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This paper presents a wavelet-based method for estimating evolutionary power spectral density (EPSD) of nonstationary stochastic
oscillatory processes and its application to field measured typhoon processes. The EPSD, which is deduced in a closed form based
on the definition of the EPSD and the algorithm of the continuous wavelet transform, can be formulated as a sum of squared
moduli of the wavelet functions in time domain modulated by frequency-dependent coefficients that relate to the squared values of
wavelet coefficients and two wavelet functions with different time shifts. A parametric study is conducted to examine the efficacy
of the wavelet-based estimation method and the accuracy of different wavelets. The results indicate that all of the estimated EPSDs
have acceptable accuracy in engineering application and the Morlet transform can provide desirable estimations in both time and
frequency domains. Finally, the proposedmethod is adopted to investigate the time-frequency characteristics of the TyphoonMatsa
measured in bridge site. The nonstationary energy distribution and stationary frequency component during the whole process are
found. The work in this paper may promote an improved understanding of the nonstationary features of typhoon winds.

1. Introduction

Wind characteristics provide indispensable information for
predicting structural dynamic responses and have been com-
prehensively investigated for many years through statistical
methodology, signal processing technology, and field mea-
surement. Conventional studies assume that the boundary-
layer wind speed is a stationary ergodic random process
consisting of a constant mean wind and three fluctuating
wind components with the Gaussian distributions. However,
the sudden and sporadic behaviors exhibit inmany fieldmea-
surement typhoon processes, especially during the phases of
typhoon coming, typhoon leaving, and typhoon eye passing,
because the air flow is thoroughly disturbed when it attacks
the obstacles on the ground [1, 2]. The assumption of an
ergodic or stationary random process may be not applicable
in many typhoon records. Therefore, it is more realistic to
model typhoon winds as a nonstationary random process,

whose energy distribution and frequency content change
with time.

The nonstationarity of boundary layer winds has been
explored by many researchers. Early in 1983, Lin and Yang
have suggested that the nonstationary turbulence wind can
bemodeled by a stationary stochastic process multiplied with
a determined envelope function [3]. However, because of the
high computational cost of nonlinear analysis of structural
wind-induced vibration, the theory of nonstationary wind
processes develops slowly. With the development of signal
processing technologies, the study involving nonstationary
winds has been remotivated. Smith and Mehta have used
autoregressive (AR)models to investigate nonstationarywind
data collected in the field to overcome the limitation of
the stationary wind model [4]. Gurley and Kareem have
presented the application of a wavelet transform in winds and
concluded that the wavelet analysis could characterize the
transit nature of convective turbulence in hurricane wind [5].
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The structural healthmonitoring (SHM) system, which could
monitor actual wind speed in structural site, provides critical
information for studying nonstationary winds [6, 7]. Xu et al.
have modeled typhoon winds as a time-varying mean wind
speed plus a well-behaved fluctuating wind speed admitted as
a stationary random process with a Gaussian distribution [8,
9]. This concept was also applied in modeling the Hurricane
Lili byWang and Kareem [10], the typhoon by Li andWu [11],
and the gust-front winds byKwon andKareem [12]. Chen and
Letchford have proposed a three-layer model for describing
nonstationary winds resulting from downbursts, where the
three layers represent time-varying mean wind speed, time-
varying variance, and time-varying spectral content [13].
The fluctuating wind speed components of downbursts were
characterized by a time-varying AR model [14] or wavelets
[15]. In fact, the remaining fluctuatingwind speed component
of a typhoonprocessmay still possess time-varying frequency
characteristics after subtracting the time-varying mean wind
speed. Therefore, treating the fluctuating wind speed as a
zero-mean nonstationary oscillatory process is more reason-
able [13, 16, 17].

