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Stability Analysis of Train Movement with Uncertain Factors
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We propose a new traffic model which is based on the traditional OV (optimal velocity) car-following model. Here, some realistic
factors are regarded as uncertain quantity, such as the headway distance. Our aim is to analyze and discuss the stability of car-
following model under the constraint of uncertain factors. Then, according to the principle of expected value in fuzzy theory, an
improved OV traffic model is constructed. Simulation results show that our proposed model can avoid collisions effectively under
uncertain environment, and its stability can also be improved. Moreover, we discuss its stability as some parameters change, such
as the relaxation time.

1. Introduction

In the past 60 years, the theory of traffic flow has been gradu-
ally developed and improved.Now, it becomes the foundation
which is used to explain complex traffic phenomena, solve
some difficult traffic problems, and increase the efficiency of
traffic system. A number of theoretical calculations, numer-
ical simulations, and empirical observations are reported.
Even so, the theory of traffic flow still faces many great
challenges of some realistic traffic problems.

In the theory of traffic flow, car-following model is an
important microscopic simulation model which has been
widely extended and applied. Since the car-following model
uses realistic driver behavior and detailed vehicle character-
istics, it can be used to simulate various traffic phenomena
which are observed in realistic traffic [1–3], such as soliton
wave, shock wave, and kink wave. A famous car-following
model is optimal velocity model which was proposed by
Bando et al. in 1995 [4]. Afterwards, many improved and
extended car-following models were reported which were
based on Bando’s model. For example, Helbing and Tilch
found that collision would occur if accelerating rate is too
large; then they derived general force model (GF) [5]. Jiang
et al. studied start process of static motorcade by GF and
proposed full velocity difference model [6]. Li et al. studied

stabilization strategies of relaxation time of driver based on
general nonlinear car-following model [7].

Usually, in railway traffic, there are two kinds of block
modes for controlling the train movement: the fixed block
and moving block modes. With the fixed block mode, the
train movement is controlled by signal lights. However, with
the moving block mode, one train runs following its leading
train with the help of wireless communication. Moving block
modewhich is based on communication is themost advanced
signal control system in the world. At present, it is extensively
used in the urban railway traffic and high-speed railway
traffic. With the moving block mode, train runs at higher
speed and smaller time gap. Figure 1 displays the principle of
train movement with moving block mode.

The key step with moving block mode is about the safety
of train movement. In Figure 1, the safety of train movement
is determined by headway distance between leading train 2
and following train 1:

𝐿
𝐴
= 𝐿
𝐵
+ 𝐿
𝑍
,

𝐿
𝐵
= 𝜏V +

V2

(2𝑏
𝑏𝑟
)
.

(1)

Here, 𝐿
𝐴
is the safe headway distance, 𝜏 is relaxation time,

V is the velocity of train movement, and 𝑏
𝑏𝑟
is the maximum
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Figure 1: The Moving Block Principle.

deceleration. 𝐿
𝑍
is a margin which cannot be less than the

length of whole train.
In realistic traffic, vehicle’s movement is under the con-

straint of many uncertain factors, such as weather, driver’s
judgment, and passenger demand. Recently, such a problem
attracts more and more attention. Zheng et al. studied the
urban pickup and delivery problem in which the velocities of
vehicles were regarded as fuzzy and uncertain [8]. In 2010,
Chen and Zhou proposed a new model called the reliable
mean-excess traffic equilibrium model, in which it reflected
driver’s risk preferences under uncertain environment [9].
Zheng and Van Zuylen proposed a probabilistic delay dis-
tribution model with stochastic arrivals and departures [10].
In railway traffic, the passenger demand and waiting time
usually were considered as uncertain factors, which were
treated as fuzzy variables [11]. Wei et al. proposed location-
scheduling model based on genetic algorithm, where trans-
portation risk was considered as time-dependent fuzzy ran-
dom variables [12]; Yang et al. studied credibility-based
reschedulingmodel in a double-track railway network, where
low-probability incident was taken as uncertain factor [13].

