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The main aim in this paper is to use all the possible arrangements of objects such that r, of them are equal to 1 and r, (the others)
of them are equal to 2, in order to generalize the definitions of Riemann-Liouville and Caputo fractional derivatives (about order
0 < B < n) for a fuzzy-valued function. Also, we find fuzzy Laplace transforms for Riemann-Liouville and Caputo fractional
derivatives about the general fractional order n — 1 < 8 < n under H-differentiability. Some fuzzy fractional initial value problems

(FFIVPs) are solved using the above two generalizations.

1. Introduction

Fuzzy Fractional Differential Equations (FFDEs) can offer a
more comprehensive account of the process or phenomenon.
This has recently captured much attention in FFDEs. As the
derivative of a function is defined in the sense of Riemann-
Liouville, Griinwald-Letnikov, or Caputo in fractional calcu-
lus, the used derivative is to be specified and defined in FFDEs
as well [1].

Many researchers have worked on the field of Fuzzy
Fractional Differential Equations (FFDEs); for example,
Salahshour et al. [2] dealt with the solutions of FFDEs under
Riemann-Liouville H-differentiability by fuzzy Laplace trans-
forms; Mazandarani and Kamyad [1] presented the solution
to FFIVP under Caputo-type fuzzy fractional derivatives by
a modified fractional Euler method; Wu and Baleanu [3]
proposed a novel modification of the variational iteration
method (VIM) by means of the Laplace transform; they
extended the method successfully to fractional differen-
tial equations; Ahmadian et al. [4] reveal a computational
method based on using a Tau method with Jacobi polyno-
mials for the solution of fuzzy linear fractional differential
equations of order 0 < v < 1, and Allahviranloo et al. [5]
introduced the fuzzy Caputo fractional differential equations
under the generalized Hukuhara differentiability.

This paper is arranged as follows. Basic concepts are
given in Section 2. In Section 3, the general formula of
the fuzzy Riemann-Liouville fractional derivatives and the
general formula of Laplace transforms of the fuzzy Riemann-
Liouville fractional derivatives for a fuzzy-valued function
f are found. In Section 4, the general formula of the fuzzy
Caputo fractional derivatives and the general formula of
Laplace transforms of the fuzzy Caputo fractional derivatives
for a fuzzy-valued function f are found. In Section 5, conclu-
sions are drawn.

2. Basic Concepts

In this section, we give the basic concepts which are needed
in the next sections. We denote Cf[a,b] as the space of all
continuous fuzzy-valued functions on [a, b]. Also, we denote
the space of all Lebesgue integrable fuzzy-valued functions on
the bounded interval [a, b] c R by LF[a, b].

Theorem 1 (see [6]). Let n be a positive integer. Let D"_lf
be continuous on ] = [0,00); C is the class of piecewise
continuous functions on J' = (0,00) and integrable on any
finite subinterval of ] = [0,00) and let v > 0. Then, one finds
the following:



(a) If D" f is of class C, then
DVf(x)=D""[D"f(x)] +Q,(x,v) (1)

and
(b) if D" f is continuous on ], then for x > 0

D'[D'f(x)]=D"[D"f(x)]+Q,(x,v-n), (2)

where

n-1 vtk

Qv =Y

Slw+k+1)

D*f(0). (3)

Definition 2 (see [7]). A fuzzy number u in parametric form
is a pair (u, u) of functions u(r), u(r), 0 < r < 1, which satisfy
the following requirements.

(1) u(r) is a bounded nondecreasing left continuous
function in (0, 1] and right continuous at 0.

(2) u(r) is a bounded nonincreasing left continuous
function in (0, 1] and right continuous at 0.

(3) Consider u(r) <u(r), 0 <r < 1.

We denote the set of all real numbers by R and the set of all
fuzzy numbers on R is indicated by E.

Definition 3 (see [8]). Let x, y € E. If there exists z € E such
that x = y + z, then z is called the H-difference of x and

y, and it is denoted by x © y. The sign “©” always stands for

H-difference and also note that x @ y # x + (1) y.

