Fourier series expansion, but
in this case perfect approximation would imply an infinite
integrators chain. Proper determination of the order of
the extended observer would imply knowledge of the non-
linearities of the term 𝜑(𝑡) as shown in [25]. The order of
the observer and the relation between the high gain and the
final estimation bound have been analyzed for some partic-
ular systems and under certain considerations [18, 19, 25].
Despite the difficulties in determining the order of the
extended observer from a theoretical point of view, for some
practical situations they can be adjusted by looking after an
approximated model and measurements on the systems. In
this particular case the number of integrators was adjusted by
trial and error based on the value of the estimation error 𝑒V =
𝑥1 − 𝑥1 of a set of experiments. The term 𝜑1 corresponds to
an estimate of the disturbance term 𝜑(𝑡). Notice that the high
gain GPI observer (12) only requires measurement of the
steering wheel angle 𝑥1 = 𝜃V minimizing the amount of
sensors on the system:

̇̂𝑥1 = 𝑥2 + 𝜆7V (𝑥1 − 𝑥1) ,

̇̂𝑥2 =
𝑁V𝑘1

𝐽V𝑒𝑅V
𝑉V (𝑡) + 𝜑1 + 𝜆6V (𝑥1 − 𝑥1) ,

̇̂𝜑1 = 𝜑2 + 𝜆5V (𝑥1 − 𝑥1) ,

̇̂𝜑2 = 𝜑3 + 𝜆4V (𝑥1 − 𝑥1) ,

̇̂𝜑3 = 𝜑4 + 𝜆3V (𝑥1 − 𝑥1) ,

̇̂𝜑4 = 𝜑5 + 𝜆2V (𝑥1 − 𝑥1) ,

̇̂𝜑5 = 𝜑6 + 𝜆1V (𝑥1 − 𝑥1) ,

̇̂𝜑6 = 𝜆0V (𝑥1 − 𝑥1) .

(12)

The estimation error of the high gain GPI observer,
𝑒V, satisfies the perturbed dynamics given by (13), which

corresponds to a nonhomogeneous linear dynamic system,
with input given by the sixth time derivative of𝜑. Similar con-
vergence analyses are done in [18, 19, 25], where there are also
considerations on boundedness and smoothness of the per-
turbations and uncertainties, as those imposed here on the
term 𝜑:

𝑒
(8)
V + 𝜆7V𝑒

(7)
V + ⋅ ⋅ ⋅ + 𝜆2V

̈̃𝑒V + 𝜆1V
̇̃𝑒V + 𝜆0V𝑒V = 𝜑

(6)
. (13)

Since 𝜑 is by assumption a uniformly, absolutely,
bounded, and time-varying function, then, to achieve con-
vergence of the error dynamics to a small vicinity around the
origin of the estimation error phase coordinates, the gains𝜆𝑖V,
𝑖 = 0, 1, 2, . . . , 7 are chosen such that the roots of the asso-
ciated characteristic polynomial are located far enough into
the left half of the complex plane, that usually implies high
gain values. From the results reported on ADRC, see [18,
19], it follows that closed loop stability properties can be
established by considering slow and fast dynamics, usually of
the control and the observer, respectively.This is, the observer
dynamics should be faster than those of the controller, and
for that a pole location problem can be considered based
on (13). Among all possibilities to select the gains 𝜆𝑖V, 𝑖 =
0, 1, 2, . . . , 7, a simple selection of the gains is done by assign-
ing the associated characteristic polynomial to a suitable
polynomial with known adequate roots. Since the order of
the high gain observer error dynamics (13) is an even
number, then a power of a second-order polynomialmight be
considered, as shown in (14), with 𝜉obs,V and 𝜔𝑛(obs,V) being
coefficients related to damping and natural frequency, respec-
tively:

𝑠
8
+ 𝜆7V𝑠

7
+ 𝜆6V𝑠

6
+ ⋅ ⋅ ⋅ + 𝜆2V𝑠

2
+ 𝜆1V𝑠 + 𝜆0V

= (𝑠
2
+ 2𝜉obs,V𝜔𝑛(obs,V)𝑠 + 𝜔

2
𝑛(obs,V))

4
.

