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In this study, the in-plane vibration response of the periodic viaduct on saturated soil under Rayleigh surface wave is studied.
The Floquet transform method is used to decompose Rayleigh surface wave into a set of spatial harmonic waves. Considering the
periodic condition of the viaduct, the wave number domain dynamic response of the periodic viaduct on saturated soil subjected
to Rayleigh surface wave excitation is obtained by the transfer matrix method. Then the space domain dynamic response is
retrieved by means of the inverse Floquet transform. Numerical results show that when the periodic viaduct is undergoing in-
plane vibration, there exist three kinds of characteristic waves corresponding to axial compression, transverse shear, and bending
vibration. Furthermore, when the frequency of Rayleigh wave is within the pass band of the periodic viaduct, the disturbance
propagates over a very long distance and the attenuation of the wave motion far from the source is determined by the characteristic
wave with the smallest attenuation, while the vibration attenuates rapidly and propagates in a short distance when the frequency of
excitation source is in the range of band gap of periodic structure.

1. Introduction

As we know, viaduct structure is widely used in engineering.
Usually, the viaduct structure generally has equal spans,
which means the distance between adjacent piers of a mul-
tispan viaduct structure is constant; it can be considered
as periodic structure, with the basic element consisting of
three parts: a pier, two longitudinal beams, and three linking
springs. The period is the distance between two neighboring
piers.

The periodic structure has a significant vibration char-
acteristic where energy band exists in periodic structure [1,
2]. When elastic wave propagates in a periodic structure,
the vibration within a certain frequency range cannot be
passed, which is called band gap, and the vibration within
a certain frequency range can be passed, which is called
pass band. It provides a new idea for the seismic design
and vibration control by using vibration characteristics of
periodic structures. With the rational design of the periodic
viaduct in geometry and material parameters, it can ensure
the frequency of main seismic waves is in the band gap of

the viaduct structure, which effectively reduces the structure
vibration and damage caused by earthquakewave.Otherwise,
if great energy seismic waves are difficult to pass the viaduct
structure, sharp increase of energy may be caused in the
structural. Therefore, considering the energy band principle
of periodic structures, the seismic design and vibration
control measures can be achieved by adjusting the structure
itself without additional structures.

At present, there are many seismic design methods about
viaduct, such as Response Spectrum Method [3–5], Time-
History Analysis Method [6–8], and Random Vibration
Method [9–11]. In the abovemethods, the viaduct is generally
simplified as single degree of freedom system or multidegree
of freedom system, and seismic wave is simulated by standing
wave. Clearly, the analysis using standing wave method
cannot reflect the propagation characteristics of vibration
wave in the periodic viaduct. As for the structural vibration
induced by seismic wave, the viaduct piers attached to
soft foundation were firstly excited. So the seismic energy
passed on the viaduct structure varies with the distance
from the viaduct pier to vibration source location, usually

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 835460, 10 pages
http://dx.doi.org/10.1155/2015/835460



2 Mathematical Problems in Engineering

being nonlinear spatial distribution [12, 13]. Therefore, it is
necessary to establish mathematical model which can reflect
the propagation characteristics of nonuniform seismic wave
in the periodic viaduct so as to provide theoretical basis for
seismic design of the viaduct structure.

The periodic viaduct model, consisting of one pier, two
longitudinal beams, and three springs, is established to
describe the multispan viaduct structure [14, 15]. In this
study, as for the Rayleigh surface wave at the bottoms of the
piers on the saturated soil, the Floquet transform method is
introduced to decompose it into a set of spatial harmonic
waves. Considering the periodic condition of the viaduct,
the eigenequation for the in-plane vibration of the viaduct
in the wave number domain is obtained through transfer
matrix method. Then the response in spatial domain of the
periodic viaduct on saturated soil under Rayleigh waves can
be retrieved by means of the inverse Floquet transform.
The influence caused by the characteristic wave propagating
in periodic structures and the different Rayleigh waves is
discussed.

2. Control Equations of Periodic Viaduct
In-Plane Vibration

Figure 1 shows the periodic viaduct structure with infinite
number of spans. The track, track plates, and beams of each
span are simplified as left and right horizontal beams, which
are connected by a pier supported on a semi-infinite saturated
ground.The intermediate track between neighboring ballasts
connecting the left and right horizontal beams is simulated
by spring, which is assumed to be able to support axial force,
shear force, and bending moment; and the jointing elements
between piers and the left or right horizontal beam are also
simulated by springs. Therefore, each unit of the periodic
viaduct includes a pier, two horizontal beams, and three
springs.

