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Motion reliability as a criterion can reflect the accuracy of manipulator in completing operations. Since path planning task takes
a significant role in operations of manipulator, the motion reliability evaluation of path planning task is discussed in the paper.
First, a modeling method for motion reliability is proposed by taking factors related to position accuracy of manipulator into
account. In the model, multidimensional integral for PDF is carried out to calculate motion reliability. Considering the complex
of multidimensional integral, the approach of equivalent extreme value is introduced, with which multidimensional integral is
converted into one dimensional integral for convenient calculation. Then a method based on the maximum entropy principle is
proposed for model calculation. With the method, the PDF can be obtained efficiently at the state of maximum entropy. As a result,
the evaluation of motion reliability can be achieved by one dimensional integral for PDF. Simulations on a particular path planning
task are carried out, with which the feasibility and effectiveness of the proposed methods are verified. In addition, the modeling
method which takes the factors related to position accuracy into account can represent the contributions of these factors to motion
reliability. And the model calculation method can achieve motion reliability evaluation with high precision and efficiency.

1. Introduction
As a kind of complicated multichain structure, manipulator
can achieve various operations and has good environmental
adaptability, which makes it widely used in industrial manufacturing, medical and aerospace fields, and so forth. In order
to guarantee the positioning accuracy requirement of various
tasks and complicated environment, the motion safety and
reliability of manipulator attract extensive attention [1–4]. As
a result, motion reliability [5–9] which concentrates on the
motion accuracy is used to give a quantitative description
for the motion performance of manipulator. Generally, the
motion reliability is defined as the probability that the
position guarantees the accuracy requirement under the
affection of various factors [10]. Since manipulator achieves
various tasks via positioning operation, the operation status
of manipulator can be reflected in numerical by evaluation of
motion reliability.
In order to evaluate motion reliability, the model of
motion reliability should be established firstly, during which

factors related to position accuracy should be considered.
Firstly, the relationship between factors and position accuracy should be derived. Zhuang et al. [11] and Chen et al.
[12] established the relationship between position error and
parameters deviation of manipulator, respectively. Wu [13,
14] analyzed uncertain factors influencing the mechanical
positioning accuracy with interval method. The methods
mentioned above can be referenced in establishing motion
reliability model. Pandey and Zhang [15] discussed the
motion reliability of manipulator considering the clearance
in joint independently based on probability theory. The
clearance is transformed into errors of joint angles to establish
the relationship with motion reliability. However, single
factor considered is not enough for the modeling of motion
reliability. Rao and Bhatti [16] evaluated the kinematics
reliability and dynamics reliability of a two-link structure.
Unfortunately, factors related to motion reliability were not
taken into account. Moreover, the reliability evaluation for
manipulator is more complicated than two-link structure,
which needs further discussion.
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Based on the analysis above, factors related to motion
reliability are not given enough attention. And a universal
model which reflects the relationship between factors and
motion reliability is not achieved. The model of motion
reliability should take the contribution of factors to position
accuracy into account. Actually, factors related to position
accuracy are various, such as clearance [17], friction [18], and
wear [19]. Many of them are unobservable and uncontrollable
and even have coupling relationship between each other,
which makes it difficult to establish a model including all
factors. In order to reflect the influence on position accuracy
caused by clearance, friction, wear, and so forth into model,
kinematics parameters and joint angles can be taken as intermediate variables to deliver the influence, which has been
implemented in [15]. In this way, the motion reliability model
can be established based on the deviations of kinematics
parameters and joint angles.
After the establishment of motion reliability model, the
model should be calculated to achieve evaluation. For this
purpose, Kim et al. [20] used the first order reliability method
(FORM) to calculate reliability. Generally, FORM can only
solve reliability problem related to a few performance functions. The performance functions which are established with
position accuracy related to various factors are too many
for FORM to be applied. Kumar et al. [21] and Sharma
et al. [22] used genetic algorithms and fuzzy methodology
to analyze the reliability, respectively. Dashuang et al. [23]
used the traditional Monte Carlo method to calculate the
dynamic precision reliability of six degrees of freedom (DOF)
mechanism. And the authors [24] have analyzed the motion
reliability of a 8-DOF modular robot with Monte Carlo
method based on a simple model. However, the recursive
relationship between factors and motion reliability is not
systematically derived in the model. And too many samples
are needed in motion reliability calculation with Monte Carlo
method. Actually, the fuzzy methodology and Monte Carlo
method are quite complex, which leads to high computation cost during reliability computation. Novi Inverardi and
Tagliani [25] calculated the probability density function with
the principle of maximum entropy, which greatly decreased
the samples in computation compared with Monte Carlo
method. The method with maximum entropy shows a new
way to achieve motion reliability calculation with high
efficiency. Considering the practical application, a simple and
feasible method for calculating motion reliability model with
high precision should be proposed.
Since many tasks depend on the positioning operation of
manipulator, path planning [26] takes an important role in
achieving various operations. The paper aims at establishing
the motion reliability models of path planning task and
achieving evaluation. The motion reliability model of path
planning task represents the probability that the position of
manipulator guarantees the accuracy threshold during the
task. The modeling method proposed in the paper takes the
contributions of various factors to position accuracy into
account. And, in order to reflect the influence of various
factors, kinematics parameters and joint angles are taken as
intermediate variables to deliver the influence. As a basis,
the motion reliability model can be established based on
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the devotions of kinematics parameters and joint angles.
Considering the complex of multidimensional integrals in
the model of continuous trajectory tracking, the approach of
equivalent extreme value is introduced to achieve model simplification. As a result, multidimensional integrals for PDF
are converted into one dimensional integral. Since huge samples and computation time are needed in traditional method
for PDF calculation, a method based on the maximum
entropy principle is proposed to achieve calculation with
high precision and efficiency. So far, the evaluation of motion
reliability can be achieved, and an intuitionistic expression
for the performance of manipulator can be obtained with the
evaluation result. Meanwhile, calibration and control can be
devoted to improving the motion reliability of manipulator
for further discussion.
In conclusion, the paper is organized as follow. In
Section 2, the mathematical relationship between motion
reliability and position accuracy is firstly derived. The
influence of the factors related to the position accuracy is
delivered to the deviations of kinematics parameters and
joint angles, based on which the motion reliability models of
path planning task are established. In Section 3, the approach
of equivalent extreme value is introduced to simplify the
motion reliability model, and method based on the maximum
entropy principle is proposed to achieve model calculation. In Section 4, simulations are carried out to verify the
effectiveness and correctness of the proposed modeling and
evaluation method. And strategies for improving the motion
reliability are discussed further based on the evaluation result.
The last part is summary.

