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This paper considers the p-moment boundedness of nonlinear impulsive stochastic delay differential systems (ISDDSs). Using the
Lyapunov-Razumikhin method and stochastic analysis techniques, we obtain sufficient conditions which guarantee the p-moment
boundedness of ISDDSs. Two cases are considered, one is that the stochastic delay differential system (SDDS) may not be bounded,
and how an impulsive strategy should be taken to make the SDDS be bounded. The other is that the SDDS is bounded, and an
impulsive disturbance appears in this SDDS, then what restrictions on the impulsive disturbance should be adopted to maintain
the boundedness of the SDDS. Our results provide sufficient criteria for these two cases. At last, two examples are given to illustrate

the correctness of our results.

1. Introduction

Boundedness is an important property of a given system;
for example, in the population models, the boundedness
of a biological population is strongly connected with the
persistence and extinction [1]. Another important application
is on the stability; the practical stability actually is of a kind
of boundedness [2]. Impulsive phenomena widely exist in
the real world, and known, impulsive effects can change
the properties of a given system; for example, given an
unstable system, if a suitable impulsive strategy, including
the impulsive strength and impulsive moments, is adopted,
this system can be stabilized [3]. It is easy to understand
that the impulsive effects can destroy the boundedness of a
given system when the impulsive strength is large enough
and the impulsive interval is small enough. Time delay is
extensive in the engineering and applications and impulsive
delay differential systems were considered in lots of papers
[3-9]. The boundedness of impulsive delay differential sys-
tems has also been paid considerable attentions in the past
decades. In [10], the authors presented sufficient conditions
for uniform ultimate boundedness by virtue of the Lyapunov

functional method. The boundedness of variable impulsive
perturbations system was considered in [11] and the eventual
boundedness was studied in [12]. Recently, the perturbing
Lyapunov function method was also used in the study of
boundedness [13].

Stochastic noise is ubiquitous [14-16] and stochastic delay
differential systems (SDDSs) have been one of the focuses of
scientific research for many years. Many properties of SDDSs
have been studied and lots of papers were published; see
[17, 18] and the references therein. Being the wide existence
of stochastic delay and impulsive effects, it is a natural task
to consider the stochastic delay differential systems with
impulsive effects. These systems are described by impulsive
stochastic delay differential systems (ISDDSs). In the past ten
years, the stability of ISDDSs has attracted a lot of researchers,
and a great deal of results on the stability of ISDDSs have been
reported; see [19-24] and the references therein.

However, little attention has been paid to the bounded-
ness of ISDDSs. In this paper, the boundedness of ISDDSs
is considered under two cases. The first case is that the
SDDSs may be unbounded, then what kind of impulsive
strategy should be taken to make the system be bounded.



The second case is that the SDDSs are bounded, then this
system can tolerate what kind of impulsive effect to maintain
the boundedness.

In this paper, sufficient conditions are presented to
guarantee the boundedness of ISDDSs; these conditions also
admit the global existence of solutions for ISDDSs, which
usually was a standard assumption in many papers [25-
27]. Making use of the Lyapunov-Razumikhin method, we
generalize the results of [10] to the stochastic situation. At
last, two examples are given to illustrate the correctness of our
results.

2. Preliminaries and Model Description

Let (Q, F,{F,};50,P) be a complete probability space with
a filtration {F,},5, satisfying the usual conditions (i.e., the
filtration contains all P-null sets and is right continuous).
Let R = (-0co,+00), R" = [0,+00), and N = {1,2,...}..
If A is a vector or a matrix, its transpose is denoted by AT,
Consider PC(;R") = {p : J — R”", ¢(s) is continuous
for all but at most countable points s € J and at these
points, ¢(s") and ¢(s7) exist and @(s") = ¢(s)}, where
J ¢ R is an interval and ¢(s") and ¢(s”) denote the
right-hand and left-hand limits of the function ¢(s) at time
s, respectively. Consider pPCY? = {o(t, x) o(,x) €
PC and ¢(t,x) € C™ if t is not at the uncontinuous
points s}. Let PCY, ([, 0; R")(PC}, ([T, 0]; R")) denote the
family of all bounded F(F,)-measurable, PC-valued random
variables. Let | - | be the Euclidean norm in R" and [¢|l, =
SUP_ ol P(t + ).