Considering the in-plane vibration of the periodic
viaduct due to Rayleigh wave, according to Euler-Bernoulli
beam theory [16], the motion equations in frequency wave
number domain for the pier of the 𝑛th span element of
viaduct can be achieved as follows:
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where 𝐸𝑑, 𝜌𝑑, 𝐴𝑑, and 𝐼𝑑 are elastic modulus, density, cross-
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Figure 1: A schematic illustration of the periodic viaduct with
spring junction subjected to Rayleigh wave.
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For the pier of the 𝑛th span element, the state vector
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(3)

Under the condition of in-plane vibration, using Euler-
Bernoulli beam theory and the sign conventions shown in
Figure 2(b), the motion equations for horizontal beam of the
viaduct in frequency wave number domain are derived as
follows:
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where 𝐸𝑏, 𝜌𝑏, 𝐴𝑏, and 𝐼𝑏 are elastic modulus, density, cross-
sectional area, and rotational inertia of horizontal beams,
respectively, ̂

𝑢

(𝑛)

𝑏
and ̂V

(𝑛)

𝑏
are axial and tangential displace-

ments of horizontal beams in frequency wave number
domain.
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Figure 2: The sign conventions for the internal forces of a pier and beam. (a) The sign conventions for the internal forces of a pier. (b) The
sign conventions for the internal forces of a beam.
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Figure 3:The illustration for the junction linking the pier with the left and right beams undergoing in-plane vibration. (a)The overall beam-
beam-pier junction. (b) The end of the left beam. (c) The end of the right beam.

According to Euler-Bernoulli beam theory [16], the trans-
fer matrix of the pier and horizontal beam system can be
deduced; detailed derivation of (5) can be found in Lu and
Yuan [15]. Consider
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As for beam-beam junction of the 𝑛th span in Figure 3,
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where 0− and 0+ are the left and the right of the connection
spring, respectively.

Similarly, for the connection spring linking the pier
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According to Figure 3, without considering the weight of
the connection springs, the connection springs linking the
pier with the left and right beams meet the following balance
equations:
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3. Wave Field Solution of Saturated Soil under
Rayleigh Surface Wave

3.1. Biot’s Theory and Helmhotlz Vector Decomposition.
According to the theory of saturated soil [12, 13], the consti-
tutive equations of porous media have the following:

𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 +𝜆𝛿𝑖𝑗𝑒 − 𝛼𝛿𝑖𝑗𝑝, (12)
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(14)

where 𝜎𝑖𝑗 is the stress of soil, 𝜀𝑖𝑗 is the strain tensor of soil, 𝛿𝑖𝑗
is the Kronecker delta, 𝑢𝑖 and𝑈𝑖 are, respectively, the average
displacements of the soil and fluid, 𝑤𝑖 is the penetration
displacement of the fluid,𝑝𝑓 is the excess pore water pressure,
𝜆 and 𝜇 are lame constant, 𝑒 is the volumetric strain of soil
skeleton, 𝜗 is the fluid volume increment of unit porous
media, 𝛼 and 𝑀 are Biot’s parameters with regard to the
saturated porous media compression, and 𝜙 is the porosity
of porous media.

The motion equations of porous media can be expressed
as

𝜇𝑢𝑖,𝑗𝑗 + (𝜆+𝛼
2
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𝛼𝑀𝑢𝑗,𝑗𝑖 +𝑀𝑤𝑗,𝑗𝑖 = 𝜌𝑓�̈�𝑖 +𝑚�̈�𝑖 + 𝑏𝑝�̇�𝑖, (16)

where 𝜌 and 𝜌𝑓 are, respectively, the density of porous media
and the density of fluid, 𝜌𝑠 is the density of soil skeleton,𝑚 =

𝑎∞𝜌𝑓/𝜙, 𝑎∞ is the bending coefficient of porous media, 𝑏𝑝 =

𝜂/𝑘, 𝑏𝑝 is the interaction force between soil skeleton and fluid,
𝜂 is the viscosity coefficient of porous medium, and 𝑘 is the
dynamic permeability coefficient of porous medium.

Based on themethod of Helmhotlz vector decomposition
and Fourier transform, the soil displacement in frequency
domain has the following form:

𝑢𝑖 = 𝜑
,𝑖
+ 𝑒𝑖𝑗𝑘𝜓𝑘,𝑗

, (17)

where the superscript “ ” expresses Fourier transform from
𝑡 to 𝜔, 𝜑 and 𝜓

𝑘
(𝑘 = 1, 2, 3) are, respectively, scalar poten-

tial and vector potential of soil displacement in transform
domain, 𝑒𝑖𝑗𝑘 is the Ricci symbol, the vector potential 𝜓

𝑘

satisfies the regular condition, and

𝜑
𝑖,𝑖

= 0. (18)

Because there are two kinds of P wave (P1 wave and P2
wave) in saturated soil, (17) can be expressed as

𝑢𝑖 = 𝜑
,𝑖
+ 𝑒𝑖𝑗𝑘𝜓𝑘,𝑗

= 𝜑
𝑓,𝑖

+𝜑
𝑠,𝑖

+ 𝑒𝑖𝑗𝑘𝜓𝑘,𝑗
, (19)

where 𝜑
𝑓
and 𝜑

𝑠
are scalar potential of P1 wave and P2 wave.

