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The existence and uniqueness of the solution of a new kind of system—linear fractional differential-algebraic equations (LFDAE)—
are investigated. Fractional derivatives involved are under the Caputo definition. By using the tool of matrix pair, the LFDAE in
which coefficients matrices are both square matrices have unique solution under the condition that coefficients matrices make up
a regular matrix pair. With the help of equivalent transformation and Kronecker canonical form of the coefficients matrices, the
sufficient condition for existence and uniqueness of the solution of the LFDAE in which coefficients matrices are both not square

matrices is proposed later. Two examples are given to justify the obtained theorems in the end.

1. Introduction

The dynamical behavior of a mechanical system was usually
modeled via differential-algebraic equations (DAE) whose
general form appears as F(t, y, ¥) = 0, including both differ-
ential and algebraic equations to describe the corresponding
constraints, for example, by Newton’s laws of motion or
by position constraints such as the movement on a given
surface. On the other hand, researchers had effectively solved
engineering problems with fractional differential equations
(FDE), which involves fractional derivatives y(“) in the model
[1-6].

Recently, some investigators tried using fractional differ-
ential-algebraic equations (FDAE), which denote the combi-
nation of DAE and FDE, in dealing with the studied system.
The general form of FDAE appears as F(t, y, y'®) = 0, where
F, y, y* could be vectors if necessary. Till now, the majority
of these attempts concentrated on the algorithms for solving
the FDAE [7-10], while fundamental problems such as the
existence and uniqueness of the solution were neglected.

Existence and uniqueness of the solution of the model are
of great significance, since the existence of the solution guar-
antees the practicability of the model, while the uniqueness of
the solution guarantees the validity of the obtained solution.

In this paper, the existence and uniqueness of the solu-
tion of linear fractional differential-algebraic systems are
discussed to lay the groundwork for the further studies and
applications.

2. Linear Fractional
Differential-Algebraic System

Consider the initial value problem for linear fractional
differential-algebraic equations (LFDAE) in the form

EtODE“) y = Ay +z,
€]
Y|t=t0 =0,

where 0 < a < 1L, y(t) € R”, z(t) € R", y(£),z(t) €

L,(0,T),0 < t < T < +oo,m < n. E,A € R™

are constant coefficients matrices. tODg‘X) denotes Caputo’s

fractional derivative operator [11-13], o DE“) y = (1T -

«)) I: ( y'(f) [t = £)*)dE, since Caputo’s fractional derivative
0

allows us to couple the fractional differential equations with
initial conditions in the traditional form yl,_, = yo(= 0).
And it is linked to other fractional definitions under certain



conditions [11]. For convenience, we write system (1) as (E, A)
in short.

For given z(t) € R™, whether there exists unique solution
y(t) € R" for LEDAE (1) is a problem of great significance in
application and it is our main concern as well.

System (1) is also valid when y|,, # 0. In this
case, by a simple coordinate transformation, we can obtain
EtODE“’ Y1 = Ay + 215 Vili=y, = 0, wherey, =y -y, A=

(@) s> 211 = 2 + Z?:I @ Yop i=12,...,m.

It is worth pointing out that algebraic constraints g(y, z) =
0 are represented while rows in E whose elements are all 0
appear.

3. Equivalent Transformation of LFDAE

To discuss the theorems on the existence and uniqueness
of the solution of the LFDAE introduced in Section 2, we
give definition of equivalent matrix pair [14] as a necessary
preparation.

Definition 1. Two pairs of matrices (E;,A,) and (E,, A,),i =
1,2, are called (strongly) equivalent if there exist nonsingular
matrices P, € R™ and P, € R™" such that E, = P,E,P,,
A, = P|A,P,. If this s the case, one writes (E;, A{)~(E,, A,).

Multiplying nonsingular matrix P, € R™ on the left and
settingy = P,y, P, € R is a nonsingular matrix, LFDAE
(1), where E,A € R™" (m # n), y(t) € R", z(t) € R" is
transformed into

Etnga)V = Ay +7,
?|t:t0 =0, (2)
E=PEP, A=PAP, z(t) = P,z(t)

which is again a linear fractional differential-algebraic equa-
tion with constant coeflicients. System (2) could be written
as (E, A) and (E,A) ~ (E,A). Because of the linearity of
the operator Df“) and the nonsingularity of square matrices
P, P,, it is evident that system (2) has the same solution
property as system (1). Thus, by equivalent transformation,
we can consider the transformed system (2) instead of (1) with
respect to solvability and related questions.

