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2SEPI-UPIICSA, Instituto Politécnico Nacional, Avenida Te 950, 8400 México, DF, Mexico

Correspondence should be addressed to Baltazar Aguirre-Hernández; bahe@xanum.uam.mx

Received 31 December 2014; Accepted 21 March 2015

Academic Editor: Gen Qi Xu

Copyright © 2015 Baltazar Aguirre-Hernández et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

We say that a Hurwitz polynomial 𝑝(𝑡) is a Hadamardized polynomial if there are two Hurwitz polynomials 𝑓(𝑡) and 𝑔(𝑡) such
that 𝑓 ∗ 𝑔 = 𝑝, where 𝑓 ∗ 𝑔 is the Hadamard product of 𝑓 and 𝑔. In this paper, we prove that the set of all Hadamardized
Hurwitz polynomials is an open, unbounded, nonconvex, and arc-connected set. Furthermore, we give a result so that a fourth-
degree Hurwitz interval polynomial is a Hadamardized polynomial family and we discuss an approach of differential topology in
the study of the set of Hadamardized Hurwitz polynomials.

1. Introduction

The study of Hurwitz polynomials is important for the
following: if the characteristic polynomial of a matrix 𝐴 is a
Hurwitz polynomial, then the system 𝑥̇ = 𝐴𝑥 is stable. Such
study began when Maxwell posed the problem of finding
necessary and sufficient conditions for a polynomial has all of
its roots with negative real part. Since then, a lot information
has been generated and part of it can be found in [1–4].
On the other hand, in the study of Hurwitz polynomials,
topological approaches have recently been reported in [5–9].
Now, in this paperwepresent some topological and geometric
results about the set of Hurwitz polynomials that admit a
Hadamard factorization; such set will be called the set of
Hadamardized polynomials. First, we give some definitions.
Given two polynomials 𝑓(𝑡) = 𝑎

𝑛
𝑡
𝑛

+ 𝑎
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑎0 and
𝑔(𝑡) = 𝑏

𝑛
𝑡
𝑛

+ 𝑏
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑏0, we say that

(𝑓 ∗ 𝑔) (𝑡) = 𝑎
𝑛
𝑏
𝑛
𝑡
𝑛

+ 𝑎
𝑛−1𝑏𝑛−1𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑎0𝑏0 (1)

is theHadamard product of𝑓 and𝑔. Garloff andWagner have
shown that the set of Hurwitz polynomials is closed under
the Hadamard product (see [10]) and preserves total nonneg-
ativity (see [11]). And, conversely, we say that a Hurwitz poly-
nomial 𝑝(𝑡) admits a Hadamard factorization if there are two
Hurwitz polynomials𝑓(𝑡) and𝑔(𝑡) such that (𝑓∗𝑔)(𝑡) = 𝑝(𝑡).

In this case, we say that𝑝(𝑡) is a HadamardizedHurwitz poly-
nomial, we denote by H(Had) the set of all Hadamardized
Hurwitz polynomials, and we denote by H(Had)

𝑛
the set

of all 𝑛-degree Hadamardized Hurwitz polynomials. It is
shown in [12] that there are Hurwitz polynomials of degree
equal to four that do not have a Hadamard factorization.
In [13] necessary conditions for a Hurwitz polynomial to
have a Hadamard factorization were obtained, and in [14, 15]
necessary and sufficient conditions for a Hurwitz polynomial
of degree equal to four to admit a Hadamard factorization
were obtained. Now in this paper we prove that H(Had)
is an unbounded, nonconvex open set and arc-connected.
Additionally, in Section 3 we give a result about Hadamard
factorization of a fourth-degree Hurwitz interval polynomi-
als. Finally, in Section 4we present an approach of differential
topology for studying the set of Hadamardized Hurwitz
polynomials.

2. Main Results

2.1. The Set of Hadamardized Hurwitz Polynomials Is an
Open Set. The fact that the set of Hadamardized Hur-
witz polynomials of degree equal to four is an open
set is an immediate consequence of Theorem A.3; since
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𝑞(𝑡) = 𝛼4𝑡
4
+ 𝛼3𝑡

3
+ 𝛼2𝑡

2
+ 𝛼1𝑡 + 𝛼0 is a Hadamardized Hur-

witz polynomial, then

𝛼0𝛼3
𝛼1

< (√
𝛼1𝛼4
𝛼3

−√𝛼2)

2

, (2)

and this inequality holds for small perturbations of the
coefficients. Since it is not known necessary and sufficient
conditions (in terms of its coefficients) for an 𝑛-degree
Hurwitz polynomial to have a Hadamard factorization, we
need a result that allows us to prove the case for polynomials
of arbitrary degree. Such a result is the Open Mapping
Theorem.

Theorem 1. H(Had) is an open set.

Proof. Let 𝑝(𝑡) = 𝑎
𝑛
𝑡
𝑛

+ 𝑎
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑎1𝑡 + 𝑎0 be
a Hadamardized Hurwitz polynomial. Then, there are two
Hurwitz polynomials 𝑓(𝑡) = 𝑏

𝑛
𝑡
𝑛

+ 𝑏
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑏0 and
𝑔(𝑡) = 𝑐

𝑛
𝑡
𝑛

+ 𝑐
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑐0 such that (𝑓 ∗ 𝑔)(𝑡) = 𝑝(𝑡).
Consider the operator𝑇

𝑓
: P
𝑛
→ P

𝑛
, whereP

𝑛
is the set of

𝑛-degree polynomials, defined by 𝑇
𝑓
(ℎ(𝑡)) = (𝑓 ∗ ℎ)(𝑡). 𝑇 is

a linear operator and if ℎ(𝑡) = 𝑑
𝑛
𝑡
𝑛

+ 𝑑
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑑1𝑡 + 𝑑0,
then

󵄩󵄩󵄩󵄩󵄩
𝑇
𝑓
(ℎ (𝑡))

󵄩󵄩󵄩󵄩󵄩
=
󵄩󵄩󵄩󵄩(𝑏𝑛𝑑𝑛, . . . , 𝑏1𝑑1, 𝑏0𝑑0)

󵄩󵄩󵄩󵄩

≤
󵄩󵄩󵄩󵄩(𝑏𝑛, . . . , 𝑏1, 𝑏0)

󵄩󵄩󵄩󵄩
󵄩󵄩󵄩󵄩(𝑑𝑛, . . . , 𝑑1, 𝑑0)

󵄩󵄩󵄩󵄩 .

