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The presented paper deals with the comparison of selected random updating strategies of inertia weight in particle swarm
optimisation. Six versions of particle swarm optimization were analysed on 28 benchmark functions, prepared for the Special
Session on Real-Parameter Single Objective Optimisation at CEC2013. The random components of tested inertia weight were
generated from Beta distribution with different values of shape parameters. The best analysed PSO version is the multiswarm PSO,
which combines two strategies of updating the inertia weight. The first is driven by the temporally varying shape parameters, while
the second is based on random control of shape parameters of Beta distribution.

1. Introduction

The particle swarm optimisation—PSO—is a popular heuris-
tic optimisation algorithm developed by Kennedy and Eber-
hart [1]. It is a nature inspired heuristic, which mimics the
behaviour of flocks of birds or schools of fish. The recent
survey of variants of PSO can be found in [2]. It is a pop-
ulation based evolutionary technique [3, 4], its introductory
description is provided in [5]. The PSO has been successfully
applied to many real life optimisation problems [6, 7].

Recently the PSO oriented research focuses on the devel-
opment of new adaptation strategies, which avoid the prema-
ture convergence of particle population, or being trapped in
local optima. For example the periodic changes of number
of particles in population enhance the PSO performance
[8]. The adaptive tuning of velocity particle estimated by
the average velocity information accelerates the PSO ability
to jump out of local optima [9]. Hu et al. [10] developed
adaptive variant of PSO called PSO-MAM, which adopts
the subgradient method for adjusting the PSO parameters.
Liu et al. [11] applied in CPSO—chaotic particle swarm
optimisation—the logistic equation for adjusting the new
location of particles.

The improvement the estimation of particle’s velocity is
an essential task in PSO research. It was shown that the

inertia weight—IW—helps to increase the overall PSO search
performance [4,12]. Nickabadi etal. [13] provide the overview
of 15 different strategies for the inertia weights adaptation.

The random adaptations of inertia weight play an impor-
tant role in improving the PSO performance [4, 11, 12, 14, 15].
Mostly they support the exploratory search in the beginning
of optimisation process. They increase the population diver-
sity during the search process. Bansal et al. [14] compared 15
different IW strategies on 5 optimisation problems. The linear
decreasing inertia term with logistic mapping was the best
IW strategy in terms of average error. The logistic mapping of
form x[i + 1] = 4x[i](1 — x[7]) is random number generator
related to the symmetric Beta distribution with parameters
a=0.5andb=0.5[16].

Besides the adaptation strategies of PSO parameters the
special attention has to be put on development the multi-
swarm PSO [17-19]. The multiswarm PSO based on exclusion
and anticonvergence was tested in dynamic environments
[20]. The master slave multiswarm models with competitive
and collaborative versions, in which the slave swarm provides
the master swarm with the best particle, were studied in
[17]. The cooperative multiswarm PSO of four swarms with
cooperative search and diversity strategy performed better
than single PSO on complex multimodal functions [21].
The five swarms with constant period of migration and



constant migration rate outperformed single PSO on eight
optimisation problems [18].

The comparison study of 12 different migration strategies
6 on 36 optimisation problems is provided in [19]. Two migra-
tion strategies BW and BWM—the BWM applied the muta-
tion on migrating particles—based on migrating the selected
number of best particles from subswarm and substitut-
ing with them the worst particles outperformed remaining
migration models. The parallel PSO with three communi-
cation strategies is compared in work of Chang et al. [22].
All three migration strategies are applied sequentially in
one optimisation run and periodically exchange the particles
between subswarms.

The aim of the presented paper is to compare selected
version of PSO. The tested single and multiswarm versions
of particle swarm optimisation are based on modifications of
inertia weight, which are related to the random component
controlled by the Beta distribution.

The remaining part of paper is arranged as follows. The
description of PSO provides details on standard PSO, the pro-
posed random inertia weight strategies, and the description
of tested multiswarm PSO. Results comment on the finding
based on extensive 10 dimensional computational experi-
ments. The article summarizes the main findings in Conclu-
sions.