Consider the following nonlinear impulsive stochastic
delay differential system:

dx(t) = f(t,x,)dt + g (t,x,)dB(t),

t>ty, t#t. keN,
6]
x(t) =x(ty) +I(tox(t;)), keN,
x(ty+s)=¢(s), se[-1,0],

where x,(s) = x(t+s),s € [-7,0], f : R"x PC([-7,0],R") —
R", g:R" x PC([-7,0],R") - R™, [:R"x R" - R"
and satisfies global Lipschitz condition, 7 represents the delay
in system (1), impulsive moment t; satisfies0 < t; < f, < --- <
t, <---,andt, — ooask — o00.B(t)is an m-dimensenal
Brownian motion and ¢(s) € PC?;U([—T, 0], R™.

Given a function V. ¢ PC"? : R* x R” — R, the
operator &£ of V (¢, x) with respect to system (1) is defined by

LV (t,x)=V,+V,.f (t.x,)

1 . (2)
+ Etrace [g (t,x,) Vg (£, xt)] ,
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where
aV (t, x)
V., = ,
! ot
oV (t,x) OV (,x)  aV(tx)\"
V.= , yeres , (3)
0x, 0x, 0x,,

V. - 0%V (t,x) .
ax,.axj o

Definition 1. System (1) is said to be

(1) p-moment bounded if, for every B, > 0 and ¢, €
R,, there exists B, = B,(ty,B;) such that if ¢ €
PC}, (I-7,0],R") with Ellp|l? < B, and x = x(t,t,, ¢)
is a solution of (1), then E|x(t,ty, ¢)|? < B, for all
t >ty

(2) p-moment uniformly bounded if the system (1) is
p-moment bounded and B, is independent of t;

(3) p-moment ultimately bounded if the system (1) is
p-moment bounded and there exists a positive con-
stant B such that for every B; > 0 and ¢, € R" there
existssome T = T'(t,, B;) > 0;ifp € PC;O([—T, 0],R™)
with E|lgll? < By, then E|x(t, t,, ¢)|” < Bfort > ty+T;

(4) p-moment uniformly ultimately bounded, if the sys-
tem (1) is p-moment ultimately bounded and T is
independent of t,,.

3. Boundedness with Impulsive Control

In this section, we consider the first case: when the given
SDDS may not be bounded, we adopt an impulsive strategy
to get the boundedness. The main result is stated as follows.

Theorem 2. Assume there exist a positive function V(t,x) €
PC"? and positive constants p, p,a,b,y, A, where 0 < A < 1
and 1 — A -yt > 0, such that

(1) alx|? < V(t, x) < blx|? for any (¢, x);

(2) fort # t;, any s € [-7,0], and $(t) € PC([-7,0], R"),
ZLV(t,$(0)) < YV(t, ¢(0)) whenever V(t,$(0)) >
AV(t +5,¢(s)) and |p(0)|? > p;

(3) V(ty, p(0)+I(t;, $(0))) < AV (¢, $(0)) for all |p(0)[? =
p;

(4) there exists a positive constant p; > p such that if
SOOI < p, thern [¢(0) + I(t;, pO)IP < pi;

(5) & = supp ity — 1} <00,y <1 - A

Then the system (1) is p-moment uniformly ultimately
bounded.

Proof. We separate the proof into two parts. First, we show
the p-moment uniform boundedness and then we give the
ultimate uniform boundedness.