(3)

That is, 𝑇
𝑓
is a bounded linear operator. It is clear that 𝑇

𝑓
is

a surjective mapping because if 𝑞(𝑡) = 𝑞
𝑛
𝑡
𝑛

+ 𝑞
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ +

𝑞1𝑡 + 𝑞0 is an arbitrary polynomial, then

𝑇
𝑓
(
𝑞
𝑛

𝑏
𝑛

𝑡
𝑛

+
𝑞
𝑛−1
𝑏
𝑛−1

𝑡
𝑛−1

+ ⋅ ⋅ ⋅ +
𝑞1
𝑏1
𝑡 +

𝑞0
𝑏0
) = 𝑞 (𝑡) . (4)

On the other hand, sinceH
𝑛
(𝑛-degree Hurwitz polynomials

set) is an open set, let 𝑈 be an open set such that 𝑔 ∈ 𝑈 ⊂

H
𝑛
.Then,𝑇

𝑓
[𝑈] ⊂ H

𝑛
(see [10]), and, by the OpenMapping

Theorem [16], 𝑇
𝑓
[𝑈] is an open set. Since 𝑝(𝑡) ∈ 𝑇

𝑓
[𝑈], we

have that 𝑝(𝑡) ∈ 𝑇
𝑓
[𝑈] ⊂ H(Had), and H(Had) is an open

set.

2.1.1. Application. Consider the system 𝑥̇ = 𝐴(𝜆)𝑥 where
𝐴(𝜆) ∈ M

𝑛×𝑛
(R) and 𝜆 ∈ R𝑛 is a parameter. Let 𝑝

𝜆
(𝑡) =

𝑎
𝑛
(𝜆)𝑡
𝑛

+𝑎
𝑛−1(𝜆)𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑎1(𝜆)+𝑎0(𝜆) be the characteristic

polynomial of the matrix 𝐴(𝜆).
Suppose that𝑃

𝜆0
is a Hadamardized Hurwitz polynomial.

By Theorem 1, there is an open ball 𝐵
𝜖
(𝑝
𝜆0
) such that every

element of 𝐵
𝜖
(𝑝
𝜆0
) is a Hadamardized Hurwitz polynomial.

Then, we can find two Hurwitz polynomials:

𝑓
𝜆
(𝑡) = 𝑏

𝑛
(𝜆) 𝑡
𝑛

+ 𝑏
𝑛−1 (𝜆) 𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑏1 (𝜆) 𝑡

+ 𝑏0 (𝜆) ,

𝑔
𝜆
(𝑡) = 𝑐

𝑛
(𝜆) 𝑡
𝑛

+ 𝑐
𝑛−1 (𝜆) 𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑐1 (𝜆) 𝑡 + 𝑐0 (𝜆)

(5)

such that 𝑓
𝜆
∗ 𝑔
𝜆
= 𝑃
𝜆
for 𝜆 ≈ 𝜆0. The idea is to obtain

a Hadamard factorization of 𝑃
𝜆
(𝑡) where the coefficients of

𝑓
𝜆
(𝑡) and 𝑔

𝜆
(𝑡) are simpler than those of 𝑃

𝜆
(𝑡). To illustrate

this idea, we give the following example.

Example 2. Consider the system 𝑥̇ = 𝐴𝑥, where the entries
𝑎
𝑖𝑗
(𝜆) of 𝐴 are given by

𝑎11 = −𝜆
2
− 8𝜆− 15,

𝑎12 = −𝜆
2
− 11𝜆− 29,

𝑎13 = −𝜆
2
− 12𝜆− 36,

𝑎14 = 2𝜆+ 7,

𝑎21 = 0,

𝑎22 = 0,

𝑎23 = 1,

𝑎24 = 0,

𝑎31 = 0,

𝑎32 = 0,

𝑎33 = 0,

𝑎34 = 1,

𝑎41 = −𝜆
2
− 8𝜆− 15,

𝑎42 = −𝜆
2
− 11𝜆− 30,

𝑎43 = −𝜆
2
− 12𝜆− 36,

𝑎44 = 𝜆+ 7.

(6)

The characteristic polynomial is 𝑃
𝜆
(𝑡) = 𝑡

4
+ (𝜆

2
+ 6𝜆+ 8)𝑡3 +

(𝜆
2
+12𝜆+36)𝑡2 + (𝜆2+11𝜆+30)𝑡+ (𝜆2+8𝜆+15). For 𝜆 = 0,

𝑃0(𝑡) = 𝑡
4
+ 8𝑡3 + 36𝑡2 + 30𝑡 + 15 is a Hadamardized Hurwitz

polynomial by Theorem A.4.

ByTheorem 1, we can find twoHurwitz polynomials such
that the Hadamard product of them is equal to𝑃

𝜆
(𝑡) for small

enough 𝜆. Consider the Hurwitz polynomials:

𝐹0 (𝑡) = 𝑡
4
+ 4𝑡3 + 6𝑡2 + 6𝑡 + 5,

𝐺0 (𝑡) = 𝑡
4
+ 2𝑡3 + 6𝑡2 + 5𝑡 + 3.