2. The Description of PSO

2.1. The Standard PSO. The standard PSO (sPSO) modifies
the location of particle X/ = {x{, . ,xéim} with dimension
dim using the velocity V/ = {v],..., v}, } updated in genera-
tion t as

v [t =wlt]v] [t - 1] +qr, (g, - x [t - 1])

+or, (pl 1t -11-x/[t-1]) 6)

fori=1,...,dim,

where the r; ~ U(0, 1) and r, ~ U(0, 1) are random numbers
with uniform distribution, ¢;,¢, denote the acceleration
coeflicients of social and cognitive learning, and the w[t] is
the inertia weight.

The new location of particle is computed as

= [t-1+v/ [¢] fori=1,...,dim, (2)
and the social component is controlled by the location of
the global best particle denoted as G = {g,,..., ggim}- For
solving the minimization problem based on fitness function
f(X) is the f(G) < f(X’) for all X/ in population. The
cognitive learning component is represented by the personal
... ph Y, whichis f(P/) <
f(Xj) for all actually known locations of particle X'[4].
Equations (1) and (2) are applied on all X/ for j = 1,... 5 Mpop
with 7., is the number of particles in swarm population [1, 3~
5].

best location of particle P/ = {p/, ...
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F1GURE 1: The selected densities of Beta distribution.

The sPSO is based on the velocity update with the linear
decreasing inertia term w(t], calculated with the formula

t -t
= (wmax - wmin) T+ Whin» (3)
max

w [t]

where the w,,,, was set to 0.9, w,;, is equal to 0.4, and ¢, is
the maximum number of generations.

The velocity update formula is restricted by v,,,,, and it
is applied as velocity control on the cases, when [v]| > v
Then the value of velocity is bounded on

Vj _ {Vmax

! -v

max*

for v/ > v
1 max (4)

j
max 10T Vi < =V

Note that this type of velocity control only enables limiting
the maximum distance in which particle may move during
one iteration [1, 23, 24].

2.2. The Proposed Inertia Weight Modifications. The proposed
inertia weight modifications are based on random numbers
generated using the Beta distribution. The density of Beta
distribution f(x) is defined as

1
B(p,q)
0 for (0> x)A(x>1).

(5)

TR -x)T" foro0<x<1

J )=

Figure 1 shows selected densities of Beta distribution with
different values of shape parameters p and q. The Beta
distribution allows simulation from symmetric densities (p =
q) and asymmetric densities with shape parameters p # q.
Note that the uniform distribution is a special case of Beta
distribution p = g = 1, and it has the maximum entropy
from all Beta distributions.

One of the main advantages of Beta distribution is that
it describes probability densities with various shapes on the
interval (0,1). For equal shape parameters p = g > 1 the
density is bell shaped, for p = g > 1 is U shaped. The U
shaped densities allow simulating the extremes on interval
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TABLE 1: Tested inertia weight updates based on Beta distribution.

PSO version

The weight update formula

Random component

Fax — b
RBId w(t] = <(wmax - W) mta" + wmin> - % b ~ Beta(bs[t], bs[t])
Fax — b
RBrr ‘lU[t] = <(wmax ~ Wiyin n;ax + wmin) - % b ~ Beta(rlr 1’2)
bnax — ¢
RBRa ‘lU[t] = (wmax - wmin t + wmin + rb wmin I'b ~ Beta(rl, 1’2)

max

(0,1), while the bell shaped ones are focused on center of
interval. This property supports the balanced exploratory and
exploitative search process and avoids the premature con-
vergence.

Table 1 shows definitions of three tested inertia weight
strategies based on the Beta distribution. The RBId represents
the linearly decreasing inertia weight with random com-
ponent based on symmetric Beta distribution with linearly
varied shape parameters bs[t]. The bs[t] are controlled by the
iteration ¢ and are expressed as

t—1

bs [t] = (bSyax — bSmin) ; +bsins 6)

max

where the bs[t] = p = g represents the shape parameters for
symmetrical Beta distribution, which are applied on random
number generation in time t.

