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This paper studies the problem of positive [, state-bounding observer design for a class of positive Markovian jump systems with
interval parameter uncertainties by a linear programming approach. For the first, necessary and sufficient conditions are obtained
for stochastic stability and /; performance of positive Markovian jump systems by an “equivalent” deterministic positive linear
system. Furthermore, based on the results obtained in this paper, sufficient conditions for the existence of the positive I, state-
bounding observer are derived. The conditions can be solved in terms of linear programming. Finally, a numerical example is used

to illustrate the effectiveness of the results obtained.

1. Introduction

Positive systems whose state and output are nonnegative for
any given nonnegative initial state and input have developed
a new branch and play an important role in system theory.
Positive systems are frequently used in communication,
queue processes, and traffic modeling [1]. Recently, many
contributions, such as realization, controllability, reachability
and stability [2, 3], and positive filtering [4], have been
highlighted by many researchers.

As we know, if systems have their parameters or structures
changed abruptly, it is necessary and natural to describe
them as Markovian jump systems. Markovian jump systems
have two mechanisms simultaneously. The first one is the
time-evolving mechanism and related to the state vector. The
second one called system mode is event-driven mechanism
and driven by a Markov process taking values in a finite set.
Some achievements on Markovian jump systems are given;
for instance, see [5-10]. The conditions of stochastic stability
on this kind of system are reported in [5-8]. When this system
is positive, stochastic stability is investigated in [9, 10]. Also,
there are many other results proposed, such as stabilisation
[11], /;-gain performance analysis and positive filter design
[12], H, filtering [13, 14], and /; control [15]. Sometimes, it is
not easy to obtain all the state variables in practical systems.

It is necessary to design observer to estimate state variables.
The observer design problems for positive systems have been
considered in [16-20]. To the best of our knowledge, the
observer design for positive Markovian jump systems has
not been fully investigated, especially systems with interval
parameter uncertainties. We know that the conventional
observers estimate the state of the system in an asymptotic
way. If we want to obtain the information of the transient
state of positive interval Markovian jump systems, we need to
design new observers, which motivate the current research.

In this paper, we investigate the positive [, state-bounding
observer design problem for positive interval Markovian
jump systems. The main contributions of this paper include
the following. (1) By an “equivalent” deterministic posi-
tive linear system, necessary and sufficient conditions are
obtained for stochastic stability and /; performance of pos-
itive Markovian jump systems. (2) For positive interval
Markovian jump systems, we design a new observer which
is different from the traditional observer. Based on the
proposed results, sufficient conditions for the existence of the
positive [, state-bounding observer are derived.

The rest of the paper is organized as follows. Prelimi-
naries are presented in Section 2. Stochastic stability and [,
performance analysis problem are discussed in Section 3. In
Section 4, observer problem of positive interval Markovian



jump systems is studied. A numerical example is provided in
Section 5. Conclusions are presented in Section 6.

Notations. R is the set of real number. R"(R") is the n-
dimensional real (nonnegative) vector space; RP*™ is the
set of p x m real matrix. Z" is the set of positive integer.
(Q, F, P) is a probability space where Q) is sample space, #
is the o-algebra of subsets of the sample space, and & is the
probability measure. A > 0 (A > 0, A < 0, A < 0) means that
all entries of matrix A are nonnegative (positive, nonpositive,
and negative). A > B(A > B)means A—B > 0(A—-B > 0).
E{} means the mathematical expectation of {-}. A; € [4,, A_i]
means A; < A; < A;. I-norm of vector x(t) € R" is denoted
by lIx(0)ll, = Y, Ixk(t)], where x;(t) is the kth component
of x(¢t) € R". The I,-norm of a Lebesgue integrable function

x(t) is defined as [|x(t)ll; = j;o llx(8)]l,dt. The space of all
vector-valued functions defined on R’} with finite /;-norm is
denoted by [,(R"). I, is the r-dimensional identity matrix.
The transpose of a matrix or a vector is expressed as the
superscript “T".” A block diagonal matrix with diagonal block
A, A,, ..., A, will be denoted by diag{A, A,,..., A,}. The
symbol 1, is the n-dimensional vector whose all entries are
equal to 1. ® denotes the Kronecker product.