According to the analysis of Bonnet [16, 17], the pore
pressure is as follows:

𝑝
𝑓

= 𝐴𝑓𝜑𝑓,𝑖𝑖
+𝐴 𝑠𝜑𝑠,𝑖𝑖

, (20)

where 𝐴𝑓 and 𝐴 𝑠 are constants determined by Biot’s control
equation.
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Equations (13), (16), (19), and (20) lead to the following
equation:

[(𝜆 + 2𝜇−𝛽2𝐴𝑓) 𝜑
𝑓,𝑗𝑗

+𝛽3𝜑𝑓],𝑖

+ [(𝜆 + 2𝜇−𝛽2𝐴 𝑠) 𝜑𝑠,𝑗𝑗 +𝛽3𝜑𝑠],𝑖

+ 𝑒𝑖𝑚𝑙 [𝜇𝜓𝑙,𝑗𝑗
+𝛽3𝜓𝑙],𝑚

= 0.

(21)

Equation (21) has the following expressions:

(𝜆 + 2𝜇−𝛽2𝐴𝑓) 𝜑
𝑓,𝑗𝑗

+𝛽3𝜑𝑓 = 0,

(𝜆 + 2𝜇−𝛽2𝐴 𝑠) 𝜑𝑠,𝑗𝑗 +𝛽3𝜑𝑠 = 0,

𝜇𝜓
𝑖,𝑗𝑗

+𝛽3𝜓 = 0,

(22)

where 𝛽1 = 𝑚𝜔
2
− 𝑖𝑏𝑝𝜔, 𝛽2 = 𝛼 − 𝜌𝑓𝜔

2
/𝛽1, and 𝛽3 = 𝜌𝜔

2
−

𝜌
2
𝑓
𝜔
4
/𝛽1.

Equations (16), (17), (18), and (19) lead to the following
equation:

𝑝
𝑓,𝑖𝑖

+

𝛽1
𝑀

𝑝
𝑓
+ (𝛼𝛽1 −𝜌𝑓𝜔

2
) 𝑢𝑖,𝑖 = 0. (23)

Equation (24) can be reduced by substituting (19) and (20)
into (22):

[𝐴𝑓𝜑𝑓,𝑖𝑖
+ (𝛽5𝐴𝑓 −𝛽4) 𝜑

𝑓
]
,𝑗𝑗

+ [𝐴 𝑠𝜑𝑠,𝑖𝑖
+ (𝛽5𝐴𝑓 −𝛽4) 𝜑

𝑠
]
,𝑗𝑗

= 0.
(24)

According to equation (24), the following equations
should be satisfied.

𝐴𝑓𝜑𝑓,𝑖𝑖
+ (𝛽5𝐴𝑓 −𝛽4) 𝜑

𝑓
= 0,

𝐴 𝑠𝜑𝑠,𝑖𝑖
+ (𝛽5𝐴 𝑠 −𝛽4) 𝜑𝑠 = 0,

(25)

where 𝛽4 = 𝜌𝑓𝜔
2
− 𝛼𝛽1 and 𝛽5 = 𝛽1/𝑀.

Equation (26) can be obtained by the integration of (22)
and (25):

𝐴
2
𝑓,𝑠

+

𝛽2 − (𝜆 + 2𝜇) 𝛽4 − 𝛽1𝛽3
𝛽1𝛽4

𝐴𝑓,𝑠 +

(𝜆 + 2𝜇) 𝛽3
𝛽1𝛽4

= 0.
(26)

Then, (22) leads to the following Helmholtz equations:

∇
2
𝜑
𝑓
+ 𝑘

2
𝑓
𝜑
𝑓

= 0,

∇
2
𝜑
𝑠
+ 𝑘

2
𝑠
𝜑
𝑠
= 0,

∇
2
𝜓+𝑘

2
𝑡
𝜓 = 0,

(27)

where 𝑘2
𝑓

= (𝛽5𝐴𝑓−𝛽4)/𝐴𝑓, 𝑘
2
𝑠
= (𝛽5𝐴 𝑠−𝛽4)/𝐴 𝑠, 𝑘

2
𝑡
= 𝛽3/𝜇,

𝑘𝑓, 𝑘𝑠, and 𝑘𝑡 are complex wave numbers of P1 wave, P2 wave,
and Swave, and𝜓 is vector potential of shearwave. In order to
guarantee the attenuation of the body waves, Im(𝑘𝑓), Im(𝑘𝑠),
and Im(𝑘𝑡) should be nonpositive. Because the speed of P1
wave is larger than that of P2wave, inequality Re(𝑘𝑓) ≤ Re(𝑘𝑠)
should always hold. Detailed derivation of above poroelastic
model can be found in Lu et al. [14].

