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This paper considers structural response analysis when structural uncertainty parameters distribution cannot be specified precisely
due to lack of information and there are complex dependencies in the variables. Uncertainties in parameter are quantified by
probability boxes (𝑝-boxes) and dependence among uncertain parameters is modeled by copula. To calculate uncertainty structural
response, a sampling-based method is proposed. In this method, a sampling strategy is used to sample random intervals from
dependent 𝑝-boxes according to the copula theory and the metamodel-based optimization method is applied to solve a range of
structural interval response problems. Two types of errors are presented to evaluate the error of different 𝑝-boxes. Four numerical
examples are investigated to demonstrate the effectiveness of the present method.

1. Introduction

Traditional quantification of the uncertainties existing in
a system and the corresponding calculation of uncertainty
propagation are generally based on the probability model, in
which random distributions are used to describe the uncer-
tainty. Unfortunately, for practical engineering problems,
sufficient experimental samples are not always available or
sometimes very expensive to obtain. Thus alternative impre-
cise probabilities have been proposed, including the interval
theory [1], the evidence theory [2], and probability boxes (𝑝-
boxes) [3]. The focus of this paper is on 𝑝-boxes, which are
more expressive generalization of both traditional probability
distributions and interval representations. The 𝑝-box incor-
porates facilities from probability theory for modeling corre-
lations and dependencies and from interval analysis express-
ing ignorance by expressing interval bounds on the cumu-
lative distribution function (CDF) for a random variable
[4]. On the other hand, the𝑝-box has a clear behavioral inter-
pretation and therefore is easy acceptable for practicing engi-
neers [5].

In the field of uncertainty analysis based on 𝑝-boxes, a lot
of exploratory work has been reported in theoretical and

application aspects. For example, Williamson and Downs
[6] proposed an algorithm to compute binary arithmetic
operations (addition, subtraction, multiplication, and divi-
sion) on pairs of independent discrete 𝑝-boxes for risk
assessment. Karanki et al. [7] used the two-phase Monte
Carlo simulation to calculate the multiplication of two 𝑝-
boxes for the safety assessment. Bruns [8] compared three
uncertainty propagation methods to find the appropriate
computational methods for propagating 𝑝-boxes through the
black box engineering models. Zhang et al. [9–11] combined
the interval finite element analysis (FEA) and the interval
sampling method and proposed an interval Monte Carlo
(IMC)method for structural analysis with 𝑝-boxes which are
defined by distributions with interval parameters. Bai et al.
[12] developed a numerical method to compute the linear
elastic static and dynamic response of structures with epis-
temic uncertainty represented by evidence variables, which
integrated the moment concept and finite element method
and also suited to 𝑝-boxes variables. Ghosh and Olewnik
[13] improved the performance of the two-phase Monte
Carlo simulation by replacing the outer loop by optimization
algorithms and replacing the inner loop by the sparse grid
numerical integration.
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Among the above-mentioned methods, they focused
on discussing uncertainty propagation of independent 𝑝-
boxes. However, the complex dependencies are common in
physical systems and can have profound impacts on the
numerical results of calculations [14–16]. Ferson et al. [17]
illustrated several methods which are used to model the
dependence among variables that are cannot be generalized
easily for use with 𝑝-boxes and proposed that copulas could
represent easily the dependence in 𝑝-boxes. Based on the
analysis, they presented an approach known as the depen-
dency bounds convolution (DBC)method.TheDBCmethod
could calculate the propagation of dependent 𝑝-boxes
whose dependence is expressed by given parametric copula.
Despite the fact that DBC is useful for a sequence of basic
arithmetic operations or elementary function with a small
number of uncertain variables, it must overcome some obsta-
cles for application in engineering design. Among these prob-
lems, the low efficiency difficulty seems to be the severest one.
The Cartesian product method is applied in the DBC, which
can impose significant computational burden.

In this paper, a computational method is proposed to
propagate dependent 𝑝-boxes through structural model,
where dependence in 𝑝-boxes is described by copula. By the
copula sampling technique, the input epistemic uncertainties
represented by 𝑝-boxes are transformed into a range of
intervals. The metamodel-based optimization is employed
as the solver to calculate the structural response with input
intervals. A mathematical function has been tested to show
the procedure and the efficiency of the proposed method and
then three structural numerical examples are investigated by
the present method.

2. Probability Boxes Theory
under Dependence

2.1. Probability Boxes. A 𝑝-box is a class of distribution func-
tions delimited by an upper and a lower bound which col-
lectively represent the epistemic uncertainty about the distri-
bution function of a randomvariable. LetD𝑃 denote the space
of distribution functions on the real numbersR. A𝑝-box will
be defined as

D𝑃 = {𝐹 (𝑥) : ∀𝑥 ∈R, 𝐹 (𝑥) ≤ 𝐹 (𝑥) ≤𝐹 (𝑥)} , (1)

where 𝐹(𝑥), 𝐹(𝑥), 𝐹(𝑥) : R → [0, 1], 𝐹 = 𝑃(𝑋 ≤ 𝑥), and 𝐹 =
𝑃(𝑋 ≤ 𝑥) are the lower and upper bounds of a 𝑝-box, which
is also written as [𝐹, 𝐹].