The RBrr inertia weight version applies randomly selected
shape parameters r; ~ U(0,1) and r, ~ U(0, 1). The simu-
lated random component for one generation consists mainly
of random numbers generated from different asymmetrical
Beta distributions. Note that the probability that r; = r, is
smaller than the probability that r; # r,.

The RBRa is modification of original of logistic mapping
[11, 12]. The noise generated by the Beta distribution random
generator is added to linearly varied inertia weight. The
randomly varied shape parameters enable generation from
both symmetrical and asymmetrical Beta distributions.

2.3. The Multiswarm PSO. The new proposed multiswarm
PSO combines the search of four subswarms. This PSO ver-
sion is marked as BrBl. The algorithm follows the principles
of multiswarm algorithms [17-19], and it is completed by
migration principle. The subswarms are divided into the two
groups: the cooperative subswarms and elitistic subswarm.
The subswarms use different inertia weight Beta distribution
strategies. They share the information about global best par-
ticle only through the migration process.

The migration period is controlled by the simple rule,
which increases the number of generations between two
successive migrations. The migration iteration f,,[i] is con-
trolled by the previous migration ¢,,[i — 1] and is calculated
as follows:

t, [i]=2t,[i-1]. @)

This mechanism supports in the beginning of search pro-
cess the exploration of search space through the intensive

migration of particles. The increase of t,,[t] supports the
exploitive search. The migration of cooperative and of elitistic
subswarms is performed in the same generation.

The cooperative subswarms are formed of the three sub-
swarms. Their cooperation is based on migration with migra-
tion rate m,. Each subswarm selects n,, the number of its
best particles in generation T, and replaces the #,,, randomly
selected particles of swarm. The two cooperative swarms use
the RBrr inertia weight update; the third cooperative swarm
applies the RBId updating formula. The elitistic swarm uses
the RBId inertia weight control.

The selection of subswarm for emigration is controlled
randomly. Note that with the probability p = 1/6 all three
subswarms will substitute their own worst or randomly sel-
ected particles with their own best particles, with probability
p = 2/3 at least one of subswarm interchanges its worst or
random particles with its bests, and with probability p = 1/3
the subswarm obtains best particles from other cooperative
subswarms.

The second group of subswarms is formed from one
elitistic swarm. This subswarm searches over the search space
and receives the all best particles from cooperative swarms.
The best particles substitute the randomly selected particles
from elitistic subswarm. The elitistic swarm does not share
the knowledge of global best particle with cooperative sub-
swarms.

3. Results

The proposed modifications of inertia weight strategies were
applied on 28 CEC2013 benchmark minimization problems
[25]. Only 10 dimensional problems were analysed in the
presented study. The set of CEC2013 benchmark problem
consists of five unimodal functions f1-15, fifteen multimodal
problems 6120, and eight composition functions f21-£28.

The search space for all CEC2013 benchmark functions
was (—100, 100). Each PSO run was repeated 51 times per one
optimisation problem. The maximum number of function
evaluations was 100000, as recommended by the CEC2013
benchmark optimisation experiment [25].

