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TheEuler-Taylor-Galerkin flux-corrected transport (ETG-FCT) algorithm for the numerical solution of particle transport equations
is described, based on the method developed by Lohner to solve conservation equations in fluid mechanics, and its application is
extended to gas discharge problems. To improve the efficiency of computing and reduce numerical error, the nonuniform triangular
mesh method is introduced, and the continuity equation is solved by ETG-FCT. The new contributions in this paper include the
development of the ETG scheme and its application to rod-plate gap streamer discharge in 50∼50% SF

6
/N
2
gas mixtures problems.

Results are obtained: the spatial distributions of electron densities, positive ion densities, negative ion densities, photoelectron
densities, and the electric field, respectively. The velocities of streamer propagations and the radius of streamer obtained from
the proposed model are in good agreement with experimental and simulation results in literature. The results also prove that the
ETG-FCT method is valid.

1. Introduction

SF
6
is widely used as gas insulation medium because of

having excellent dielectric and arc-quenching properties. It
is widely used in electrical equipment, such as gas-insulated
switchgear, circuit breaker, and transformer [1, 2]. However,
as one of six limited gases, SF

6
is a strong greenhouse

gas, and its high degrees of chemical inertness and ther-
mal stability are due in part to its energetically favorable
molecular structure. For the development of environmentally
being electric power equipment and system, novel gases or
mixture gases are strongly required as the substitute of SF

6

gas. Therefore, the study of substitute of SF
6
gas or its low

mixed gas discharge mechanism has been a hot topic in
the field of high voltage [3–6]. Obviously, it is important to
choose the efficient numerical methods to research the low
SF
6
/N
2
mixed gas discharge property, which is a benefit to

further understanding the discharge mechanism; improving
and enhancing the level of gas-insulated switchgear has a
good prospect.

FCT method was first proposed in 1973 by Boris and
Book [7], which was applied in the very steep shock-like
gradients that appear in fluid calculations. In numerical
studies, difficulties arise with the solution of the continuity
equations, due to the fact that the particle spatial distribution
changes dramatically in streamer head [8], and, as a result,
a very accurate numerical technique is required to capture
their development. Therefore, there are many researchers
who have studied the streamer discharge process focusing
on the suitable numerical algorithm of high resolution [9–
11]. Dynamics of discharge gap region of the high pressure
air, nitrogen, and SF

6
in an inhomogeneous electric field was

investigated by Bychkov and Yastremskii [12]. Christophorou
and Van Brunt have researched the effects of ion and electron
transport parameters in SF

6
/N
2
mixed gas streamer discharge

[1]. Beloplotov et al. [13] have studied the kinetic process
in the electric discharge in SF

6
by comparing the calculated

and experimental results. Morrow used the finite difference
flux-corrected transport method (FDM-FCT) to study the
corona discharge process of SF

6
gas [14], and the results
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have shown that the initial electric field plays an important
role in the development of plasma discharge. However, the
FDM can only be applied on the uniform grid region with
a low accuracy of calculation. Due to the fact that the finite
difference method for the solution of the particle convection
equation has serious numerical diffusion and spurious oscil-
lation, Pfeiffer et al. [15] have introduced the FCT method
into their study of SF

6
/N
2
mixed gas plasma discharge

process, which suppressed the problem effectively. Hallac et
al., who first introduced the flux-corrected transport into
finite element method, used adaptive diffusion coefficient
to low-order scheme and applied it to the two-dimensional
dynamic simulation plasma discharge [16].

Due to the fact that the particle transport equations
are convection-dominated diffusion problems, the FDM and
first-order scheme will bring large numerical oscillation. To
prevent this, on the basis of previous studies, the ETG-
FCT method which can prevent calculation error effectively
is described in this paper. The method is applied to solve
the particle transport equation. In this study a rod to plate
electrode configuration is applied and 50-50% SF

6
/N
2
mixed

gas is used as an insulating medium.