4. Regular Matrix Pair and
the Solution of LFDAE

To simplify the problem, we now focus on the LFDAE in
which E, A are both square matrices; that is, E,A € C"".
Recall Definition 2 [14].

Definition 2. Let E,A € C™" the matrix pair (E, A) is
called regular matrix pair if m = n, and the characteristic
polynomial p(1) = det(AE — A) is not the zero polynomial. A
matrix pair which is not regular is called singular.

Lemma 3 allows us to gain an equivalent but more simple
form of the matrix pair (E, A)—Weierstrass canonical form
[14].
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Lemma 3. Let E,A € C"" and (E, A) be regular. Then, one
has the Weierstrass canonical form

B A I 0 J 0 3
wo (L o

where ] is a matrix in Jordan canonical form and N is a
nilpotent matrix also in Jordan canonical form. Moreover, it is
allowed that one or the other block is not present.

Let I be the index of nilpotent matrix N € C®*; that is,
N' = 0 and N # 0 (in fact, | is always less than k); we have
Theorem 4 which is fundamental on the solvability of LFDAE

(D).

Theorem 4. Let | be the index of nilpotent matrix

N e CP% ut) is differentiable enough; that is,

WD) (= 0,1,2,..,1) is well defined, where
1

tODf“) = toDE“) tODE“)m tODi"‘) denotes sequential fractional

derivatives [11, 15-17]. Then linear fractional differential-

algebraic equation

N, D&y () =y(®) +z(t) (+)

has unique solution y(t) = — Zg;(l) N t, Diia) z(t).

Proof. Firstly, we prove solutions of (x) have the form of
=1 ngi (iex)
y(t) = - Sy N, DI ().
Since Dia) is a linear operator maps function y(t) into

its derivative of order o, moving the left hand term in (x) to
the right, we have

(I-N, D)y ) +z(t)=0. (4)

Because N is a matrix consisting of constant number, it is
commutable with operator t Di“); using Neumann series and

taking / as the index of nilpotent matrix N into account, we
obtain

+00

y®) =-(1-N,D¥) " z()=-Y (N, D) 2
i=0

. (5)
=-Y'N', D™z(1).
i=0

Secondly, we prove function y(¢) = — Zi;(l) N ) Dii"‘)z(t)
is the solution of (). ' ‘
Substituting y(t) = - Zi;(l) N’ ) D;l“)z(t) into () yields

N, D¥y () -y(t) -z(t)

-
--N, D" [ (v toDE"’”)z(t)]

1
i=0
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-1
- [— (N’ tODEi“))z(t)] —z(t)

i=0

-1
- [_ (N, D) z(t)]

i=1

13

=z({t)-z({t)=0

—

N D’“) )| -z@#), (N'=0
( ) (

Il
o

(6)
Obviously, y(t) is really the solution of (x).

So equation N, D(“) y(t) = y(t) + z(¢) has the unique
solution y(¢) = Zl lNl ’“)z(t). O

Now let us elaborate on Theorem 5 below.

Theorem 5. Let E,A € R, y(t);z(t) e R", 0 <t < T <
+00 and y(t),z(t) € L,(0,T), z(t) is differentiable enough;
then there exists unique solution for the linear fractional
differential-algebraic equations

EtoDia)y = Ay +z,
7)
y|t=t0 =0
if the matrix pair (E, A) is regular.