In present work, the headway distance of vehicle is
regarded as fuzzy variable. Based on traditional OV car-
following model, we propose a new OV car-following model.
Since we have accounted for some uncertain factors, our
proposedmodel is more realistic than traditional model.This
paper is organized as follows. In Section 2, traditional OV
car-following model is introduced, our proposed model is
proposed in Section 3, and simulation results are shown in
Section 4. Finally, a conclusion is drawn in Section 5.

2. Optimal Velocity Car-Following Model

In principle, car-following model is a kind of response-
stimulus model, in which a follower tries to maintain a space
gap with its leader. Early car-followingmodels were proposed
by Reuschel and Pipes [14, 15]. In order to account for the
time lag, in 1958, Chandler et al. suggested an improved car-
following model [16]:

�̈�
𝑛 (𝑡 + 𝑇) = 𝜆 [�̇�𝑛+1 (𝑡) − �̇�𝑛 (𝑡)] , (2)

where 𝑇 is a response time lag and 𝜆 is the sensitive
coefficient. For a more realistic description, Newell presented
the optimal velocity car-following model [17]:

�̈�
𝑛 (𝑡 + 𝑇) = 𝑉

opt
(Δ𝑥
𝑛 (𝑡)) , (3)

where the function𝑉opt is𝑉opt(Δ𝑥
𝑛
(𝑡)) = V

0
(1−exp[−(Δ𝑥

𝑛
−

𝑥
𝑐
)/(V
0
𝑇
𝑓
)]), Δ𝑥

𝑛
, 𝑥
𝑐
, and V

0
are the headway distance, safe

distance, and the desired velocity, respectively, and𝑇
𝑓
is a safe

time interval characterizing the car-following behavior.
In 1995, Bando et al. proposed a famousOV car-following

model which is written as follows [4]:

�̈�
𝑛 (𝑡) =
1

𝜏
(𝑉

opt
(Δ𝑥
𝑛 (𝑡)) − V𝑛 (𝑡)) . (4)

Here, 𝑉opt is the desired optimal velocity function. 𝜏 is
the relaxation time. The desired optimal velocity of the 𝑛th
vehicle 𝑉opt

𝑛
is derived as follows:

𝑉
opt
𝑛
=
Vmax
2
{tanh [Δ𝑥

𝑛 (𝑡) − 𝑆𝑚] + tanh (𝑆𝑚)} . (5)

Here, Vmax is the maximum velocity of vehicles, and Δ𝑥
𝑖
(𝑡) is

the distance between the 𝑖th vehicle and the (𝑖 + 1)th vehicle.
𝑆
𝑚
is called the minimum safety distance.
In fact, the OV car-following model belongs to the

response-stimulation equation. The stimulation is the differ-
ence between the velocity of vehicle and optimal velocity. In
the past decades, OV car-following model attracts more and
more concerns because not only it is simple in numerical
calculation, but also it can be analyzed by using iteration
equation. For instance, the kink-antikink waves can be
obtained.

3. Our Proposed Model

Usually, from road to railway and civil aviation, vehicles
encounter many disturbances of uncertain factors, for exam-
ple, the disturbance of weather, and the error of driver’s
judgment. To a larger extent, these uncertain factors directly
affect vehicles’ movement. In existing research reports, the
influences of these factors are always ignored, especially in
the railway traffic. This directly leads to the fact that the con-
structed simulationmodel ormathematical computations are
not consistent with some realistic observations. Furthermore,
some theoretical results using existing models or methods
have unrealistic defects.

In our proposed model, the headway distance Δ𝑥
𝑛
is

considered as a fuzzy variable. In railway traffic, the headway
distance Δ𝑥

𝑛
is actually the following gap, and it can be

obtained by calculating the distance between two successive
trains. In general, the position of train must be detected
and transmitted to control center uninterrupted. Because of
the errors caused by the detection devices, environments,
or communication system, the position of train cannot be
obtained accurately. This makes the headway distance (i.e.,
the following gap) Δ𝑥

𝑛
be an uncertain value. In this paper,

Δ𝑥
𝑛
is assumed to be a random value. It is divided into two

parts: one part is actual value Δ𝑥
𝑛𝑎
and the other is error 𝑥er.