2. Preliminaries

In the complete probability space (Q, #, %), we will con-
sider a class of continuous-time Markovian jump systems
described as follows:

x(t)=A(r,)x(t)+B(r,)w(t)

y@#)=C(r,)x({t)+D(r,)w (),

)

where x(f) € R" is the system state vector, w(t) € R™ is
the input, and y(t) € R is the output. For simplicity, when
r, = i, the system matrices A(r,), B(r,), C(r,), and D(r,) are
expressed as A;, B;, C;, and D;. A; € R™", B; € R™™,
C; € RP and D; € RP belong to the following interval
uncertainty domain:

A e[4,4],

i

B; € [Ei’E] >

Cie [Qz’a] »

D.

i € [Qi’ 31] .

The jump process {r,, t > 0} is a homogeneous Markov
process taking values in a finite set S = {1, 2,3, ..., N}. System
(1) has the following mode transition probabilities:

XAt +0/(At) i+j

Prirga=jlr=il= 3)

where At > 0, limy,_,o(0(At)/At) = 0,and A;; > 0 (i, €
S, i # j) denotes the transition rates from mode i at time ¢ to
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mode j attime t+At, and Z;\il,#i Aij = —Aj;. Furthermore, the
transition rate matrix of the Markov process can be expressed
as

All )‘12 AIN

Au Ay o Ay
1= ) ) ) . (4)

ANI ANZ ANN

Definition 1 (see [1]). System (1) is said to be positive if and
only if x(t) € R}, y(t) € Rf, for any initial condition x(0) €
R’ and w(t) € R}, Vt > 0, Vr, € S.

Definition 2 (see [10]). System (1) is stochastically stable if the
solution to system (1) for w(t) = 0 satisfies E{J’Ooo x(®)|,dt |
x(0),7,} < 0o, where x(0) is the initial condition and r,, € S.

Lemma 3 (see [1]). System (1) is positive if and only if A; is
Metzler matrix, B; = 0, C; = 0, and D; = 0,i € §.

Remark 4. A;, B;, C;, and D; belong to the following interval
uncertainty domain: A; € [A;, A;], B; € [B;,B],C; € [C,,C/],
and D; € [D,, 51-]. A;, B;, C;, and D; are uncertain, but A, B;,
C,, and D, are known. Due to A; < A;, B, < B;,C; < C;, and
D, < D,, if A, is Metzler matrix, B; > 0,C; > 0,and D, > 0

for any i € S, it is natural that system (1) is positive.
Lemma 5 (see [21]). Consider the following positive system:

% (t) = Ax (t) + Bw (1)

(5)
y(t) =Cx(t) + Dw(t).

The following statements are equivalent for w(t) = 0:

(i) This system is asymptotically stable.
(ii) A is a Hurwitz.
(iii) There exists a vector p > 0 such that p' A < 0.

Definition 6 (see [19]). Suppose that positive system (5) is
stable; its [, -induced norm is defined as

Iyl
ISlgry = sup d (6)

bl
wrowel,®") lwlly,

where § : [, — [; denotes the convolution operator; that is,
y(t) = (S = w)(t). System (5) has [;-induced performance
at the level y if, under zero initial conditions, ||<§ "(ll_ll) <P,
where y is a given scalar.

Lemma 7 (see [4]). Positive system (5) is asymptotically stable
and satisfies || yll; < ylwll; if and only if there exists a vector

p > 0 satisfying

lTC+pTA<0
T T T @
pB+1'D-yl" <0.
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Definition 8. Suppose that positive system (1) is stable; its [, -
induced norm is defined as

Iy,

bl
w#0,wel; (RY),ry€S "u)”l1

a

(8)

IBaalo,

where J : [; — [, denotes the convolution operator; that is,

y(t) = (T * w)(t). System (1) has [, -induced performance at
. e " ~

the levelly if, .under zero initial conditions, ||§ M"(ll—l]) <

where y is a given scalar.

3. Stochastic Stability and [,
Performance Analysis

In this section, we consider the stochastic stability and
analyze the [,-induced performance for positive Markovian
jump systems.

Theorem 9. The following statements are equivalent:

(i) Positive system (1) is stochastically stable.