Proof. As claimed in Section 3, system (7) has the same
solution property as system (8),

Vlt:to =0, (8)
E=PEP, ¢ R™, A=P AP, ¢ R™", Z2=Pz.
We now discuss the solvability of system (8). Using

Lemma 3, E = P,EP,, A = P, AP, in system (8) could be
obtained in the following Weierstrass canonical form:

— [I 0]
E = ,
0N
€
_ [I 0]
A= .
01
Hence system (8) appears as
o s]2t [ 7
y+1z,
0 N (10)

ylt ty

By setting y =
subsystems:

[Y1,¥5], system (8) is separated into two

1, D% = Iy + 7
1)
YIlt:to =0,
N, Dy, =1y, +7;
(12)

Elt:to =0

Subsystem (11) is a normal fractional differential system,
which has unique solution with given initial value [11]. As
discussed in Theorem 4, subsystem (12) has unique solution
70 = 21 N, Em)m‘

Hence, system (8) has unique solution; accordingly sys-
tem (7) has unique solution as a result. And the proof of
Theorem 5 is completed. O

Remark 6. Since the solution y(t) in Theorem 4 is obtained
without specifying the initial value of y(f), initial value
WDVt = 06 =
1,2,...,1-1), where [ is the index of nilpotent matrix N.

Yale=, = 0 is consistent when

Remark 7. As derivative of fractional order is the generaliza-
tion of derivative of integer order, the condition “the matrix
pair (E, A) is regular” plays the same role as in theory of
differential-algebraic equation [18].

5. Kronecker Canonical Form and
the Solution of LFDAE

We have investigated the existence and uniqueness of the
solution of LFDAE (1) in which E, A € R™" are both square
matrices. Nevertheless, the general form of LFDAE (1), where
E,A € R™" (m +# n) are both not square matrices, is
frequently modeled in mechanical systems. We go on to
investigate this case by tools of equivalent transformation and
the Kronecker canonical form of the system.

Kronecker canonical form which is referred to as E,
A in Lemma 8 plays an important role in analyzing the
existence and uniqueness of the solution of LEFDAE. In 1974,
Gantmacher pointed out Lemma 8 [19, 20].

Lemma 8. Let A € R™"; then there exist nonsingular
matrices P € R™™ and Q € R™", such that (E, A)~(E, A)
(PEQ = E, PAQ = A), where E, A take the next form:

E = PEQ

= diag (0, .- L1»Ly»--» Ly Ly, Ly s Ly LN,
A = PAQ

= diag (0, J1sJ2re- oo Ty Jis T T A1) 5



4
10
10
L= ,
10
01
J. = 0 1 € Rnix(nﬁl)
i . . 5
01
1 -
01
L;= ,
1
L 0.
"0 .
10
T . . (m;+1)xm;
]]'— o € RY !
0
L 1]
i=12,...,p, j=1,2,...,9
N = diag(N,,N,,...,N;) € R"™",
0 1 .
01
st EIRkSXkS,
01
L 0
A1 e RIY,
(13)

Dimension of each matrix satisfies
nO+Zni+Z(h‘;+l)+st+g=m;
i j s
n0+Z(ni+1)+Zﬁ;+2ks+g=n; (14)
i j s
Yk, =h.
N

According to Lemma 8, setting P, = P, P, = Q, E, Ain
system (2) transformed from system (1) have the Kronecker
canonical form through equivalent transformation: y = Q¥,
2(f) = Pz(t).
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Considering the structure of E, A, we now divide the
vector y(t) and vector z(t) as below:

= [ T.. T T T, T . T T,
YO = Yo 5Ym V2 s> Vip 3Y01 2 Vi2 00 Vig 5
T, T T T,
Y1 3YNL 5 IN2 s-- N |
(15)
2@ =2y T o T T._ T _ T T,
z(t) = |20 5201 212 »-->Z1p 32[1 2ZDp »---22Dq 215
T T o
ZNT S ZN2 s 2N | -

Hence, LFDAE (2) could be transformed into the follow-
ing equivalent equations:

Onoxno tODE[X) yO (t) = ZO (t) E] (16)
L; tODEa) yui (0) = Jiyei () + zp; (£),
17)
i=12,....,p;
T () _T
LD, yr, (&) = Jiyp, () + 21, (1), )
] = 1) 2> . B q)
NLDI yxs (8) = s (1) + 20, (1), 0
s=12,....1
and the equation
Dy (1) = Ay (1) +2 (). (20)

Now, let us discuss (16)-(20) to investigate the existence
and uniqueness of the solution of LFDAE (2) in which E, A
take the Kronecker canonical form.