2. Mathematical Method

2.1. Description of the Model. The gas molecule, electron,
positive ion, and negative ion continuity equations including
ionization, recombination, attachment, drift, diffusion, and
photoionization are solved simultaneouslywith coupled Pois-
son’s equation in two dimensions [17, 18]

𝜕𝑁

𝑒

𝜕𝑡

+∇ ⋅ (V
𝑒
𝑁

𝑒
) = ∇

2
(𝐷𝑁

𝑒
) + (𝛼 − 𝜂)𝑁

𝑒









V
𝑒









− 𝛽𝑁

𝑒
𝑁

+
+ 𝑆,

𝜕𝑁

−

𝜕𝑡

+∇ ⋅ (V
−
𝑁

−
) = 𝜂𝑁

𝑒









V
𝑒









− 𝛽𝑁

−
𝑁

+
,

𝜕𝑁

+

𝜕𝑡

+∇ ⋅ (V
+
𝑁

+
) = 𝛼𝑁

𝑒









V
𝑒









− 𝛽𝑁

𝑒
𝑁

+
−𝛽𝑁

−
𝑁

+
+ 𝑆,

∇

2
𝜑 = −

𝑒

𝜀

(𝑁

+
−𝑁

−
−𝑁

𝑒
) ,

𝐸 = −∇𝜑,

(1)

where 𝑡 is the time, V
𝑒
, V
−
, and V

+
are drift velocity, and

𝑁

𝑒
, 𝑁
−
, and 𝑁

+
are densities for the electron, positive

ion, and negative ion, respectively. The symbols 𝛼, 𝜂, and
𝛽 are electron ionization-collision coefficient, attachment
coefficient, and recombination coefficient, respectively. They
are usually significantly dependent on both the electric field-
to-gas density (𝐸/𝑁) and the concentration of mixed gas
content [1].𝑁 is the neutral gas number density,𝐷 is electron
diffusion coefficient, 𝐸 is the electric field, 𝜑 is the electric
potential, 𝜀 is the relative permittivity, and 𝑒 is the electronic
charge, respectively. 𝑆 is the charged particle source term due
to the photoionization, which is calculated by the model of
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Figure 1: Finite element discretization (10254 elements).

[19]. The photoionization rate at point of observation (𝑟, 𝑧)
due to all source rings (𝑟

𝑠
, 𝑧

𝑠
) in cm−3 s−1 is
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where 𝑝
𝑞
is the partial pressure of mixed gas, 𝑝 is the pressure

of atmosphere, 𝑛
𝑒
is the electron number density, V

𝑒
is the

velocity of the electron, 𝛼 is the excitation coefficient, which
is proportional to the ionization 𝛼, and 𝑓(|𝑟

𝜔
|)/4𝜋𝑟2

𝜔
is the

emission probability of photons.
During the process of plasma formation and growth,

the particle densities change markedly. Net charge has a
great effect on the electric field. Moreover, the field varies
strongly in both space and time, and the field is solved
by using coupled Poisson’s equation at each time step. To
save computing time and memory, a nonuniform spatial
triangular mesh is therefore essential for an accurate and
efficient numerical treatment of discharge phenomena.There
is a very fine spatial mesh in the streamer channel, and a very
coarse grid is used on boundary and other regions. Figure 1
shows the finite element discretization (10254 elements).

2.2. ETG Scheme. The particle transport equations are
a convection-dominated question. Using first-order linear
scheme for solving convection-diffusion systems is more
prone to causing large numerical diffusion or spurious
oscillation. Therefore, in this paper, we expand 𝑁(𝑥, 𝑦, 𝑡)

in a Taylor series to the third order in time, ignoring the
more fourth-order items. And the discrete particle transport
equations are solved by the FCT method. We only consider
the effect of the convection term and assume that ∇ ⋅ V = 0,
and the advection equation expression is as follows:

𝑁

𝑡
+∇ ⋅ (V𝑁) = 0. (3)
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To develop a generalized Euler time-stepping scheme for (3),
we employ a forward-time Taylor series expansion and its
expression is as follows:
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By differentiation of (3) we have
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Equation (8) has an interesting structure. The first term on
the right-hand side is a generalized convective term which
accounts for the spatial variations of the velocity field. The
last term in (8) originates from the third-time derivative term
in Taylor series expansion and after substitution of 𝑁

𝑡
with

(𝑁

𝑛+1
−𝑁

𝑛
)/Δ𝑡, it may be transferred to the left-hand side of

the equation to produce the following generalized Euler time-
stepping scheme:

{1− Δ𝑡
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(9)

To obtain a fully discrete equation we apply the classical
Galerkin weighted residual formulation to (9) and the result-
ing equations represent the ETG scheme for the particles
convective transport problem in (3):

𝑀Δ𝑁 = 𝐵, (10a)
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where, denoting 𝜙𝑒 the element shape functions,𝑚 is the total
of elements.