2. Motion Reliability Models of Path
Planning Task
Path planning tasks are always divided into point-to-point
path planning and continuous trajectory tracking, and their
motion reliability models have different focuses. For the
model of continuous trajectory tracking, position accuracy
of the entire trajectory should be considered, while, for the
model of point-to-point path planning, position accuracy of
target point is paid more attention. Aiming at the two kinds
of path planning, motion reliability models are established
based on the analysis of factors related to position accuracy.
2.1. The Mathematical Expression for Motion Reliability of
Path Planning. The motion reliability for a single trajectory
point is discussed. Set position accuracy threshold (namely,
the maximum acceptable value of the deviation between the
actual and desired position) as 𝑙 at each direction of the point.
Then an enveloping space Ω is formed as a sphere. The desired
position is set as center and 𝑙 is set as radius. As a result, the
Cartesian space at the end-effector can be divided into three
subspaces shown in Figure 1. The actual position locating
in the sphere is considered to be motion reliable, while it
is considered to be motion unreliable when actual position
locates outside the sphere. The actual positions locating on
the shell are critical positions, which can either be reliable
or unreliable at the next movement. Based on the analysis
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Define the PDF related to the position accuracy of
the entire trajectory points as 𝑝(𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ), and make
𝑋𝑖 (Θ) = |𝑋𝑖𝐴(Θ) − 𝑋𝑖𝑁(Θ)|; then (3) can be turned into

Motion
unreliable

𝑚→∞

Pr { ⋂ (𝑋𝑖 (Θ) < 𝑙𝑐 )}

Desired position
of end-effector

𝑖=1

𝑙𝑐

0

0

(4)

= ∫ (⋅ ⋅ ⋅ (∫ 𝑝 (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) 𝑑𝑥1 ) ⋅ ⋅ ⋅ ) 𝑑𝑥𝑚 .

Ω

Critical points

Figure 1: The division of the Cartesian space.

above, the mathematical expression when path planning task
is motion reliable can be achieved.
(a) Point-to-Point Path Planning. 𝑋𝐴(Θ) and 𝑋𝑁(Θ) represent the actual and desired values of the target point,
respectively. Θ represents factors related to position accuracy. 𝑙𝑝 represents the position accuracy threshold; then the
expression when point-to-point path planning task is motion
reliable can be expressed as



𝑅 = Pr {𝑋𝐴 (Θ) − 𝑋𝑁 (Θ) < 𝑙𝑝 } .

𝑙𝑐

(1)

Suppose 𝑝(𝑥) as the PDF related to position accuracy of
the target point, and make 𝑋(Θ) = |𝑋𝐴(Θ) − 𝑋𝑁(Θ)|; then
(1) can be turned into

2.2. Analysis of Factors Related to Position Accuracy. In (2)
and (4), Θ represents the factors related to position accuracy.
In practice, there are too many factors influencing position
accuracy, such as clearance, friction, wear, deformation,
assembly tolerances, and flexibility. However, many of them
are unobservable and uncontrollable; the accurate model
between these factors and position accuracy is hard to
obtain. Furthermore, not all the factors have direct influence
on the position accuracy in Cartesian space. For example,
clearance and friction have influence on the accuracy of
joint angles, while assembly tolerances and deformation
mainly have influence on geometry parameters. Therefore,
the influence caused by these factors can be represented
by the deviation of kinematics parameters and joint angles,
which is considered as intermediate variables to deliver the
influence to the position accuracy at the end-effector. Besides,
the deviations of kinematics parameters and joint angles are
easy to be measured and adjusted. In this way, deviations of
DH parameters are used to form the factor Θ. And motion
reliability can be modeled based on the relationship between
deviations of DH parameters and position accuracy.
For 𝑛-DOF manipulator, the transformation matrix
between (𝑗 − 1)th and 𝑗th coordinate system is described
based on parameters 𝛼𝑗−1 , 𝑎𝑗−1 , 𝑑𝑗 , 𝜃𝑗 :
T𝑗

𝑙𝑝

Pr {𝑋 (Θ) < 𝑙𝑝 } = ∫ 𝑝 (𝑥) 𝑑𝑥.
0

(2)

= 𝑇𝑗 (𝛼𝑗−1 , 𝑎𝑗−1 , 𝑑𝑗 , 𝜃𝑗 )
cos 𝜃𝑗 − sin 𝜃𝑗 cos 𝛼𝑗−1 sin 𝜃𝑗 sin 𝛼𝑗−1 𝑎𝑗−1 cos 𝜃𝑗
[
]
[ sin 𝜃𝑗 cos 𝜃𝑗 cos 𝛼𝑗 − cos 𝜃𝑗 sin 𝛼𝑗−1 𝑎𝑗−1 sin 𝜃𝑗 ]
[
].
=[
]
sin 𝛼𝑗−1
cos 𝛼𝑗−1
𝑑𝑖
[ 0
]

(b) Continuous Trajectory Tracking. When continuous trajectory tracking is motion reliable, the entire trajectory should
guarantee the position accuracy threshold. Define 𝑋𝑖𝐴(Θ)
and 𝑋𝑖𝑁(Θ) as the actual and desired position at point 𝑖.
Assume position accuracy threshold for every trajectory
point is the same, which is expressed as 𝑙𝑐 . The number of
trajectory points is 𝑚. Then the mathematical expression
when continuous trajectory tracking is motion reliable can
be expressed as

[ 0



𝑅 = Pr { ⋂ (𝑋𝑖𝐴 (Θ) − 𝑋𝑖𝑁 (Θ) < 𝑙𝑐 )} .
𝑖=1

(3)

0

1

]
(5)

𝑁
T𝐴
𝑗 and T𝑗 represent the actual and nominal transformation matrix between (𝑗 − 1)th and 𝑗th coordinate system,
respectively. The deviation between them is expressed as
𝑁
dT𝑗 = T𝐴
𝑗 − T𝑗

=
𝑚→∞

0

𝜕T𝑗
𝜕𝛼𝑗−1

Δ𝛼𝑗−1 +

𝜕T𝑗
𝜕𝑎𝑗−1

Δ𝑎𝑗−1 +

𝜕T𝑗
𝜕𝑑𝑗

Δ𝑑𝑗 +

𝜕T𝑗
𝜕𝜃𝑗

Δ𝜃𝑗 .