With regard to (16), it is easy to see that the equation is
solvable if and only if all components of z,(¢) are zeros; that is,
zo(t) = 0.In this case, (16) either has no solution while z,(¢) #
0 or has solutions of infinite number (as long as z,(t) = 0, any
function that is differentiable of order « could be considered
as the solution of (16)). So there exists no unique solution for
(16).

With regard to (17), considering the particular form of L;,
J;» (17) appears as

tUDia) Yii (t)

01 (21)
01
= - v () +z; (1),
01

i=12,...,p, L;,]; € Rn;x(ﬂﬁl)'
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Denoting components of y;;(t) as (v, y,;%s...,

v "N and z;,(t) as (2,1, 2%, ..., 2,;™)7, the above

equation is precisely equal to
1 2 1
WD i = 7 © + 2,0 0,
2 3 2
WD = 7 + 2,7 0,

(22)

thga) yLi(ni) (t) = yLi(niH) () + ZLi(ni) (),
i=12,...,p.
We further have

y? () = tﬂDﬁ“) -z, ),

3 2 2
yLi( )(t) = tODf“) yLi( )(t) - ZLi( )(t) >

+1 ) )
v () = tODEa) v (1) - 2, 1),
i=1,2,....p.

Since yLi(l)(t) in (23) is free of all restrictions, any
function differentiable of order «a could be considered as
yLi(l)(t); thus (17) has solutions of infinite number.

With regard to (18), considering the particular form of

matrices fj, T» (18) appears as

DIy (1)

[0 ] (24)
= yg (1) + 25 (1),

1

j: 1,2,...,q, i;;]; € R(TTJ-+1)><;TJ.‘

Denoting components of yp(t) as (yﬁ(l),yﬁ(z),...,

TN 2 T+ T
yE(”f)) and zz;(t) as (zfj(l),z'g( ),...,zfj("fﬂ))

equation is precisely equal to

, the above

1 1
Dyl () = 25 @),

2 1 2
WDy 0 =y 0+ 25 0,

5
WD 5™ 0 = 35 @)+ 25 (o),
j=12,...,q9

(25)

and an additional formula
v (O + 25" () = 0 (26)

from which we get

y5 7 () = =z (). (26))

Thus 5 could be rewritten in a recursive form of reverse
order:

() ., (1) _ M
tODt Vi t) = 2T ),
1 2 2
v () = D y5? () - 252 (),

(25"

yij(VTj—l) () = tODitx) yij(”Tj) (t) — ZE(YTJ‘) (1),
j=12,...,q.

Obviously, to any given differential enough zz(¢), 5 has
unique solution yr;(t). But the obtained yfj(l) (¢) hardly satisty

the equation tODia) yfj(l)(t) zfj(l)(t) in 5 except very
special situation. Therefore, (18) has no feasible solution for
any given z;(t).

With regard to (19), considering the particular form of
matrices N, (19) appears as

D ys (1) = yns (8) + 2y, (1),
27)

s=1,2,....,1; N, e R""%,

Denoting components of Yy, (£) as (Y., ynes ..o

yNs(k‘))T and z,(t) as (st(l), zNS(Z), . ,st(ks))T, the above

equation is equal to
2 1 1
WD O = i O+ 20 @),

3 2 2
WDy ) =y (0 + 23,7 @),

(28)
k ky— ko~
toDl(‘“) yNs( ) (t) = yNs( b (t) + ZNs( 1) (t) >

k. k
yNs( s) (t) + ZNs( 5) (t) =0,

s=1,2,...,L



We further obtain the equivalence of (28) as below:

1 2 1
e (8 = DIy () 2 (1),

2 3 2
s (1) = tuDga) s () - 2y ),

k-1 k k—1
yNs( —1) (t) = tUD(lX) yNs( 5) (t) - st( —1) @),

k k
Ns( <) (t) — _ZNS( s) (t) ,

s=1,2,...,1L

Obviously, to any given zy,(t), solution y,(t) could be
derived from (29) if z(t) is differentiable enough; that is,
" Dfi“) zis well defined. Thus, (19) always has unique solution
towards any given suitable vector z, ().