Step I. Let B; > 0. Without loss of generality, we assume B, >
p; = p. Choose B, = B,(B,) such that bB; < AaB,; then we
can see B, > B,.
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Let E||(p||f < B, andt, € [t;_;,t;) for some positive integer
I. Suppose x(t) = x(t,t,, @) is a solution of system (1) with
initial value ¢ and its maximal interval of existence is [t, —
T,t, + ) for some positive constant 3. We will show that, for
any t € [t, — 7.ty + f3), Elx(t)|f < B,. By the way, if this
statement is true, we know that the solution of system (1) is
not explored in [ty,t, + f3), and the global existence of the
solution follows.

For the sake of contradiction, suppose E|x(t)|” > B, for
somet € [ty t, + f3). Then there exists f = inf{t € [t, - 7,t, +
B) | Elx(t)|” > B,}. Note that E|x(¢)|¥ < Ellg|’ < B; < B,
fort € [t,—T,t,]; we see that € (t,t,+3) and E|x(t)|” < B,
fort € [t, — 7,t) and E|x(¢)|’ > B,.

Write V(t, x(t)) = V(t). For t € [t, —1,t,], we have EV(t)
< bE|x(t)|P < bE|lgll? < bB, < AaB, < aB,, and EV(f) >
aE|x(f)|? = aB,. Define t* = inf{t € [t,,7] | EV(t) > aB,}
and thent* € (t,,f] and EV(t) < aB, fort € [t, — 7,t") and
EV(t") = aB,.

We claim that t* # t; for any k € N and then EV(t*) =
aB,.

If it is not true, suppose t* = t; for some k. If E|x(t,)|f >
p, then aB, < EV(t;) < AEV(t;) < AaB, < aB,, which is
a contradiction. IfEIx(t,;)IP < p, then E|x(t))|” = E|x(t;) +
I(te, x(t))IP < p; < B;. Then aB, < EV(t,) < bB; < AaB, <
aB,, which is a contradiction.

Now we will proceed under two cases.

Case 1. Consider t;_; <t, <t" <t
Lett = sup{t € [t,,t"] | EV(t) < AaB,}. Since EV(¢,) <
bB, < AaB,, EV(t*) = aB, > AaB,, and EV(t) is continuous
on [t,,t*], thent € (t,,t") and EV(t) = AaB, and, when
€ [t,t"], EV(t) > AaB,. Hence, fort € [£,t"] and s € [-7,0],
we have

AEV (t +5s) < AaB, < EV (t),

bB, < AaB, < EV (t) < bE|x (t)|%, @
and we can get
Elx ()P = B, = p. (5)
Then, by virtue of condition (2), for t € [t,t"],
EZV (t) < yEV (1),
BV () - BV (7) = Lt EZV (s)ds ©

-
< J YEV (s)ds < yaaB,.
t
However,

EV (t") - EV (t) = aB, — AaB, = (1 - 1) aB, > yaaB,,
7)

which is contradiction. Then we get, in this case,

E|x ()|” < B,. (8)

Case 2. Consider t;, < t* < t;,, for some k > I.

Note that EV(t;) < AaB,. This inequality can be obtained
by the following reason: if E|x(t;)|” > p, then EV(t,) <
AEV(t;) < AaB,.IfE|x(t;)IP < p,we get E|x(t,)|F < p, < By,
and then

EV (t;) < bB, < AaB,. )

Define t = sup{t € [t;,t"] | EV(t) < AaB,}, and then
t € [t t*), EV(t) = AaB,, and EV(t) > AaB, for t € [t,t"].
The same argument as the one in Case 1 yields a contradiction.
Therefore, in this case, we have, for any t € [t, — 7, 00),

Elx (H)[? < B,. (10)

Now we get that, under conditions (1) to condition (5),
the solutions of (1) are p-moment uniformly bounded. That
is, if Ellpll? < p,, there exists a constant B > 0, such that
E|x(t,ty, 9)|? < Bforallt > t; — 7, and, from the proof, we
have bp, < AaB.

Step 2. Now, let B; > 0 and assume, without loss of generality,
that B; > B. Then, from the proof of uniform boundedness,
there exists some B, = B,(B;) > B, for which if E|¢||f < Bj,
then E|x(t)|f < B, fort > t, - 1.