There are several ways to construct 𝑝-boxes, depending
on the type of information available. In this paper,𝑝-boxes are
constructed based on 95% confidence intervals on the param-
eters of a known distribution type. The distribution types
are determined on the basis of the theoretical knowledge or
previous experience.

2.2. Describing Dependence in Probability Boxes with Copula.
Now, consider the dependence in 𝑝-boxes which can be

described by copulas. A copula is a multivariate probability
distribution for which the marginal probability of each var-
iable is uniformly distributed. By Sklar’s theorem [18], cop-
ulas are simply the dependence functions that knit together
marginal distributions to form their joint distribution. Con-
sider a random vector (𝑋1, 𝑋2, . . . , 𝑋𝑑) with CDFs (𝐹1(𝑥1),
𝐹2(𝑥2), . . . , 𝐹𝑑(𝑥𝑑)) which are represented by 𝑝-boxes in this
paper, the multivariate cumulative distribution function can
be written as

𝐻(𝑥1, 𝑥2, . . . , 𝑥𝑑) = 𝐶 (𝐹1 (𝑥1) , 𝐹1 (𝑥2) , . . . , 𝐹𝑑 (𝑥𝑑)) , (2)

where 𝐶 is a multivariate copula.

2.3. Dependency Bounds Convolution Method. Ferson et al.
[17] firstly used dependency bounds convolution method to
calculate binary arithmetic operations on pairs of dependent
discrete Dempster-Shafter structures. This method mainly
contains discretization of the 𝑝-boxes and Cartesian product.
Consider that 𝑓 : X → 𝑌, X = (𝑋1, 𝑋2) are two dependent
𝑝-boxes connected by copula function 𝐶(𝑋1, 𝑋2), and 𝑌
is the response quantity. The 𝑝-boxes 𝑋

1
and 𝑋

2
are dis-

cretized into 𝑀 focal elements, which are represented by
{([𝑎
𝐿

𝑖
, 𝑎
𝑅

𝑖
], 𝑝
𝑖
)} (𝑖 = 1, 2, . . . ,𝑀) and {([𝑏𝐿

𝑗
, 𝑏
𝑅

𝑗
], 𝑞
𝑗
)} (𝑗 =

1, 2, . . . ,𝑀), respectively. By Yager’s Cartesian product, the
response quantity in the (𝑖, 𝑗)th focal element can be defined
by an interval [𝑧𝐿

𝑙
, 𝑧
𝑅

𝑙
], where 𝑙 = 𝑀 ∗ (𝑖 − 1) + 𝑗. The proba-

bility mass 𝑟
𝑙
associated with the (𝑖, 𝑗)th focal element can be

calculated by

𝑟
𝑙
= 𝐶 (𝑃

𝑖
, 𝑄
𝑗
) −𝐶 (𝑃

𝑖−1, 𝑄𝑗) −𝐶 (𝑃𝑖, 𝑄𝑗−1)

+𝐶 (𝑃
𝑖−1, 𝑄𝑗−1) ,

(3)

where 𝑃
𝑖
and 𝑄

𝑗
are the cumulative masses, 𝑃

𝑖
= ∑
𝑖

𝑘=1 𝑝𝑘 and
𝑄
𝑖
= ∑
𝑗

𝑘=1 𝑞𝑘.The result is written as focal elements {([𝑧𝐿
𝑙
, 𝑧
𝑅

𝑙
],

𝑟
𝑙
)} (𝑙 = 1, 2, . . . ,𝑀2

) which can be transferred into a 𝑝-box
by

𝐹 (𝑧) = ∑

𝑧
𝐿

𝑙
≤𝑧

𝑟
𝑙
,

𝐹 (𝑧) = ∑

𝑧
𝑅

𝑙
<𝑧

𝑟
𝑙
,

(4)

where𝐹(𝑧) and𝐹(𝑧) are upper bound and lower bound, resp-
ectively.

3. Structural Response Analysis

Using 𝑝-boxes to quantify the structural parameters, the
structural response will be also a 𝑝-box variable. In this sec-
tion, wewill develop an efficient response analysismethod for
structures by combining 𝑝-box theory and the optimization
method.