Mathematical Problems in Engineering 3

10
20
30
40
50
60
70
80
90

H
ea

dw
ay

 d
ist

an
ce

4 6 8 10 12 14 162
Train

(a)

10
20
30
40
50
60
70
80
90

H
ea

dw
ay

 d
ist

an
ce

4 6 8 10 12 142
Train

(b)

Figure 2: The distribution of headway distance for (a) 𝑑
𝑚
= 60 and (b) 𝑑

𝑚
= 20.

Because it is difficult to predict error value, we take 𝑥er as a
random value, and it is calculated by 𝑥er = 𝑑𝑚𝑛𝑟; here, 𝑛𝑟 is a
random number. So, Δ𝑥

𝑛
can be taken as Δ𝑥

𝑛
= Δ𝑥
𝑛𝑎
+ 𝑥er.

Here,Δ𝑥
𝑛𝑎
represents the accurate headway distance between

the 𝑛th vehicle and the (𝑛 + 1)th vehicle. 𝑥er = 𝑑𝑚𝑛𝑟, 𝑑𝑚
represents the maximum error of headway distance, and 𝑛

𝑟

is a random number in the region [−1 1].
In this paper, we apply expected value principle in fuzzy

theory to deal with the fuzzy variable Δ𝑥
𝑛
. Firstly, let 𝑥er

change randomly for 𝑁
𝑚
times from the formula of (5), so

that 𝑁
𝑚
values of 𝑉opt can be obtained. Averaging these 𝑁

𝑚

values of 𝑉opt, a mean value𝑉
𝑟𝑎
is given. Repeating the above

step for 𝑁
𝑛𝑚

times, and then averaging 𝑁
𝑛𝑚

values of 𝑉
𝑟𝑎
, a

desired optimal velocity 𝑉
𝑟𝑝
is obtained.

At time 𝑡, the executed process of the proposedmodel can
be described as follows.

Step 1. Initial parameters are𝑁
𝑟𝑚
= 0 and 𝑉

𝑟𝑚
= 0.

Step 2. Initial parameters are𝑁
𝑟
= 0 and 𝑉

𝑟
= 0.

Step 3. Let 𝑥er change randomly:𝑁
𝑟
= 𝑁
𝑟
+ 1.

Step 4. According to (5), calculating the optimal velocity
𝑉

opt, 𝑉
𝑟
= 𝑉
𝑟
+ 𝑉

opt
.

Step 5. If 𝑁
𝑟
< 𝑁
𝑚
, go to Step 3; else 𝑉

𝑟𝑎
= 𝑉
𝑟
/𝑁
𝑚
, 𝑁
𝑟𝑚
=

𝑁
𝑟𝑚
+ 1, and 𝑉

𝑟𝑚
= 𝑉
𝑟𝑚
+ 𝑉
𝑟𝑎
.

Step 6. If𝑁
𝑟𝑚
< 𝑁
𝑛𝑚
, go to Step 2; else 𝑉

𝑟𝑝
= 𝑉
𝑟𝑚
/𝑁
𝑛𝑚
.

In our method, the boundary condition is open. From
the site 𝑥 = 1 to the site 𝑥 = 𝑆

𝑚
, if there is no vehicle

with the region [0, 𝑆
𝑚
], a vehicle with the velocity V

𝑛
= 0

is created at the site 𝑥 = 1. The newborn vehicle immediately
moves according to the proposedmodel. At the site𝐿, vehicles
simplymove out of the simulated system.𝐿 is the length of the
considered simulated system.

4. Numerical Computation

We use the proposed OV car-followingmodel to simulate the
evolution of traffic flow in single-lane railway traffic. Here, all

vehicles must move and only the minimum safety distance
𝑆
𝑚
is kept among them. In railway traffic, the minimum safe

distance is calculated by 𝑆
𝑚
= 𝜏𝑉max + 𝑉max

2
/2𝑏max + Δ𝑥mag.