(6)

Due to dT𝑗 = T𝑁
𝑗 ⋅ 𝛿T𝑗 (plug (5) into (6)), it can be
obtained that
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Δ𝑎𝑗−1
0
− cos 𝛼𝑗−1 Δ𝜃𝑗 sin 𝛼𝑗−1 Δ𝜃𝑗
[
]
0
−Δ𝛼𝑗−1
𝑎𝑗−1 cos 𝛼𝑗−1 Δ𝜃𝑗 + sin 𝛼𝑗−1 Δ𝑑𝑗 ]
[ cos 𝛼𝑗−1 Δ𝜃𝑗
].
𝛿T𝑗 = [
[− sin 𝛼 Δ𝜃
Δ𝛼𝑗−1
0
−𝑎𝑗−1 sin 𝛼𝑗−1 Δ𝜃𝑗 + cos 𝛼𝑗−1 Δ𝑑𝑗 ]
[
]
𝑗−1
𝑗
0

[

Combining 𝛿T𝑗

0

0 −𝛿𝑗𝑧 𝛿𝑗𝑦
[ 𝛿𝑗𝑧 0 −𝛿𝑗𝑥
−𝛿𝑗𝑦 𝛿𝑗𝑥 0
[ 0 0 0

=

following equation is obtained:

𝑑𝑗𝑥
𝑑𝑗𝑦
𝑑𝑗𝑧
0

0

0

Define U𝑖 = T𝑖 ⋅ T𝑖+1 ⋅ ⋅ ⋅ T𝑛 = [ 0R3×3𝑖
𝑁

dT = T ⋅ 𝛿T, it is concluded as
𝑛

T

= [1 0 0] ;

[ 0

T

T

= [0 sin 𝛼𝑖−1 cos 𝛼𝑖−1 ] ;

k𝑗3 = [0 𝑎𝑖−1 cos 𝛼𝑖−1 −𝑎𝑖−1 sin 𝛼𝑖−1 ] ;
T

k𝑗4 = [1 0 0] ;

0 −𝛿𝑧 𝛿𝑦 𝑑𝑥
[
]
[ 𝛿𝑧 0 −𝛿𝑥 𝑑𝑦 ]
[
].
=[
]
[−𝛿𝑦 𝛿𝑥 0 𝑑𝑧 ]

(8)

wherein d𝑗 = [𝑑𝑗𝑥 𝑑𝑗𝑦 𝑑𝑗𝑧 ] and 𝛿𝑗 = [𝛿𝑗𝑥 𝛿𝑗𝑦 𝛿𝑗𝑧 ]
are the position deviation and orientation deviation of 𝑗th
coordinate system relative to (𝑗 − 1)th coordinate system,
respectively. Meanwhile, k𝑗𝑙 (𝑙 = 1, . . . , 5) ∈ R3×1 . Consider
k𝑗2

(9)

(10)

T𝐴 and T𝑁 represent the actual and nominal transformation matrix from the coordinate of the end-effector to the base
coordinate system, respectively. Then,
𝑁

T = T + dT =

𝑛

𝑢

𝑢

T

T

𝑢
(R𝑗+1
)

03×3

M 1 M2 M3
d
[ ]=[
𝛿
M5 03×𝑛 03×𝑛

≈ T𝑁 + ∑ (T1 ⋅ ⋅ ⋅ T𝑗−1 ⋅ 𝑑T𝑗 ⋅ T𝑗+1 ⋅ ⋅ ⋅ T𝑛 ) ,

dT = ∑ (T𝑁 ⋅ (T𝑗+1 ⋅ ⋅ ⋅ T𝑛 )

T

Δ𝛼 = [Δ𝛼0 ⋅ ⋅ ⋅ Δ𝛼𝑛−1 ] ;
T

−1

⋅ 𝛿T𝑗 ⋅ T𝑗+1 ⋅ ⋅ ⋅ T𝑛 ) .

(12)

(15)

T

Δa = [Δ𝑎0 ⋅ ⋅ ⋅ Δ𝑎𝑛−1 ] ;
T

Δd = [Δ𝑑1 ⋅ ⋅ ⋅ Δ𝑑𝑛 ] ;

Δ𝜃 = [Δ𝜃1 ⋅ ⋅ ⋅ Δ𝜃𝑛 ] ;

T

T

𝑗

𝑢
M2 = (R𝑗+1
) ⋅ k𝑗1 ;

T

𝑢
) ⋅ k𝑗2 ;
M3 = (R𝑗+1
T

𝑗

T

𝑢
𝑢
M4 = (p𝑢𝑗+1 × R𝑗+1
) ⋅ k𝑗5 + (R𝑗+1
) ⋅ k𝑗3 ;
T

𝑢
) ⋅ k𝑗4 ;
M5 = (R𝑗+1

wherein dT is the differential of the transformation matrix
from the coordinate of the end-effector to the base coordinate
system. First-order approximation is used for (11). Then,
according to 𝑑T𝑗 = T𝑗 ⋅ 𝛿T𝑗 ,

Δ𝛼
[ ]
M4 [ Δa ]
]⋅[ ]
],
M6 [
[Δd]

wherein M𝑙 (𝑙 = 1, . . . , 6) ∈ R3×𝑛 and Δ𝛼, Δa, Δd, Δ𝜃 ∈ R𝑛×1 ,
which can be expressed in detail as

𝑗

𝑗=1

(14)

[ Δ𝜃 ]

𝑗

(11)

𝛿
] ⋅ [ 𝑗 ]) .
d𝑗
]

Combine (8) with (14); the following relationship is
concluded:

𝑢
M1 = (p𝑢𝑗+1 × R𝑗+1
) ⋅ k𝑗4 ;

+ 𝑑T𝑗 )

𝑛

𝑗=1

T

𝑛
(p𝑗+1 × R𝑗+1 )
d
[ ] = ∑ ([
T
𝑢
𝛿
𝑗=1
[ (R𝑗+1 )

𝑗

∏ (T𝑁
𝑗
𝑗=1

0]

T

T

T𝑁 = T 1 ⋅ ⋅ ⋅ T 𝑗 ⋅ ⋅ ⋅ T 𝑛 .

𝑛

0

(13)

d = [𝑑𝑥 𝑑𝑦 𝑑𝑧 ] and 𝛿 = [𝛿𝑥 𝛿𝑦 𝛿𝑧 ] represent the
position and orientation deviation; they can be expressed as

For the entire manipulator, the nominal transformation
matrix from the coordinate system of the end-effector to the
base coordinate system can be expressed as

𝐴

0

k𝑗5 = [0 sin 𝛼𝑖−1 cos 𝛼𝑖−1 ] .