3.2. The Wave Field Solution of Saturated Soil under
Rayleigh Surface Wave. Assuming that the Rayleigh wave
is two-dimensional inhomogeneous plane wave, the two-
dimensional Helmholtz equations of saturated soil wave
functions in the frequency domain can be obtained by the
decoupling control equations for Biot’s theory in Cartesian
coordinate. Consider

∇
2
⊥
𝜑
𝑓
+ 𝑘

2
𝑓
𝜑
𝑓

= 0,

∇
2
⊥
𝜑
𝑠
+ 𝑘

2
𝑠
𝜑
𝑠
= 0,

∇
2
⊥
𝜓+𝑘

2
𝑡
𝜓 = 0,

(28)

where 𝜑𝑓, 𝜑𝑠, and 𝜓 are the potential functions for P1
wave, P2 wave, and S wave of the saturated half space and
∇
2
⊥

= 𝜕
2
/𝜕𝑥

2
+ 𝜕

2
/𝜕

2
𝑧 is the Laplacian operator in the two-

dimensional Cartesian coordinate system.The displacements
and the pore pressure of the pore fluid can be expressed as

𝑢𝑥 =

𝜕𝜑
𝑓

𝜕𝑥

+

𝜕𝜑
𝑠

𝜕𝑥

+

𝜕𝜓

𝜕𝑧

,

𝑢𝑧 =

𝜕𝜑
𝑓

𝜕𝑧

+

𝜕𝜑
𝑠

𝜕𝑧

+

𝜕𝜓

𝜕𝑥

,

𝑝𝑓 = −𝐴𝑓𝑘
2
𝑓
𝜑
𝑓
−𝐴 𝑠𝑘

2
𝑠
𝜑
𝑠
.

(29)

Rayleigh surface wave is determined by the following
potential function:

𝜑
𝑓
(𝑥, 𝑧) 𝑒

𝑖𝜔𝑡
= 𝐴
𝑅

𝑓
[𝑒
−𝑖𝑘
𝑟
𝑥−𝑖𝑘
𝑓
𝑛
𝑓
𝑧
] 𝑒
𝑖𝜔𝑡

,

𝜑
𝑠
(𝑥, 𝑧) 𝑒

𝑖𝜔𝑡
= 𝐴
𝑅

𝑠
[𝑒
−𝑖𝑘
𝑟
𝑥−𝑖𝑘
𝑠
𝑛
𝑠
𝑧
] 𝑒
𝑖𝜔𝑡

,

𝜓 (𝑥, 𝑧) 𝑒
𝑖𝜔𝑡

= 𝐴
𝑅

𝑡
[𝑒
−𝑖𝑘
𝑟
𝑥−𝑖𝑘
𝑡
𝑛
𝑡
𝑧
] 𝑒
𝑖𝜔𝑡

,

(30)

where 𝐴
𝑅

𝑓
, 𝐴𝑅
𝑠
, and 𝐴

𝑅

𝑡
are, respectively, the wave function

amplitude of P1 wave, P2 wave, and S wave in Rayleigh wave
and 𝑘𝑓, 𝑘𝑠, and 𝑘𝑡 are the complex wave number of the
Rayleigh surface waves, respectively; 𝑛𝑓, 𝑛𝑠, and 𝑛𝑡 are the
complex direction cosines of P1 wave, P2 wave, and S wave.

The following can be reduced by substituting the potential
function into the two-dimensional Helmholtz equations:

𝑛
2
𝑓
𝑘
2
𝑓
+ 𝑘

2
𝑟
= 𝑘

2
𝑓
,

𝑛
2
𝑠
𝑘
2
𝑠
+ 𝑘

2
𝑟
= 𝑘

2
𝑠
,

𝑛
2
𝑡
𝑘
2
𝑡
+ 𝑘

2
𝑟
= 𝑘

2
𝑡
.

(31)

The following boundary conditions for a fully permeable
surface are as follows:

𝜎𝑧𝑧 (𝑥, 0) = 0,

𝜎𝑧𝑥 (𝑥, 0) = 0,

𝑝
𝑓
(𝑥, 0) = 0.

(32)

The displacements, stresses, and pore pressure can be
obtained based on the equations (28)–(32). Three equations
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about 𝐴𝑅
𝑓
, 𝐴𝑅
𝑠
and 𝐴

𝑅

𝑡
can be reduced based on the boundary

conditions. The complex Rayleigh equation of saturated soil
can be calculated by the conditions of the equation coefficient
ranks as the zero. In order to guarantee the attenuation of the
body waves, Im(𝑘𝑟) should be nonpositive; the roots of 𝑛𝑓, 𝑛𝑠,
and 𝑛𝑡 satisfy Re(𝑘𝑖𝑛𝑖) ≥ 0 and Im(𝑘𝑖𝑛𝑖) ≤ 0, 𝑖 = 𝑓, 𝑠, 𝑡.