Being different from stationary random processes, the
frequency content of the nonstationary fluctuating wind
changes in time and cannot be accurately described by
the power spectral density (PSD) that calculates the mean
composition during the whole process. Many methods have
been proposed to estimate the time-dependent spectra of
nonstationary random processes, such as the Wigner-Ville
method (WVM), the short-time Fourier transform (STFT),
the S-transform (ST), and the wavelet transform.TheWVM,
STFT, and ST show some intrinsic drawbacks relating low res-
olution and energy leakage [18–22]. The wavelet transform,
which has the capability of focusing on the multiscale details
of a signal by a series ofmoveable and scalable time-frequency
windows, provides a promising tool to explore signal features
in both the time and frequency domains [23–27]. Spanos
and Failla have introduced an innovated wavelets-based
method to estimate the evolutionary power spectral density
(EPSD) of seismic motions [28]. In this work, the rigorous
derivation has been conducted and the EPSDwas represented
as a sum of time-independent shape functions, which is
equal to the squared moduli of the Fourier transforms of
the wavelets associated with the selected scales, modulated
by time-dependent coefficients. Subsequently, the method
has been expanded to arbitrary nonstationary processes by
Failla et al. [20]. This method has been also applied in
nonstationary downburst winds byHuang andChen [16].The
results indicate that the wavelets-based method can capture
the time-frequency characteristics of the downburst wind
fluctuations.

In this paper, a wavelet-based method is firstly deduced
in a closed form to estimate the EPSD of nonstationary
typhoon processes. In the method, the EPSD is constructed
by closed-form representations of wavelets in time domain,
which can break the restriction in the method developed by
Spanos and Failla that the analytical frequency-dependent
wavelet functions are required. Then, a parametric study
is implemented to examine the efficacy of the proposed
approach and the influence of wavelet functions on the

accuracy of the estimations. At last, the proposed method
is applied to estimate the EPSD of field measured typhoon
winds to promote an improved understanding of the time-
frequency characteristics of nonstationary typhoon winds.

2. EPSD Estimation Using Wavelet Transform

The EPSD, which was introduced by Priestley in 1967, is
a time-dependent analogue of the spectrum of a station-
ary stochastic process and valid for a class of zero-mean
nonstationary oscillatory processes. The EPSD describes the
local power-frequency distribution at each instant of time;
therefore, it preserves the physical interpretation of the
spectrum of a stationary stochastic process as a power-
frequency distribution [29, 30].

Priestley has suggested that the nonstationary stochastic
process 𝑦(𝑡) can be defined by the Riemann-Stieltjes (R-S)
integration [30]

𝑦 (𝑡) = ∫
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where 𝐴 (𝜔, 𝑡) denotes the modulating function, 𝑖 represents
the imaginary unit, and 𝑍(𝜔) denotes a complex random
process with orthogonal increments. Then, the EPSD of the
nonstationary stochastic process 𝑦 (𝑡) can be calculated by
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where 𝑆
𝑦𝑦
(𝜔) represents the time-independent power spec-

tral density of 𝑦(𝑡).
The continuous wavelet transform (CWT) of a non-

stationary stochastic process 𝑦(𝑡) in frequency domain is
defined as
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where 𝑊
𝑦
(𝑎, 𝑏) represents the wavelet coefficients, 𝑎 and 𝑏

denote the scale parameter and shift parameter, respectively,
𝑌 (𝜔) is the Fourier transformof𝑦(𝑡),Ψ(𝜔)means thewavelet
function in frequency domain, and the symbol (∗) is the
complex conjugate. 𝑎 and 𝑏 are discretized by 𝑎
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discrete scales, and 𝑛 is the total number of time intervals
retained in the discrete process 𝑦(𝑡). For a specified time
instant 𝑏
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, (5) can be rewritten as
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Since the time-varying rate of the modulation function of
practical signals in civil engineering is slow as compared to
the localized wavelet functions, it can be assumed that the
scale 𝑎 has one-to-one corresponding relationwith frequency
𝜔 in the wavelet transform.Then, the wavelet coefficients are
equal to
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where
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In (8), 𝑓(𝑡) is a new nonstationary stochastic process defined
by the nonuniform modulating function𝐻(𝑎, 𝑡). The𝐻(𝑎, 𝑡)
is equal to the wavelet function in time domain at time
instant 𝑏

𝑗
multiplied by the nonuniformmodulating function

𝐴(𝑎, 𝑡) of the original nonstationary process 𝑦(𝑡). Therefore,
the wavelet coefficient at a given instant 𝑏

𝑗
, 𝑊
𝑦
(𝑎, 𝑏
𝑗
), can

be interpreted as the Fourier spectrum of the nonstationary
stochastic process 𝑓(𝑡).