(14)

Given that the observer (12) explicitly estimates the
perturbation term 𝜑(𝑡), then it is possible to propose a PD
control with disturbance rejection (15). ̇𝜃

∗
V (𝑡) and ̈𝜃

∗
V (𝑡) are

the desired angular velocity and acceleration on the steering
wheel, whichmight be obtained from the corresponding time
derivatives of the angular position imposed by the driver
𝜃
∗
V (𝑡), although this might raise problems due to noise:

𝑉V (𝑡) = −
𝐽V𝑒𝑅V

𝑘1𝑁V
[𝜑1 + 𝜔

2
𝑛(𝑐,V) (𝜃V − 𝜃

∗
V )

+2𝜉𝑐,V𝜔𝑛(𝑐,V) (𝑥2 −
̇𝜃
∗
V ) −

̈𝜃
∗
V + 𝐾ℎ�̂�1] .

(15)

Notice that in (15), 𝑥2 corresponds to the estimate of the
steering wheel angular velocity ̇𝜃V(𝑡), and 𝜑1 is the estimated
disturbance term acting on the steering wheel subsystem
𝜑(𝑡), so that both estimates are simultaneously obtained by
the high gain GPI observer (12). Meanwhile, the term �̂�1

corresponds to the estimate of the disturbance signal on the
steering rack subsystem and it is also obtained by a high gain
GPI observer designed for such particular system (19).

By defining the tracking error at the steering wheel sub-
system as 𝑒V = 𝜃V −𝜃

∗
V , then the closed loop dynamics formed
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by (10) with the controller (15) and the high gain observer
(12) are given by the nonhomogeneous linear equation (16).
Oncemore following the results from [18, 19], selection of the
control gains should imply that the observer error dynamics
(13) must be faster than the controller dynamics:

̈𝑒V + 2𝜉𝑐,V𝜔𝑛(𝑐,V) ̇𝑒V + 𝜔
2
𝑛(𝑐,V)𝑒V

= (𝜑 − 𝜑1) + 2𝜉𝑐,V𝜔𝑛(𝑐,V)
̇̃𝑒V − 𝐾ℎ�̂�1.

(16)

The closed loop tracking error dynamics (16) are excited by
three terms, fromwhich the terms (𝜑−𝜑1) and ̇̃𝑒V correspond
to estimation errors of the high gain GPI observer (12),
but as shown before, by a proper selection of theGPI observer
gains, these errors might be arbitrarily small around a
vicinity of zero.The term−𝐾ℎ�̂�1, on the other hand, cannot be
neglected, since it recreates the feedback reflection from the
tire system to the wheel system.This feedback force reflection
is recreated by inducing a tracking error between the driver
commanded angular position and the wheel angular position
settled by the wheel DC motor. This fact establishes a com-
mitment between reflecting forces from the tire system and
forcing the tracking error 𝑒V to zero. Asymptotic convergence
of the tracking error 𝑒V to a small vicinity around zero can be
obtained by a proper selection of the gains 𝜉𝑐,V and 𝜔𝑛(𝑐,V).

The feedback reflection of the estimated disturbance term
�̂�1 from the steering rack subsystem to the steering wheel
subsystem yields the haptic loop in the form of a feedback
signal proportional to the lumped perturbation torques
present at the rack system. This recreates, to the driver, the
forces and dynamical effects of torques affecting the steering
rack and tire mechanism. The gain 𝐾ℎ weighs the amount of
haptic feedback to the driver and can be related to driving
sensation and feeling of the road conditions.

Remark 2. Note that in this proposed approach the driver
“feels” proportional forces and disturbances present at the
steering rack and tire, with proportional gain 𝐾ℎ, which is
the simplest feedback situation. In works such as [12], active
modification of the handling and steering system are pro-
posed based on composed functions or adaptive gains. Such
active feedback adjustment is common in vehicles where
different stiffness is felt at low and high vehicle speed, as well
as a modification of the steering angle ratio between steering
wheel and tire is induced. Such modifications can be intro-
duced through the proposed controller (15) by defining a
feedback function of the estimated variable �̂�1.