3.1. Sampling Random Intervals from the Dependent 𝑝-Boxes.
By virtue of Sklar’s theorem [18], pseudorandom samples can
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be generated from (2). That is, given a procedure to generate
a sample (𝑢1, 𝑢2, . . . , 𝑢𝑑) from the copula 𝐶, the required
sample can be constructed as

(𝑥1, 𝑥2, . . . , 𝑥𝑑)

= (𝐹1
−1
(𝑢1) , 𝐹2

−1
(𝑢2) , . . . , 𝐹𝑑

−1
(𝑢
𝑑
)) ,

(5)

where 𝐹
𝑖

−1
(𝑖 = 1, 2, . . . , 𝑛) are quasi-inverse function of CDF

and (𝑥1, 𝑥2, . . . , 𝑥𝑑) are a sample from a random vector (𝑋1,

𝑋2, . . . , 𝑋𝑑). So the random intervals in accordance with
the dependent probability boxes can be generated by follow-
ing two steps.

Thefirst is to generate a sample fromcopula.There are lots
of algorithms which can generate a sample from a specified
copula function [19]. As conditional method may be applied
for every chosen copula, it is used as the sample method and
illustrated in this section. Just to explain this method in a
simple way, let us assume a bivariate copula 𝐶 in which all of
its parameters are known and pairs (𝑢, V)need to be generated
from bivariate copula function 𝐶(𝑢, V). Two independent
uniform (0, 1) variates 𝑢 and 𝑡 are generated, and then V =
𝑐
𝑢

(−1)
(𝑡), where 𝑐

𝑢

(−1)
(𝑡)denotes a quasi-inverse of 𝑐

𝑢
(V)which

equals the partial derivative of the copula 𝜕𝐶(𝑢, V)/𝜕𝑢.
The other step is to compute dependent random inter-

vals from 𝑝-boxes. Suppose that (𝑢1, 𝑢2, . . . , 𝑢𝑑) are a sample
from the copula 𝐶 and ([𝐹1(𝑥1), 𝐹1(𝑥1)], [𝐹2(𝑥2), 𝐹2(𝑥2)],
. . . , [𝐹

𝑑
(𝑥
𝑑
), 𝐹
𝑑
(𝑥
𝑑
)]) are their CDFs. For each 𝑢

𝑖
and corre-

sponding to [𝐹
𝑖
(𝑥
𝑖
), 𝐹
𝑖
(𝑥
𝑖
)], a random interval is generated:

𝑥
𝐼

𝑖
= [𝑥
𝐿

𝑖
, 𝑥
𝑅

𝑖
] = [𝐹

𝑖

−1
(𝑢
𝑖
) , 𝐹
𝑖

−1
(𝑢
𝑖
)] , (6)

where 𝑥𝐼
𝑖
is random interval from [𝐹

𝑖
(𝑥
𝑖
), 𝐹
𝑖
(𝑥
𝑖
)]. The super-

script 𝐼 represents the interval distribution parameters and
the superscripts 𝐿 and 𝑅, respectively, represent the lower
and upper bounds of interval. 𝐹−1 and 𝐹−1 denote the quasi-
inverse function of upper and lower bounds of a 𝑝-box.
Thus using (𝑢1, 𝑢2, . . . , 𝑢𝑑)will simulate a range of dependent
intervals (𝑥𝐼1, 𝑥

𝐼

2, . . . , 𝑥
𝐼

𝑑
).

Zhang et al. [9] presented an IMC method for sampling
intervals from the independent 𝑝-boxes. When random
variables contain both dependent and independent 𝑝-boxes,
the present sampling method and the IMC method can
be used to perform random sampling for dependent and
independent 𝑝-boxes, respectively.

3.2. Metamodel-Based Interval Analysis. Through above sec-
tion sampled treatments, a range of interval vectors is
acquired from 𝑝-boxes. Consider the vector x of uncertain
parameters defined to be contained within an interval vector
(or hypercube) x𝐼. Interval vectors sampling𝑚 times from 𝑝-
boxes are represented as x𝐼

𝑘
(𝑘 = 1, 2, . . . , 𝑚). For a practical

engineering problem, the input-output relationship between
these parameters and the output quantity of interest is
represented by the function𝑓(⋅) applied on these parameters.

The interval analysis for the function is numerically equiva-
lent to solving the following equation:

𝑦
𝑠

𝑘
= (𝑦
𝑘
| (x
𝑘
∈ x𝐼
𝑘
) (𝑦
𝑘
=𝑓 (x𝐼

𝑘
))) , (7)

where 𝑦𝑠
𝑘
contains all 𝑦

𝑘
which are obtained from applying

the function 𝑓(⋅) on all possible vectors within the interval
vector x𝐼

𝑘
. In many cases, an exact description of 𝑦𝑠

𝑘
is

extremely difficult to find.Therefore, an interval 𝑦𝐼
𝑘
is used to

approximate the exact solution𝑦𝑠
𝑘
. For the black boxmodel in

the practical engineer problem, solution of 𝑦𝐼
𝑘
will make the

computational cost extremely expensive [20]. Besides, a great
number of repeating interval analyses will be conducted,
which will generate unaffordable computational burden. So
metamodeling techniques are used to approximate𝑓(⋅) for
improving the computational cost.