Here, 𝜏 is relaxation time,𝑉max is maximum speed, 𝑏max is the
maximum deceleration, and Δ𝑥mag is margin which is fixed.
According to this formula, when 𝑉max and 𝑏max are constant,
𝑆
𝑚
is constant too. The length of the simulated system is set

to be 𝐿 = 2000, and the maximum iteration time step is 𝑇 =
1000. A station is designed at the middle site of the simulated
system. At the station, all vehicles should stop for the same
time 𝑇

𝑑
and then leave. 𝑇

𝑑
is called the dwell time (red light

time). The parameters Vmax, 𝑆𝑚, 𝜏, and 𝑇𝑑 are taken as 10, 70,
2.5, and 5, respectively.

In reality traffic, the safety factor is very important in
which collisions between two vehicles must be avoided. This
means that the distance between two successive vehicles
must be larger than the minimum safety distance. In order
to investigate the evolution of traffic flow under uncertain
environment, we use the proposed OV car-following model
to simulate the vehicle’s movements. The uncertain environ-
ment is completed by Δ𝑥

𝑛
= Δ𝑥

𝑛𝑎
+ 𝑥er. After sufficient

transient, we begin to record the traffic series of the headway
distance at a given time 𝑡, {𝐷

𝑖
}, where 𝐷

𝑖
is the distance

from the 𝑖th vehicle to the (𝑖 + 1)th vehicle. Figure 2 shows
the distribution of the headway distance 𝐷

𝑖
at 𝑡 = 600. In

Figure 2, the minimum safety distance 𝑆
𝑚
is indicated by the

dotted line, and the simulation results are drawn by the dash-
dot line. Figure 2(a) displays the fact that the distribution
of headway distance is less than 𝑆

𝑚
, and most of headway

distances are within the region [20, 60]. When 𝑑
𝑚
is equal to

20, the distribution of headway distance shown in Figure 2(b)
is larger than 50. Comparing Figure 2(a) with Figure 2(b), we
can conclude that as 𝑑

𝑚
is larger, the probability of collisions

among trains is higher. In this case, the safety of train becomes
worse.

Applying excepted value principle, the train’s velocity can
be optimized. So we use such a method to deal with the
vehicle’s velocity under uncertain condition. The simulation
environment is the same as that adopted in Figure 2(a).
Figure 3 shows the distributions of optimized headway dis-
tance under 𝑑

𝑚
= 60. In Figure 3, we can see that although

most of the simulation results are still smaller than 𝑆
𝑚
, the
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Figure 3: The distribution of headway distance under the excepted value principle for 𝑑
𝑚
= 60.
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Figure 4:The distribution of headway distance of a single tracked train for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with the

excepted value principle.

values of headway distance vary slowly within the region
[50, 80]. Compared to Figure 2(a), it is obvious that our
proposed model which uses the expected value principle can
effectively improve the safety of train.

In order to further study the safety of train, the headway
distance 𝐷(𝑡) of one tracked train is measured. Here, 𝐷(𝑡) is
the distance from the tracked train to its leading train at time
𝑡. Figure 4 shows the simulation results of the tracked train
which departs at the time 𝑡 = 600. From Figure 4(a), it is
clear that most of distance𝐷(𝑡) is smaller than the minimum
safety distance. Moreover, within some time intervals, the
headway distance of tracked vehicle is zero. In this case,
collision occurs. The result demonstrates that train travelling
is very dangerous under the uncertain condition. Figure 4(b)
shows the headway distance 𝐷(𝑡) of the tracked train. Here,
although 𝐷(𝑡) is still smaller than the minimum safety
distance, they are larger than 50. Moreover, it also shows that
the values of 𝐷(𝑡) change slowly. In this case, the travelling
comfort is also improved.

In the theory of traffic flow, the stability of traffic model
is a major character. In general, the stability of traffic model
is described by the variation amplitude of the headway
distancewhich is got by calculating the difference between the
maximum value and average value of the headway distance.
Figure 5(a) shows the variation amplitude of a tracked train at
all time under the uncertain environment. Here the variation

amplitude of the headway distance iswithin the region [0, 50].
However, from Figure 5(b), the amplitude of the headway
distance varies within the region [0, 20], and most of the
values are less than 10. Numerical results indicate that not
only the collision can be avoided, but also the fluctuation of
amplitude is small compared with Figure 5(a). This means
that the stability of the tracked train simulated using our
proposed car-following model is improved.