The computations were made using the R statistical
environment 3.0.2 [26] on 64-bit GNU/Linux operative sys-
tem, and benchmark functions were used through the imple-
mentation of CEC2013 R package v0.1-4 [27]. The R package
serves as a wrapper of original C code of 28 benchmark
functions [25]. The random number generator was based on
the work of Matsumoto and Nishimura [28].
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TABLE 2: The minimum values achieved at 10E + 05 iteration and Min. is the problem solution.
CEC problem Min. RBRa RBrr AMPSO2 RBId sPSO BrBl
f1 -1400 -1400.00 -1400.00 -1400.00 -1400.00 -1400.00 -1400.00
2 —-1300 31802.55 10719.58 204814.76 20573.61 51187.06 18609.16
3 -1200 —-1199.74 —-1199.95 17054.84 —-1199.82 -1199.96 -1199.95
f4 -1100 -964.04 -94726 576.38 -981.92 -913.96 -388.49
5 -1000 -1000.00 -1000.00 -1000.00 -1000.00 -1000.00 -1000.00
f6 =900 -899.93 -899.99 —899.51 —-899.81 -899.76 -900.00
7 -800 -799.96 —799.32 -798.57 —=799.92 -799.95 —-798.90
£8 -700 -679.83 -679.80 -679.79 -679.78 -679.84 -679.94
9 -600 -599.25 -599.23 -599.25 -598.43 -599.43 -599.37
f10 =500 -499.93 -499.95 -499.82 -499.91 —499.91 —499.94
fil -400 -400.00 -400.00 -397.56 -399.01 -400.00 -400.00
f12 =300 -295.03 -294.03 —284.82 -293.04 -295.03 -295.03
f13 =200 -193.73 —-193.73 -182.54 -193.04 -197.16 —-192.22
f14 -100 -96.40 -96.40 —40.45 -93.11 -93.05 -93.12
f15 100 243.94 382.90 624.16 343.59 463.56 295.58
fl6 200 200.70 200.24 200.38 200.47 200.58 200.10
17 300 303.29 301.60 324.08 302.45 304.34 301.11
f18 400 414.78 413.57 433.38 414.77 415.52 414.11
f19 500 500.04 500.07 500.89 500.19 500.31 500.14
20 600 601.96 601.94 602.44 602.03 601.81 602.11
21 700 800.00 800.00 800.03 800.00 700.00 800.00
22 800 829.38 823.36 925.66 829.06 830.92 821.09
23 900 1149.35 1080.55 1613.80 1127.72 1181.06 1338.13
24 1000 1109.13 1114.66 1125.87 1112.24 1136.31 1109.72
25 1100 1301.93 1303.37 1302.83 1302.10 1301.53 1213.63
26 1200 1307.96 1305.97 1321.06 1306.97 1308.95 1304.98
27 1300 1615.16 1622.81 1658.37 1636.13 1607.02 1603.81
28 1400 1500.00 1500.00 1500.01 1500.00 1500.00 1500.00

The single PSO parameter settings were based on [3, 24].
The size of population was n,,,, = 40, the ¢, = ¢, = 2, and
Vmax = 95. The populations were randomly initialized within
the search space using the uniform distribution and the values
of parameters controlling inertia weight were w,,, = 0.9
and wy,;, = 0.4. The linearly increasing values of shape para-
meters were bs,;, = 0.1, bs, . =4, and t,,, = 100000.

The PSO with proposed inertia weight strategies was
compared with standard PSO (sPSO) and AMPSO2. The
AMPSO?2 uses the Beta distribution on adaptive mutation of
the personal best particles and global best particle [29]. The
RBrr and RBRa use the shape parameters 7, and 7, randomly
generated from interval (0, 1).

The parameter settings particle initializations of BrBl
subswarms were those used in single PSO. The BrBl migration
ratem, = 0.2, the first migration started in the second genera-
tion t,,[1] = 2, and the total number of realized migrations
was 9.

3.1. The Exploration and Exploitation of Proposed PSO Ver-
sions. We relate the description of balance between the explo-
ration and exploitation to the evolution of the variances and
fitness values of global best particles generated by the all 51
optimisation runs.

The variance of tested PSO versions was described using
the standard deviations of differences between fitness values
and median, which was obtained from 51 runs in given
iteration. The results for the first 4000 iterations on 12 selected
benchmark problems are shown in Figures 2, 3, and 4.

On unimodal problems fl-f5 and multimodal problem
£17 the AMPSO2 and sPSO show clearly different patterns in
the evolution of standard deviations than PSO versions with
Beta distribution. The PSO versions with Beta distribution
show the decrease of the variance of swarm particles, while
the AMPSO2 and sPSO show the stagnation. These similar
patterns of decrease and stagnation are apparent on the fitness
values of global best particles.

Those patterns are connected to the convergence of tested
PSO versions. For example on fl1 problem all PSO versions
based on Beta distribution found earlier the optimum than
AMPSO?2 and sPSO (see the results of Table 3).