To improve the accuracy of metamodel, design of exper-
iments (DOE) should be applied. An experimental design
domain can be acquired by truncating the 𝑝-box at a prob-
ability of 𝛼 (𝛼 is level of significance), which are represented
as [𝑋𝐿

𝑖
, 𝑋
𝑅

𝑖
] = [𝐹

−1
𝑖
(𝛼), 𝐹

−1
𝑖
(1 − 𝛼)]. The vector form is

X𝐼 = [X𝐿,X𝐿]. In this paper, the Latin hypercube design
(LHD)method is adopted,which is a space-filling designwith
constrainedly stratified sampling method. The sample of this
method does not increase exponentially with the number of
variables. Radial basis function (RBF) [21] is used to approx-
imate the function 𝑓(⋅), which can be expressed as

𝑓 (x) =
𝑠

∑

𝑖=1
𝑤
𝑖
𝜑 (
x − x𝑖

) , (8)

where x
𝑖
is the sampling point selected through LHS, 𝑠 is the

number of sampling points, 𝑤
𝑖
is mass coefficient, and 𝜑(⋅) is

the basis function.The common basis functions include thin-
plate spline, Gaussian, and multiquadrics. The metamodel-
based solution of 𝑦𝐼

𝑘
can be transferred into the following

optimization problems:

𝑦
𝐿

𝑘
=min 𝑓 (x

𝑘
) ,

s.t. x𝐿
𝑘
≤ x
𝑘
≤ x𝑅
𝑘
,

𝑦
𝑅

𝑘
=max 𝑓 (x

𝑘
) ,

s.t. x𝐿
𝑘
≤ x
𝑘
≤ x𝑅
𝑘
,

𝑦
𝐼

𝑘
= [𝑦
𝐿

𝑘
, 𝑦
𝑅

𝑘
] .

(9)

The gradient-based optimization techniques such as sequen-
tial quadratic programming can be used to solve this problem,
and the initial point can be selected on the bound point of
intervals.
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3.3. Computation of Output Quantity. Repeating 𝑚 times
interval analysis, we will acquire intervals 𝑦𝐼

𝑘
(𝑘 = 1, 2, . . . ,

𝑚), which can be transformed into a 𝑝-box by [9]

𝑃
𝐿
≤ 𝑃 [𝑌≤𝑦] ≤ 𝑃

𝑅 (10)

with 𝑃𝐿 = (1/𝑚)∑𝑚
𝑘=1 I[𝑦

𝑅

𝑘
≤ 𝑦] and 𝑃𝑅 = (1/𝑚)∑𝑚

𝑖=1 I[𝑦
𝐿

𝑘
≤

𝑦], where I is the indicator function. Summarizing the above
procedure, the presentmethod can be summarized as follows.

Step 1. Collect all 𝑝-boxes X = (𝑋1, 𝑋2, . . . , 𝑋𝑛) and sample
𝑚 interval vectors x𝐼

𝑖
= (𝑥
𝐼

𝑖,1, 𝑥
𝐼

𝑖,2, . . . , 𝑥
𝐼

𝑖,𝑛
) (𝑖 = 1, 2, . . . , 𝑚)

from X by the method in Section 3.1.

Step 2. Conduct the design of experiments with LHS in the
experimental design domain [X𝐿,X𝑅].

Step 3. Construct a RBF response surface for approximating
(7).

Step 4. Conduct optimization analysis over each x𝐼
𝑖
and

acquire interval vector y𝐼.

Step 5. Generate the 𝑝-box of the output quantity by (10).

4. Error Analysis

The absolute error and the relative error are popular to meas-
ure the accuracy between the experimental data and the true
value, which is extended to analysis errors of different 𝑝-
boxes. In this paper, the absolute errors contain the area
error and the boundary error. Suppose that the two 𝑝-boxes
𝐴 = [𝐹

𝐴
(𝑥), 𝐹

𝐴
(𝑥)] and 𝐵 = [𝐹

𝐵
(𝑥), 𝐹

𝐵
(𝑥)]; then the left

area error and the right area error between two 𝑝-boxes are,
respectively, calculated by

𝑆
𝐿
= ∫

∞

−∞


𝐹
𝐴 (𝑥) − 𝐹𝐵 (𝑥)


𝑑𝑥,

𝑆
𝑅
= ∫

∞

−∞

𝐹𝐴 (𝑥) − 𝐹𝐵 (𝑥)
 𝑑𝑥.