(7)

Note that 𝐹0 ∗ 𝐺0 = 𝑡
4
+ 8𝑡3 + 36𝑡2 + 30𝑡 + 15. The families of

polynomials

𝐹
𝜆
(𝑡) = 𝑡

4
+ (𝜆 + 4) 𝑡3 + (𝜆 + 6) 𝑡2 + (𝜆 + 6) 𝑡

+ (𝜆 + 5) ,

𝐺
𝜆
(𝑡) = 𝑡

4
+ (𝜆 + 2) 𝑡3 + (𝜆 + 6) 𝑡2 + (𝜆 + 5) 𝑡

+ (𝜆 + 3)

(8)

areHurwitz stable for small enough𝜆, theHadamard product
𝐹
𝜆
∗ 𝐺
𝜆
satisfies 𝐹

𝜆
∗ 𝐺
𝜆
= 𝑃
𝜆
(𝑡), and the coefficients of 𝐹

𝜆

and 𝐺
𝜆
are simpler than those of 𝑃

𝜆
.
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2.2. The Set of Hadamardized Hurwitz Polynomials Is a
Nonconvex Set. We have thatH(Had) ⊆ H (see [13]), where
H(Had) ̸= H andH is the set of Hurwitz polynomials, and it
is known that the set of Hurwitz polynomials is a nonconvex
set (see [17, 18]). However, this does not imply that the set of
Hadamardized Hurwitz polynomials is also a nonconvex set.
Thus, the nonconvexity ofH(Had) has to be proven.

Considered the ray of polynomials:

𝐹
𝑘
(𝑡) = 𝑡

4
+ 𝑡

3
+ 6.9𝑡2 + 2𝑡 + 3+ 𝑘 (𝑡3 + 𝑡2 + 2𝑡 + 1) ; (9)

that is

𝐹
𝑘
(𝑡) = 𝑡

4
+ (1+ 𝑘) 𝑡3 + (6.9+ 𝑘) 𝑡2 + (2+ 2𝑘) 𝑡

+ (3+ 𝑘) .
(10)

Then, 𝐹
𝑘
(𝑡) is Hurwitz if and only if

1+ 𝑘 > 0,

6.9+ 𝑘 > 0,

2+ 2𝑘 > 0,

3+ 𝑘 > 0,

(1+ 𝑘) (6.9+ 𝑘) (2+ 2𝑘) − (2+ 2𝑘)2

− (1+ 𝑘)2 (3+ 𝑘) > 0.

(11)

This inequality holds if and only if 𝑘 > −1, and 𝐹
𝑘
(𝑡) is

Hadamardized if and only if

(3 + 𝑘) (1 + 𝑘)

2 + 2𝑘
< (√

2 + 2𝑘
1 + 𝑘

−√6.9 + 𝑘)

2

. (12)

Thus, 𝐹
𝑘
(𝑡) is Hurwitz and Hadamardized if and only if 𝑘 ∈

(−1, 1.2 − √3.2) ∪ (1.2 + √3.2,∞), and 𝐹
𝑘
(𝑡) is Hurwitz but

not Hadamardized if and only if 𝑘 ∈ [1.2 −√3.2, 1.2 +√3.2].

Theorem 3. The set of Hadamardized Hurwitz polynomials is
a nonconvex set.

Proof. In the discussion above, take 𝑘 = −0.5 and 𝑘 = 2.9.
Then we get the Hadamardized Hurwitz polynomials 𝑟(𝑡) =
𝑡
4
+ 𝑡

3
+ 6.9𝑡2 + 2𝑡 + 3 − 0.5(𝑡3 + 𝑡

2
+ 2𝑡 + 1) and ℎ(𝑡) =

𝑡
4
+ 𝑡

3
+ 6.9𝑡2 + 2𝑡 + 3 + 2.9(𝑡3 + 𝑡

2
+ 2𝑡 + 1). Now consider

the convex combination 𝜆𝑟(𝑡) + (1 − 𝜆)ℎ(𝑡). For 𝜆 = 1/2, we
get the polynomial 𝑡4 + 2.2𝑡3 + 8.1𝑡2 + 4.4𝑡 + 4.2, which is not
Hadamardized.

2.3. The Set of Hadamardized Hurwitz Polynomials
Is an Unbounded Set

Theorem 4. There are rays of polynomials contained in the
set of Hadamardized Hurwitz polynomials. Hence, it is an
unbounded set.

Let

𝐺
𝑘
(𝑡) = 𝑡

4
+ 𝑡

3
+ 7𝑡2 + 2𝑡 + 3+ 𝑘 (𝑡3 + 𝑡2 + 2𝑡 + 1)

= 𝑡
4
+ (1+ 𝑘) 𝑡3 + (7+ 𝑘) 𝑡2 + (2+ 2𝑘) 𝑡

+ (3+ 𝑘) .

(13)

Then, 𝐺
𝑘
(𝑡) is Hurwitz if and only if

1+ 𝑘 > 0,

7+ 𝑘 > 0,

2+ 2𝑘 > 0,

3+ 𝑘 > 0,

(1+ 𝑘) (7+ 𝑘) (2+ 2𝑘) − (2+ 2𝑘)2 − (1+ 𝑘)2 (3+ 𝑘)

> 0,

(14)

and 𝐺
𝑘
(𝑡) is Hadamardized if and only if

(3 + 𝑘) (1 + 𝑘)

2 + 2𝑘
< (√

2 + 2𝑘
1 + 𝑘

−√7 + 𝑘)

2

. (15)

Consequently, 𝐺
𝑘
(𝑡) is a Hadamardized Hurwitz polynomial

for 𝑘 > −1 andH(Had) is a unbounded set.
The existence of rays of Hadamardized Hurwitz polyno-

mials allows us to show an application in the designing of
stabilizing controls.