Definition 4 (see [9]). Let f(x) be continuous fuzzy-
valued function; suppose that f(x)e ™ is improper fuzzy

Rimann-integrable on [0, c0) then jooo f(x)e™dx is called
fuzzy Laplace transforms and is denoted as L[f(x)] =
[ee] —
J,” fx)edx, (s > 0).
We have

LOO f(x)e > dx
) <J'o00 f(sr)e™dx, LOO f (1) e’”‘dx> ; v

also by using the definition of classical Laplace transform:

¢ [i(x; r)] = Jomi(x; e dx,
- (5)
¢ [7 (x; r)] = L ?(x; r)e dx

then, we follow:
LIf @] =(e[fsn] e[fsn]). (6)

Definition 5 (see [2]). Let f € CFla,b] n LF[a,b]. The
fuzzy Riemann-Liouville integral of fuzzy-valued function f
is defined as follows:

p L[ fWdt
(Ia+f) (X) r(ﬁ) Ja (x_t)l—ﬁ’

x>a, 0<B<1. (7)
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3. Generalization of Fuzzy Laplace
Transforms of the Fuzzy Riemann-Liouville
Fractional Derivatives of Ordern -1 < S <n

In this section, we define Riemann-Liouville fractional
derivatives of the general fractional order 0 < 3 < n and
we find fuzzy Laplace transforms for Riemann-Liouville frac-
tional derivatives of the general fractional ordern—-1 < f < n
for fuzzy-valued function f under H-differentiability.

Definition 6. Let f(x) € C[0,b] N LF[0,b], and [B] and | 8]
are values of 3 rounded up and down to the nearest integer
number, respectively. One can see that ¢(x) = (1/T([B] -

B) J; (f(B)dt/(x—1)' ), and the functions ¢; ; ; ; and
¢,~1)i2,m’ij)2 are defined as:

¢i1,i2,...,ij (xo+h)e ¢i1,i2,...,ij (x0)

(/)il,iz,...,ij,l (x0) = hlif(} h )
8
- lim B, (x%0) © by 4. i (x —h)
h—o0* h ’
iy, (x0)©¢; i, (%0 +h)
¢i1,i2,...,ij,2 (x0) = hlin} : “h : o)
9
~ im ¢i1,i2,.‘.,ij (xp—h)e b i (x0)
h—ot —h ’

for j=0,1,...,n—2,such thati,i,,...,i; are all the possible
arrangements of j objects which have the number given in the

rule:

. J
JP = =
rlr,!

"+ =g (10)
where 7, of them equal 1 (meaning Riemann-Liouville type
derivative in the first form) and r, of them equal 2 (meaning
Riemann-Liouville type derivative in the second form) and
tional differentiable function of order 0 < B < np #
1,2,...,n — 1, at x, € (0,b), if there exists an element
(RLDﬁf)(xo) € CFsuch that forall0 < r < landforh > 0
sufficiently near zero. Then:

(1) Ifll'ﬁ] =1, then

("“D"f) (xo)
_ fim Bi i, (xo+h)e B i, (%)
- h—0* h (11)
- lim Bir iy (x0) © i i (xo = h)
h—o0* h '

(2) Iflrﬁ'l = 2, then

(RLDﬁf) (xo)
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Bis iy (x0)© Dir ity (xo +h)

= lim
h—0* -h
_ im Bi iy (xo-h)©¢i .., i (%)
h—o0* -h ’
(12)
fork—1< B <k k=12,...,n suchthatiy,iy,... iz are

all the possible arrangements of [ 3| objects which have the
number given by the rule:

1B P, =

If the fuzzy-valued function f(x) is differentiable as in
Definition 6 cases defined in (11), it is the Riemann-
Liouville type differentiable in the first form and denoted

(RL p i xg). If f(x) is differentiable as in

11 Jigpenes
Deﬁmtlon 6 cases defined in (12), it is the Riemann-Liouville

type diﬂerentiable in the second form and denoted by

RL ﬁ
( 11 iy5eees ’LﬂJ 2f

We note that 1f we taken =1 (0 < 8 < 1) in Definition 6
we get Definition 3.2 [2] which is introduced by Salahshour
et al.

LB]!

',

, r+r=|B]. 13)

Theorem 7. Let f(x) € CFlo,b] N LF[0,b] be a fuzzy-valued
function such that f(x) = [ f(x;7), f(x;7)] forr € [0,1], x, €
(0,b), and ¢(x) = (1/T([B1 = P)) [ (f(&)dt/(x — )" TFI*F),
Suppose that 0 < B < n and m is the number of repetitions
of number 2 among iy, i,,...,ig fork =1 < B < k k =
L2,...,m, say, iy 5. ..o, such that ky <k, < -+ < k;
that is, i) =i, =+ =i =2and 0 < m < [PB]. Then, one
has the following:

If m is an even number, then

(RLDf,iz,..,im f) (%)

B (14)
= [(RLDﬁi) (x057), (RLD‘Bf) (xo;r)] )
Ifm is an odd number, then
RLyp
11500500l ( 0)
( 1oh2 [m_) * (15)
= [(RLD'Bf) (x057) > (RLDﬁi) (xo;r)] ,
where
(“D*f) (xoi7)
1 d Bl (x i(t; r)
) [r([m ) (;) L <x—t>”ﬁ“ﬁdt]x_m’
(16)

(D F) (xos7)

i (@) L e

al

Proof. Suppose that m is an even number, and then m = 2s,
s € N. Now, we have two probabilities as follows.