(11)

The area error between two 𝑝-boxes is defined as the
sum of the left area error and the right area error, which
is written as 𝑆 = 𝑆

𝐿
+ 𝑆
𝑅. As the area error cannot reflect

the discrepancy of boundary between two 𝑝-boxes, the
discrepancy of the boundary is used as the boundary error.
Plotting a line with the cumulative probability 𝛼will produce
two intersection points with the boundary of a 𝑝-box. For
[𝐹
𝐴
(𝑥), 𝐹

𝐴
(𝑥)], two intersection points are 𝐹

𝐴

−1
(𝛼) and

𝐹
𝐴

−1
(𝛼). Two intersection points of [𝐹

𝐵
(𝑥), 𝐹

𝐵
(𝑥)] are

𝐹
𝐵

−1
(𝛼) and 𝐹

𝐵

−1
(𝛼). Thus the boundary error Δ𝐿(𝛼) is

Δ𝐿 (𝛼) = Δ𝐿1 (𝛼) +Δ𝐿2 (𝛼) , (12)

0

1

CD
F

x

ΔL1(𝛼) ΔL2(𝛼)

SL SR

FA FB FA FB

Figure 1: Schematic diagram of the area error and the boundary
error between [𝐹

𝐴
, 𝐹
𝐴
] and [𝐹

𝐵
, 𝐹
𝐵
].

where Δ𝐿1(𝛼) = |𝐹
𝐴

−1
(𝛼) − 𝐹

𝐵

−1
(𝛼)| and Δ𝐿2(𝛼) =

|𝐹
𝐴

−1
(𝛼) −𝐹

𝐵

−1
(𝛼)|. The illustration of the area error and the

boundary area is shown in Figure 1.
The relative error is used for comparing the precision

of different 𝑝-boxes, which have the relative area error and
the relative boundary error. Just to explain the definition,
two 𝑝-boxes are named, respectively, the relative 𝑝-box and
the contrastive 𝑝-box. The definition of relative area error is
the absolute error of two 𝑝-boxes dividing the area between
two bounds of the relative 𝑝-box. Suppose that [𝐹

𝐴
, 𝐹
𝐴
] and

[𝐹
𝐵
, 𝐹
𝐵
] are taken as the relative 𝑝-box and the contrastive

𝑝-box, respectively. The relative area error is defined by

𝐸
𝑅
= 100 ∗ |𝑆|

∫
∞

−∞


𝐹
𝐴 (𝑥) − 𝐹𝐴 (𝑥)


𝑑𝑥

%, (13)

where 𝑆 is the area error between two 𝑝-boxes. The relative
boundary error in the probability value 𝛼 is computed by

𝐸
𝐿 (𝛼) = 100 ∗ |Δ𝐿 (𝛼)|


𝐹
𝐴

−1
(𝛼) − 𝐹

𝐴

−1
(𝛼)


%, (14)

where Δ𝐿(𝛼) is the boundary error between two 𝑝-boxes.
Two types of error are used to quantify the errors between
𝑝-boxes, when the discrepancy of different 𝑝-boxes can be
distinguished from the figure.

5. Numerical Examples and Discussions

5.1. Sum of𝑋 and 𝑌. The test function

𝑍 = 𝑋+𝑌, (15)

where 𝑋 and 𝑌 are random variables represented by depen-
dent 𝑝-boxes with the Gaussian copula. The Pearson corre-
lation 𝜌 of the two random variables is 0.3. 𝑋 is bounded
by normal distribution whose means are between 2 and 8
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Table 1: Uncertain parameters for the 10-bar aluminum truss.

Uncertain variables Parameter 1 (mean) Parameter 2 (standard deviation) Boundary parameter distribution
𝐹
1
(N) [442800, 44680] 40000 Normal

𝐹
2
(N) [442800, 44680] 40000 Normal

𝐹
3
(N) [1709200, 1849200] 40000 Normal

𝐸 (Mpa) 68948 [3120, 3350] Normal

and whose standard deviation is 0.5. 𝑌 also is specified by
the class of normal distributions with means [15, 20] and
standard deviation 1.5. According to the statistics theory, the
theoretical cumulative probability of 𝑍 can be calculated by
the following equations:

𝑍

= ∫

𝑧

−∞

1

√2𝜋 (𝜎21 + 2𝜌𝜎1𝜎2 + 𝜎22)
𝑒
(𝑧−𝜇
𝐼

1−𝜇
𝐼

2)
2
/2(𝜎21+2𝜌𝜎1𝜎2+𝜎

2
2 )𝑑𝑧,

(16)

where 𝜇𝐼1 = [2, 8], 𝜇
𝐼

2 = [15, 20], 𝜎1 = 0.5, and 𝜎2 = 1.5. The
numerical boundaries of 𝑍 are computed by the Simpson
quadrature [22].

As a comparison, the DBC method with a range of the
discretization numbers M = [10, 20, . . . , 400] is adopted to
compute this problem here. According to the Cartesian
product, M2 analyses would be required if two 𝑝-boxes are
discretized into M focal elements, respectively. The absolute
error values with the theoretical 𝑝-boxes under the different
discretization number are shown in Figures 2 and 3 by the
red line with asterisk markers. Now, use the present method
with the sample sizesM2 to solve the same problem, and their
absolute error values are plotted in Figures 2 and 3 with the
blue line with filled circular markers.