In order to further study the stability character of train
travelling, the variation amplitude of headway distance of
all trains at a given time is measured. Figure 6 shows the
results in which the variation amplitude of headway distance
is obtained at 𝑡 = 600. The variation amplitude of the
headway distance using the excepted value principle shown
in Figure 6(b) is small and slow, and it is less than that shown
in Figure 6(a). In terms of the simulation results which are
shown in Figure 6, we can conclude that train travelling is
not stable under the uncertain factor, but the situation can
be improved using our proposed model where the expected
value principle is used.

We study the stability of one tracked train. The variation
acceleration of the tracked train which departs at 𝑡 = 600
is measured. Figure 7(a) shows that the acceleration of the
tracked train varies sharply and frequently. It demonstrates
that the tracked train cannot obtain stable travelling. From
Figure 7(b), the amplitude of the acceleration is within a small
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Figure 5: The variation amplitude of headway distance of a tracked train for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with

the excepted value principle.
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Figure 6: The variation amplitude of headway distance of all trains for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) under the

excepted value principle.
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Figure 7: How the acceleration varies with the time for 𝑑
𝑚
= 60 (a) without the excepted value principle and (b) with the excepted value

principle.

region [−1, 1]. Most of the measured values are far smaller
than 0.5. This means that the driver only needs to adjust the
velocity of the tracked train simulated using our proposed
model, and the stability of train travelling can be enhanced.

Relaxation time 𝜏 is one of the major parameters of
car-following model which describes the response extent of
the driver. In general, the driver’s response greatly affects
the train travelling. In theory, as the relaxation time is
larger, the response of driver is slower. Figure 8 shows the
variation amplitude of headway distance of one tracked train

for different relaxation time. Here, the headway distance is
uncertain. Comparing Figure 8(a) with Figure 8(b), it is clear
that the values of amplitude shown in Figure 8(a) are larger
than that shown in Figure 8(b). It indicates that the stability
of train traveling at 𝜏 = 1 is better than 𝜏 = 4. The simulation
results are consistent with some observation results.

When the excepted value principle is applied to our
proposed car-following model, how the variation amplitude
changes with the relaxation time varies. Figure 9 shows the
variation amplitude of one single tracked train for different
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Figure 8: The variation amplitude of headway distance of one tracked train for 𝑑
𝑚
= 60. (a) 𝜏 = 4 and (b) 𝜏 = 1.
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Figure 9: The variation amplitude of headway distance under the excepted value principle for (a) 𝜏 = 4 and (b) 𝜏 = 1.

time 𝜏, where the excepted value principle is used. Here
we can see that there is no obvious oscillation which is
similar to that shown in Figure 8. Moreover, we observe
that the overall values of Figure 9(b) are smaller than that
shown in Figure 9(a).The results further demonstrate that the
quick response of driver contributes to the stability of train
travelling.

In Figures 8 and 9, we find that even if one train has a
greater acceleration, the stability of system consisting ofmany
trains is good. The reason is that, in our paper, the stability
of train movement is described by the difference among the
headway distances of tracked trains. So the stability is used to
investigate the systematic character of many trains.

5. Conclusion

In summary, we use an extended OV car-following model
to simulate the evolution of traffic flow under uncertain
condition. Here, the headway distance of train is regarded as
fuzzy variable. The simulation results demonstrate that not
only the disturbance of uncertain factors can be overcome
effectively, but also the stability character of our proposed
model can be improved.

We also discuss that the relaxation time affects the stabil-
ity based on the proposed model. The stability is improved

with the shortening of the relaxation time. Because optimiz-
ing of the excepted value principle weakens the influence of
error headway distance, the improvement of stability under
the excepted principle is not very obvious.

Here, we only take a simple uncertain factor into account;
however, some complex factors, such as the resistance force
of vehicle movement and the disturbance of wind and sand,
are not considered. Even so, we provide a good way to handle
the uncertain factor in the theory of traffic flow. We will do
them in our future works. Moreover, our results are useful for
optimizing the design and plan of urban traffic system.

At present, there are some better extensions of the OV
model, such as the FVD [18] model and MMVD model [19].
Although they are mainly applied for the road traffic, they
may be good for solving some railway traffic problems.
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