Take a constant d satistying 0 < d < (1-A—y1)aB/(1-y1);
it is easy to verify that 0 < d < (1 — A)aB. Let N = N(B;) be
the smallest positive integer for which bB, < aB + Nd and
T = T(B;) = a+ (t+a)(N - 1). Given a solution x(t) =
x(t,ty, ) where EIIq)II’Tj < By and ¢, € [t_;,t;), we will show
E|x(t)|P < Bfort >ty +T.

Given a constant A satisfying aB < A —d < bB, and
j > 1, we will show thatif EV(¢t) < Afort € [tj -1, tj), then
EV(t)<A-dfort > t;.

For the sake of contradiction, suppose that there exists
somet > f; for which EV (t) > A — d and define

t* =inf{t>t,| EV(t) > A-d}, (11)

and we suppose t* € [f,t;,,;) for some k € N. We can get
EV(t)< A-dfort € [t; - T,t")and EV(t*) > A —d.

We claim that EV(t,) < AA. The fact follows that if
E|x(t;)I? = p, then EV(f;) < AEV(t;) < AA If E|x(t))IP < p
and we have E|x(t;)|” < p;, then EV(t;) < bp < bB < AaB <
AA.

Now, sinceaB < A,wehave A A= A-(1-A)A<A-(1-
MNaB < A—dand EV(t;) < A — d. This implies that t* # f;;
that is, t* € (t;,f,,) and EV(t") = A — d since EV(¢) is
continuous at t*. Also, for ¢ € [t;,t*], we have EV(t) < A—d.
Define

t=sup{t €[t t"] | EV(t) S A(A-d)}. (12)

Since EV(t") = A—d > AA > AM(A —d), we have t € [t;,t")
and EV(t) = M(A-d)and EV(t) > M(A—d) fort € [t,t¥].
Then, ift € [t,t*] and s € [-1,0],

AEV (t+5s) < A(A—-d) < EV(t),
(13)
bE|x (t)[f > EV (t) > A(A—d) > AaB > bp,



which yields E|x(t)|? > p. Then, in light of condition (2),

EZV (t) < yEV (t). (14)

In terms of Itd formula,
V() - EV (D) = J EZV (s)ds
t (15)
"
< J YEV (s)ds <

t

<yax(A-d).

But

V (t*) - EV (t)

and this contradiction proves that EV(t) < A —d for all t >

tj- D

=A-d-A(A-d)>ypa(A-d), (16)

Now we define a sequence t . € {tp,k = L1+ 1,...},
satistying t,o = t; and fpo_; — 7 < fen < Ho — T, and
then we have t;» < t;0_, + @ < f3-y + T + a. By induction,
we getton <ty +a+ (T+a)(N - 1) =t, +T. We know that
when t € [t, — 7,t;), thatis, t € [t, — 7,t0), EV(t) < bB,;
then by induction we get EV(t) < bB, — Nd for t € [t;w), 00)
and then EV'(¢) < aBfort € [t, + T, 00). Using condition (1),
we get that aE|x(t)|? < EV(t) < aB; that is,

E|x ()| < B. (17)

Remark 3. Condition (2) means the system without impulse
may be unbounded. If the impulsive effects satisfy condition
(3) to condition (5), then this system can be bounded.

4. Boundedness with Impulsive Disturbance

In this section, we consider the case that the SDDS is
bounded, and when the impulsive disturbance appears in
the SDDS, then what restrictions should be added to the
disturbance to maintain the boundedness. The result is stated
as follows.

Theorem 4. Assume that there exist a positive function V (t, x)
and positive constants a,b, ¢, p,A;, Ay, y, where 1 < A, < A,,
such that

(1) alx|? < V(¢t, x) < blx|? for any (¢, x);

(2) fort # ty, any s € [-7,0], and ¢(s) € PC([-7,0], R"),
ZLV(t, $(0)) < —yV(t, ¢(0)) whenever A,V (t,$(0)) =
V(t +s,¢(s)) and |p(0)|” = p;

(3) V(t, ¢(0) + I(t;,$(0))) <
[$(0)IF > p

(4) there exists a positive constant p; > p such that if
[$(0)I” < p, then |(0) + I(z;,, $(0))IP < py;

(5) there exist positive constants y and o, such that yu <
th—ty Saandpuy > A, — 1.