By using themarginal property of the EPSD, the following
equation can be obtained
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As a result, a closed-form expression between the instanta-
neous mean squared values of wavelet coefficients at a given

time instant and the EPSD of the process 𝑦(𝑡) is deduced. For
all time instants, (9) can be deployed as
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The general solution to (10) is

𝑆
𝑦𝑦
(𝑎, 𝑡) =

𝑛

∑

𝑘=1

𝛾
𝑗
(𝑎)



1

√𝑎
𝜓(−

𝑡 − 𝑏
𝑘

𝑎
)



2

𝑘 = 1, 2, . . . , 𝑛,

(11)

where 𝛾
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Therefore, the EPSD of fluctuating wind speed can be
estimated using (11), (12), and (13), which provides a powerful
alternation of the approach proposed by Spanos and Failla
[28].The EPSDs defined by the wavelets in frequency domain
in [28] and the EPSD in this paper are estimated by a series of
wavelets in time domain.These formulas rely on the property
that the wavelet coefficients of a nonstationary process at a
certain time instant can be treated as a stochastic process
with EPSD given in terms of the EPSD of the process in
a closed form. This yields that the target EPSD is equal
to a sum of time-dependent shape functions modulated
by frequency-dependent coefficients. The shape functions
are the squared moduli of the wavelet functions in time
domain during the whole duration, and the coefficients
relate to the squared values of wavelet coefficients and two
wavelet functions with different time shifts. The procedure
of wavelet-based EPSD estimation proposed in this paper
is shown in Figure 1. Firstly, choose appropriate wavelet
function and implement wavelet transform to obtain wavelet
coefficients with selected scales and different time instants;
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Figure 1: Flow chart of wavelet-based EPSD estimation.

then, calculate frequency-dependent coefficients by solving
(12) for all scales; at last, estimate the EPSD of the process
𝑦(𝑡) by assembling the frequency-dependent coefficients and
time-dependent wavelet functions. Because of the property
of compact support, the nonzero portion of wavelet function
in time domain is short. The element 𝛿

𝑘,𝑗
is equal to zero

when the time interval, (𝑏
𝑘
− 𝑏
𝑗
), exceeds the support range

of the wavelet function. Thus, the coefficient matrix in (13) is
a zonal symmetric matrix. It should be pointed out that all
theoretical formulations are derived based on the definition
of nonstationary oscillatory processes. Therefore, the results
in this paper are restricted in oscillatory processes. No
detailed limitation about thewavelet basis is employed, so any
wavelet whose function in time domain exists can be applied
in the method proposed in this paper.

3. Parametric Study

Because the frequency localization properties and the time
localization characteristics of different wavelet functions are
discrepant, their capabilities of capturing time-frequency
features of a signal are nonuniform.Thus, selecting a suitable
wavelet function for the EPSD estimation of the nonsta-
tionary wind speed is an important issue. The predicting
of structural wind-induced responses requires not only the

amplitude but also the frequency content of fluctuating wind;
therefore, the high resolution of the wavelet function in both
time and frequency domains is critical. But according to the
Heisenberg uncertainty principle, the time resolution and the
frequency resolution are inconsistent. It is impossible that
a wavelet function simultaneously has highest resolution in
time domain and in frequency domain, so the compromise
solution that selects a wavelet function with acceptable reso-
lution is the only choice. In order to verify the effectiveness
of the proposed method and assess the accuracy of different
wavelet functions, three types of “mother” wavelets including
theMorlet wavelet (MO), theMexicanHatwavelet (MH), and
the Littlewood-Paley wavelet (L-P) are employed herein.