2.3. FCT Method. The essence of the FTC method is that
a high-order flux and a low-order flux are merged into a
weighted flux, which can decrease the numerical diffusion
effectively. The details of the FCT method developed by
Lohner et al. can be found in the literature [20]. The idea
behind FCT is to assume that the density𝑁𝑛 and the velocity
V are all known in the cell at time 𝑡

𝑛
. A high-order flux and

a low-order flux can be obtained through variously different
schemes in one time step Δ𝑡, and then we transform the
solution of high- and low-order fluxes to obtain the number
density at the next time 𝑡

𝑛
+ Δ𝑡. Equations (10a), (10b), (10c),

and (10d) as a high-order scheme are rewritten as follows:
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Equation (11) is rewritten as follows:
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where Δ𝑁
𝑟
is the vector of nodal increments and 𝐵𝑛 is the

vector of added element contributions to the nodes; Δ𝑁𝑛
𝑟

denotes the 𝑟th iterate which in this paper is obtained for 𝑟 =
𝑠 = 3 and Δ𝑁𝑛0 = 0;𝑀

𝑐
denotes the consistent mass matrix

and𝑀
𝐿
is the lumpedmass matrix [17]. High-order flux adds

diffusion coefficient, so the low-order flux is expressed as
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where 𝐶
𝑑
is the diffusion coefficient and is assumed to be

constant within the range 0-1. The high-order algorithm is,
in essence, the Lax-Wendroff scheme, which is effectively
explicit. This stability condition applied over an element 𝑒
states that the time step Δ𝑡 should satisfy

Δ𝑡 <

𝜆ℎ

𝑒
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, (14)

where 𝜔
𝑒
is the velocity in each element, ℎ

𝑒
is the characteris-

tic length of element 𝑒, and 𝜆 is taken to be 0.9 if one iteration
is employed and 0.5 otherwise.
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Figure 2: Numerical results for solid body rotation after one revolution (628 time steps) using the two schemes. (a) shows the accurate
solution.

3. Numerical Tests

The performance of the ETG scheme is compared to the
second-order Lax-Wendroff FDM (LW-FDM) [21], and it
provides a good check on the performance of the present
method before it is used for gas discharge problems in two
dimensions. Rotation of solid bodies is frequently used to
evaluate and compare numerical schemes for convection-
dominated problems [22]. In order to examine the resolution
of both smooth and discontinuous profiles, we consider the
solid body rotation as proposed by Zalesak and LeVeque
[21, 22]. Figure 2(b) shows the solution after a whole revo-
lution obtained with the ETG scheme, whereas Figure 2(c)
shows the corresponding results obtained with the LW-
FDM scheme. Two different cross sections of the solution
are depicted in Figure 3. It is clear that the two schemes
of results are very similar and are found to be very close
to the exact results. For this strongly time-dependent test
problem, the ETG scheme performsmuch better on the steep
gradients, which can be attributed to the use of the third-
order Taylor series expansion. The LW-FDM can work well
on very smooth data but has difficulties if results have steep

gradients or discontinuous ones since it is very dispersive and
tends to generate oscillations, also destroying the accuracy.

4. Simulation Results and Discussions

The simulation procedure consists of the following steps: (1)
we give initial particle densities 𝑁𝑛 and velocities at time
𝑡

𝑛
; (2) the electric field is calculated through the solution

of Poisson’s equation, and this is then used to update the
transport parameters, such as ionization-collision coefficient,
attachment coefficient, and diffusion coefficient; (3) the par-
ticle continuity equations are solved by ETG-FCT method.
Moreover, we add ionization, attachment, migration, pho-
toionization, and other processes. The particle densities and
velocities are updated for time 𝑡

𝑛+1.This procedure is repeated
until the whole of the time domain is spanned.

The radius of the rod electrode is set at 0.25mm. A rod-
plate electrode configuration is used with a gap of 4mmfilled
with 50∼50% SF

6
/N
2
mixed gas at atmospheric pressure (𝑃 =

0.1Mpa) and a temperature of 300K. The applied voltage
to rod is −20KV and the number density of SF

6
/N
2
mixed

gas is 2.467e25m−3. To keep the self-sustained discharge,
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Figure 3: Two different cross sections of the solution are shown along with the perspective plot. The solid lines are the accurate solution.

the reduced electric field is E > 343 Td (1 Td = 10−21 V⋅m2),
and the effective ionization coefficient of SF

6
/N
2
mixed gas

is (𝛼 − 𝜂) > 0; it is ensured that the plasma discharge
growth reaches plate. Meanwhile, the calculation is initiated
by approximately 1012 electrons released near the rod at t =
0 ns. Figures 4–7 show the spatial distributions of electrons
densities, positive ions densities, negative ions densities, and
photoelectrons densities, respectively.