3.2. Steering Rack Controller and Observer. From Figures 2,
3, 4, and 5, it is straightforward to find out the similarities
between the steering wheel subsystem and the rack and tire
subsystem. Due to the similarities between both subsystems,
also a high gain observer and PD controller with disturbance
rejection similar to (12) and (15) are proposed for the steering
rack and tire subsystem. Thus, based on the dynamic model
of the steering rack subsystem (5), the nonlinear terms
and uncertain dynamics are substituted by a time-variant

disturbance term 𝜎(𝑡). Then, the state space dynamic model
(5) is represented as in (17), with states 𝑦1 = 𝜃𝑟 and 𝑦2 = ̇𝜃𝑟:

̇𝑦1 = 𝑦2,

̇𝑦2 =
𝑁𝑟𝑘1

𝐽𝑟𝑒𝑅𝑟

𝑉𝑟 (𝑡) + 𝜎 (𝑡)

(17)

with

𝜎 (𝑡) = −
1

𝐽𝑟𝑒

{ (𝐵𝑇𝑟 + 𝐵𝑟)
̇𝜃𝑟

+ (𝐹𝑇𝑟 + 𝐶𝑟) sign ( ̇𝜃𝑟) +
𝑁
2
𝑟 𝑘1𝑘2

𝑅𝑟

̇𝜃𝑟 + 𝜏SAT} .

(18)

For the steering rack and tire subsystem, the equality
established by (18) is enforced by the proposed model (5), if
other dynamic effects or perturbations are to be considered,
these phenomena would be included in the term 𝜎(𝑡) as well,
such that the approximated linearmodel (17) remains valid in
local basis. The term 𝜎(𝑡) would be estimated by a high gain
GPI observer (19), its estimate is denoted by the variable �̂�1:

̇̂𝑦1 = 𝑦2 + 𝜆7𝑟 (𝑦1 − 𝑦1) ,

̇̂𝑦2 =
𝑁𝑟𝑘1

𝐽𝑟𝑒𝑅𝑟

𝑉𝑟 (𝑡) + �̂�1 + 𝜆6𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎1 = �̂�2 + 𝜆5𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎2 = �̂�3 + 𝜆4𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎3 = �̂�4 + 𝜆3𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎4 = �̂�5 + 𝜆2𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎5 = �̂�6 + 𝜆1𝑟 (𝑦1 − 𝑦1) ,

̇̂𝜎6 = 𝜆0𝑟 (𝑦1 − 𝑦1) .

(19)

The observer estimation error 𝑒𝑟 = 𝑦1 − 𝑦1 satisfies the
dynamics given by

𝑒
(8)
𝑟 + 𝜆7𝑟𝑒

(7)
𝑟 + ⋅ ⋅ ⋅ + 𝜆2𝑟

̈̃𝑒𝑟 + 𝜆1𝑟
̇̃𝑒𝑟 + 𝜆0𝑟𝑒𝑟 = 𝜎

(6)
. (20)

The convergence properties of the estimation error at
the steering rack 𝑒𝑟 to a small vicinity of the origin can be
established in a similar manner as for the steering wheel
subsystem. This is assigning the associated characteristic
polynomial to a suitable polynomial with known adequate
roots, as in (14), ensuring faster observer dynamics than the
controller dynamics.

Based on the estimated angular velocity of the steering
rack subsystem 𝑦2 along with the perturbation estimate �̂�1,
an active disturbance rejection control is synthesized in the
form of a PD controller with a perturbation term rejection.
This controller is proposed in (21). Notice that the reference
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Figure 7: SBW schematic interconnections.

trajectory for the PD steering rack controller corresponds to
the steering wheel angle 𝜃V(𝑡) and the angular velocity and
acceleration estimates 𝑥2 and ̇̂𝑥2, which are obtained by the
high gainGPI observer (12).Therefore, the closed loop system
can be seen as a master-slave system with a haptic loop and
bilateral communication. The haptic loop is due to feedback
reflecting the estimate of the steering rack perturbation term
�̂�1 to the steering wheel PD control, given by (15). Thus,
through the steering wheel the human operator is able to feel
the dynamic phenomena that affect the steering rack and tire:

𝑉𝑟 (𝑡) = −
𝐽𝑟𝑒𝑅𝑟

𝑘1𝑁𝑟

[�̂�1 + 𝜔
2
𝑛(𝑐,𝑟) (𝜃𝑟 − 𝜃V (𝑡))

+2𝜉𝑐,𝑟𝜔𝑛(𝑐,𝑟) (𝑦2 − 𝑥2) −
̇̂𝑥2] .