2.3.1. Application. The following example illustrates the
designing of a state feedback control that stabilizes the system
for each positive value of the parameter. Consider the system

[
[
[
[
[

[

𝑥̇1

𝑥̇2

𝑥̇3

𝑥̇4

]
]
]
]
]

]

=

[
[
[
[
[

[

0 1 0 0
0 0 1 0
0 0 0 1
−3 −2 −7 −1

]
]
]
]
]

]

[
[
[
[
[

[

𝑥1

𝑥2

𝑥3

𝑥4

]
]
]
]
]

]

+

[
[
[
[
[

[

0
0
0
1

]
]
]
]
]

]

𝑢; (16)

and the state feedback control

𝑢 (𝑥) = 𝑘 (−1, − 2, − 1, − 1)
[
[
[
[
[

[

𝑥1

𝑥2

𝑥3

𝑥4

]
]
]
]
]

]

, (17)

where 𝑘 ∈ R is a parameter. Then, the controlled system is

[
[
[
[
[

[

𝑥̇1

𝑥̇2

𝑥̇3

𝑥̇4

]
]
]
]
]

]

=

[
[
[
[
[

[

0 1 0 0
0 0 1 0
0 0 0 1

−3 − 𝑘 −2 − 2𝑘 −7 − 𝑘 −1 − 𝑘

]
]
]
]
]

]

[
[
[
[
[

[

𝑥1

𝑥2

𝑥3

𝑥4

]
]
]
]
]

]

. (18)

The characteristic polynomial 𝐺
𝑘
(𝑡) = 𝑡

4
+ 𝑡

3
+ 7𝑡2 + 2𝑡 + 3 +

𝑘(𝑡
3
+𝑡

2
+2𝑡+1) is aHadamardizedHurwitz polynomial for all

𝑘 > −1, and consequently the system is stable for all 𝑘 > −1.
Additionally, 𝐺

𝑘
(𝑡) is Hadamardized for all 𝑘 > −1.
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2.4. The Set of Hurwitz Hadamardized Polynomials with
Positive Coefficients Is Arc-Connected. To prove the main
result of this section, we need the following lemma.

Lemma 5. H+
𝑛
is an arc-connected set.

Proof. Let 𝑃1(𝑡) and 𝑃2(𝑡) be two Hurwitz polynomials with
positive coefficients. Suppose that 𝑛 = 2𝑚. Then, 𝑃1(𝑡) and
𝑃2(𝑡) can be written as

𝑃1 (𝑡) = 𝑏0 (𝑡
2
+ 𝑏1𝑡 + 𝑏2)

⋅ (𝑡
2
+ 𝑏3𝑡 + 𝑏4) ⋅ ⋅ ⋅ (𝑡

2
+ 𝑏2𝑚−1𝑡 + 𝑏2𝑚) ,

𝑃2 (𝑡) = 𝑎0 (𝑡
2
+ 𝑎1𝑡 + 𝑎2)

⋅ (𝑡
2
+ 𝑎3𝑡 + 𝑎4) ⋅ ⋅ ⋅ (𝑡

2
+ 𝑎2𝑚−1𝑡 + 𝑎2𝑚) ,

(19)

where 𝑏
𝑖
> 0 and 𝑎

𝑖
> 0 for all 𝑖 = 0, 1, . . . , 2𝑚. Define

𝐻
𝜆
(𝑡) = (𝜆𝑎0 + (1−𝜆) 𝑏0) (𝑡

2
+ (𝜆𝑎1 + (1−𝜆) 𝑏1) 𝑡

+ (𝜆𝑎2 + (1−𝜆) 𝑏2)) (𝑡
2
+ (𝜆𝑎3 + (1−𝜆) 𝑏3) 𝑡

+ (𝜆𝑎4 + (1−𝜆) 𝑏4)) ⋅ ⋅ ⋅ (𝑡
2

+ (𝜆𝑎2𝑚−1 + (1−𝜆) 𝑏2𝑚−1) 𝑡

+ (𝜆𝑎2𝑚 + (1−𝜆) 𝑏2𝑚))

(20)

with 𝜆 ∈ [0, 1].We have that𝐻0(𝑡) = 𝑃1(𝑡),𝐻1(𝑡) = 𝑃2(𝑡), and
𝐻
𝜆
(𝑡) is a Hurwitz polynomial for all 𝜆 ∈ [0, 1]. Therefore,

H+
𝑛
is arc-connected set.

Theorem 6. The set of Hadamardized Hurwitz polynomials
with positive coefficients is arc-connected.

Proof. Let 𝑃1(𝑡) = 𝑎
𝑛
𝑡
𝑛

+ 𝑎
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑎0 and 𝑃2(𝑡) = 𝑏
𝑛
𝑡
𝑛

+

𝑏
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑏0 Hadamardized Hurwitz polynomials with
positive coefficients; then, there are

𝑓1 (𝑡) = 𝛼
𝑛
𝑡
𝑛

+𝛼
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝛼0,

𝑓2 (𝑡) = 𝛽
𝑛
𝑡
𝑛

+𝛽
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝛽0,

𝑔1 (𝑡) = 𝛾
𝑛
𝑡
𝑛

+ 𝛾
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝛾0,

𝑔2 (𝑡) = 𝛿
𝑛
𝑡
𝑛

+ 𝛿
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝛿0

(21)

such that 𝑓1, 𝑓2, 𝑔1, and 𝑔2 are Hurwitz polynomials with
positive coefficients and (𝑓1∗𝑔1)(𝑡) = 𝑃1(𝑡) and (𝑓2∗𝑔2)(𝑡) =
𝑃2(𝑡); that is,

𝛼
𝑛
𝛾
𝑛
𝑡
𝑛

+𝛼
𝑛−1𝛾𝑛−1𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝛼0𝛾0

= 𝑎
𝑛
𝑡
𝑛

+ 𝑎
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑎0,

𝛽
𝑛
𝛿
𝑛
𝑡
𝑛

+𝛽
𝑛−1𝛿𝑛−1𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝛽0𝛿0

= 𝑏
𝑛
𝑡
𝑛

+ 𝑏
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑏0.