3.3. Floquet Transform Method. The displacement amplitude
at the bottom of different piers of the periodic structure
varies with spatial locations in the action of Rayleigh waves,
and the displacive phase transition between adjacent piers is
uncertain. That is to say, the dynamic response of periodic
viaduct structure is caused by a series of nonuniform waves;
it is impossible to employ the periodic condition of the
viaduct to simplify its dynamic analysis directly. Therefore,
the Floquet transform method is introduced to convert
the spatial nonuniform waves to harmonic waves in wave
number domain. For periodic viaduct in-plane vibration,
considering the lattice vector cycle of adjacent lattice points
in the one-dimensional direction to be 𝐿, the lattice vector
𝑅 can be expressed as R = 𝑛𝐿𝑒 according to literature [18],
where 𝑒 is basis vector of the one-dimensional direction. If
𝑓(R) = 𝑓(𝑛𝐿) is the discrete functions in spatial domain of
one-dimensional vector, the Floquet transform and inverse
transform can be defined as follows [19]:

𝐹 (𝑓 (𝑛𝐿)) =
̂
𝑓 (𝜅) =

+∞

∑

𝑛=−∞

𝑓 (𝑛𝐿) 𝑒
𝑖𝜅𝑛𝐿

,

𝑓 (𝑛𝐿) =

𝐿

2𝜋

∫

𝜋/𝐿

−𝜋/𝐿

̂
𝑓 (𝜅) 𝑒

−𝑖𝜅𝑛𝐿
𝑑𝜅,

(33)

where 𝜅 is the wave number of lattice waves and the
superscript “̂” means wave number domain.

Thus, the Floquet transform of discrete spatial sequence
function 𝑓[(𝑚 + 𝑛)𝐿] can be expressed as

𝐹 (𝑓 [(𝑚+ 𝑛) 𝐿]) =
̂
𝑓
(𝑛)

(𝜅)

=

+∞

∑

𝑚=−∞

𝑓 [(𝑚+ 𝑛) 𝐿] 𝑒
𝑖𝜅𝑚𝐿

= 𝑒
−𝑖𝜅𝑛𝐿 ̂

𝑓 (𝜅) .

(34)

Considering the solution of the viaduct in wave field due
to Rayleigh wave, the Fourier transform between time 𝑡 and
frequency 𝜔 is defined as follows:

𝑓 (𝜔) = ∫

+∞

−∞

𝑓 (𝑡) 𝑒
−𝑖𝜔𝑡

𝑑𝑡,

𝑓 (𝑡) =

1

2𝜋

∫

+∞

−∞

𝑓 (𝜔) 𝑒
𝑖𝜔𝑡

𝑑𝜔,

(35)

where the superscript “ ” indicates the function is to be in
frequency domain.

With (34) and (35), the dynamic response in time domain
can be transformed into harmonic wave with amplitude ̂

𝑓(𝑘)

in frequency wave number domain.

4. Dynamic Response of In-Plane Vibration of
the Periodic Viaduct

4.1. Dynamic Response in Frequency Wave Number Domain.
The displacement vector ̂q

(𝑛)

𝑑
(𝜅, 𝐿𝑑) at the bottom of viaduct

pier due to Rayleigh waves can be deduced based on the
Floquet transform of discrete spatial sequence function.
Through the transfer matrix of pier, the displacement vector
̂q
(𝑛)

𝑑
(𝜅, 0+) and the internal force vector at the top of pier can

be derived as follows:

̂q
(𝑛)

𝑑
(𝜅, 0+) = C𝑑

̂f
(𝑛)

𝑑
(𝜅, 0+)

+T(𝑑)−1
𝑞𝑞

(𝐿𝑑)
̂q
(𝑛)

𝑑
(𝜅, 𝐿𝑑) ,

(36)

where C𝑑 = −T(𝑑)−1
𝑞𝑞

(𝐿𝑑)T
(𝑑)

𝑞𝑓
(𝐿𝑑), T(𝑑)(𝐿𝑑) =

[

T(𝑑)
𝑞𝑞
(𝐿
𝑑
) T(𝑑)
𝑞𝑓
(𝐿
𝑑
)

T(𝑑)
𝑓𝑞
(𝐿
𝑑
) T(𝑑)
𝑓𝑓
(𝐿
𝑑
)
], and 𝑇

(𝑑)

𝑞𝑞
(𝐿𝑑) and T(𝑑)

𝑞𝑓
(𝐿𝑑) are the

submatrix of the pier transfer matrix.
Equation (10) is expressed in matrix form as

̂f
(𝑛)

𝑑
(𝜅, 0+) = E(𝑎)

𝑙

̂f
(𝑛)

𝑏
(𝜅, 0−) +E(𝑎)

𝑟

̂f
(𝑛)

𝑏
(𝜅, 0+) , (37)

where E(𝑎)
𝑙

= [

0 1 0
−1 0 0
0 0 −1

] and E(𝑎)
𝑟

= [

0 −1 0
1 0 0
0 0 1

].
The following equation can be obtained by substituting

(37) into (36):

̂q
(𝑛)

𝑑
(𝜅, 0+) = 𝐸

(𝑏)

𝑙

̂f
(𝑛)

𝑏
(𝜅, 0−) + 𝐸

(𝑏)

𝑟

̂f
(𝑛)

𝑏
(𝜅, 0+)

+T(𝑑)−1
𝑞𝑞

(𝐿𝑑)
̂q
(𝑛)

𝑑
(𝜅, 𝐿𝑑) ,

(38)

where E(𝑏)
𝑙

= C𝑑E
(𝑎)

𝑙
and E(𝑏)

𝑟
= C𝑑E(𝑎)𝑟 .