T

]. Combining with

𝑗=1

]
0 k𝑗1 k𝑗2 k𝑗3 [
d𝑗
[ Δ𝑎𝑗−1 ]
],
[
]
[ ]=[ 4
]
𝛿𝑗
k𝑗 0 0 k𝑗5 [
[ Δ𝑑𝑗 ]
[ Δ𝜃𝑗 ]

T

p𝑢𝑖
1

𝛿T = ∑ (U𝑗+1 −1 ⋅ 𝛿T𝑗 ⋅ U𝑗+1 )
Δ𝛼𝑗−1

k𝑗1

]
𝑢

] with (7), the
]

(7)

𝑗

T

𝑢
M6 = (R𝑗+1
) ⋅ k𝑗5 ;

𝑗 = 0, . . . , 𝑛.
(16)

Then the position deviation of the end-effector can be
obtained from (15):


𝑋 (Θ) = M1 Δ𝛼 + M2 Δa + M3 Δd + M4 Δ𝜃 .
(17)
So far, relationship between deviations of kinematics parameters and position error is derived. Meanwhile,
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The motion reliability model for continuous trajectory
tracking is expressed as

Factor p1

𝜔11
𝜔13

Factor p2

Δα

𝜔22

Factor p3

𝑚→∞

M1

𝜔34
𝜔41

Position
accuracy

Δa
M2

𝜔33
Factor p4

𝑅

𝜔21

Δd

Motion
reliability

M3

Integral
for PDF

Δθ

Factor pm

𝜔m3
𝜔m4

Figure 2: Influence relationships between factors and motion
reliability.

he contribution of each parameter to the position accuracy
is also obtained as matrix M. In fact, the deviations of kinematics parameters are the intermediate variables to reflect the
influence of factors related to position accuracy. Then motion
reliability can be obtained via the integral for the PDF of
position accuracy. The relationships are shown in Figure 2.
Figure 2 gives a schematic view of the influence relationship between factors and motion reliability. When different
factors are considered, their effect can be delivered via
kinematics parameters. Thus, each kinematics parameters
can be expressed as a function, such as
Δ𝜃 = 𝑓 (𝑝𝑖 , . . . , 𝑝𝑗 ) ,

1 ≤ 𝑖 < 𝑗 ≤ 𝑚,

(18)

wherein 𝑝𝑖 is the 𝑖th factor which can deliver the influence
on the position accuracy to parameter 𝜃. Other kinematics
parameters can be expressed in a similar form. If (18) can
be linearized, the contribution weight of each factor can be
obtained as 𝜔 which is listed in Figure 2. However, many
problems exist in the derivation and linearization of functions
like (18), which will not be discussed further in the paper.
2.3. Motion Reliability Models of Path Planning Task. In summary, combining (17) with (2) and (4), the motion reliability
models for point-to-point path planning and continuous
trajectory tracking can be obtained, respectively. The motion
reliability model for point-point path planning is expressed
as


𝑅 = Pr {M1 Δ𝛼 + M2 Δa + M3 Δd + M4 Δ𝜃 < 𝑙𝑝 }
𝑙𝑝

= ∫ 𝑝 (𝑥) 𝑑𝑥.
0

𝑙𝑐

𝑙𝑐

0

0

0

(20)

M4

𝜔m2

𝑖=1

𝑙𝑐

= ∫ (⋅ ⋅ ⋅ (∫ (∫ 𝑝 (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) 𝑑𝑥1 ) 𝑑𝑥2 ) ⋅ ⋅ ⋅ ) 𝑑𝑥𝑚 .

𝜔44
..
.



= Pr { ⋂ (M1 Δ𝛼 + M2 Δa + M3 Δd + M4 Δ𝜃𝑖 < 𝑙𝑐 )}

So far, models of motion reliability for path planning
task are obtained. According to (19) and (20), the models
mean to obtain the probability that the position deviation
guarantees the position accuracy threshold. Meanwhile, deviations of kinematics parameters are taken into account, which
successfully introduces the influence of factors related to
position accuracy into the models. Then the models should
be calculated to achieve motion reliability evaluation, which
will be discussed in the next section.

3. Simplification and Calculation for Motion
Reliability Model
In order to calculate motion reliability models of path
planning task, samples of position deviations should be
firstly obtained by introducing errors into factors. As a
basis, PDF related to the samples can be computed and
the motion reliability can be calculated by integral for PDF.
For point-to-point path planning, motion reliability can be
calculated according to (19) by one dimensional integral
for PDF. However, it is more complicated to calculate the
motion reliability of continuous trajectory tracking because
there are so many trajectory points. The PDF in the task
is concerned with position deviations of entire trajectory
points; multidimensional integrals for PDF should be carried
out in motion reliability evaluation, which brings about
incredible computation cost simultaneously. In order to solve
model (20) simply, approach of equivalent extreme value is
introduced to simplify the model.
3.1. Simplification for Motion Reliability Model. Define theorem as follows.
Theorem 1. Suppose 𝑋1 , 𝑋2 , . . . , 𝑋𝑚 are 𝑚 random variables;
define the maximum value of 𝑋1 , 𝑋2 , . . . , 𝑋𝑚 as 𝑊max =
max1≤𝑖≤𝑚 (𝑋𝑖 ); then it goes that Pr{⋂𝑚
𝑖=1 (𝑋𝑖 < 𝑎)} = Pr{𝑊max <
𝑎}.
(2)
<
Proof. Firstly, prove Pr{(𝑋1 < 𝑎) ⋂(𝑋2 < 𝑎)} = Pr{𝑊max
𝑎}.
Define 𝑝(𝑥1 , 𝑥2 ) as the PDF related to 𝑋1 , 𝑋2 ; then,

Pr {(𝑋1 < 𝑎) ⋂ (𝑋2 < 𝑎)}
=∬

(19)

=∫

𝑥1 <𝑎,𝑥2 <𝑎
𝑎
𝑎

−∞

(∫

−∞

𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 𝑑𝑥2
𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 ) 𝑑𝑥2 .

(21)
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Because the maximum value of 𝑋1 , 𝑋2 can be expressed

{𝑋1
(2)
={
𝑊max
𝑋
{ 2
it can be derived that

if 𝑋1 ≥ 𝑋2
else,

(22)

the entire trajectory points can be turned into one dimensional integral for PDF related to the maximum position
deviation. This method is called the approach of equivalent
extreme value, with which the motion reliability model of
continuous trajectory tracking can be simplified and easily
solved.