From the area error lines in Figure 2, two lines have
the obvious convergence procedure with the increasing itera-
tions, while the area error of the presentmethod has the faster
convergence procedure. Under the same calculated amount,
the circular-marked values are always under the asterisk-
marked values. In other words, the present method has more
accuracy than theDBCmethod. Figure 3 shows the boundary
error line under three boundary points 𝛼 = 0.025, 0.5, and
0.975 with two different methods. These boundary error
lines have the trend of approximate 0 with increasing the
calculation time. In three boundary points, the filled circular-
marked error lines are always below the asterisk-marked error
lines, except little points when 𝛼 = 0.5 that the asterisk-
marked values are slightly bigger than the circular-marked
lines. Using the present method will produce less error than
using the DBC method under the same computation time;
thus the present method has more calculation efficiency.
For the multiple random variables, this advantage is more
obvious. The calculated amount using the DBC method
is exponential growth with increasing number of random
variables and discretization number. This numerical test
demonstrated the validity of the proposed present method.
The calculation of structural responses is performed in the
following section using the present method.
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Figure 2: Area error lines with the present method and the DBC
method.

5.2. A 10-Bar Aluminum Truss. A linear elastic 10-bar alu-
minum truss [23] is shown in Figure 4. The certain param-
eters for the 10-bar aluminum truss are the density 𝜌 =

2768 kg/m3, the length of the horizontal and vertical bars
𝐿 = 9.144m, and the bars areas 𝐴 = 4000mm2 (𝑖 = 1, 2,
. . . , 10). The truss is subjected to two vertical forces 𝐹1 and
𝐹2, and a horizontal force 𝐹3, which are uncertain variables
of the structures. The Young modulus 𝐸 is treated as the
random variables. The interesting system response is 𝑑

𝑦
the

vertical displacement of the joint 2.The uncertain parameters
presented by 𝑝-boxes are shown in Table 1.

𝐹1, 𝐹2, 𝐹3, and 𝐸 are truncated with 𝛼 = 0.05 as the design
domain of input data. LHS method is applied to generate
sampling points and finite element method is used to solve
𝑑
𝑦
. RBF approximation model is constructed, which can be

written as

𝑑
𝑦
= 𝑓 (𝐹1, 𝐹2, 𝐹3, 𝐸) , (17)

where 𝐹2 and 𝐹3 are dependent and the Young modulus 𝐸
and the force 𝐹1 are independent variables. Dependence in
𝐹2 and 𝐹3 is represented by the Gaussian copula with Pearson
coefficient 0.9. The probability bounds of 𝑑

𝑦
are computed



6 Mathematical Problems in Engineering

0

0.5

1

1.5

2

2.5

3

3.5

4
Bo

un
da

ry
 er

ro
rΔ
L

0 100 200 300 400
Square root of calculation times

The present method
DBC method

(a) Boundary error lines using two methods with 𝛼 = 0.025
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Figure 3: Boundary error lines with 𝛼 = 0.025, 0.5, and 0.975.

by the present method involving by 105 replications. For
comparison purpose, we assume that 𝐹1, 𝐹2, 𝐹3, and 𝐸 are
mutually independent due to lacking enough dependent
information.The result of 𝑑

𝑦
is also calculated by the present

method with 105 sample size. Two 𝑝-boxes of 𝑑
𝑦
considering

dependent or independent input data are plotted in Figure 5
which are called [𝐹

𝐴
, 𝐹
𝐴
] and [𝐹

𝐵
, 𝐹
𝐵
], respectively. [𝐹

𝐴
, 𝐹
𝐴
]

is regarded as the theoretical value and [𝐹
𝐵
, 𝐹
𝐵
] is taken as

proximate value due to lacking enough dependent informa-
tion. The relative errors between [𝐹

𝐴
, 𝐹
𝐴
] and [𝐹

𝐵
, 𝐹
𝐵
] are

shown in Table 2. It can be found that the relative area error
is 3.43%. When 𝛼 = 0.025 or 𝛼 = 0.975, the boundary error

are 8.24% and 7.85%, respectively. It can be noticed that the
relative boundary error is close to zero when 𝛼 = 0.5. From
this example, the dependence in the input 𝑝-boxes has great
impact on probability bounds of structural responses, which
is particularly obvious in the tail of probability bounds.

5.3. A 25-Bar Steel Truss. This case is a 25-bar steel truss [24]
which is shown in Figure 6. The length of each horizontal or
vertical bar is 15.24m and the cross-sectional area of all bars
is 5000mm2. The Poisson ratio is 0.3. The joint 12 is hinge-
supported, and the joints 6, 8, and 10 are roller-supported.
The joints 7, 9, and 11 are subjected to the vertical loads 𝐹3, 𝐹2,
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Table 2: Relative area error and relative boundary errors between
the theoretical 𝑝-box and the approximate 𝑝-box.