(22)

SinceH+
𝑛
is arc-connected set, then there exist

𝐺1,𝜆 (𝑡) = 𝑐
𝑛
(𝜆) 𝑡
𝑛

+ 𝑐
𝑛−1 (𝜆) 𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑐0 (𝜆) ,

𝐺2,𝜆 (𝑡) = 𝑑
𝑛
(𝜆) 𝑡
𝑛

+𝑑
𝑛−1 (𝜆) 𝑡

𝑛−1
+ ⋅ ⋅ ⋅ + 𝑑0 (𝜆)

(23)

such that

𝐺1,0 (𝑡) = 𝑐
𝑛
(0) 𝑡𝑛 + 𝑐

𝑛−1 (0) 𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑐0 (0)

= 𝑓1 (𝑡) ,

𝐺2,0 (𝑡) = 𝑑
𝑛
(0) 𝑡𝑛 +𝑑

𝑛−1 (0) 𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑑0 (0)

= 𝑔1 (𝑡) ,

𝐺1,1 (𝑡) = 𝑐
𝑛
(1) 𝑡𝑛 + 𝑐

𝑛−1 (1) 𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑐0 (1)

= 𝑓2 (𝑡) ,

𝐺2,1 (𝑡) = 𝑑
𝑛
(1) 𝑡𝑛 +𝑑

𝑛−1 (1) 𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑑0 (1)

= 𝑔2 (𝑡)

(24)

and each 𝐺
𝑖,𝜆
(𝑡) ∈ H+

𝑛
for all 𝜆 ∈ [0, 1]. Now, consider

(𝐺1,𝜆 ∗ 𝐺2,𝜆) (𝑡) = 𝑐
𝑛
(𝜆) 𝑑
𝑛
(𝜆) 𝑡
𝑛

+ 𝑐
𝑛−1 (𝜆) 𝑑𝑛−1 (𝜆) 𝑡

𝑛−1
+ ⋅ ⋅ ⋅

+ 𝑐0 (𝜆) 𝑑0 (𝜆)

(25)

and then (𝐺1,𝜆 ∗𝐺2,𝜆)(𝑡) is a Hadamardized Hurwitz polyno-
mial for all 𝜆 ∈ [0, 1] (see [10]) and

(𝐺1,0 ∗ 𝐺2,0) (𝑡) = (𝑓1 ∗ 𝑔1) (𝑡) = 𝑃1 (𝑡) ,

(𝐺1,1 ∗ 𝐺2,1) (𝑡) = (𝑓2 ∗ 𝑔2) (𝑡) = 𝑃2 (𝑡) .
(26)

Consequently, the set of HadamardizedHurwitz polynomials
whit positive coefficients is arc-connected.

3. The Kharitonov Theorem and the Set of
Hadamardized Hurwitz Polynomials

The Kharitonov theorem (see [19]) has motivated a lot
of research on the subject of stable polynomials. Many
papers have been published since Kharitonov’s theorem was
reported (see [20–24]). We now address the following ques-
tion. Suppose we have an interval family of Hurwitz polyno-
mials. If the four Kharitonov polynomials are Hadamardized
polynomials, is each element of the family a Hadamardized
polynomial? We will give the answer in the case of 4-degree
polynomials. First, we need the following result. Although the
proof is simple, we have decided to include it.

Theorem 7. The Hurwitz polynomial 𝑓(𝑡) = 𝛼4𝑡
4
+ 𝛼3𝑡

3
+

𝛼2𝑡
2
+ 𝛼1𝑡 + 𝛼0 is Hadamardized if and only if 𝑔(𝑡) = √𝛼4𝑡

4
+

√𝛼3𝑡
3
+ √𝛼2𝑡

2
+ √𝛼1𝑡 + √𝛼0 is a Hurwitz polynomial.
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Proof. The necessary condition is immediate. To prove suffi-
cient condition, we suppose that 𝑓(𝑡) is Hadamardized, and
then (see [14, 15])

𝛼0𝛼3
𝛼1

< (√
𝛼1𝛼4
𝛼3

−√𝛼2)

2

. (27)

Note that 𝛼2𝛼3 − 𝛼1𝛼4 > 0 (since 𝑓 is Hurwitz), and then

√𝛼2 −√
𝛼1𝛼4
𝛼3

> 0. (28)

Consequently, if 𝑓(𝑡) is Hadamardized, then

√
𝛼0𝛼3
𝛼1

< √𝛼2 −√
𝛼1𝛼4
𝛼3

. (29)

Whence, 0 < √𝛼1𝛼2𝛼3 − 𝛼1√𝛼4 − √𝛼0𝛼3, which implies that
𝑔(𝑡) is a Hurwitz polynomial.

The last theorem let us establish the following result.

Theorem 8. Consider the interval family 𝐹(𝑡) = [𝑎4, 𝑏4]𝑡
4
+

[𝑎3, 𝑏3]𝑡
3
+ [𝑎2, 𝑏2]𝑡

2
+ [𝑎1, 𝑏1]𝑡 + [𝑎0, 𝑏0] which consists of

Hurwitz polynomials. If the four Kharitonov polynomials are
Hadamardized polynomials, then each element of the family is
a Hadamardized polynomial.