(21)

By defining the tracking error at the steering rack and tire
subsystem as 𝑒𝑟 = 𝜃𝑟 − 𝜃V, then the closed loop dynamics
formed by (17) with the controller (21) and the high gain
observer (19) are given by the nonhomogeneous linear
equation

̈𝑒𝑟 + 2𝜉𝑐,𝑟𝜔𝑛(𝑐,𝑟) ̇𝑒𝑟 + 𝜔
2
𝑛(𝑐,𝑟)𝑒𝑟

= (𝜎 − �̂�1) + 2𝜉𝑐,𝑟𝜔𝑛(𝑐,𝑟) (
̇̃𝑒V −

̇̃𝑒𝑟) −
̈̃𝑒V.

(22)

The closed loop tracking error dynamics (22) are excited by
estimation errors of the high gainGPI observers (12) and (19);
nevertheless, by a proper selection of the GPI observer gains,
these errors might be arbitrarily small around a vicinity of
zero. Thus asymptotic convergence of the tracking error 𝑒𝑟
to a small vicinity around zero can be obtained by a proper
selection of the gains 𝜉𝑐,𝑟 and 𝜔𝑛(𝑐,𝑟).

Notice that the full control system given by the controllers
(15) and (21) together with the high gain GPI observers (12)
and (19) only require measurement of the steering wheel
angle 𝜃V and the tire orientation angle 𝜃𝑟. It is also important
to point out that the proposed approach is based on the
input gain of the systems; thus minimum knowledge of the
dynamic models is required. Figure 7 shows a schematic
representation of the proposed SBWsystem and the intercon-
nections between the steeringwheel and steering rack and tire
subsystem.

Figure 8: SBW experimental platform.

4. Experimental Results

For experimental purposes, a low cost platformhas been built
(see Figure 8).The platform is providedwith a steering wheel,
and half of the steering rack of a beetle VW vehicle, including
suspension system and tire.This type of steering system is still
available in economic commercial cars. The steering column
was modified as shown in Figures 2 and 4, including 2 DC
motors and encoders. The communication and control are
programmed in a PC with Windows as operative system.

The whole control approach of the SBW haptic system,
PD, and high gain GPI observer (12) and (15) for the steering
wheel and (19) and (21) for the steering rack are programmed
using general blocks of Simulink available in MATLAB. The
electronics and mechanical components of the experimental
platform are listed as follows. The angular positions on the
steering wheel and on the rack are measured by incremental
encoders OMRON, model E6B2-CWZ1X, 2000PPR, 0.5M.
The PC is equipped with a data acquisition card Sensoray
model 626, which is programmed to work with a sampling
period of 0.0005 seconds. Two operational amplifiers, model
STK4050 II, are used to condition the control voltages 𝑉V(𝑡)
and 𝑉𝑟(𝑡) that are sent to the DC motors Nisca Motor model
NC5475B. Eachmotor is connected to a gearbox, such that for
the steering wheel a reduction ratio of 𝑁V = 16 is obtained,
and for the steering rack the reduction ratio is 𝑁𝑟 = 48.
Figure 9 shows a schematic connection of the SBW haptic
system.
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Figure 9: Schematic diagram of the experimental SBW.

Following the results from [18, 19], selection of the control
and observer gains should imply that the observer error
dynamics must be faster than the controller dynamics. All
gains were tuned by using (14), by considering pure real roots
and taking into account the performance of the tracking
errors 𝑒V and 𝑒𝑟. For the master subsystem the control gains
involved in (15) are 𝜉𝑐,V = 1.01, 𝜔𝑛(𝑐,V) = 5.92, and for its GPI
observer (12) 𝜉obs,V = 2.2, 𝜔𝑛(obs,V) = 15.2 meanwhile, for
the steering rack (slave subsystem) the control gains, see (21),
they are 𝜉𝑐,𝑟 = 2.53, 𝜔𝑛(𝑐,𝑟) = 5.92, and for the GPI observer
(19) the gains are 𝜉obs,𝑟 = 10, 𝜔𝑛(obs,𝑟) = 25.

Two cases are compared: first the SBW is tested without
traction, and second tire traction at a speed of 9.4m/s
(33.84 km/hr) is supplied. This comparison is to look after
how tire velocity affects the aligning forces and thus the reac-
tion forces presented at tire and steering rack subsystem.The
same platform as sketched in Figure 9 is used for both cases,
with and without tire traction; only the motor in charge of
traction is turned on or off; this emulates steering the vehicle
when being parked and in motion. It is also important to
emphasize that the controller and observers are the same in
both cases; that is, nothing is changed in their structure. This
fact implies a realistic and robust application of the proposed
approach in a vehicle, such that the same controller and
observers work for all possible vehicle scenarios. The control
gains that are used in both cases are those described at
previous paragraph, which were tuned for the case without
tire traction. For the sake of comparison first the results

without traction are presented; then the results with traction
are shown.