The internal force vectors of the left and the right beams
in the 𝑛th span unit are deduced and are obtained as follows
based on (6), (7), and (10) and (6), (8), and (11):

̂f
(𝑛)

𝑏
(𝜅, 0−) = J𝑙𝑙̂q

(𝑛)

𝑏
(𝜅, 0−) + J𝑙𝑟̂q

(𝑛)

𝑏
(𝜅, 0+)

+ J𝑙𝑑̂q
(𝑛)

𝑑
(𝜅, 0+) ,

̂f
(𝑛)

𝑏
(𝜅, 0+) = J𝑟𝑙̂q

(𝑛)

𝑏
(𝜅, 0−) + J𝑟𝑟̂q

(𝑛)

𝑏
(𝜅, 0+)

+ J𝑟𝑑̂q
(𝑛)

𝑑
(𝜅, 0+) ,

(39)

where J𝑙𝑙 = [

−(𝑘
(𝑡)

𝑡
+𝑘
(𝑠)

𝑙
) 0 0

0 −(𝑘
(𝑠)

𝑡
+𝑘
(𝑡)

𝑙
) 0

0 0 𝑘
(𝑏)

𝑡
+𝑘
(𝑏)

𝑙

], J𝑙𝑟 = [

𝑘
(𝑡)

𝑡
0 0

0 𝑘(𝑠)
𝑡

0
0 0 −𝑘(𝑏)

𝑡

],

J𝑟𝑟 = [

𝑘
(𝑡)

𝑡
+𝑘
(𝑠)

𝑟
0 0

0 𝑘
(𝑠)

𝑡
+𝑘
(𝑡)

𝑟
0

0 0 −(𝑘
(𝑏)

𝑡
+𝑘
(𝑏)

𝑟
)

], J𝑙𝑑 = [

0 𝑘(𝑠)
𝑙

0
𝑘
(𝑡)

𝑙
0 0

0 0 𝑘(𝑏)
𝑙

], J𝑟𝑙 =

[

−𝑘
(𝑡)

𝑡
0 0

0 −𝑘(𝑠)
𝑡

0
0 0 𝑘(𝑏)

𝑡

], and J𝑟𝑑 = [

0 −𝑘(𝑠)
𝑟

0
−𝑘
(𝑡)

𝑟
0 0

0 0 −𝑘(𝑏)
𝑟

].
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Substituting (38) into (39), the state vector of the left
side and right side of horizontal beam-beam spring can be
expressed as

{
{

{
{

{

̂q
(𝑛)

𝑏
(𝜅, 0+)

̂f
(𝑛)

𝑏
(𝜅, 0+)

}
}

}
}

}

= S𝐽
{
{

{
{

{

̂q
(𝑛)

𝑏
(𝜅, 0−)

̂f
(𝑛)

𝑏
(𝜅, 0−)

}
}

}
}

}

+A−1̂R
(𝑛)

(𝜅) , (40)

where A = [
J
𝑙𝑟

J
𝑙𝑑
E(𝑏)
𝑟

J
𝑟𝑟

J
𝑟𝑑
E(𝑏)
𝑟
−I

], B = [

−J
𝑙𝑙
I−J
𝑙𝑑
E(𝑏)
𝑙

−J
𝑟𝑙
−J
𝑟𝑑
E(𝑏)
𝑙

], ̂R
(𝑛)

(𝜅) =

[

−J
𝑙𝑑
T(𝑑)−1
𝑞𝑞
(𝐿
𝑑
)q̂
(𝑛)

𝑑
(𝜅,𝐿
𝑑
)

−J
𝑟𝑑
T(𝑑)−1
𝑞𝑞
(𝐿
𝑑
)q̂
(𝑛)

𝑑
(𝜅,𝐿
𝑑
)

], and S𝐽 = A−1𝐵.

The state vector of the left beam and right beam can be
obtained by the solution of (40) and horizontal beam transfer
matrix T(𝑏)(𝐿𝑏):

̂𝜓
(𝑛)

𝑏
(𝜅,

𝐿𝑏

2
)

= T(𝑏) (𝐿𝑏

2
) S𝐽T

(𝑏)
(

𝐿𝑏

2
)
̂𝜓
(𝑛)

𝑏
(𝜅, −

𝐿𝑏

2
)

+T(𝑏) (𝐿𝑏

2
)A−1̂R

(𝑛)

(𝜅) .

(41)

According to Bloch’s theory [19], the state vector of
periodic structure satisfies the following equation in wave
number domain:

̂𝜓
(𝑛)

𝑏
(𝜅,

𝐿𝑏

2

) = 𝑒
−𝑖𝜅𝐿̂𝜓
(𝑛)

𝑏
(𝜅, −

𝐿𝑏

2

) . (42)

Using (41) and (42), the state vector of the left beam in the
periodic element can be obtained:

[T(𝑏) (𝐿𝑏

2

) S𝐽T
(𝑏)

(

𝐿𝑏

2

) − 𝑒
−𝑖𝜅𝐿I6×6] ̂𝜓

(𝑛)

𝑏
(𝜅, −

𝐿𝑏

2

)

= T(𝑏) (𝐿𝑏

2

)A−1̂R
(𝑛)

(𝜅) .