(2)
Pr {𝑊max
< 𝑎} = Pr {max (𝑋1 , 𝑋2 ) < 𝑎}

=∬

𝑥2 <𝑥1 ,𝑥1 <𝑎

+∬
= ∫

𝑎

𝑥1 <𝑥2 ,𝑥2 <𝑎

𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 𝑑𝑥2

𝑎

−∞

+∫

(∫ 𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 ) 𝑑𝑥2

𝑎

−∞

(23)

𝑥2

𝑎

−∞

= ∫

𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 𝑑𝑥2

(∫

𝑥2

−∞

(∫

𝑎

−∞

𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 ) 𝑑𝑥2

𝑝 (𝑥1 , 𝑥2 ) 𝑑𝑥1 ) 𝑑𝑥2 .

(2)
< 𝑎} is
Consider Pr{(𝑋1 < 𝑎) ⋂(𝑋2 < 𝑎)} = Pr{𝑊max
proved.
The maximum value of 𝑋1 , 𝑋2 , . . . , 𝑋𝑖 is expressed as
(𝑖)
(1)
𝑊max
= max(𝑋1 , 𝑋2 , . . . , 𝑋𝑖 ). Define 𝑊max
= 𝑋1 , 𝑊max =
(𝑚)
(𝑖)
(𝑖−1)
𝑊max , and then 𝑊max = max(𝑊max , 𝑋𝑖 ).
(2)
< 𝑎},
Combing with Pr{(𝑋1 < 𝑎) ⋂(𝑋2 < 𝑎)} = Pr{𝑊max
it goes that
𝑚

Pr {⋂ (𝑋𝑖 < 𝑎)}

3.2. Calculation for PDF Based on Maximum Entropy Principle. After the model is simplified, the core of motion
reliability evaluation is the calculation of PDF. Generally,
Monte Carlo method can be used to solve any problems
about probability distribution. However, massive samples are
needed and computation cost is high. In order to achieve
fast calculation of PDF with high precision, the information
entropy is introduced and a method based on the principle of
maximum entropy is proposed. The principle of maximum
entropy [27] was firstly proposed by Jaynes, which aimed
at choosing the probability distribution at the maximum
state of information entropy. The distribution obtained at
maximum entropy state is considered to be the most realistic. Meanwhile, the probability distribution based on the
maximum entropy principle has high computation precision,
which has been verified in [15] by comparison with Monte
Carlo method. Therefore, the method based on the maximum
entropy principle has huge advantages in fast and precise
computation.
When evaluating the motion reliability of continuous
trajectory tracking, the PDF can be calculated as follows.
Suppose 𝑤 as the maximum position deviation of the entire
trajectory, and 𝑝(𝑤) represents the PDF of 𝑤. Then the
information entropy of 𝑤 can be expressed as

𝑖=1

𝑚

= Pr {{(𝑋1 < 𝑎) ∩ (𝑋2 < 𝑎)} ⋂ (𝑋𝑖 < 𝑎)}
𝑖=3

𝑚

𝐻 (𝑤) = − ∫ 𝑝 (𝑤) ln 𝑝 (𝑤) 𝑑𝑤.

(24)

(26)

(2)
< 𝑎) ∩ (𝑋3 < 𝑎)} ⋂ (𝑋𝑖 < 𝑎)}
= Pr {{(𝑊max
𝑖=4

= ⋅⋅⋅ =

(𝑚−1)
Pr {(𝑊max

< 𝑎) ∩ (𝑋𝑚 < 𝑎)}

𝑚
= Pr {𝑊max
< 𝑎} = Pr {𝑊max < 𝑎} .

According to the theorem, define 𝑊max (Θ)
=
max1≤𝑖≤𝑚 (𝑋𝑖 (Θ)) as the maximum position deviation
of entire trajectory points; then motion reliability model of
(20) can be turned into
𝑚→∞

Equation (26) shows the relationship between the entropy
and PDF. The PDF of continuous trajectory tracking task
should meet the constraints shown in (27a) and (27b),
wherein constraint (27a) means that the integral for PDF
equals 1. Constraint (27b) is a group of constraints, which
denote the 𝛾𝑖 moment of 𝑤. The number of constraints (27b)
depends on the moment 𝑠. During constraint (27b), the
moment 𝛾𝑖 can be either integer or fraction:

𝑅 = Pr { ⋂ (𝑋𝑖 (Θ) < 𝑙)} = Pr {𝑊max (Θ) < 𝑙}
𝑖=1

∞

(25)

= ∫ 𝑝 (𝑤) 𝑑𝑤,

∞

∫ 𝑝 (𝑤) 𝑑𝑤 = 1,

0

wherein 𝑝(𝑤) represents the PDF related to the maximum
position deviation of the manipulator. Thus, the multidimensional integrals for the PDF related to position deviation of

0

∞

∫ 𝑤𝛾𝑖 𝑝 (𝑤) 𝑑𝑤 = 𝑢𝑖 ,
0

𝑖 = 1, 2, . . . , 𝑠.

(27a)
(27b)
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As the maximum entropy principle describes, the PDF is
the most realistic when the information entropy is maximum.
In order to find the maximum value of entropy, Lagrange
multiplier method [28] is introduced. Suppose 1, (𝜆 0 −
1), 𝜆 1 , . . . , 𝜆 𝑠 as Lagrange multipliers; the Lagrange function
related to information entropy is established as
∞

∞

0

0

∞

(28)
Take partial derivative with respect to 𝑝(𝑤), and make
𝜕𝐿/𝜕𝑝(𝑤) = 0. Then,
𝑠
∞
𝜕𝐿
= ∫ [ln 𝑝 (𝑤) + 𝜆 0 + ∑𝜆 𝑖 𝑤𝛾𝑖 ] 𝑑𝑤 = 0.
𝜕𝑝 (𝑤)
0
𝑖=1

𝑠

𝑝̂ (𝑤) = exp (−𝜆 0 − ∑𝜆 𝑖 𝑤𝛾𝑖 ) .

(30)

𝑖=1

Meanwhile, 𝜆 0 can be obtained by plugging (27a) into
(30):
𝑠

𝜆 0 = ln [∫ exp (−∑𝜆 𝑖 𝑤𝛾𝑖 ) 𝑑𝑤] .