MV (L, ¢(0)) for all

Then, the system (1) is p-moment uniformly ultimately
bounded.
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Proof. Step1.Let B, > 0; without loss of generality, we assume
B, = p,. Choose B, = B,(B,), such that A,bB; < aB,,
and then we get B, > B,. Let EII(pIIf < B, and assume
t, € [t;_;,t;); moreover, we assume that (1) has a maximal
interval of existence, [t, — 7,t, + f3).

We will prove that E|x(t)|? < B, fort € [ty,t, + ). This
will show that § = co and that solutions of (1) are uniformly
bounded.

For the sake of contradiction, we suppose that E|x(¢)|? >
B, for some t € [ty t, + ). Lett = inf{t € [ty,t, + fB)
E|x(t)[? > B,}. Note that E|x(t)|’ < Ell¢|? < B, < B, for

t € [ty — T.to], and we get t € (ty,t, + B), Elx(t)|? < B, for
t € [ty —7,%) and E|x(?)|” > B
Fort € [t,—1,t,], we have EV () < bE|x(t)|? < bE||g|f <

bB, and then EV(t) < A,EV(t) < A,bB, < aB,. Particularly,

EV(ty) <A EV(tO) < aB, and EVO aEIxOIP > aB,.
Define t* = inf{t € [t,,f] | EV(t) > aB,} and thent* €
(ty,t], EV(t*) > aB,,and EV(t) < aB, for t € [t, — 1,t%).

Now we will proceed under two cases.

Case 1. Consider t;_; <t, <t" <.

Under this case, we have EV(t*) = aB, because of the
continuity of V(t) on (t,t;,;) and \,EV(t") = A,aB, > aB,.
Define t = sup{t € [t,,t"] | A,EV(t) < aB,}and then f # t*,
MEV(E) = aBZ, and A,EV(t) > aB, fort € [t,t*]. 'Iherefor
foranyt € [t,t"] and s € [-7,0], we have EV(t + s) < aB, <
A,EV(t) and A,bB, < aB, < A,EV(t), which yields EV(t)
bBy, and then we have E Ix(t)lp > B, = p. Using condition
(2), we have, when t € [£,t*],

EZV (t) < —yEV (1). (18)

By virtue of It6 formula, we have
. o

BV (£') - BV (F) = f ESV (s)ds< [ —yBV (9ds <0

(19)
However,
. B _
EV(t*) = aB, > % = EV (D). (20)
2
This contradiction gives
Elx (t)|f <B, forte[tyt,+p). (21)

Case 2. Consider t; <t* <ty for some k > I.

We first show A, EV (t;) < aB,. We have two situations to
contemplate: k = land k > I.

If k = I, we suppose A,EV(t;) > aB,. Define t = sup{t €
[te-t)) | A,EV(t) < aB,} and then t € (¢,,¢,) and A,EV () =
aB,. In light of the definition of ¢, we have, for ¢ € [£,;) and
s € [-1,0],

MEV (t) > aB, > EV (t+5), (22)

and, for t € [t,t)),

Elx(t)|f = B, = p. (23)
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By virtue of condition (2), an analogous calculation of
EV(t;) - EV(t) yields EV(t;) < EV/(t); then we get

aB, < M,EV (&) < A,EV (£) = aB,. (24)

If k > I, we suppose A,EV(t,) > aB,. We will proceed
under two subcases.

Subcase 1. Consider A,EV(t) > aB, for all t € [t;_;,t;).