(43)

Excluding the vibration of piers caused by the Rayleigh

waves,̂R
(𝑛)

(𝜅) is zero in (43); thus, the characteristic equation
of in-plane vibration for the periodic viaduct can be obtained:

[T(𝑏) (𝐿𝑏

2

) S𝐽T
(𝑏)

(

𝐿𝑏

2

) − 𝑒
−𝑖𝜅
𝛼
𝐿I6×6] ̂𝜓

(𝑛)

𝑏
(𝜅, −

𝐿𝑏

2

)

= 0,

(44)

where 𝜅𝛼 is complex wave number of wave propagation in
periodic viaduct of which the real part means the phase
transition of lattice wave and the imaginary part indicates
wave decay in periodic viaduct.

4.2. Dynamic Response in Spatial Domain. The state vector
of the left beam can be gotten in the frequency wave number
domain based on (43). The solution 𝜓(𝑛)

𝑏
(𝑛𝐿𝑏, −𝐿𝑏/2) in the

Table 1: The parameters of the piers and beams.

Young’s modulus of pier 𝐸
𝑑
(Pa) 2.8 × 1010

Poisson’s ratio 𝜐𝑑 0.3
Pier density 𝜌𝑑 (kg/m

3) 3.0 × 103

Pier height 𝐿𝑑 (m) 7.5
Pier radius 𝑅𝑑 (m) 0.3
Young’s modulus of beam 𝐸𝑏 (Pa) 2.8 × 1010

Beam density 𝜌𝑏 (kg/m
3) 3.5 × 103

Span 𝐿𝑏 (m) 10.0
Cross-sectional height of beam ℎ𝑏 (m) 0.3
Cross-sectional width of beam 𝑤𝑏 (m) 2.0

Table 2: The spring stiffness of beam-beam and beam-pier.

Spring stiffness of beam-beam
𝑘𝑡𝑡 (N/m) 5.0 × 108

𝑘𝑡𝑠 (N/m) 5.0 × 108

𝑘𝑡𝑏 (N⋅m/rad) 1.0 × 108

Spring stiffness of left beam-pier
𝑘𝑙𝑡 (N/m) 2.0 × 108

𝑘𝑙𝑠 (N/m) 2.0 × 108

𝑘
𝑙𝑏
(N⋅m/rad) 0.5 × 108

Spring stiffness of right beam-pier
𝑘
𝑟𝑡
(N/m) 2.0 × 108

𝑘𝑟𝑠 (N/m) 2.0 × 108

𝑘𝑟𝑏 (N⋅m/rad) 0.5 × 108

frequency spatial domain can be obtained by means of the
inverse Floquet transform. Consider

𝜓
(𝑛)

𝑏
(𝑛𝐿𝑏, −

𝐿𝑏

2
) =

𝐿𝑏

2𝜋
∫

𝜋/𝐿
𝑏

−𝜋/𝐿
𝑏

̂𝜓
(𝑛)

𝑏
(𝜅, −

𝐿𝑏

2
)𝑑𝜅

=

𝐿𝑏

2𝜋
∫

𝜋/𝐿
𝑏

−𝜋/𝐿
𝑏

̂𝜓
𝑏
(𝜅, −

𝐿𝑏

2
) 𝑒
−𝑖𝑛𝜅𝐿

𝑏

𝑑𝜅.

(45)

5. Numerical Results

As for the periodic viaduct shown in Figure 1, considering
the cross section of horizontal beam to be rectangular and
that of pier to be circular, the parameters of the pier and
beams given in Table 1 and the spring stiffness of beam-beam
and beam-pier given in Table 2 are employed to study the
dynamic response under Rayleigh surface wave.

In the paper, Rayleigh wave is adopted as the vibration
source in saturated soil to simulate seismic wave field. The
center coordinate (𝑥𝑠, 𝑦𝑠, and 𝑧𝑠) of the unit circle load is
(0.0m, 20.0m, and 10.0m), the radius𝑅 is 0.5m, and the load
amplitude 𝐹𝑧 is 1.0N. The parameters of saturated soil are as
follows: 𝜇 = 2.0 × 107 N/m2, 𝑎∞ = 2.0, 𝜆 = 4.0 × 107 N/m2,
𝛼 = 0.97, 𝑏𝑝 = 1.94 × 106 kg/m3⋅s, 𝑀 = 2.4 × 108 N/m2,
𝜙 = 0.4, 𝜌𝑠 = 2.0 × 103 kg/m3, and 𝜌𝑓 = 1.0 × 103 kg/m3.

5.1. Energy Band Analysis of the Periodic Structure. The
transfer matrix for each span of the periodic viaduct is a 6× 6
matrix in (44). Therefore, there exist three kinds of charac-
teristic waves corresponding to axial compression, transverse
shear, and bending vibration, respectively, in the periodic
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Figure 4: The energy bands for the characteristic waves of the periodic viaduct undergoing in-plane vibration. (a) The wave number for the
first kind of wave. (b) The wave number for the second kind of wave. (c) The wave number for the third kind of wave.

viaduct for the in-plane vibration [19]; the real part represents
the phase transformation of the wave propagation in the
structure, and the imaginary part represents the attenuation
of the propagating wave.