(31)

𝑖=1

In order to calculate the unknown constants 𝜆 𝑖 , 𝛾𝑖 (𝑖 =
̂
1, . . . 𝑠) in 𝑝(𝑤),
Kullback-Leibler (K-L) divergence [9] is
̂
introduced, which represents the deviation between 𝑝(𝑤)
and
the actual value. The expression is shown as follows:
̂ = ∫ 𝑝 (𝑤) ln [
𝐾 [𝑝, 𝑝]

𝑝 (𝑤)
] 𝑑𝑤.
𝑝̂ (𝑤)

(32)

Substitute (26), (27a), (27b), (30), and (31) into (31):
∞

𝑠

̂ = − 𝐻 (𝑤) + ln [∫ exp (−∑𝜆 𝑖 𝑤𝛾𝑖 ) 𝑑𝑤]
𝐾 [𝑝, 𝑝]
0

𝑖=1

(33)

𝑠

𝑠

𝑠

𝑖=1

(35)

𝜆 𝑖 𝑁 𝛾𝑖
∑𝑤 ) .
𝑁 𝑘=1

Set the initial value of 𝛾; then 𝛾 and 𝜆 can be iteratively
obtained via search algorithm until 𝐼(𝜆, 𝛾) is minimum.
Substituting 𝛾 and 𝜆 into (30) and (31), the value of 𝜆 0 and
the expression of 𝑝(𝑤) can be achieved. Finally, the motion
reliability of continuous trajectory tracking can be calculated
by one dimensional integral for 𝑝(𝑤).

(29)

The expression of 𝑝(𝑤) at the maximum entropy state can
be derived:

0

∞

Min: 𝐼 (𝜆, 𝛾) = ln [∫ exp (−∑𝜆 𝑖 𝑤𝛾𝑖 ) 𝑑𝑤]

𝑖=1

0

∞

(𝑖 = 1, . . . , 𝑠)

+ ∑(

+ ∑𝜆 𝑖 [∫ 𝑤𝛾𝑖 𝑝 (𝑤) 𝑑𝑤 − 𝑢𝑖 ] .
𝑖=1

Find: 𝛾𝑖 and 𝜆 𝑖

0

𝐿 = ∫ 𝑝 (𝑤) ln 𝑝 (𝑤) 𝑑𝑤 + (𝜆 0 − 1) [∫ 𝑝 (𝑤) 𝑑𝑤 − 1]
𝑠

on moment estimation, where 𝑁 is the number of samples.
Therefore, the calculation of the PDF 𝑝(𝑤) is turned into

+ ∑𝜆 𝑖 𝑢𝑖 .
𝑖=1

̂
When 𝑝(𝑤)
is the closest to the actual value, the K-L
divergence is minimal. Suppose 𝜆 = (𝜆 1 , . . . , 𝜆 𝑠 ) and 𝛾 =
̂ is
(𝛾1 , . . . , 𝛾𝑠 ). Since 𝐻(𝑤) is unrelated to 𝜆 and 𝛾, 𝐾[𝑝, 𝑝]
minimal, meaning the following formula is minimal:

3.3. Process for Calculating Motion Reliability Models of Path
Planning Task. Based on the analysis above, the process for
calculating the motion reliability of path planning task can
be concluded, which is also shown in Figure 3.
(a) Motion reliability model is firstly established for a
particular path planning task. For model of continuous trajectory tracking, the approach of equivalent
extreme value is introduced. As a result, multidimensional integrals for PDF related to the entire trajectory
points are turned into one dimensional integral for
PDF related to the maximum position deviation.
(b) Introduce errors into factors related to position accuracy of the model, and simulate the path planning
task for multiple times. For point-to-point path planning, position deviation at the target point of each
simulation is obtained. For continuous trajectory
tracking, position deviations at each trajectory point
are obtained.
(c) For point-to-point path planning, the position deviation at the target point of each simulation is selected
as samples. For continuous trajectory tracking, the
maximum position deviation of each simulation is
selected as samples.
(d) Lagrange function about information entropy of position deviation samples is established, and the expression of PDF related to position deviation samples is
derived at the state of maximum entropy.
(e) The unknown coefficients of the PDF are calculated
by using K-L divergence. Then the motion reliability
evaluation is achieved by one dimensional integral for
PDF.

(34)

4. Simulation on Motion Reliability Evaluation
of Path Planning Task

According to (27b), the 𝛾𝑖 moment of 𝑤 equals 𝑢𝑖 . 𝑢𝑖 can
𝛾𝑖
be approximately expressed as 𝑢𝑖 = (1/𝑁) ∑𝑁
𝑘=1 𝑤 based

A 7-DOF manipulator is used for motion reliability evaluation of path planning task. The coordinate systems are defined
as shown in Figure 4, while the nominal DH parameters are

∞

𝑠

𝑠

𝐼 (𝜆, 𝛾) = ln [∫ exp (−∑𝜆 𝑖 𝑤𝛾𝑖 ) 𝑑𝑤] + ∑𝜆 𝑖 𝑢𝑖 .
0

𝑖=1

𝑖=1
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A particular path planning task
Establish motion reliability
model
Model of point-to-point
path planning

Model of continuous
trajectory tracking
Approach of equivalent
extreme value

Error introduction
Obtain maximum
position deviations of
entire trajectory

Obtain position
deviations at target point

Calculation of PDF
Multidimensional
integral for the PDF
is converted into one
dimensional integral
for PDF

The Lagrange function about
information entropy is established
The PDF expression is obtained at
state of maximum entropy
Unknown coefficients of the PDF
is calculated with K-L divergence
One dimensional integral for the PDF

Achieve motion reliability evaluation of
path planning

Figure 3: Process for calculating the motion reliability model of path planning task.

Z5

Z1

Z2

a3

Z3

d3
d2
d1
X0

X2

X6

X3

d5

d7
Z6
d6

a4

Z7

Z4 X7
X5

X4

Z0

X1

Figure 4: The coordinate systems of 7-DOF manipulator.

listed in Table 1. A particular continuous trajectory task is
defined for simulation as follows.
The initial configuration of manipulator is set as
[−50∘ −170∘ 150∘ −60∘ 130∘ 170∘ 0∘ ] in joint space, and
the position of the end-effector at this configuration is
denoted by point 𝐴. The target pose is set as
[9.6 0 3 −1 −0.5 −2], which is denoted by point 𝐵. Continuous trajectory tracking task is carried out from 𝐴 to 𝐵.