Error type The theoretical 𝑝-box and the
approximate 𝑝-box

Relative area error 3.43%
Relative boundary error
𝛼 = 0.025

8.24%

Relative boundary error 𝛼 = 0.5 0.01%
Relative boundary error
𝛼 = 0.975

7.85%

1
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Figure 4: A 10-bar aluminum truss.

and𝐹1, respectively, and the joint 1 is subjected to a horizontal
load 𝐹4. The forces 𝐹1, 𝐹2, 𝐹3, and 𝐹4 and the Young modulus
𝐸 are treated as 𝑝-boxes, which are shown in Table 3. The
interesting value is the vertical displacement 𝑑3 of the joint
9. RBF is used to replace the finite element model, which can
be written as

𝑑3 = 𝑓 (𝐹1, 𝐹2, 𝐹3, 𝐹4, 𝐸) , (18)

where 𝐹1, 𝐹2, 𝐹3, and 𝐹4 and 𝐸 are truncated at the probability
of 0.05 and LHS is used to sample points.

Four cases are designed to analyse the influence from
dependence in input variables and shown in Table 4. For
cases 1–3, each of two forces is mutually dependent and their
copulas are Frank copula. 𝐸 is regarded as the independent
variable. The relatively large correlation coefficient 0.9 for
random variables is used. In case 4, five input variables are
assumed to be mutually independent. 𝑝-boxes of 𝑑

3
in four

cases are obtained by the present method with 104 samples
that are shown in Figure 7, where 𝑝-boxes of 𝑑

3
with the

condition in cases 1–3 are taken as the theoretical value
and 𝑝-box of 𝑑

3
with case 4 is used as approximate value.

The relative area error between the theoretical value and
approximate value is listed in Table 5. By comparing the
relative error under different cases, the relative area error or
the relative bounds area under case 2 is more than the error
under case 1 and case 3. For each case 1–case 3, the relative
bounds error for 𝛼 = 0.5 is less than the relative bounds
error for 𝛼 = 0.05 or 𝛼 = 0.95, which is very small and
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The displacement d10

Figure 5: 𝑝-boxes of 𝑑
10
with dependent and independent inputs.

nearly 0. Overall, dependence under case 2 has more influ-
ence for the structural response of 𝑑

3
in this example. This

example demonstrates that neglecting the dependence in
input variables will produce unpredictable error for bounds
of structural response.

5.4. Application to a Taylor Impact Test. Taylor impact tests
are often performed to confirm the plastic behavior of a
material under severe strain conditions. Extremely high
plastic strains and strain rates occur at the crushed end of the
rod, resulting in severe local deformation. The experimental
data usually consist of measurements of its final deformed
profile. As shown in Figure 8, the cylindrical sample total
length 𝐿 initial = 3.8 cm and the diameter 𝐷initial = 0.76 cm.
Testing material is the high-strength low-alloy (HSLA-100)
steel [25]. The modulus of elasticity is taken to be 𝐸 =

197GPa and the material density 𝜌 = 7842 kg/m3. The initial
velocity of the sample is 246m/s. For the Taylor test, the
final deformed profile is an important index to evaluate the
material performance.Thus in the application the uncertainty
response analysis is conducted for the final total length 𝐿final
and the final diameter 𝐷final. To compute the two values, the
finite element method is employed, and Zerilli-Armstrong
(Z-A) model

𝜎 = 𝛼1 +𝛼2 exp [(−𝛼3 +𝛼4 ln
𝜕𝜀

𝜕𝑡
)𝑇]+𝛼5𝜀

𝛼6 (19)

is used for rate-dependent plasticity, where 𝜀 is the equivalent
plastic strain, 𝜎 is resulting stress, and 𝑇 is the temperature
at the start of the experiment. The parameters 𝛼1 ∼ 𝛼6 are
material-specific. The Belytschko-Tsay shell element is used
to create finite element model with 2000 elements.The initial
temperature 𝑇 is 298K. The time duration of the impact
process is 20ms.
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Figure 6: A 25-bar steel truss [24].

Table 3: Uncertain variables for the 25-bar steel truss.

Uncertain variables Parameter 1 (mean) Parameter 2 (standard deviation) Boundary distribution type
𝐹
1
(N) [1.679𝑒6, 1.879𝑒6] 3.2𝑒5 Normal

𝐹
2
(N) [2.124𝑒6, 2.324𝑒6] 3.2𝑒5 Normal

𝐹
3
(N) [1.679𝑒6, 1.879𝑒6] 3.2𝑒5 Normal

𝐹
4
(N) [1.234𝑒6, 1.434𝑒6] 3.2𝑒5 Normal

𝐸 (Mpa) [1.99949𝑒5, 2.10125𝑒5] 1.949𝑒3 Normal

Table 4: Four cases under different dependence.