Figure 4 shows the energy bands of the three kinds of
characteristic waves propagating in the periodic viaduct for
in-plane vibration. The distribution of their energy bands
varies with different frequencies. The imaginary part of the
first kind and the second kind of waves is larger, which
indicates the first kind and second kind of waves cannot
propagate far in the periodic viaduct, and vibration waves
decay rapidly. The imaginary part of the third kind of wave
shows the alternating pass band and band gap at different
frequencies and is smaller than that of above two kinds of
waves, which indicates the wave mainly propagating in the
viaduct vibration is the third kind.

5.2. Dynamic Response of the Periodic Structure under
Nonuniform Load. Using Rayleigh surface wave as vibration
source, according to the solution of literature [14], the
displacement vector at the bottom of pier for the peri-
odic viaduct can be obtained in the frequency domain.
By means of the Floquet transform of (1), the displace-
ment vector at the bottom of pier can be obtained in
the frequency wave number domain, wherein the infinite
sequence summation of (1) is expressed in finite terms
with the sum number 101 in the paper. The inverse Flo-
quet transform of (2) from the wave number domain to
spatial domain can be realized by numerical integration
method.

Figures 5 and 6 show dimensionless axial amplitude
(𝑢𝑥𝜇𝑅/𝐹𝑧) and tangential displacement amplitude (𝑢𝑧𝜇𝑅/𝐹𝑧)
of the horizontal beam end of the periodical viaduct when
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Figure 5: Dynamic response of the periodic viaduct when the frequency of the excitation source is equal to 12.0Hz (pass band). (a) The
amplitude of the longitudinal displacement. (b) The amplitude of the transverse displacement.
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Figure 6: Dynamic response of the periodic viaduct when the frequency of the excitation source is equal to 12.0Hz (stop band). (a) The
amplitude of the longitudinal displacement. (b) The amplitude of the transverse displacement.

the frequency of vibration source is equal to 12.0Hz and
18.0Hz, respectively.

As shown in Figure 5(a), when the frequency of vibration
source is equal to 12.0Hz, the axial displacement of the beam
at a distance of 100 spans (−50, 50) from the vibration source
decays rapidly, while it decays slowly when the distance is
over 100 spans. The main reason is the fact that the vibration
of the viaduct is mainly caused by external vibration source
within the range of 100 spans, but, when the distance to
the vibration source is more than a certain range (outside
of 100 spans), due to the load frequency of vibration source
within the pass band of periodic viaduct energy band, the
characteristic wave can propagate in periodic structure and
cannot decay, which causes vibrations of structure far from
the vibration source. However, as shown in Figure 5(b), the
transverse displacement far away from the vibration source
(outside of 100 spans) attenuates rapidly. Therefore, it can be

seen that the wave propagation with vibration source within
the pass band of viaduct structure is mainly the third kind of
wave.

As shown in Figure 6, when the frequency of vibration
source is equal to 18.0Hz, the dynamic response at the range
of 20 spans (−10, 10) away from the excitation source is
larger, while the longitudinal displacement and transverse
displacement decay rapidly when the structure is far away
from the excitation source. The main reason is the fact that
the vibration attenuates rapidly and propagates in a short
distance when the frequency of excitation source is in the
range of band gap of periodic structure energy band.

6. Conclusion

In the paper, combining the Floquet transform and transfer
matrix method, using the periodicity of viaduct structure,
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the in-plane vibration response of periodic viaduct on sat-
urated soil subjected to Rayleigh surface wave excitation is
analyzed. Firstly, the periodical structure model of beam-
beam and beam-pier connected by springs is established in
the frequency wave number domain, and the transfer matrix
of spring junctions, horizontal beams, and pier are deduced.
Then the characteristic equation and the vibration control
equations of viaduct structure are established. Finally, the
solution of spatial domain is obtained by the inverse Flo-
quet transform. Using numerical examples, the propagation
characteristics of waves and the vibration characteristics of
periodical viaduct subjected to Rayleigh wave are discussed.
And the numerical results show the following:

(1) There are three kinds of wave which existed in
periodic viaduct.Thefirst kind of wave decays rapidly,
the second kind of wave propagates only in a limited
frequency domain, and the third kind of wave propa-
gates in the pass band and decays slowly.

(2) The vibration characteristic of periodic structure
far from the vibration source of Rayleigh wave is
determined by the characteristic wave propagating in
the structure. When the frequency of the vibration
source is in the range of pass band, the characteristic
wave in the structure will decay slowly and propagate
farther. Therefore, there exists structure vibration far
away from the vibration source.

(3) When the frequency of the incident Rayleigh wave
is in the range of band gap of periodic viaduct, the
dynamic response of viaduct structure only exists
in the vicinity of vibration source, and vibration
waves decay rapidly, which cannot spread along the
structure.
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