Proof. The four Kharitonov polynomials are

𝑘1 (𝑡) = 𝑎4𝑡
4
+ 𝑏3𝑡

3
+ 𝑏2𝑡

2
+ 𝑎1𝑡 + 𝑎0,

𝑘2 (𝑡) = 𝑎4𝑡
4
+ 𝑎3𝑡

3
+ 𝑏2𝑡

2
+ 𝑏1𝑡 + 𝑎0,

𝑘3 (𝑡) = 𝑏4𝑡
4
+ 𝑏3𝑡

3
+ 𝑎2𝑡

2
+ 𝑎1𝑡 + 𝑏0,

𝑘4 (𝑡) = 𝑏4𝑡
4
+ 𝑎3𝑡

3
+ 𝑎2𝑡

2
+ 𝑏1𝑡 + 𝑏0.

(30)

Each one is a Hurwitz polynomial. If the four Kharitonov
polynomials are Hadamardized, then, applying the previous
theorem, the polynomials

𝑔1 (𝑡) = √𝑎4𝑡
4
+√𝑏3𝑡

3
+√𝑏2𝑡

2
+√𝑎1𝑡 +√𝑎0,

𝑔2 (𝑡) = √𝑎4𝑡
4
+√𝑎3𝑡

3
+√𝑏2𝑡

2
+√𝑏1𝑡 +√𝑎0,

𝑔1 (𝑡) = √𝑏4𝑡
4
+√𝑏3𝑡

3
+√𝑎2𝑡

2
+√𝑎1𝑡 +√𝑏0,

𝑔1 (𝑡) = √𝑏4𝑡
4
+√𝑎3𝑡

3
+√𝑎2𝑡

2
+√𝑏1𝑡 +√𝑏0

(31)

are Hurwitz. Now, for Kharitonov’s theorem, the polynomial

𝐺 (𝑡) = [√𝑎4, √𝑏4] 𝑡
4
+ [√𝑎3, √𝑏3] 𝑡

3

+ [√𝑎2, √𝑏2] 𝑡
2
+ [√𝑎1, √𝑏1] 𝑡

+ [√𝑎0, √𝑏0]

(32)

is also Hurwitz. Let 𝑓(𝑡) = 𝑐4𝑡
4
+ 𝑐3𝑡

3
+ 𝑐2𝑡

2
+ 𝑐1𝑡 + 𝑐0 be an

arbitrary element of 𝐹(𝑡), where 𝑐
𝑖
∈ [𝑎
𝑖
, 𝑏
𝑖
] for 𝑖 = 1, 2, 3, 4,

and consider the polynomial in 𝐺(𝑡)

𝑔 (𝑡) = √𝑐4𝑡
4
+√𝑐3𝑡

3
+√𝑐2𝑡

2
+√𝑐1𝑡 +√𝑐0 (33)

and then 𝑔(𝑡) is Hurwitz. Hence,
𝑓 (𝑡) = 𝑔 (𝑡) ∗ 𝑔 (𝑡) (34)

and the theorem is proved.

Remark 9. The discussion above allows us to propose the
following open problem.

Open Problem 1. Consider the Hurwitz polynomial 𝑓(𝑡) =

𝛼
𝑛
𝑡
𝑛

+ ⋅ ⋅ ⋅ + 𝛼1𝑡 + 𝛼0 with 𝑛 ≥ 5; if 𝑓(𝑡) is a Hadamardized
polynomial, then 𝑔(𝑡) = √𝛼𝑛𝑡

𝑛

+⋅ ⋅ ⋅+√𝛼1𝑡+√𝛼0 is a Hurwitz
polynomial.

Remark 10. Note that, by repeated application of the square
root, the polynomial 2𝑚√𝛼𝑛𝑡

𝑛

+ ⋅ ⋅ ⋅ + 2𝑚√𝛼1𝑡 + 2𝑚√𝛼0 converges
to the polynomial 𝑡𝑛 + 𝑡𝑛−1 + ⋅ ⋅ ⋅ + 𝑡 + 1 when𝑚 → ∞, which
has equally spaced roots on the unit circle and consequently
𝑡
𝑛

+𝑡
𝑛−1

+⋅ ⋅ ⋅+1 is not a Hurwitz polynomial. It let us establish
the following problem.

Open Problem 2. Let 𝛼
𝑛
𝑡
𝑛

+ ⋅ ⋅ ⋅ + 𝛼1𝑡 + 𝛼0 and √𝛼𝑛𝑡
𝑛

+ ⋅ ⋅ ⋅ +

√𝛼1𝑡+√𝛼0 beHurwitz polynomials; what is themaximum𝑚

such that 2𝑚√𝛼𝑛𝑡
𝑛

+⋅ ⋅ ⋅+ 2𝑚√𝛼1𝑡+ 2𝑚√𝛼0 is aHurwitz polynomial?

Remark 11. Since for 𝑛 degree greater than or equal to 5 we do
not have a similar result to Theorem 8, then we can propose
the following two open problems.

Open Problem 3. Consider the family of Hurwitz polynomi-
als with degree 𝑛 ≥ 5: [𝑎

𝑛
, 𝑏
𝑛
]𝑡
𝑛

+ ⋅ ⋅ ⋅ + [𝑎1, 𝑏1]𝑡 + [𝑎0, 𝑏0]. If
the four Kharitonov polynomials are Hadamardized polyno-
mials, every element is a Hadamardized polynomial.

Open Problem 4. If all of the vertices of an interval family of
polynomials with degree 𝑛 ≥ 5 are Hadamardized Hurwitz
polynomials, does the family consist of Hadamardized Hur-
witz polynomials?