Dependent case number Dependency and Kendall correlations

Case 1 Kendall coefficient between 𝐹
1
and 𝐹

2
is 𝜏
1,1
= 0.9

Kendall coefficient between 𝐹
3
and 𝐹

4
is 𝜏
1,2
= 0.9

Case 2 Kendall coefficient between 𝐹
1
and 𝐹

3
is 𝜏
2,1
= 0.9

Kendall coefficient between 𝐹
2
and 𝐹

4
is 𝜏
2,2
= 0.9

Case 3 Kendall coefficient between 𝐹
1
and 𝐹

4
is 𝜏
3,1
= 0.9

Kendall coefficient between 𝐹
2
and 𝐹

3
is 𝜏
3.2
= 0.9

Case 4 𝐹
1
, 𝐹
2
, 𝐹
3
, and 𝐹

4
are mutually independent

Table 5: Relative area error and relative boundary errors under four cases.

Error type Case 1 and case 4 Case 2 and case 4 Case 3 and case 4
Relative area error 3.80% 13.62% 3.31%
Relative boundary error 𝛼 = 0.025 11.58% 35.99% 8.39%
Relative boundary error 𝛼 = 0.5 0.46% 0.24% 1.19%
Relative boundary error 𝛼 = 0.975 7.77% 29.81% 12.97%

Table 6: Distribution of the random variables for the Taylor test.

Z-A parameters Distribution parameter 1 Distribution parameter 2 Distribution type
𝛼1 (MPa) 𝜇

𝛼1
= [86.5, 119.5] 𝜎

𝛼1
= 4.125 Normal

𝛼2 (MPa) 𝜇
𝛼2
= [922.5, 985.5] 𝜎

𝛼2
= 7.875 Normal

𝛼3 (K
−1) 𝜇

𝛼3
= [3.8𝑒 − 4, 4.4𝑒 − 4] 𝜎

𝛼3
= 7.375𝑒 − 5 Normal

𝛼4 (K
−1) 𝜇

𝛼4
= [1.025𝑒 − 4, 1.315𝑒 − 4] 𝜎

𝛼4
= 3.625𝑒 − 6 Normal

𝛼5 (MPa) 𝜇
𝛼5
= [985, 1007] 𝜎

𝛼5
= 2.75 Normal

𝛼6 𝜇
𝛼6
= [0.2365, 0.575] 𝜎

𝛼6
= 0.0026 Normal
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Table 7: Correlation coefficient matrix for the Z-A model parameters.

Z-A parameters 𝛼1 𝛼2 𝛼3 𝛼4 𝛼5 𝛼6

𝛼1 1 −0.083 0.372 0.207 −0.488 0.267
𝛼2 −0.083 1 0.344 0.311 0.082 0.130
𝛼3 0.372 0.344 1 0.453 −0.621
𝛼4 0.207 0.311 0.802 1 0.271 −0.466
𝛼5 −0.488 0.082 0.453 0.271 1 −0.860
𝛼6 0.267 0.130 −0.621 −0.466 −0.860 1
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Figure 7: 𝑝-boxes for 𝑑
3
in three cases.
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Figure 8: Simulating the Taylor impact test.
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Figure 9: 𝑝-boxes of 𝐿final.

Due to the manufacturing and measuring errors, Z-A
model parameters are thus treated as 𝑝-boxes variables,
which are given in Table 6.There is dependence in these para-
meters [26] and their correlation coefficients are given in
Table 7.

According to the present method, the random variables
are truncated at 𝛼 = 5𝑒 − 4 firstly. For generating the sample
points, LHS method is used. The approximation models of
𝐿final and 𝐷final are constructed by RBF, which are expressed
as

𝐿final = 𝑓 (𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6) ,

𝐷final = 𝑔 (𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5, 𝛼6) .
(20)

The analysis results of dependence are plotted in Figures 9
and 10, respectively. From this example, the present method
is also effective for the nonlinear model including dependent
uncertain parameters.

6. Conclusion

A computational method has been developed for the calcula-
tion of the structural responses under uncertain parameters
represented by dependent 𝑝-boxes. The 𝑝-boxes are dis-
cretized into a range of intervals based on the copula sampling
technique. The calculation of structural response interval is
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1

CD
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Figure 10: 𝑝-boxes of𝐷final.

carried out by the metamodel-based optimization method.
The resulting intervals are then assembled into a 𝑝-box. The
present method takes both the advantages of efficiency of
sampling method and the advantage of handling dependent
𝑝-boxes of DBC method.

By investigating dependence in the structural uncertainty
parameters based on the present method, dependence in the
variables cannot be neglected.When the dependent variables
are regarded as the independent variables, the probability
bound of structural responses will produce error, which are
unpredictable and may lead to the failure decision-making.
We have demonstrated, through the use of the present
method for solving a benchmark problem and three numer-
ical examples, that this method is effective and practical for
the structural response analysis.
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