Task cycle is 20 s, and control cycle is 0.05 s. As a result, 400
trajectory points are planned during the task.
4.1. Motion Reliability Evaluation of a Particular Path Planning
Task. During the motion reliability evaluation of task, errors
are introduced into kinematics parameters. Errors following normal distribution 𝑁(0, 0.0012 ) (unit: m) are introduced into a, d, and errors following normal distribution

Mathematical Problems in Engineering

9

Table 1: The nominal DH parameters of 7-DOF manipulator.
𝑑𝑖 (m)
0.6
0.5
0.5
0.5
0.5
0.5
0.6

𝑎𝑖−1 (m)
0
0
5
5
0
0
0

𝛼𝑖−1 ( )
90
−90
0
0
90
−90
0

𝑁(0, 0.012 ) (unit: ∘ ) are introduced into 𝛼, 𝜃. The task is
simulated for 500 times and position deviations of the
entire trajectory points are collected for each simulation
{𝑋𝑖 (Θ)}500 (𝑖 = 1, . . . , 400). The maximum position deviation
is selected from each simulation to obtain 500 samples
{𝑋max (Θ)}500 .
With the samples of maximum position deviation, PDF
of the continuous trajectory tracking task is calculated.
The initial value of 𝛾 is set as 𝛾 = [0.5 −1 0.5], and
the order of moment is set as 𝑠 = 3. Search algorithm is
carried out according to (35). 𝜆, 𝛾 are obtained as [𝛾 𝜆] =
[1.1888 −0.2103 −0.4454 7.8457 1.3470 4.3483]
and
𝜆 0 = −11.5896 when 𝐼(𝜆, 𝛾) is minimum. As a basis, the
curve of PDF related to the position accuracy threshold is
obtained as in Figure 5. Via one dimensional integral for
the PDF, the motion reliability can be calculated at different
accuracy threshold, which is shown in Figure 6.
Meanwhile, the PDF and probability curves calculated
by Monte Carlo method are also provided in Figures 5 and
6. With Monte Carlo method, the planning is simulated
for 10000 times to obtain results. By comparison, the PDF
and probability curves calculated with maximum entropy
principle have the same accuracy with the results obtained
with Monte Carlo method. At the same accuracy threshold,
the deviation of calculated probability with the two methods
is only about 1%. For example, when accuracy threshold
is 𝑙 = 0.008 m, the motion reliability is 0.9167 calculated
by maximum entropy principle, while it equals 0.9064 with
Monte Carlo method. It is verified that the evaluation result
with maximum entropy principle has high precision.
Besides, huge computation cost and samples requirement limit Monte Carlo method in computing the PDF of
trajectory tracking task. Nearly 3000 seconds are used to
handle the 10000 samples to achieve the PDF. However, the
method based on the maximum entropy principle needs
fewer samples (just 500 samples), which greatly reduces
the computation cost. In conclusion, the motion reliability
evaluation method based on the maximum entropy principle
is feasible with high efficiency and computation precision.
4.2. Motion Reliability Evaluation with Different Trajectory
Points. When evaluating motion reliability of continuous
tracking task, the number of trajectory points will have
influence on the motion reliability. If the number is small,
the characteristics of the trajectory cannot be reflected
completely, which leads to a credible evaluation result. In

2
Probability density function

𝜃𝑖 ( )
0
90
0
0
0
−90
0

2.2
∘

1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
Position accuracy threshold at the end-effector (m)
Monte Carlo
Maximum entropy

Figure 5: The PDF related to position accuracy threshold.

1
Motion reliability of path planning task

Link 𝑖
1
2
3
4
5
6
7

∘

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016
Position accuracy threshold (m)
Monte Carlo
Maximum entropy

Figure 6: The motion reliability varies with accuracy requirement.

addition, with the number increase, the computation cost will
become higher. Therefore, proper number of trajectory points
should be selected by taking both computation efficiency and
precision into account.
The trajectory 𝐴 → 𝐵 mentioned above is taken as an
example, and the motion reliability of the task is evaluated
with different trajectory points. The position accuracy threshold is set as 0.007 m. Motion reliability varies with the number
of trajectory points, which is shown in Figure 7. It is obvious
that when the number of trajectory points is small, the motion
reliability changes greatly with the number of trajectory
points, because small numbers of trajectory points cannot
reflect the characteristics of the trajectory completely. After
the number is larger than 200, the reliability becomes stable.
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Table 2: Decrease in motion reliability caused by single factor and
combined effect.

Motion reliability of path planning task (%)

84.3
84.28
84.26
84.24
84.22

Angular
factors

Stand. deviation
of error (∘ )

Decrease of
reliability

Coupling effect

𝛼
𝜃
Length
factors

0.01
0.01
Stand. deviation
of error (m)

0.08733
0.1197
Decrease of
reliability

0.3809

0.001
0.001

0.1174
0.1121

a
d

84.2

Coupling effect
0.3608

84.18
84.16
84.14

100

200
300
400
500
600
Number of trajectory points

700

800

Figure 7: The motion reliability varies with trajectory points.

After the number is larger than 400, the reliability is nearly
constant. The increased trajectory points only bring about
higher computation cost in motion reliability evaluation. In
summary, 400–500 is the proper number for the trajectory
𝐴 → 𝐵, which can completely reflect the characteristics of
the trajectory and show good operational efficiency.
Besides, trajectory points are determined by task cycle
and control cycle. The motion reliability evaluation will benefit from the proper number of trajectory points, which also
indicates that the arrangement for task cycle and control cycle
of the task is reasonable. In this way, reasonable arrangement
for trajectory points is the basis to achieve fast and precise
motion reliability evaluation.
4.3. Contributions of Factors Related to Motion Reliability.
Factors influencing the position accuracy of manipulator can
be included into the model of motion reliability. Via introducing errors into them, motion reliability of a particular
path planning task can be evaluated, which is achieved in
Section 4.1. In this section, the contributions of factors related
to the motion reliability are discussed. 𝛼, 𝜃 and a, d are
differed into two groups for different units. Errors following
the same normal distribution are introduced into each group,
respectively. 𝑁(0, 0.012 ) (∘ ) is introduced into 𝛼, 𝜃, and the
decrease in motion reliability caused by 𝛼, 𝜃 is shown in
Figure 8(a). 𝑁(0, 0.0012 ) (m) is introduced into a, d; the
decrease in motion reliability caused by a, d is shown in
Figure 8(b).
It is obvious that decreases caused in motion reliability are
different within different position accuracy threshold for one
factor. Compared with the matrix M in (17) which shows the
contribution of factor at a moment in the task, Figure 8 can
comprehensively reflect the influence of the factor on motion
reliability during the entire task cycle. Further, the decrease
in reliability caused by 𝜃 is larger than 𝛼 within any accuracy
threshold, while the decreases caused by a and d are basically
the same. The decrease values in motion reliability caused by