4. The Stability Test, the Set of
Hadamardized Hurwitz Polynomials, and
Differential Topology

The stability test is a criterion for verifying whether a given
polynomial is Hurwitz. We explain it. Consider the 𝑛-degree
polynomial with positive coefficients:

𝑃 (𝑡) = 𝐴
𝑛
𝑡
𝑛

+𝐴
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ +𝐴1𝑡 +𝐴0. (35)
Defining the 𝑛 − 1-degree polynomial

𝑅 (𝑡) = 𝐴
2
𝑛−1𝑡
𝑛−1

+ (𝐴
𝑛−1𝐴𝑛−2 −𝐴𝑛𝐴𝑛−3) 𝑡

𝑛−2

+𝐴
𝑛−1𝐴𝑛−3𝑡

𝑛−3

+ (𝐴
𝑛−1𝐴𝑛−4 −𝐴𝑛𝐴𝑛−5) 𝑡

𝑛−4
+ ⋅ ⋅ ⋅ ,

(36)

then we have the following result.
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Theorem 12. 𝑃(𝑡) is a Hurwitz polynomial if and only if 𝑅(𝑡)
is a Hurwitz polynomial.

Proof. See [1].

The importance of the stability test was appreciated when
Kharitonov used it to obtain his celebrated theorem. More-
over, it is worth mentioning that other important properties
of the set of Hurwitz polynomials were shown with the
stability test (see [6, 13]). Now we use the stability test for
studying the following subset of the Hadamardized Hurwitz
polynomial set:

H (Had)∗
𝑛
= {𝑓 (𝑡) = 𝑎

𝑛
𝑡
𝑛

+ ⋅ ⋅ ⋅ + 𝑎0 ∈H
+

𝑛
: ℎ (𝑡)

=√𝑎
𝑛
𝑡
𝑛

+ ⋅ ⋅ ⋅ +√𝑎0 ∈H
+

𝑛
} .

(37)

As was observed in Open Problem 1 of Section 3, at the
moment, we do not know the answer to the following
question:H(Had)∗

𝑛
⫋ H(Had)

𝑛
orH(Had)∗

𝑛
= H(Had)

𝑛
?

In this section, we get a different test, which is applicable
to studying the set H(Had)∗

𝑛
. This special test let us obtain

the following property:H(Had)∗
𝑛
is a vector bundle on the set

H(Had)∗
𝑛−1.There are previousworks (see [6, 7]), where some

ideas of differential topology have been used to study the
space of Hurwitz polynomials. A presentation of the concepts
used in this section can be consulted in [6, 7, 25, 26].

4.1. A Test for H(Had)∗
𝑛
. Consider the 𝑛-degree polynomial

with positive coefficients as (35); define the (𝑛 − 1)-degree
polynomial

𝑄 (𝑡) = 𝐴
2
𝑛−1𝑡
𝑛−1

+(√𝐴
𝑛−1√𝐴𝑛−2 −√𝐴𝑛√𝐴𝑛−3)

2
𝑡
𝑛−2

+𝐴
𝑛−1𝐴𝑛−3𝑡

𝑛−3

+(√𝐴
𝑛−1√𝐴𝑛−4 −√𝐴𝑛√𝐴𝑛−5)

2
𝑡
𝑛−4

+ ⋅ ⋅ ⋅

(38)

and then we have the following result.

Theorem 13. 𝑃(𝑡) ∈ H(Had)∗
𝑛

if and only if 𝑄(𝑡) ∈

H(Had)∗
𝑛−1.

Proof. If 𝑃(𝑡) ∈ H(Had)∗
𝑛
, then √𝐴

𝑛
𝑡
𝑛

+ √𝐴
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ +

√𝐴1𝑡 + √𝐴0 ∈ H+
𝑛
, and by stability test

𝐴
𝑛−1𝑡
𝑛−1

+(√𝐴
𝑛−1√𝐴𝑛−2 −√𝐴𝑛√𝐴𝑛−3) 𝑡

𝑛−2

+√𝐴
𝑛−1√𝐴𝑛−3𝑡

𝑛−3

+(√𝐴
𝑛−1√𝐴𝑛−4 −√𝐴𝑛√𝐴𝑛−5) 𝑡

𝑛−4
+ ⋅ ⋅ ⋅

∈ H
+

𝑛−1.

(39)

Then, 𝑄(𝑡) is a Hurwitz polynomial (see [10]). Consequently,
𝑄(𝑡) ∈ H(Had)∗

𝑛−1.This proves the sufficient condition. Now,

if𝑄(𝑡) ∈ H(Had)∗
𝑛−1, then we obtain (39) and by the stability

test

√𝐴
𝑛
𝑡
𝑛

+√𝐴
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ +√𝐴1𝑡 +√𝐴0 ∈ H
+

𝑛
, (40)

where 𝑃(𝑡) ∈ H+
𝑛
(see [10]) and then 𝑃(𝑡) ∈ H(Had)∗

𝑛
. This

completes the proof.

4.2. An Approach of Differential Topology in the Study of the
Set of Hadamardized Hurwitz Polynomials. Suppose that the
(𝑛 − 1)-degree polynomial

𝑄 (𝑡) = 𝑏
𝑛−1𝑡
𝑛−1

+ 𝑏
𝑛−2𝑡
𝑛−2

+ ⋅ ⋅ ⋅ + 𝑏1𝑡 + 𝑏0 (41)

is an element ofH(Had)∗
𝑛−1; then,

𝑞 (𝑡) = √𝑏
𝑛−1𝑡
𝑛−1

+√𝑏
𝑛−2𝑡
𝑛−2

+ ⋅ ⋅ ⋅ +√𝑏1𝑡 +√𝑏0 (42)

is an element ofH+
𝑛−1. We can calculate the fiber (see [6, 13])

of 𝑞(𝑡):