4.1. SBW System without Tire Traction. This case emulates
steering the vehicle when being parked, such that greater
effort is required to steer the tire than when being in motion.
In some commercial vehicles, a larger steering ratio, between
steering wheel and tire, is set when the vehicle moves at low
speed or is standstill. This produces a less stiff or softer steer-
ing wheel sensation. In this experiment and for comparison
purposes the same steering ratio and feedback gain for the
haptic loop (𝐾ℎ) are kept for traction and without traction
cases.

The convergence between the steering rack angle (tire
angle orientation) 𝜃𝑟 and the human desired angular position
given by the desired steering wheel angle 𝜃∗V allows conclud-
ing good tracking and performance of the SBW system; see
Figure 10. This is further supported by the tracking error 𝑒 =
𝜃𝑟 − 𝜃

∗
V that converges to a small vicinity around zero; see

Figure 11. Thus, it can be concluded that the high gain GPI
observer (19) properly estimates the disturbance signal at the
steering rack and tire �̂�1(𝑡); see Figure 12. Therefore the PD
plus disturbance compensation (21) is able to reject the
perturbation signal effects. On the other hand, feedback of
the dynamic perturbation phenomena �̂�1(𝑡) from the steering
rack to the steeringwheel generates a haptic loop such that the
operator “feels” the dynamic perturbations that affect the
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Figure 11: Rack tracking error 𝑒𝑟(𝑡) without tire traction.

steering rack and tire. The DC motor voltage on the steering
rack subsystem 𝑉𝑟(𝑡) required to properly track the rack
angular reference is shown in Figure 13.

4.2. SBW System with Tire Traction. This case emulates steer-
ing the vehicle when being in motion, such that less effort is
required to steer the tire than when being parked. In some
commercial vehicles a smaller steering ratio, between steering
wheel and tire, is set as higher the vehicle speed, as well as a
stiffer steering wheel feeling, this is the so called “sport”
mode. Although such adaptive response of the SBW can be
considered in the proposed controller (15), in this experiment
and for comparison purposes the same steering ratio and
feedback gain for the haptic loop (𝐾ℎ) are kept for traction
and without traction cases.

When tire traction is considered (9.4m/s), convergence
between the steering rack angle 𝜃𝑟 and the human desired
angular position 𝜃

∗
V allows concluding good tracking and

performance of the SBW system; see Figure 14.This is further
supported by the tracking error 𝑒𝑟 = 𝜃𝑟 −𝜃

∗
V that converges to

a small vicinity around zero; see Figure 15.Thus, the high gain
GPI observer (19) properly estimates the perturbation signal
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Figure 12: Disturbance steering rack signal �̂�1(𝑡) without tire trac-
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Figure 13: Voltage at the steering rack DC motor 𝑉𝑟(𝑡) without tire
traction.

at the steering rack and tire �̂�1(𝑡); see Figure 16. Thus, the PD
plus disturbance compensation (21) is able to reject the
perturbation signal effects.On the other hand, feedback of the
disturbance phenomena �̂�1(𝑡) from the steering rack to the
steering wheel generates a haptic loop such that the operator
“feels” the dynamic perturbation that affect the steering rack
and tire. The DC motor voltage on the steering rack sub-
system 𝑉𝑟(𝑡) required to properly track the rack angular
reference is shown in Figure 17.

4.3. Comparison Results and Discussion. It is important to
point out that the commanded steering wheel reference was
provided by a human operator steering the wheel. Therefore,
although the same desired trajectory was intended, there are
differences on such reference; see Figures 10 and 14. Never-
theless, some conclusions can be drawn from the comparison
study.

In both cases, with and without tire traction, the perfor-
mance of the SBW is rather acceptable; that is, the tracking
error 𝑒 = 𝜃𝑟 − 𝜃

∗
V converges to a small vicinity around zero, as

predicted by the closed loop error dynamics (22); that is,
𝜃𝑟 → 𝜃V → 𝜃

∗
V ; see Figures 11 and 15. It is important to

note that the control and observer gains were tuned for the
without tire traction case; nevertheless, the magnitude and
performance of the tracking error 𝑒 = 𝜃𝑟 − 𝜃

∗
V is very similar
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Figure 14: Rack angular position and its desired human reference
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∗ with tire traction.
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Figure 15: Rack tracking error 𝑒𝑟(𝑡) with tire traction.

for both cases.Therefore, it can be concluded that uncertainty
and dynamic perturbations are properly estimated and com-
pensated by the high gain GPI observers in both cases, with
and without traction.