The BrBl shows the highest variances in the beginning
of iteration search. These are connected to the intensive
migrations, performed during the early stages of optimisation
search. The main benefit is shown in later rapid decrease of
fitness value (e.g., see the results in Figure 2). Similar patterns
are shown in [17, 21, 30].
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FIGURE 2: The normalized standard deviation and global best model of 51 runs for fl, 2, f5, and f6; SDEV is the standard deviation, GBEST
fitness of global best particle. Note: all values are shifted due to the logarithmic transformation of y-axis.

The BrBl version also shows the increase of variance
during the search process on f15 and f23. This fact is again
connected to the finding of better solutions in terms of values
of global best particle (see Table 3). On the other hand the
BrBl was on 23 the second worst PSO version (see Table 2).

3.2. The Comparison of PSO Versions. Following the recom-
mendation of CEC2013 the maximum function evaluation
(FES) was set as 10E + 05 [24, 25, 31]. The overall results of
fitness values of global best particles are shown Table 3 for
FES = 10E + 04 and Table 2 for FES = 10E + 05.

The PSO versions with Beta distribution components
show the best convergence properties on all benchmark
problems for FES 10E + 04 (see Table 3). The best fitness

values recorded on FES 10E + 04 show the RBId for unimodal
problems. Three PSO algorithms achieved best fitness values
on 15 multimodal problems, f6-21. They are sPSO on 8, RBld
on f13 and f21, and RBrr on f7, {10, f12, and £20. The remaining
8 multimodal problems were described by the BrBl. The
RBId and BrBl were superior for composition functions, {21-
£28.

The results of FES 10E + 05 show that tested versions of
PSO solved the following benchmark problems: fl—all PSO
versions, f5—all PSO versions, f6—the BrBl version, fl11—
all PSO versions except the AMPSO2, and RBId, f21—sPSO.
These results are comparable with findings of Zambrano-
Bigiarini et al. [24] and EI-Abd [31]. The BrBI achieved the
best values on 13 optimisation problems.
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The comparison of mean performance of all 51 runs for
FES 10E + 04 is shown in Table 4. Those results are based
on the contrast test of unadjusted median test (for detailed
explanation see [32]). The final ranking shows that the BrBI
PSO version is superior to the remaining tested versions.
Similar results showed the contrast test values obtained for
FES 10E + 05.

These finding were confirmed by the results of paired
Wilcoxon test. The P values for Wilcoxon test of BrBl and
other PSO versions were statistically significant for FES 10E +
04 (see Table 5) and also for FES 10E + 05.

4. Conclusions

The presented analysis evaluates the 6 different versions of
PSO algorithm on 28 CEC2013 benchmark functions. The
goal was to experimentally compare the different inertia

weight updating strategies related to the random component
generated by the Beta distribution.

The computational experiment consists of approximately
8.57E + 08 function evaluations (28 benchmark functions
x 51 repetitions x 100000 function evaluations x 6 versions
of particle swarm optimization algorithm). We compared 5
single swarm PSO versions and 1 multiswarm PSO version.

The results of comparison of selected single swarm PSO
versions indicate that the Beta distribution applied on inertia
weight strategy provides important source of modifications
of original PSO. It supports the balanced exploratory and
exploitive search. The best single swarm strategies according
to the results of contrast test based on unadjusted median are
RBId and RBrr.