Under this situation, we have A,EV(t) > aB, > EV(t +s)
and E|x(t)|? > pforallt € [t,_;,t;) and s € [-7,0]. In terms
of condition (2), an analogous discussion as done in Case 1
gives

t
EV(£) - EV () = LH EZV (s)ds

. (25)
t
< J ‘ —yEV (s)ds < _Wa_Bz
tk—1 Az
However, by virtue of condition (5),
EV (t;) - EV (f,) = B, _ aB, = <i - 1>aB2
% A,
(26)

. aB,
—yu—2

Ay
This contradiction implies

MEV (t;) <aB, fort, <t <ty k=1 (27)
Subcase 2. Consider A,EV(t) < aB, for some t € [t,_;,t;).
_ Definet = sup{t € [t;_,t;) | )L ,EV(t) < aB,} and then
t € [ty_;»t;) and A,EV () = aB,. Using the definition of £, we
get, fort € [t,t;) and s € [-7,0], A,EV(t) > aB, > EV(t +35).
Since A,EV(t) > aB,, using the fact p; > p,A,bB, < aB,
and b|x|? > V(t, x), we can get E|x(t)]? > p. By virtue of
condition (2), we get, for t € [£,t;),

EZLV (t) < —yEV (). (28)
An analogous discussion as done in the case k = [ gives
EV(t) = EV(t;). Then we have

aB, < \,EV (t;) < \,EV (t) = aB,. (29)
This contradiction gives

MEV (t) <aB, fort, <t" <ty k=1 (30)

Now we claim EV(t,) < aB,. If E|x(t;)|f > p, we get
EV(t,) < MEV(t;) < M,EV(t;) < aB,. If E|x(t,)| < p, we
get EV(t;) < bp; < bB, < A,bB, < aB,. That s, the following
inequality holds:

EV (t;) < aB,. (31)

Since EV(t*) > aB,, we have t* # t; and EV (") = aB,.
IfA\,EV(t") = aB, for all t € [t;,t"], then letf = ¢, and
we have EV(f) < aB,. Otherwise, let t = sup{t € [t,t") |

A,EV(t) < aB,}, and we have EV(f) < A,EV(f) = aB,. Since
EV(t*) = aB,, we get t € [t;,t"). Moreover, for t € [t,t"], we
have A,EV(t) > aB, > EV(t + s) and, by virtue of 1,bB; <
aB, < A,EV(t), we obtam EV(t) > bB, and then EIx(t)IP >
B, > p.In terms of condition (2) and It6 formula, we can
obtain EV(t) > EV(¢t*). But EV(¢) < aB, = EV(t*), which is
a contradiction and yields
Elx (t)|f <B, forte[tyty+p). (32)
Now we get that, under condition (1) to condition (5), the
solutions of (1) are p-moment uniformly bounded. Then we
know that if E||go||f < p;, there exists a constant B > 0, such
that E|x(t, t,, )|’ < Bforallt > t, — 7, and, from the above
proof, we have 1,bp, < aB.

Step 2. Now, let B; > 0 and assume, without loss of generality,
that By > B. Then, from the proof of uniform boundedness,
there exists a constant B, = B,(B;) > B; for which if E ||(p||£7 <
B,, then E|x(t)|? < B, fort > t, — 7.

Take a constant d satistying 0 < d < min{aB - bp,, (A, -
A)/A,)aB}, N = min{n > ((bB,—aB)/d)},and T = a+ (2N -
1 (a + 7).

Let x(t) = x(t, ty, ) be a solution of (1) with EII(pIIf < B,
to € [ti_1,t;). We will show E|x(t)|P < Bfort >t,+T.

Given a positive number A satisfying aB < A < bB, and
j = I, we will show that if EV(t) < Afort € [tj -1, tj) and
ALEV(t)) < A, then EV(f) < Afort > t;and M,EV(t;,,) <
A.