Even though similar tracking error convergence 𝑒 = 𝜃𝑟 −
𝜃
∗
V is obtained for both cases, there are relevant differences
on magnitude and shape of the estimated perturbation term
�̂�1(𝑡) (Figures 12 and 16), as well as for the control action𝑉𝑟(𝑡)
(Figures 13 and 17). These differences are due to the effects of
tire traction, particularly, aligning torques and road-tire fric-
tion. The estimated perturbation signals �̂�1(𝑡) show that for
the case with traction, the perturbation torque is smaller in
magnitude that for the without tire traction. This fact trans-
lates in the driver feeling less effort to steer the wheel when
there is traction, than without traction.This “feeling” is com-
mon when driving a vehicle at high speed, when less effort
is required to steer, compared to the steering effort when the
vehicle speed is very low or even being parked.

Notice that some commercial vehicles actively adapt the
steering ratio, between steering wheel and tire, and stiffness
steering wheel feeling, as function of the vehicle speed, for
example, the parking and sport mode. Although such adap-
tive response of the SBW can be considered in the proposed
controller (15), in the comparison study here carried out the
same steering ratio and feedback gain for the haptic loop (𝐾ℎ)
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Figure 16: Disturbance steering rack signal �̂�1(𝑡) with tire traction.
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Figure 17: Voltage at the steering rack DC motor 𝑉𝑟(𝑡) with tire
traction.

are kept for traction and without traction cases. Adaptive
behavior of the proposed SBW haptic system can be con-
sidered by modifying the feedback of the disturbance and
dynamic effects of the steering rack and tire.

5. Conclusions and Perspectives

This paper has presented a haptic steering by wire system
based on high gain GPI observers. The high gain GPI tech-
nique requires a minimum amount of information from the
dynamic model; only the nonlinear system input gain is
required; as for sensors only encoders are employed, which is
an advantage compared to other techniques of SBW systems
that required specialized sensors.The tracking error between
the desired angle settled by the human operator, the steering
wheel angle, and the tire orientation angle can be made
arbitrarily small by a proper gain selection.

The technique is capable of estimating the perturbation
inputs and the uncertain terms that affect the SBWdynamics.
In particular, the SBW system represents a twofold applica-
tion of the GPI observer: on the one hand it helps in rejection
or compensating the perturbation in each subsystem; on the
other hand the estimated perturbations on the steering rack
are fed back to the steering wheel to yield a haptic system,
including tire self-aligning torque.
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It is worth to notice that the high gain GPI observer
together with the PD control relies only on measurements
of an encoder, thus highly diminishing the use of sensors.
Then the proposed SBW system behaves as a self-contained
sensor for steering rack and tire forces. To validate this last
conclusion, as future work, the installation of force, acce
leration, and other sensors are being considered. This will
allow establishing clear comparisons between the estimated
perturbation and measurements on the experimental plat-
form.

Appendix

Ultra Models

Considering the single-input single-output, 𝑛-dimensional
perturbed nonlinear system is given by (A.1). The initial
conditions at 𝑡0 are given by the setY0 = {𝑦0, ̇𝑦0, . . . , 𝑦

(𝑛−1)
0 }.

Assume that the input 𝑢 = 𝑢(𝑡) and the gain input function
𝜙(𝑡, 𝑦) are perfectly known. The nonlinear input gain func-
tion 𝜙(𝑡, 𝑦(𝑡)) is assumed to be bounded and uniformly
bounded away from zero:

𝑦
(𝑛)
= 𝜓 (𝑡, 𝑦, ̇𝑦, . . . , 𝑦

(𝑛−1)
) + 𝜙 (𝑡, 𝑦) 𝑢. (A.1)

Definition A.1. Let 𝜉(𝑡) be a time function, which represents
the additive nonlinear term 𝜓(𝑡, 𝑦, ̇𝑦, . . . 𝑦