(ii) There exist vectors v; > 0, i € S, such that

N
T
Alv; + Z)tijvj <0. (9)
j=1

(iii) A =TI" ® I, + diag{A |, A,,..., Ay} is Hurwitz.
Proof. (i) (iii) Define the indicator function as (2.2) in [22]

1 r,(w)=i,i€S
1{7’t:i} (U)) = { (10)

0 otherwise.

Let q(t) = E{x(t)}, q;(t) = E{x(t)l{rt:i}}. Then

N N
q) =E{x®} =Y E{x(®) 1,3} =Da®. Q)
i=1 i=1

By [22], we have
N
g () = Ag; () + Y Ajq; (1) (12)
j=1
A+ AL,
/\lzln
(Pl pL - pl)
AINIn

which implies pl A; + 27:1 Ay pJT < 0; it is equivalent to
Alp + 27:1 Aijp; < 0. The conclusion holds. The proof is
completed. O

3
Note
- T T T 17
a0 =gl ®) g4 ® - ay®]
(13)
A=TI"®I, +diag{A,A,,...,Ax}.
Then we obtain g(t) that satisfies the following system:
a® =4q()
. (149
3(0)=[q] (0) g3 (0) - g (0)] 0.
Also we can conclude the following equation as (16) in [12]:
& T
la®l, = 10,80 =1, 4;(6) = 1,E {x ®)}
i=1 15)
= E{lx@®l,}.
Then we have
E“o ||x(t)||1dt|x(0),ro}
(16)

- [T B @I 1x 0 rbde = [ gl ar
0 0

<00

which implies lim,_, [Ig(t)[l, = 0; that is, for every g(0) >
0, lim, ,,q(t) = 0. Therefore, the stochastic stability of
system (1) is equivalent to asymptotic stability of system
(14). By Lemma 5, system (14) being asymptotically stable is
equivalent to the matrix A = IT" ® I, + diag{A |, A,,..., Ay}
being Hurwitz.

(i) (iii) By Lemma 5, the matrix A = TI” ® I, +
diag{A, A,,..., Ay} being Hurwitz is equivalent to the fact
that there exists a vector p > 0 satisfying p’A < 0. Let

r= [PlT P o p,T,]T, where p; € R"; then

AZIIn ANIIn
Ay + Ay, - AnaIy
<0 17)
Aonl, o An+ A,

Theorem 10. For positive system (1) and a given 'y > 0, system
(1) is stochastically stable and satisfies ||y||ll < )/Ilwllll if and
only if there exist vectors p; > 0, i € S, such that



N
1Ci+p A+ YAy p]T <0 (18)
j=1

p/B;+1'D, - y1" <0. (19)
Proof. Define the indicator function as Theorem 9. Let
R T
20 =[5/ (0) 5 @) - 2 0)]

_ T

() = [w () wy (1) - wy®)]

z;(t)=E {)’ () l{r,zi}}

w;(t) = E {w (t) l{rr:i}} (20)
A=TI"®I, +diag{A,A,,...
,Bx}
-Cn}

, Dy}

At

B

diag {B,, B,, ...
C = diag{C,,C,,..
D = diag {D;, D,,...
By [22], it follows that
dq; (t) = E{dx () 1, _y + x () d1;, 4}
= E{(Aix (t) + Bw (t)) 1,y } dt
+E{x(t)d1;,_y}
= AE{x(®)1,_y}dt + BE{w(t)1,,_;} dt
N
+ Y Xjq; (t) dt
- . (21)
= Auq; (t)dt + Baw; (t) dt + Y A ;,q; (t) dt
j=1
z(t) =E{y(®) 1y}
= E{[Cix (t) + Daw (t)] 1,y }
=CE{x ()1, _y} + DE{w ()1, _}
= C,;q; (t) + Dw; (1) .
From (21), we obtain the following system:

(1) =Aq(t) + Bo (1)
_ _ (22)
Z(t)=Cq(t)+Dw(t).

Since the proof of Theorem 9, system (22) is stable if and only
if system (1) is stochastically stable. Next, we want to show
the relationship of /;-induced performance between system
(1) and system (22). Applying the similar way of (15), there are
IZ®1, = Edly®)l,} and [@0)], = EQw(®)l}; then |yl <
)/Ilwllll is equivalent to IIEIII1 < yll@llll. Therefore, system (1) is
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stochastically stable and satisfies | y|| ;< ylwl L if and only if
system (22) is stable and satisfies ||Z]| ;< ylwl ;,- By Lemma?7,

T
there exists a vector p = [ propl oo pﬂ > 0 satisfying
1"C+p/A<0
% 1T T (23)
p; B+1'D-vy1" <0.