For the sake of contradiction, suppose that there exists a
constant t € [t ot t..,) for which EV(¢) > A and define

t* =inf{t € [t;t;,,) | EV (t) > A}. (33)

Note that EV(tj) < A, and we have that ifElx(tJ_.)lp 2 p, then
EV(t) < LEV(E;) < LEV(t]) < A If Elx()lF < p, we
have EV(t;) < bp; < A,bp; < aB < A. Then we gett” # t;,
EV(t")=A,and EV(t) < Afort € (tjtial-

IfALEV(t) > Aforallt € [t,t;,,), we lett = tj, and then
EV() = EV(t;) < A. Otherwise, let t = supft € [tj,t*] |
MEV(t) < A}, and we get EV(f) < A,EV(f) = A. Since
MEV(t") = AL,A > At # t". Fort € [t,t"] and s € [-7,0],
we have \,EV(¢) > A > EV(t + s). Moreover, for t € [t,t"],

MEV (t) 2 A= aB> A,bp,, (34)
and we get E|x(¢)|? >
It formula, we can get EV (£) >
A > EV(t).

Now we have proven EV(f) <

p1 = p. By virtue of condition (2) and
EV(t"). However, EV(t") =

Afort € [tj,tj+1), and
we are on the position to show A,EV(t;,;) < A. This will
follow in the same way as the arguments used in the proof of
uniform boundedness, where we show A,EV(t,) < aB, for
the case k > [; we just need to replace k by j + 1 and ab, by A.

By induction, we get that if EV(t) < Afort € [t; —7.t))
and AZEV(t]_.) < A, then EV(t) < A for all ¢ 2 t and
MEV(t,) < Afork > j+1.



Next, we will show EV(t) < A-dfort € [tj+1,tj+2), if
EV(t) < Aforallt > t and L,EV(t,) < Ak = j.

We first show EV (¢ ,,) < A—d. This can be easily verified
under two situations: ilf Elx(t;+1)|p < p, we have EV(th) <
bp, < aB-d < A-d;if EIx(tJ_-H)IP > p, EV(t;,,) <
MEV(t;y,) = (/\I/AZ)AZEV(tJTH) S (M /A A< A-d.

In order to verify EV(t) < A —dforallt € [t;,,;,,),
suppose that EV(t) > A —d for some t € [t,,f;,,). Let
t* =inf{t € [t;,,,t;,) | EV(t) > A-d}; weknowt™ # t
and then EV(t*) = A—dand AL,EV(t*) = 1,(A—d) > A.

IfA,EV(t) > Aforallt € [t;,,t"],lett =t , EV(t) =
EV(th) <A-d.

If \L,EV(t) > Aforsomet € (tj,,t"], lett = sup{t €
[tjs1,t"] | A,EV(t) < A} and we know £ # t*, EV(£) = A/A,.

Fort € [t,t"] and s € [-1,0], L,EV(t) > A > A-d >
EV(t +s) and EV(t) > A/A, > aB/A, > bp,, and we get
E|x(t)[? > p; = p. In terms of condition (2) and It formula,
we can get EV(t*) < EV(t). However, EV(t*) = A-d >
EV (t), which yields

EV(t)<A-d. (35)

j+1

j+1> j+b>

Applying our results to successive intervals of the form
[ti>tier) fork > j+ 1, wecan get EV(t) S A—dfort > t,,.

Now we need a fact /\ZEV(t];Z) < A - d. This can be
verified just as we did in the proof of uniform boundedness,
where we show A,EV(t;) < aB, for the case k > [.

Take Lo € {tj,j =LI+1,...} Satisfying tin + T St <
tri-n,, + 7. Take A = bB,, when t > t;en, and we get EV/(f) <
bB, - Nd < aB. Since tien <ty + 2N -1)(a+71) <tj+a+
(2N -1)(a+7) = t;+T,wehave EV(t) < aBwhent > t,+T.
By virtue of condition (1), E|x(t)|? < Bfort > t, + T, which
completes the proof. O

Remark 5. Theorem 4 considers that a bounded system
without impulse can tolerate what kind of impulsive effects to
hold the boundedness. It is not surprising that condition (3)
to condition (5) should be satisfied: the interval of impulsive
moments (¢) should be large and impulsive strength (1)
should be small.

5. Examples

In this section, we present two examples to illustrate our
results.