(𝑛−1)
) in (A.1), par-

ticularized for 𝑦 = 𝑦(𝑡), where the function 𝑦(𝑡) is the
solution of (A.1) for a given input function 𝑢(𝑡) and for a set of
initial conditionsY0. That is,

𝜉 (𝑡) = 𝜓 (𝑡, 𝑦 (𝑡) , ̇𝑦 (𝑡) , . . . , 𝑦
(𝑛−1)

(𝑡)) . (A.2)

Defining a global ultra model of the system (A.1), the sys-
tem represented by (A.3), subject to the corresponding set of
initial conditionsZ0 satisfiesZ0 = Y0:

𝑧
(𝑛)
= 𝜉 (𝑡) + 𝜙 (𝑡, 𝑧 (𝑡)) 𝑢 (𝑡) . (A.3)

The term 𝜉(𝑡) in (A.3) is obviously a priori unknown;
nevertheless, it is algebraically observable in the sense ofDiop
and Fliess [26]. The uncertainty in 𝜉(𝑡) is basically due to
parameters and unknown nonlinearities in the term 𝜓(⋅) in
(A.1). It may also represent exogenous perturbations which
are unmodeled. As a time function, 𝜉(𝑡), and a finite number
of its time derivatives (e.g., 𝑝 derivatives) are assumed to be
uniformly absolutely bounded. According to Gliklikh [27],
without this hypothesis, there is not any solutions to the orig-
inal system. In open loop, the nominal control input 𝑢∗(𝑡),
corresponds, due to differential flatness of the system [28],
to an smooth output reference trajectory 𝑦∗(𝑡).

Notice that for any bounded input function 𝑢(𝑡), and a
given initial condition set Y0, the solution of system (A.1)
𝑦(𝑡) satisfies, as a time function, the identity (A.4) [29]:

𝑦
(𝑛)
= 𝜓 (𝑡, 𝑦, ̇𝑦) , . . . , 𝑦

(𝑛−1)
+ 𝜙 (𝑡, 𝑦) 𝑢 (𝑡) . (A.4)

Theorem A.2. The system (A.3) is trajectory equivalent to the
nonlinear system (A.1).That is, both systems present exactly the
same solution trajectories 𝑦(𝑡) = 𝑧(𝑡) for all 𝑡, for a particular
common initial condition setY0.

Proof. Define 𝜀 = 𝑦(𝑡) − 𝑧(𝑡); then (A.3) and (A.1) imply that
𝜀 satisfies 𝜀(𝑛)(𝑡) = [𝜙(𝑡, 𝑦(𝑡))−𝜙(𝑡, 𝑧(𝑡))]𝑢(𝑡), with zero initial
conditions, 𝜀(𝑘)(𝑡0) = 0, 𝑘 = 0, 1, . . . , 𝑛 − 1. Meanwhile,
𝜀
(𝑛)
(𝑡0) = 0 and 𝜀

(𝑛+𝑗)
(𝑡0) = 0, for all 𝑗. Therefore, it follows

that 𝜀(𝑡) = 0 for all 𝑡; thus systems (A.3) and (A.1) are
trajectory equivalent.

The consequence of the previously stated fact is that the
nonlinear systems (A.1) can be seen as the linear perturbed
system (A.3), including the exogenous presence of time-
variant term: 𝜉(𝑡) = 𝜓(𝑡, 𝑦(𝑡), . . . , 𝑦

(𝑛−1)
(𝑡)). These two

systems (A.1) and (A.3) are identical on the precise sense that
their trajectories are the same for any time interval.Thus, dis-
tinction between 𝑧(𝑡) and 𝑦(𝑡) becomes irrelevant. Any sys-
temof the form (A.1) can be examined through the equivalent
trajectory of system (A.3), which can be seen, without any
ambiguity, as in

𝑦
(𝑛)
= 𝜉 (𝑡) + 𝜙 (𝑡, 𝑦) 𝑢. (A.5)

The system (A.5) which is trajectory equivalent to
the original nonlinear system (A.1) lacks the state time-
dependent additive nonlinear term. In practice, the value of
the time-dependent nonlinearities, lumped in the term 𝜉(𝑡),
might be unknown and thus it can be seen as a perturbation to
the system. The use of (A.5) greatly simplifies the simulta-
neous observation problem of the nonlinear perturbation,
which is state dependent, and of the state of the system (A.1)
itself, based on the input 𝑢 and output 𝑦 signals.
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