Substitute A, B, C, and D to (23); the conclusion is proved.
The proof is completed. O

4. Design of Observer

We know that the conventional observers estimate the state
of the system in an asymptotic way. If we want to obtain
the information of the transient state of positive interval
Markovian jump systems, we need to design new observers.
Therefore, we design a pair of positive [; state-bounding
observers that can bound the state x(¢) all the time.

For system (1), observers are considered as follows:

(t)
(t)

Z()+Gy (1) + Kw(t) (24)

x)

X

F,
Ex®)+Gy(t)+Kw(t), (25)
wherei € S, X(¢) € R", and X(¢) € R" are the upper-bounding
and lower-bounding estimated state of state x(t); F; € R™",
G; € R™?,K; e R™™, F, ¢ R"" G, e R"", and K, € R™"

are observer parameters to be determined.
Define e(t) = x(t) — x(t). By systems (1) and (24), we have

et)=(F,+GC, - A)x(t) + Fa(t)
(26)
+(GD;+ K, - B w(t).

We let Z,,(t) = L;e(t), where Z, () is the output of error state;
L; >0 (i € S) are known.

Define
o (x®)
%0 = (é(t))’

; 0
F,+GC,-A; F, (27)

Then by (26) and (27), we have the system as follows:

)?o (t) = Zoi)?o (t) + Eoiw (t)
- (28)
2o (t) = C01'560 (t) .

Observer (24) is designed for positive system (1) to approxi-
mate x(t) by X(t). Therefore, the estimate X(t) is required to
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be positive; that is, the observer (24) is positive. By Lemma 3,
we know it needs that F; is Metzler, G, > 0 and K; > 0.

Therefore, the upper-bounding observer problem can be
stated as follows: design a positive observer in the form of (24)
such that system (28) is positive and stochastically stable and
satisfies the performance IIEOIII1 < )/Ilwllll under zero initial
conditions.

Similarly, define é(t) = x(t)—X(t). By systems (1) and (25),
we have

ét)=(A;-GC;—E)x(t) + F&(t)
(29)
+(B; - G,D,; - Ki) w(t).

We let z,(t) = L;é(t), where z,(t) is the output of error state;
L; >0 (i € S) are known. Define

(4-c6-x 5)
Aoi =
a Ai-GCi-F F (30)
‘Bi
Boi=\p _cp,-x
i T
= (0 Ll)

Then by (29) and (30), we have the system as follows:
Xy (£) = Ay, (t) + By (£)
Z, (£) = Cpix, (1)

Therefore, the lower-bounding observer problem can be
stated as follows: design a positive observer in the form of (25)
such that system (31) is positive and stochastically stable and
satisfies the performance IZ,ll;, < yllwll; under zero initial
conditions.

Next, we give the existence condition of the upper-
bounding and lower-bounding observer. Before giving the
condition, we denote system matrix as follows:

31)

Zi = (Zil Ziz Zin)T

A= (Ail Ap Ain)T
— - — — \T
i = (Bil BzZ ' Bin) (32)
T
B, =(B; B, - B,)
Ei = (Eil Eiz Ein)
Qiz(gil Gy - G)s

R™ C, € R, A, € R", B, € R",

where A,t € R", B, ¢
St=1,2,...,n,s=1,2,...,m

C,eRFie

Theorem 11. Consider positive system (1). For a given y >
0, there exists positive upper-bounding observer (24) such

that system (28) is positive and stochastically stable and
satisfies IIEOIII1 < )/Ilwllll if there exist Metzler matrix

(ﬁil My = ﬁin)T’ Ei = (Eil Eiz zin)T z 0,
6, = (ail 6, - gin)T > 0,0 > 0, and f; =
(Bi Ba - Bw) > Owitha, € R%, B, € R", 7], € R,
ElteR,GlteRszSt—IZ .1, such that