The simulated nonstationary typhoon processes with
determined EPSD are adopted. The simulated nonstationary
typhoon processes are synthesized by stationary stochastic
wind processes modulated by a modulating function [3].
The stationary stochastic wind processes are described by
the Simiu spectra, and the modulating function consults
the modulating function in earthquake engineering. As a
result, the EPSD used for simulating nonstationary typhoon
processes is

𝑆
𝑦𝑦
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18000
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200 (𝑢
∗
)
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Figure 2: Comparison of estimated EPSDs with theoretical solution.

where 𝜃 denotes the frequency with the unit of Hz, 𝑢∗
represents the wind friction speed,𝑍 is the height of the wind
speed relative to sea level, and𝑉 implies themeanwind speed.

The 450 s and 4Hz are set as the simulated wind duration
and the sampling rate, respectively. The stationary stochastic
wind processes are simulated by the classical spectral rep-
resentation method [31, 32]. The synthesis is run 500 times,
and the mean square values of the wavelet coefficients in (12)
are calculated. The estimated EPSDs using the three wavelet
functions are shown in Figure 2. To conduct comparison
between the estimated EPSDs and the theoretical solution,
the estimated EPSDs are sliced at different time instants
and different frequency points, which are named as time
slices and frequency slices in this paper, respectively. From
those figures, it can be seen that the EPSDs estimated
by the three wavelet functions show excellent agreement
with the theoretical solution in both time and frequency
domains, which demonstrates that the proposed method can

estimate the EPSDs of nonstationary typhoon processes with
acceptable reliability.

For further comparing the ability of the three wavelet
functions in capturing the time-frequency characteristics, the
estimating errors of the three wavelet functions are listed in
Table 1. In the table, the error at a time instant is defined
by the sum of the squared differences between the common
logarithm of the estimated EPSD and the common logarithm
of the theoretical solution, and the error at a frequency point
is defined by the sum of the squared differences between
the estimated EPSD and the theoretical solution. In time
domain, the L-P transform shows the highest accuracy when
compared with the other two wavelet functions, and, in
frequency domain, the MH provides the most reliability. In
frequency domain, the errors of theMO transform are bigger
than those of the L-P transform and smaller than those of the
MH transform. However, in time domain, the errors of the
MO transform are smaller than those of the L-P transform



6 Mathematical Problems in Engineering

Table 1: Estimating error using three wavelet functions.

Time slice Frequency slice
Time MO MH L-P Frequency MO MH L-P
𝑡 = 125 s 0.0033 0.0078 0.0086 𝜔 = 0.04Hz 5.196 4.526 7.9074
𝑡 = 200 s 0.0321 0.0447 0.0108 𝜔 = 0.05Hz 5.730 4.943 8.276
𝑡 = 250 s 0.0129 0.0216 0.0109 𝜔 = 0.1Hz 0.561 0.422 1.215
𝑡 = 300 s 0.0112 0.0136 0.0072 𝜔 = 0.2Hz 0.167 0.129 0.211
𝑡 = 400 s 0.0126 0.0217 0.0114 𝜔 = 0.5Hz 0.0057 0.0042 0.0073

and bigger than those of the MH transform. The underlying
reasons are that the window of the MH in time domain is
narrower that the other two wavelets and the window of
the L-P in frequency domain is narrower that the other two
wavelets. Combining the observation ability in both time and
frequency domains, the MO transform is the most suitable
choice among the three wavelet functions to conduct EPSD
estimation of nonstationary typhoon processes.