In the rod-plate gap, the initial electrons in the plasma
are accelerated by an electric field force. These electrons
will collide with gas molecules knocking off new electrons,
which in turn accelerate and create what is known as an
electron avalanche. When the avalanche becomes “critical,”
the space charge accumulation is high enough to distort the
electric field.The expansion of the ionization in the avalanche
leads to shielding charges and the formation of streamers. A
streamer discharge occurs rapidly, so investigating it through
experimental observations is difficult.

From Figure 4 it is found that, under the effect of
electric field force, the electron cloud in the front of plasma
head moves to the plate. The density of electron near the
streamer head is about 1018m−3 at t = 1 ns and remains to
1018∼1019m−3 afterwards. Photoionization is one of the main
factors promoting streamer propagation in gas mixtures [19].
From the figures it is found that the electron densities are
lower than ion densities by an order of magnitude. That is
because, on the one hand, there is recombination of positive
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Figure 4: Electron density distributions on axis at different times.

ions and electrons. On the other hand, the SF
6
gas has

strong attachment to electrons. Furthermore, the high field is
further accelerating the ionization in space, the large second
electrons generated by photoionization. Then electrons are
mainly distributed near the plasma head.
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Figure 5: Negative ion density distributions (m−3).

The ions velocity is much lower than those of electrons,
and then they will separate in the streamer channel. In
addition, the electron mobility is far greater than the ion
mobility; there are a larger number of positive and negative
ions when electrons pass through the space, and the ions
number density keeps at about 1019m−3 in the process of
moving forward. Finally, the rod-plate gap is breakdown,
the maximum negative ion densities of the plasma head

are about 1.92e21m−3, the maximum positive ion densities
are about 1.96e21m−3, and the maximum electron density is
about 1.09e19m−3.The order ofmagnitude of particle number
density is shown to agree well with previously published
reference [17].The streamer bridges the whole gap in 12.65 ns,
and its average velocity is around 32.2 cm/𝜇s. In literature
[23, 24], the average velocity of streamers is in the 10 cm/𝜇s to
100 cm/𝜇s range. Figures 5 and 6 show the streamer average
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Figure 6: Positive ion density distributions (m−3).

radius is about 0.18mm. According to [24], the normal
streamer mean radius is about 0.05∼0.20mm. It is found that
the predicted streamer radius could vary depending on the
starting conditions and this may account for some of the
variability in streamer properties. Experimental conditions,
such as gas number density, gap lengths, and electric field
strengths, significantly affect the streamer propagation and
formation.

Figure 8 shows the electric field distribution on axis at
different times. From Figure 8 it is found that the electric
field increases rapidly in different stages. The electric field at
the plasma head is in the 310 Td to 650 Td range. This fast
increase of electric field is due to the secondary electrons
and photoelectrons generated from the collision ionization
of neutrons by electrons. Furthermore, the charged densities
are high enough to distort the field, so the maximum electric
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Figure 7: Photoelectrons density distributions (m−3).

field value is always near the plasma head in space. Figure 8
shows that the electric field distortion by space charge at t =
5.5 ns ismore obvious than at t = 1 ns, but themaximum value
of electric field is lower than that of t = 3 ns. It also shows
that electric field is balanced by corona streamer. With the
formation and growth of plasma, the space electric field of
plasma head increases gradually, and the maximum value of

space field is about 646.74 Td when the streamer reaches to
plate.

5. Conclusions

The ETG scheme together with a FCT algorithm which
is used for the solution of particle continuity transport
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equations in this paper can handle the convection term
with steep gradients particularly well, improve calculation
accuracy, and decrease the numerical diffusion effectively.
The ETG-FCT schemewas used for the solution of a streamer
problem, yielding the correct prediction of the plasma for-
mation and growth. Meanwhile, the FEM has the advantage
that nonuniformed triangular element girds can be used,
which significantly reduces the number of nodes, resulting in
considerable computational savings over the FDM.

In this study, the plasma discharge in SF
6
/N
2
mixed

gas is simulated by using 2D ETG-FCT method. Through
this method, the electron densities, the ions densities, the
photons densities, the electric field distribution, the velocity
of plasma growth, and the radius of streamer can be obtained,
respectively. From the results, it is found that the net charges
play an important role in the process of the plasma formation
and growth.The simulation results show that plasmaweakens
the electric field between the rod and the plasma and
strengthens the electric field between the plate and it.
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