T+ E,C - By 0 (33)

it =

T _T T
&D; + 6, — BB = 0 (34)

ol A; + qu + Z%C Bl A, +Z)L,]0£J <0 (35)
j=
T < T & T
1L, + Zlﬁ,.j + ZIA,.jﬁj <0 (36)
j= j=

n n
i~ = 2T T T
o; B; + zgijDi + Zeij - B Bi—y1' <0. (37)
=1 =
Then, the parameters of the observer are given by

Gz = (Eil 61’2 Gin)T

=<ﬁi_llzil ﬁi_zlziz ﬁi_nlzin)T

F; = (Fil ﬁiz Fin)T (38)

ﬁl?l ’1171)

K': (K‘l K’z K‘n)T

(/31 M Ba 71;'2 :

== = \T
= (:8,'1191'1 ﬁizleiz ﬁinlein) .
Proof. Since f3; > 0, E,- > 0, and @,- > 0 and 7; is Metzler, it
follows that F; is Metzler, G; > 0 and K; > 0 from (38). Thus,
observer (24) is positive.

From (33), (34), and 3; > 0, we obtain

ﬁz_t ’7;t + ﬁzt gztc A =0

; (39)
-1F -1 =T
B &4D; + B, 0, — B, = 0.
By (38), we have
F,+G,C,— Ay >0
; (40)
GitQi + Kzt - Eit z 0.
Further, we obtain
Fi+GC, - A >0
(41)



From (41) and G; » 0, it follows that, for any A; € [A,, A;],

Bi € [Ei’E]’ Ci € [Qi’a]’ and Di € [Qi:ﬁi])
Fi+GC;—A;>F,+GC,-A; =0
L (42)
GD;+K,-B,>GD,+K,-B; >0

=i

which imply A,; is Metzler and B,; > 0 in (27); therefore,
system (28) is positive.

From (38), we have

j=1 j=1
n,, Zﬁ,, ;= B'F; (43)
j=1
n _T n —_r r—
Zeij = Z:Binij =B K;.
j=1 j=1

According to (43), (35)-(37) become

af A+ B'F, + BIG,C; - ﬁA+ZAo¢ <0

ij7j
j=1
_ X 44
UL+ BF+ Y Ay <0 (44
j=1
‘xiTEi + ﬁiTGiEi + ﬁiTK' - ﬁiTEi - YIT <0
which imply that
A, 0 N
1o L)+p (. +YA,pT <0
( ,)1a<F e A E) ; b
(45)

B.
pilae — -y1' <0,
GD, +K,-B,

where piT = (ocl.T IBIT) For any A; € [éi,A_i],Bi € [Ei,E],

C e [Qi,a], and D; € [Qi,ﬁi], we obtain
ﬁi"'éici_Ai ﬁﬁl+6161—A
_ _ . (46)
G,D;+K;-B; 2 GD; +K; - B,.
Further, we have
A. 0 N
1"or)+p'(_ _° _J+Yr.pl <0
O L+p <Pi+GiCi_Ai Pi) ;; P
(47)

B.
o -y17 <0,
GD,+K, - B

By Theorem 10, system (28) is stochastically stable and
satisfies ||y||ll < )/||w||11- The proof is completed. O
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Similarly, we give the existence condition of the lower-
bounding observer.

Theorem 12. Consider positive system (1). For a given y >
0, there exists positive lower-bounding observer (25) such
that system (31) is positive and stochastically stable and
satisfies IIEOIIZl < )/Ilwlll1 if there exist Metzler matrix

n = (ﬂn 1, 'ﬂin)T’ §; (§i1 8 '§in)T =z 0,
6, = (0, 9, -Qin)T > 0, and o; > 0, 3 =

=i —

(B B -+ ﬁin)T > 0 with oy € R", B; € R, n, € R
§it eR?, 0, eR™ i€S t=1,2,...,n such that
ﬁzt—zt E C - 7] =0
ﬁzt it E D 911‘ -
ol A+ BIA; - Z{l]_l Zq +Z)L1]ocj <0
(48)
T Ny 4T, T
Zﬂij + Z)tijﬁj +1"L, <0
j=1 j=1
% , TR T T
o B+ 5 B; - ZE]_; Z;Qij -yl <0.
=
Then, the parameters of the observer are given by
T
G (Gzl G in)
1 \T
= (ﬁ’ IEII ﬁ’ZIEIZ ' ﬁinléin)
T
F = (le 'n)
) (49)
= (Bu'n, Ban, - Bun. )
K = (K, - K,)'
= (ﬁzl Zi1 ﬁzzle ’ ﬁmlgm) .