𝑃
𝑠
(𝑡) = 𝑠𝑡

𝑛

+ 𝑏
1/4
𝑛−1𝑡
𝑛−1

+(
√𝑏
𝑛−2

𝑏
1/4
𝑛−1

+
√𝑏
𝑛−3

𝑏
1/2
𝑛−1

𝑠) 𝑡
𝑛−2

+
√𝑏
𝑛−3

𝑏
1/4
𝑛−1

𝑡
𝑛−3

+(
√𝑏
𝑛−4

𝑏
1/4
𝑛−1

+
√𝑏
𝑛−5

𝑏
1/2
𝑛−1

𝑠) 𝑡
𝑛−4

+ ⋅ ⋅ ⋅

(43)

with 𝑠 > 0; then, we have

(𝑃
𝑠
∗ 𝑃
𝑠
) (𝑡)

= 𝑠
2
𝑡
𝑛

+√𝑏
𝑛−1𝑡
𝑛−1

+(
𝑏
𝑛−2

√𝑏
𝑛−1

+
2√𝑏
𝑛−2√𝑏𝑛−3

𝑏
3/4
𝑛−1

𝑠 +
𝑏
𝑛−3
𝑏
𝑛−1

𝑠
2
) 𝑡
𝑛−2

+
𝑏
𝑛−3

√𝑏
𝑛−1

𝑡
𝑛−3

+ ⋅ ⋅ ⋅ .

(44)

Then, (𝑃
𝑠
∗ 𝑃
𝑠
)(𝑡) will be the fiber of 𝑄(𝑡) and we have the

following result.

Theorem 14. H(Had)∗
𝑛

is a vector bundle with base
H(Had)∗

𝑛−1.

Proof. Given 𝑃(𝑡) = 𝐴
𝑛
𝑡
𝑛

+ 𝐴
𝑛−1𝑡
𝑛−1

+ ⋅ ⋅ ⋅ + 𝐴1𝑡 + 𝐴0 ∈

H(Had)∗
𝑛
, 𝑄(𝑡) is the (𝑛 − 1)-degree polynomial defined

according to (38). Then, we can define 𝜑 : H(Had)∗
𝑛

→

H(Had)∗
𝑛−1 ×R as follows: 𝜑(𝑃(𝑡)) = (𝑄(𝑡), 𝑙

𝑛
(𝑏
𝑛
)).

Nowwe define 𝜑−1 : H(Had)∗
𝑛−1×R → H(Had)∗

𝑛
; given

the polynomial 𝑄(𝑡) defined in (41) and 𝑙 ∈ R, 𝜑−1(𝑄(𝑡), 𝑙)
is the following polynomial 𝜑−1(𝑄(𝑡), 𝑙) = (𝑃

𝑒
𝑙/2 ∗ 𝑃

𝑒
𝑙/2)(𝑡),

obtained by replacing 𝑠 by 𝑒𝑙/2 in (44).
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Then, we obtain the following commutative diagram:

ℋ(Had)∗
n

ℋ(Had)∗
n−1

× R

ℋ(Had)∗
n−1

H

𝜑

,

(45)

where 𝐻 is determined by the new test established in
Theorem 8; that is, 𝐻(𝑃(𝑡)) = 𝑄(𝑡). Then, H(Had)∗

𝑛
is a

vector bundle with baseH(Had)∗
𝑛−1.

Remark 15. By the last theorem, we can say thatH(Had)∗
𝑛
≈

H(Had)∗
𝑛−1 ×R and it implies that

H (Had)∗
𝑛
≈ H (Had)4 ×R

𝑛−4
. (46)

5. Conclusion

The study of the set of Hadamardized Hurwitz polynomials
began with a work by Garloff and Shrinivasan in 1996. Later,
Loredo-Villalobos and Aguirre-Hernández obtained other
results in 2011. We now prove that the set of Hadamardized
Hurwitz polynomials is an open, nonconvex, unbounded,
and arc-connected set. Additionally, we have given a condi-
tion to check when a family of interval polynomials of fourth
degree is a Hadamardized polynomial and we have proposed
an approach of differential topology for studying the set
of Hadamardized Hurwitz polynomials. We have presented
some results that are valid for 𝑛-degree polynomials and other
results that are valid for 4-degree polynomials and then we
have established open problems for polynomials with degree
greater than or equal to 5. We hope that some constructive
techniques are discovered for solving the open problems.

Appendix

Open Mapping Theorem

Definition A.1. Let 𝑋 and 𝑌 be metric spaces. Then, it is said
that 𝑇 : 𝐷(𝑇) → 𝑌 (with 𝐷(𝑇) ⊂ 𝑋) is an open mapping if
for every open set in𝐷(𝑇) the image is an open set in 𝑌.

Definition A.2 (bounded linear operator). Let 𝑋 and 𝑌 be
normed spaces and 𝑇 : 𝐷(𝑇) → 𝑌 a linear operator, where
𝐷(𝑇) ⊂ 𝑋. The operator 𝑇 is said to be bounded if there is a
real number 𝑐 such that for all 𝑥 ∈ 𝐷(𝑇) we have

‖𝑇𝑥‖ ≤ 𝑐 ‖𝑥‖ . (A.1)

Theorem A.3 (Open Mapping Theorem [16]). A bounded
linear operator 𝑇 from a Banach space 𝑋 onto a Banach space
𝑌 is an open mapping.

TheoremA.4 (see [14, 15]). We have that 𝑓(𝑡) = 𝛼4𝑡
4
+𝛼3𝑡

3
+

𝛼2𝑡
2
+ 𝛼1𝑡 + 𝛼0 is Hadamardized if and only if

𝛼0𝛼3
𝛼1

< (√
𝛼1𝛼4
𝛼3

−√𝛼2)

2

. (A.2)
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