Our results highlight that the best version from 6 tested
PSO modifications is the multiswarm algorithm BrBl. The
BrBl combines the swarms with modifications of inertia
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TaBLE 3: The minimum values achieved at 10E + 04 iteration and Min. is the problem solution.
CEC problem Min. RBRa RBrr AMPSO2 RBId sPSO BrBl
f1 -1400 -1400.00 -1400.00 —1147.93 -1400.00 —1265.72 -1400.00
2 —-1300 222040.73 322300.27 1498763.45 130380.94 3959345.31 236444.51
3 —1200 2136685.60 392088.96 1193329345.61 369651.03 331615655.13 6232942.40
4 —1100 5620.73 5057.65 6101.20 4597.78 7088.07 5451.37
5 —-1000 -999.98 -1000.00 -943.64 -1000.00 -961.61 -999.97
f6 -900 -899.70 -899.84 -878.23 -899.57 —881.82 -899.94
7 -800 -795.95 -797.12 —752.51 -794.56 -771.83 —-788.15
8 -700 -679.73 —-679.75 —-679.75 —-679.78 -679.84 -679.73
9 -600 —598.53 -597.77 -593.72 -597.54 -593.42 -599.29
10 -500 —498.94 -499.44 —464.60 —499.36 —468.55 —498.81
11 —-400 -394.23 -395.61 -368.60 -395.74 -362.84 -395.99
f12 =300 —283.02 -292.15 —252.46 -292.11 —258.93 -286.85
f13 -200 —182.06 —-183.29 -14710 —-188.58 —148.35 -179.85
f14 —-100 -43.56 116.03 199.00 73.64 1221.41 25.31
f15 100 1366.48 859.64 1416.16 834.71 1331.53 505.67
f16 200 201.00 200.58 200.73 200.87 200.89 200.40
17 300 327.16 322.55 366.99 323.63 365.88 318.69
18 400 446.89 438.03 473.89 435.77 482.47 433.20
19 500 501.16 501.02 508.15 500.75 505.62 500.55
20 600 602.94 602.78 603.07 602.86 603.40 602.98
21 700 803.41 800.72 1080.72 800.49 1053.29 801.40
22 800 1107.86 1009.20 1318.77 870.95 2022.70 1003.78
23 900 1580.41 1796.86 2286.08 1740.24 2546.45 1514.33
24 1000 1137.37 114417 1175.66 1130.14 1172.10 1135.56
25 1100 1305.98 1305.48 1315.70 1303.40 1319.22 1257.89
26 1200 1321.41 1321.35 1347.29 1311.11 1357.60 1308.38
27 1300 1646.86 1641.18 1799.34 1659.35 1776.92 1637.37
28 1400 1503.26 1500.31 1692.99 1500.23 1667.17 1500.63
TABLE 4: The contrast test on best values achieved on 10E + 04 iteration.

RBRa RBrr AMPSO2 RBId sPSO BrBI Ranking
RBRa — 2.67E + 00 —-4.14E + 01 2.56E + 00 —-4.74E + 01 7.66E + 00 4
RBrr -2.67E + 00 — —-441E + 01 -1.09E - 01 -5.01E + 01 4.99E + 00 2
AMPSO2 4.14E + 01 4.41E + 01 — 4.40E + 01 —6.00E + 00 491E + 01 5
RBId -2.56E + 00 1.09E - 01 —-4.40E + 01 — —5.00E + 01 5.10E + 00 3
sPSO 4.74E + 01 5.01E + 01 6.00E + 00 5.00E + 01 — 5.51E + 01 6
BrBI —-7.66E + 00 —-4.99E + 00 -491E + 01 —5.10E + 00 -5.51E + 01 — 1

TaBLE 5: The Wilcoxon test on best values achieved on 10E + 04 iteration.

RBRa RBrr AMPSO2 RBId sPSO BrBl Ranking
RBRa — 1.00E + 00 1.51E - 110 1.00E + 00 1.90E - 176 1.00E + 00 4
RBrr 4.38E — 18 — 7.75E — 141 4.57E - 01 2.22E - 184 1.00E + 00 2-3
AMPSO2 1.00E + 00 1.00E + 00 — 1.00E + 00 1.38E — 09 1.00E + 00 5
RBId 3.02E - 18 543E - 01 7.89E — 140 — 2.79E — 181 1.00E + 00 2-3
sPSO 1.00E + 00 1.00E + 00 1.00E + 00 1.00E + 00 — 1.00E + 00 6
BrBI 5.57E — 48 6.00E — 13 5.01E - 201 4.60E — 18 6.51E — 211 — 1
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FIGURE 4: The normalized standard deviation and global best model of 51 runs for 22, 23, 25, and f27; SDEV is the standard deviation,
GBEST fitness of global best particle. Note: all values are shifted due to the logarithmic transformation of y-axis.

weight by the random component controlled by the time
varied constant shape parameters and randomly varied shape
parameters of Beta distributions.
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