5. Numerical Examples

Consider a three-dimensional continuous-time uncertain
Markovian jump system of form (1) with r, € S = {1,2}, and
its parameters are given by

-1.5+0.01 0.1 0.5

A, = 05 24001 02 |,
0.1  07+002 -0.9
~14+0.02 02 04+001

A, = 07  -15 03 :

0.2 0.5 -0.8+£0.03
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0.2
B, =[ 05|,
0.3
0.1
B, = 0.2 ,
0.3+0.01

C,=(09 08 1+0.1),
C, =(0.8+0.03 0.9 0.9),
D, =1,
D, =1.2+0.02.
(50)

The transition rate matrix is given as

-0.5 0.5
- ( ): (51
04 -04

Here, we choose L; = (0.2 0.3 0.4),L, = (0.3 0.2 0.4)and
assume that y = 0.1. Solving the LP problem in Theorems
11 and 12, the parameters of the positive upper-bounding
observer and lower-bounding observer are given by

G, = (0.0242 0.0173 0.0080)"

G, = (0.0233 0.0130 0.0057)"

—-1.5315 0.0807 0.4733

F,=| 04066 -2.0237 0.1810
0.0722  0.6736 -0.9088
~1.4393 0.1791 03691

F,=| 06892 -1.5117 02883
0.1953  0.4949 —0.8051

K, = (0.1757 0.4826 0.2920)",

)
K, = (0.0716 0.1842 0.2831)"

T

)

G, = (0.0017 0.0011 0.0007

>

G, = (0.1244 0.0005 0.0100)"

-1.4914 0.0987 0.4984
Fl =1 0.4990 -1.9890 0.1990
0.1006  0.7206 -0.9006

-1.4758 0.1230 0.2979
F,=[ 07010 -1.4912 0.2995
0.2230 0.7160 -0.7790

7
3
251
2
<15
1
0.5
0 1 1
0 5 10 15
Time (s)
—
FIGURE 1: The simulation of system mode r,.
0.16
0.14
0.12
0.1F
r‘t’: 0.08 |
%
0.06
0.04
0.02
0
15
Time (s)
—_— xl(t)
- -~ Lower-bounding estimate x; (t)
- - - Upper-bounding estimate x (t)
FIGURE 2: System state and estimated system state x, (t).
K, = (0.1984 0.4989 0.2993)T,
K, = (0 0.1993 0.2980)" .
(52)

With input w(t) = 2.3¢ ‘| sin4t| and the initial conditions
x(0) = (0 0 0), we have the simulation of system mode
shown in Figure 1. The system state, upper-bounding, and
lower-bounding estimated states are showed in Figures 2, 3,
and 4.



0.2

0.18

0.16

0.14

0.12

0.1

x,(t)

0.08

0.06

0.04

0.02

15

Time (s)
— x,(t)
- -~ Lower-bounding estimate x, (¢)

- -~ Upper-bounding estimate x, ()

FIGURE 3: System state and estimated system state x,(t).

0.35

15

Time (s)

— x;3(t)
- -~ Lower-bounding estimate x3 ()
- - - Upper-bounding estimate x;(t)

FIGURE 4: System state and estimated system state x;(¢).

6. Conclusions

In this paper, positive /; state-bounding observer design for
a class of positive Markovian jump systems with interval
parameter uncertainties is investigated. First, necessary and
sufficient conditions are obtained for stochastic stability and
I, performance of positive Markovian jump systems by an
“equivalent” deterministic positive linear system. Then based
on the proposed results, sufficient conditions for existence
of the positive [; state-bounding observer are derived. The
conditions can be solved in terms of linear programming.

Mathematical Problems in Engineering

Finally, a numerical example is used to demonstrate the
effectiveness of the proposed results.

So far, many results on Markov jump systems have
been applied to networked control systems, such as [23-
27]. However, the state of networked control systems may
need to be nonnegative. Therefore, the results of positive
Markov jump systems can also be applied to networked
control systems, which have been proposed in a few papers,
such as [20]. In the future, we can try our best to extend our
results to deal with the problem of networked control systems.
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