Example 1. Consider the following impulsive stochastic delay
differential system:

1 1 1
dx(t)—(Ex(t)+Zx(t)>dt+x(t—%>dB(t),
t>0 t#ﬁ k=1,2 36
> 10> — b4 ( )

(35)-2=((5) )

where B(t) is a one-dimension Brownian motion.
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FIGURE 1: Mean square uniform ultimate boundedness of solution
of system (36).

Define V(t,x) = x% the smoothness requirement is
satisfied. Leta = b = 1 and p = 2; condition (1) of Theorem 2
follows. For any solution x(t) of system (36), we have

(1 1 2(, 1
EZV(t,x)—Zx(zx(t)+2x(t)>+x (t 20)

=x2(t)+1+x2<t—i>.
20
Take A = 1/2; condition (3) of Theorem 2 is satisfied.
Now let p = 1; then, when x(O* = 1and V(t, x) >
AV (t, x(t — 7)), that is, x*(t) = (1/2)x*(t — 1/20), we have

PV (t,x) < x° (1) + x° (1) +2x7 (1) = 4x” () = 4V (1, x)..
(38)

Then let y = 4; condition (2) of Theorem 2 is verified.

Condition (4) of Theorem 2 can be verified by taking p, =
1.

Take o = 1/10 and then awy = (1/10) x4 = 2/5 < 1/2
1 — A; condition (5) of Theorem 2 is verified.

Therefore, according to Theorem 2, solutions of system
(36) are mean square uniformly ultimately bounded. The
boundedness can be read from Figure 1, where we take initial
condition x(t) = 1,¢t € [-1/20,0].

To see the contribution of impulsive effect on bounded-
ness, we consider the following system:

dx (t) = <%x(t) + le(t))dt +x<t— %)dB ®, (39)

t>0,

which is the situation of system (36) without impulses. It
is easy to be verified that system (39) is unbounded; see
Figure 2, where we also take initial condition x(t) = 1,t €
[-1/20,0].

Now we give another example to illustrate the correctness
of Theorem 4.
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FIGURE 2: Unboundedness of solution of system (39).

10

o

EX?

FIGURE 3: Mean square uniform ultimate boundedness of solution
of system (40).

Example 2. Consider

dx(t)=<—4x(t)+ >dt+x<t—%>dB(t),

2x (t)

(40)

t>0, t+2k, k=12,...,

x (2k) = V2x ((2k)7),

where B(t) is a one-dimension Brownian motion.

Define V(t,x) = x?; the smoothness requirement is
satisfied. Leta = b = 1 and p = 2; condition (1) of Theorem 4
follows. For any solution x(t) of system (40), we have

LV (t,x) =2x (—4x(t) + le )) +x° (t - %)
(41)

(t
=—8x2(t)+1+x2<t—%>.

FIGURE 4: Simulation of system (43).

Take A, = 2, condition (3) of Theorem 4 is satisfied.

Now let p = 1 and A, = 3; then, when lx(£)]* = 1 and
V(t,x) = A,V (t,x(t — 1)), that is, 3x*(t) > x*(t — 1/2), we
have

PV (t,x) < =8x" (t) + x* () + 3x° (£)
(42)
= —4x> (t) = -4V (t,x).

Then, let y = 4; condition (2) of Theorem 2 is verified.

Condition (4) of Theorem 2 can be verified by taking
P =2

Takepy =2andthenyy =2x8=16>3-1=1,-1and
condition (5) of Theorem 4 is verified.

Therefore, according to Theorem 4, solutions of system
(40) are mean square uniformly ultimately bounded. The
boundedness can be seen in Figure 3, where we take initial
condition x(t) = 3,t € [-1/2,0].

We also present the simulation of system (40) without
impulsive effects; that is,

dx(t):(—4x(t)+ >dt+x(t—%>dB(t), £ 0.

(43)

1
2x (t)

The property of system (43) can be read from Figure 4, where
we take initial condition x(t) = 3,t € [-1/2,0].
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