4. EPSD of Field Measurement
Typhoon Process

TheRunyang Suspension Bridge (RSB), as shown in Figure 3,
is a hinged and simply supported steel box-girder bridge
with a main span of 1490m and two side spans, each
of 470m. The dynamic analysis finds that the bridge has
extremely low stiffness and is susceptible to strongwinds.The
meteorological study indicates that the RSB is located in the
northern region of the subtropical zone with typical subtrop-
ical monsoon climate characteristics. Many adverse weather
events including typhoons, storms, and thunderstorms have
happened in this region. Therefore, it is essential to conduct
researches about the typhoon processes in bridge site and
their effects on structural safety.

4.1. Typhoon Monitoring. Wind loads and wind-induced
vibrations of large-scale structures with low stiffness are
concerned by researchers all over the world [33, 34]. A
sophisticated SHM system, which could report in real-
time the structural condition and enable operational cost
reduction by performing prognostic and preventative main-
tenance [35], has been permanently deployed on the RSB
during construction. Two WA15 anemometers produced by
the Vaisala Company (USA) are integrated in the SHM
system. One anemometer is placed in the middle of the main
span (upstream) and 69.300m above ground, and the other
anemometer locates on the top of the south tower (down-
stream) and 218.905m above ground.TheWA15 anemometer
and its location are displayed in Figure 4. For the airflow is
disturbed by the bridge deck easily when the wind attacks the
bridge, the anemometer should have enough distance from
the bridge to obtain the real wind characteristics data. The
anemometer is fixed apart from the bridge about 9m.The two
anemometers are installed to the north, with the angle of the
wind direction defined by 0∘ corresponding to the north. By
the convention that positive rotation goes clockwise, thewind
from east has an angle of 90∘, and so on. The anemometer

Figure 3: Overview of the Runyang Suspension Bridge.

can work in the temperature range of −55–55∘C.The range of
wind speed measurement is set from 0.4m/s to 51.2m/s, and
its resolution is less than 0.1m/s. The sampling frequency is
set as 1Hz. The recorded data includes real-time horizontal
wind speed and wind direction. In August 2005, the Typhoon
Matsa crossed over the RSB; the SHM system recorded the
typhoon process both in the middle span and on the tower
top. After subtracting the mean wind component, the time
histories of fluctuating winds of the Typhoon Matsa are
shown in Figure 5. In the two positions, the fluctuating wind
speed is small and not more than 5m/s before and after
the typhoon passing. However, the fluctuating wind speed
increases dramatically during the Typhoon Matsa passing.
The maximum fluctuating wind speed is close to 20m/s on
tower top.

4.2. Estimated EPSD Validation. Using the wavelet-based
method proposed in this paper, the EPSDs of the Typhoon
Matsa measured in middle span and on tower top are
estimated by the MO transform. Because the exact EPSDs of
the two field measurement typhoon processes are unknown,
it is difficult to directly validate the reliability of the estimated
results. It is well known that the PSD of a signal can be
calculated bymanywell-accepted algorithms, so themarginal
feature that the integral of EPSDwith time can be interpreted
as the square of the time-independent power spectral density
is adopted to verify the estimated results. According to (3),
the integration of EPSD with time is equal to the square of
PSD. Using this rule, the estimated EPSDs are integrated with
time and compared with the PSD estimated by the Fourier
transform, as displayed in Figure 6. It can be found that
the integrations of EPSDs agree well with the PSDs in the
two locations, which verifies the reliability of the estimated
EPSDs.
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Figure 4: WA15 anemometer and its location.
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Figure 5: Time histories of the Typhoon Matsa.
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Figure 6: The marginal feature of estimated EPSD.

4.3. Time-Frequency Characteristics of the Typhoon Matsa.
Figure 7 depicts the three-dimensional EPSDs of the
Typhoon Matsa in middle span and on tower top. From the
figure, the energy distribution of fluctuating wind in both
time and frequency domains is clearly illustrated, which
cannot be accomplished by traditional Fourier transform.
It can be seen that, at different time instants and different
frequency points, the energy of fluctuating winds of the
Typhoon Matsa has much difference, so the nonstationarity

of the Typhoon Matsa is revealed. The wavelet-based
EPSD maps energy distribution of the Typhoon Matsa
from amplitude-frequency plane to amplitude-frequency-
time space, which can help further understanding the
time-varying frequency characteristics of nonstationary
winds and reasonably predicting structural wind-induced
vibrations.