With regard to (20), where E = I € R99, A, € R9Y
are square matrices, because of Theorem 5, (20) has unique
solution if the matrix pair (I, A,) is regular.

Bringing the analysis above together, LFDAE (2) has
unique solution if (16) to (18) do not appear in their Kro-
necker canonical form, while matrix pair (I, A;) is regular.
The above-mentioned summarization brings us to Theo-
rem 9.

Theorem 9. Let E, A € R™". The linear fractional differen-
tial-algebraic equations

EtODi"‘) y = Ay +bz
(30)
Y|t=t0 =0

in whichy(t) € R", z(t) € R™, 0 < t < T < 400 satisfy the
following:

(1) Y(t)> Z(t) € L1(07 T);
(2) toDii“) z(i = 0,1,2,...,n) is well defined, and
D' 2(0) =0, (i=0,1,2,...,n).

Then, the system has unique solution if there exist nonsin-
gular matrices P € R™™ and Q € R™", such that (E, A)~
(E,A), where E = diag(I, N), A = diag(A,,I), and matrix
pair (I, A,) is regular.

Remark 10. Theorem 9 is also suitable when other fractional
derivatives are involved. Since DE“) in the sequential frac-
tional derivatives in Theorem 4 can mean the Riemann-
Liouville, the Griinwald-Letnikov, the Caputo, or even any
other definition of fractional derivatives [11], Theorem 5 is
applicable to these fractional derivatives. Meanwhile, analysis
in Section 5 is still valid for other definitions of fractional
derivatives, so it is the same as Theorem 9 as a result.

6. Examples

Now let us take some examples on the theorems represented
before.
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Example 1. LFDAE in which E = N is a nilpotent matrix and
A =1 is as below (example of Theorem 4):

012\ /D"y

003 D% 3, (1)
000/ \ po,, 1
100\ /y(@® £ (31
=lo10 no |+ # ],
001/ \y () £15
y(0) =
In the example, E = (§ é g) = N is a nilpotent matrix
withindex] =3, A = (é z % ) = I. So according to Theorem 4
the unique solution of Example 1 is

-1
Yy (&) ==Y N DX *V2(t) = = (2(1) + N (D2 (1)

i=0

t2.5
+ NZODfZXO‘S)z(t)) __ 2
tl.S
012 23
(0.5) 2
+{ 003 ],D t
000 fLs
01 2\" £2 £33
+(o03] D& £ =- £
0 0 0 tLS tlS

res) (2
012 r@)
+(003 E) = 4l
[ (2.5)
000 I (2.5)
oM

[(3.5) LB5) s
00 3 I'(2.5)
+( 000 (3)1'
r(2)
000 (2. 5)t05
T (L5)
25, T3 s N 2I'(2.5) 3T (2.5) o5
T (2.5) T2 O T(L5)
- , 3T (25)
r@)

t1.5
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450
400
350 +
300 +
250 +
200
150 |
100

50 |

0 T

— N
Y2
L)

FIGURE 1: Solution of Example 1.

Figure 1 shows the solution of Example 1. The correctness
and the initial value consistency of the solution could be
verified by computation.

Example 2. LFDAE with Kronecker canonical form is as
below (example of Theorem 5):

oDy (1)

2125
3226 D 3, (1)
0000 || 0090
0012 DO 5, (1) "
43511 ¥, () 2t
NEEEERE ¥y, (£) N
001 2 5 (1) t
003 5 ¥4 () 2t

with the initial value y(0) = 0.

2125 43511
In this example, E = <g%%g>, A = (33? B ); there
0012 0035
exist two nonsingular matrices P and Q:
1 0 3 -2
-11-21
| 0021
001 0
(33)
1 -1 0 1
-1 2 1 -3
L 00 2 4
0 0 -1 1

satisfying
1000
- 0100
E = PEQ = 0001 |’
0000
1200
— 0100
A=PAQ= vo1o | (34)
0001
t
— 0
Z=PZ= 0
t

Obviously, E = diag(I,N), A = diag(A;, I); we further
get A — A = [P 2] = (A - 1)%, which is not a zero
polynomial; hence the matrix pair (I, A ) is regular.