different factors at position accuracy threshold 0.004 m are
also given out in the figure. Thus, the contributions can be
expressed as 𝜃 > 𝛼, a ≈ d with the same errors. Meanwhile,
the factors have coupling effect on motion reliability. The
decreases in reliability caused by factors are listed at the
accuracy threshold 0.004 m in Table 2.
In Table 2, when factors with the same unit act together,
the decrease of reliability is greater than the sum of the
decrement when they act separately. For example, decrement
caused by 𝛼 and 𝜃 is larger than the sum of decrement caused
by them separately. Besides, when the standard deviations
of introduced errors are different, the PDF and decrease
in motion reliability are shown as in Figure 9 by analyzing
factor 𝛼. It can be concluded that the decrease in motion
reliability depends on the position accuracy threshold and
standard deviations of errors, and the variation of which
can be expressed by quadric surface as the figure shows. At
the same position accuracy threshold, with the increase of
standard deviation in errors, the decrease in motion reliability
becomes larger. Variations of other factors can be expressed
in similar ways, which are not given out here.
Thus the contributions of kinematics parameters to
motion reliability are analyzed, and the coupling effect
of parameters is discussed, too. Meanwhile, the variation
according to the position accuracy threshold and standard
deviation of errors is derived. As a result, the importance of
each kinematics parameter in improving motion reliability
can be obtained. When improving the motion reliability
of manipulator, factors with high contribution should be
given high priority to handle. According to the different
contributions of parameters, the strategy to achieve motion
reliability improvement is discussed in the next section.
4.4. Discussion of Trajectory Optimization Based on Maximizing Motion Reliability. Since a, d, 𝛼, and 𝜃 are easy to be
observed and handled during task, the motion reliability can
be improved by reducing the errors in these factors based
on the contributions to motion reliability. For example, since
𝜃 contributes more than a, d, and 𝛼, based on decreasing
errors with kinematics calibration, the accuracy of 𝜃 should
be improved as much as possible. Thus, aiming at maximizing
motion reliability, a trajectory optimization method is discussed via analyzing the contribution of 𝜃.
Errors following normal distribution with different standard deviation are introduced into 𝜃. Motion reliability
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Figure 8: Decrease in motion reliability caused by factors with the same error.
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Figure 9: PDF and decease in motion reliability caused by different standard deviations and accuracy thresholds.

curves are achieved with the changes of position accuracy
thresholds, which are shown in Figure 10. With the increase of
errors, the motion reliability decreases obviously at the same
accuracy threshold. At accuracy threshold 0.005 m, when 𝜎
increases from 0.015∘ to 0.02∘ , the motion reliability decreases
17.65%. Thus, the motion reliability can be improved signally
by reducing errors.
Because of the time-varying characteristics of gear clearance, transmission error, and friction, the motion errors at
different joint angles are different, which can be established
as 𝑒(𝜃). Generally, every joint is limited into a certain range,
which is determined by the characteristics of joint motor and
configuration requirement of manipulator. For redundant
manipulator, infinite feasible trajectories exist between 𝐴

and 𝐵. When position accuracy is guaranteed well in the
entire trajectory, the motion reliability is high. Considering
function 𝑒(𝜃), a proper trajectory should be chosen to arrange
the joint angle at the range with smaller introduction of
errors. Thus, strategy aiming at maximizing motion reliability
can be described as follows.
Task constraints should be fulfilled firstly; namely, the
position accuracy should be guaranteed in the entire trajectory, which can be expressed as h𝑖 . Then threshold constraints
of parameters should be fulfilled during task, such as joint
velocity and acceleration, which have the expression of g𝑗 .
The objective function is established as the motion reliability
of the trajectory tracking task. The output is motion reliability; the input is the joint angle range related to the selected
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Figure 10: The motion reliability varies with errors of different
standard deviation.

trajectory. Then the expression of the trajectory optimization
can be concluded:
find Trajectory 𝐴𝐵
max 𝑓 = ∫ (⋅ ⋅ ⋅ (∫ 𝑝 (𝑥1 , . . . , 𝑥𝑠 ) 𝑑𝑥1 ) ⋅ ⋅ ⋅ ) 𝑑𝑥𝑠
s.t.

g𝑖 ≤ 0, h𝑗 = 0

(36)

(𝑖, 𝑗 = 1, 2, . . .) .

In trajectory 𝐴𝐵, the corresponding range for joint 𝑖 is
arranged as 𝜃𝑖 ∈ [𝜃𝑖min , 𝜃𝑖max ], during which the introduced
joint angel errors are minimum. The objective function
represents the motion reliability of the task, during which
𝑝(𝑥1 , . . . , 𝑥𝑠 ) represents the PDF related to factors 𝑥1 , . . . , 𝑥𝑠 .

5. Conclusion
Motion reliability as a criterion can reflect the motion performance of manipulator synthetically. With the modeling and
evaluation of motion reliability, the status of systems can be
obtained and monitored in numerical during task operation.
This paper establishes a universal model for motion reliability
of a particular path planning task. The model which takes
the factors related to position accuracy (such as clearance,
wear, and friction) into account can reflect the contribution
of these factors to motion reliability. Meanwhile, motion
reliability can be evaluated by calculating the model. For
model calculation, a model simplification method based on
the approach of the equivalent extreme value is introduced.
With this method, the multidimensional integral for PDF
can be converted into one dimensional integral for PDF.
Further, a method based on the maximum entropy principle
is proposed to obtain the PDF. This method needs less
samples and computation cost than the traditional Monte
Carlo method, which makes it successful to achieve motion
reliability evaluation with high precision and efficiency.

In the paper, the authors mean to establish a motion
reliability model which can reflect the influence of factors
related to position accuracy, such as clearance, wear, and
friction,. Since it is difficult to derive the relationship between
these factors and position accuracy, kinematics parameters
are considered to be the intermediate variables to deliver
the influence of the factors. Thus, the relationship between
deviations of kinematics reliability and position accuracy is
derived, based on which the model is established. However,
the relationships between factors and kinematics parameters
are not discussed in the paper, which should be devoted to
further research.
From the model and motion reliability evaluation results,
the contribution of each kinematics parameter to motion
reliability can be concluded. According to the contribution,
the importance of each kinematics parameter in improving
motion reliability can be decided. When improving the
motion reliability of manipulator, factors with high contribution should be given priority to handle. For example, in
Section 4.4, because the joint angle contributes more than
other parameters, the errors should be decreased firstly in
operations. According to the motion reliability model and
evaluation result, trajectory optimization or control strategy
aiming at improving motion reliability of manipulator is a
new optimization problem, which is meaningful for further
research.
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