The EPSDs are sliced at different time instants and
different frequency points so as to display the detailed energy
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Figure 7: 3D view of Typhoon Matsa’s EPSD.
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Figure 8: Sliced EPSD of the Typhoon Matsa.

distribution of the Typhoon Matsa. The EPSD slices at time
instants of 2000 s and 3000 s, which belong to the stage of
typhoon passing, are shown in Figures 8(a) and 8(b). The
results calculated from the datameasured inmiddle span and
on tower top are plotted in the same figure for comparing. At

the two time instants, the similar feature that the energy of
fluctuating wind decreases with the increasing of frequency
like the Fourier spectra can be found. When comparing with
the results in middle span, the energy of fluctuating wind on
tower top is distinctly higher during the typhoon passing.
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Figures 8(c) and 8(d) plot the EPSD slices of the Typhoon
Matsa at frequencies of 0.06Hz and 0.3Hz. Three stages,
namely, prophase, metaphase, and anaphase of the Typhoon
Matsa, are enclosed in this figure.The different characteristics
in the three stages are revealed. During the prophase, the
energy of fluctuating wind in the middle span and on the
tower top is low and almost equivalent since the fluctuating
wind speed is low and the turbulence energy is relatively
small. During the metaphase, the energy of fluctuating wind
increases dramatically in the two positions and maintains
a high level until the strong wind leaves. The increment of
energy on tower top is about 7 times higher than that in
middle span, which implies that the higher the structure is,
the stronger the typhoon effects are. During the anaphase,
the energy of fluctuating wind decreases to the same level as
before the strong wind comes. That is to say the influence of
the typhoon on the structure is a short-time phenomenon,
but the high level of wind force is beyond neglected. The
nonstationary characteristics of the fluctuating wind during
the typhoon passing are remarkable.

The dominant frequency corresponding to the maximum
energy of fluctuating winds at each time instant are plotted in
Figure 9. Because the eye of the Typhoon Matsa did not pass
the site of the Runyang Suspension Bridge, the variation of
frequencies is faint and does not exceed 5% during the whole
process. When investigating other frequency components,
a similar conclusion can be deduced. Furthermore, the
frequency content has no significant difference in the entire
process. So the nonstationary feature of the Typhoon Matsa
in frequency domain on this bridge site is weak and can be
neglected in practical application.

5. Conclusions

The damage or collapse of many structures has close rela-
tionship with wind excitations. Investigating time-frequency
characteristics of winds especially typhoon processes is a
critical issue in structural wind engineering. The EPSD pro-
vides an intuitive metric to indicate the energy distribution
of typhoon processes at different time instants and different
frequency points. Employing the definition of the EPSD and
the algorithm of the continuous wavelet transform, a wavelet-
based EPSD estimation method is developed and applied to

the field measured typhoon processes. Some conclusions are
drawn as follows.

(1) The EPSD of nonstationary oscillatory processes can
be formulated as a sum of time-dependent shape
functions modulated by frequency-dependent coef-
ficients. The shape functions are squared moduli of
wavelet functions in time domain during the whole
duration, and the coefficients relate to the squared val-
ues of wavelet coefficients and two wavelet functions
with different time shifts.

(2) The EPSD with acceptable accuracy can be estimated
by the MO transform, the MH transform, and the
L-P transform. When conducting exact comparison,
the MO transform has stronger ability to capture the
nonstationarity of typhoon processes in conjunction
with time domain and frequency domain.

(3) The energy of fluctuating winds in the Typhoon
Matsa decreases with frequency increasing. During
the whole process, the energy of fluctuating typhoon
winds is low during the prophase and the anaphase
and increases dramatically during themetaphase.The
frequency content shows small variation and its shift
can be neglected in the Typhoon Matsa.
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