From Theorem 9, the fractional system has unique solu-
tion. Now let us find the solution. -

By setting y(t) = Qy(t), that is, y(t) = Q'y(t),
multiplying P on the left to (a), we obtain the equivalent
transformation of (a) in the next form:

oD )
D% 57
D 57
oD 3, @)

o O o ©
o = O O

oS O O =
o O = O

00 N0 (b)
¥, (t)
5 ()

01 m t

1]
o O O =
S O = N
—
(e
S O v+

7(0) = 0.

It is easy to obtain the unique solution for (b) by Laplace
transform [11]:

+00 t(k+3)/2

~: S/ZE = T/ 1 BN o)
@)=t 1/2,5/2(\/2) I;r((k+5)/2))

y2 (t) = 0) (35)

—_— 2
y3 () = —ﬁ Vi,

Yy (£) = —t.
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y1and y, y3 and y,
5 T 20 -
15+
10
5L
y y
ot
\ =5t \\\
' \\
=3t \ e
\ N
! -10 °N.
-4t o e
-5 L -15
0 5 10 0 5 10
t t
— N — )3
== == Vs

FIGURE 2: Solution of Example 2.

Accordingly, the solution for LFDAE (a) is [2] E Padula, S. Alcantara, R. Vilanova, and A. Visioli, “H,, control

of fractional linear systems,” Automatica, vol. 49, no. 7, pp. 2276-
2280, 2013.

[3] H.-S. Wang, W.-L. Jhu, C.-E Yung, and P.-E Wang, “Numerical
solutions of differential-algebraic equations and its applications

+00 (k+3)/2

n @) 2;)1“((k+5)/2) b

+00 t(k+3)/2

2
-y _ 2 3t,
¥, (1) k;)l"((k+5)/2) \/E\/;+ t 6

in solving TPPC problems,” Journal of Marine Science and
Technology, vol. 19, no. 1, pp. 76-88, 2011.

[4] P. Fereydoun, M. Mansoureh, K. Arash et al., “The application

of fractional differential equation to mortgage problem,” Journal

of the American Chemical Society, vol. 2, no. 4, pp. 227-231, 2013.

[5] M. Zingales, “Fractional-order theory of heat transport in rigid
bodies,” Communications in Nonlinear Science ¢ Numerical
Simulation, vol. 19, no. 11, pp. 3938-3953, 2014.

[6] Z.Hu, W. Liu, and J. Liu, “Two-point boundary value problems
for fractional differential equations at resonance,” Bulletin of the

And the solution satisfies y(0) = 0. The solution of Example 2 Malaysian Mathematical Society, vol. 3, no. 3, pp. 747-755, 2014.

is shown in Figure 2. 7] B. Ibis and M. Bayram, “Numerical comparison of methods
for solving fractional differential-algebraic equations (FDAEs),”
Computers & Mathematics with Applications, vol. 62, no. 8, pp.
3270-3278, 2011.

[8] X.-L. Ding and Y.-L. Jiang, “Waveform relaxation method for

fractional differential-algebraic equations,” Fractional Calculus

and Applied Analysis, vol. 17, no. 3, pp. 585-604, 2014.

B. Ibis, M. Bayram, and A. G. Agargun, “Applications of frac-

tional differential transform method to fractional differential-

algebraic equations,” European Journal of Pure & Applied Math-

ematics, vol. 4, no. 2, pp. 129-141, 2011.

[10] Z. Y. Feng and N. Chen, “On the solution of fractional
differential-algebraic systems with the adomian decomposition
method,” Applied Mathematics & Mechanics, no. 36, pp. 1211-
1218, 2015.

[1] K. Adolfsson, “Nonlinear fractional order viscoelasticity at large [11] I. Podlubny, Fractional Differential Equations, vol. 198, Aca-

strains,” Nonlinear Dynamics, vol. 38, no. 1-4, pp. 233-246, 2004. demic Press, San Diego, Calif, USA, 1999.

4
y3(t):—ﬁ\/2+t,

2
J’4(t)=ﬁ t—t.
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