The first probability is (""Df . . . f)(x) is
Ly ey g e

the Riemann-Liouville type fuzzy fractional differentiable

function in the first form (i = 1), and then from (11) of

Definition 6, we have:

By (ot Wiy () =4, (ot ir)
-¢ (x037) )%1 ..... i) (xo + B3 1)
1eolip)
- $il ..... ig) (xo”’)] J
17)

Py i (x0) © ... ‘w( 0

h
¢i ; (xo +hs7) = ¢i ; (xp57)
_ | Tl i)
h bl
$11 ,,,, i g (‘xO + h; 7") - (/)11 ,,,,, iLBJ (xO; T’)
h bl
(18)
(l)zl ..... iip) ('xO) e¢i1, i1p| (xO h)
h
s (xp57) = ‘/’1 ; (xg —hs7)
_ | Tls —tentip)
h bl

By taking i — 0" on both sides of the above equations, we
get:

(RLDﬁf) (xo)
(19)
d d_
) [Efil""’iuﬂ (XO;T) ’ a‘pi] ..... i\g) (Xo;r)] .

Now, since ¢i1’-~'>ik1—1 (%) is equal to the limits defined in (8) of
Definition 6, then by applying (8) for (k, — 1) times, we get

i (o) =[5 Cepr) 8 ()] @0)



Since ¢; . (xy) is equal to the limits defined in (9) of
Definition 6, then by applying (9) once, we get:

¢i1,...,1‘k1 (xo) = [a(kl) (x5 7) ,?(k‘) (xo;r)] . (21)

Since ¢; _; (x,) is equal to the limits defined in (8) of

lky-1

Definition 6, then by applying (8) for (k, — 1 — k;) times, we
get:

B ) 9% ()] @)

¢i1 ..... - (x0) = [9_‘5
Since ¢i1>---»ik2 (xy) is equal to the limits defined in (9) of
Definition 6, then by applying (9) once, we get:

iy, (x0) = [f(kz) (xg57) ,$(k2) (xo;r)] . (23)

In other words, from (23) we note that, after applying
(8) and (9) for any even number from iy, iy ..., , we will
get an equation similar to (23). Therefore, for ¢; i (x), we

.....

have:

By, (x0) = [f(kh) (%037) @(kh) (%03 7’)] , o (24)

2.

since 2s is an even number.
Finally, since ¢; (x,) is equal to the limits defined in

(8) of Definition 6, then by applying (8) for (| 8] - k,;) times,
we get:

¢i1,‘..,ilm (%) = [?(lﬁJ) (x037) ,g_b(w) (xo;r)] . (25)
Then,

(xgs7) = ¢(lﬁJ) (x057)

i) -

- —(LBD)
..., ip) (xpr)=¢ " (xp37).

(26)

Substituting (26) in (19) yields the following:

("D £) (x0)

[(8)" st () ] o

= [(RLDﬁi) (x057)» (RLD/?) (xo;r)] .

The second probability is (RLDf i i s i) xg) is
el ey ey e

the Riemann-Liouville type fuzzy fractional differentiable
function in the second form (i;g = 2), and then, by applying
(12) of Definition 6, we can get

(RLDﬁf) (xo)

43 d
= [a(pil ..... in (Xo;r)’ d_¢

X e iLBJ

(28)
(x0s7) |-
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Since 2s — 2 is an even number, then by replacing 2s by 2s — 2
in (24), we get:

(xo) = [f(k“’z) (x37) ’$<k25_2) (xo;r)] . (29

Similarly, by applying (8) (ky_;, — 1 — k,,_,) times for

b i, 11 (x) and (9) once for b - (%), we get:

éi... (x0) = W(km) (x37) ,f(kz"l) (%05 r)] . (30)

lst—l

Finally, since ¢; _; = (x,) is equal to the limits defined in (8)

i1p)

of Definition 6, then, by applying (8) for (| 8] — k,,_;) times,
we get:

Gy 0 = [67) (i) 8 (xim)]. D)
Then,

—(LBD
(x(); ”) =¢

—ieniip)

$i1 ..... iig) (xo;") = ?(LﬁJ) (x0§7')-

(xo; 7’) >
(32)

Substituting (32) in (28) yields:

(“DFf) (x)

i [<%>rmf(xo;r)’(%>rm§_b(xo;r)] 5

= [(RLDﬁi) (x037) (RLD‘BT) (E r)] )
If m is an odd number, the proof is similar. |

We note that if we take n = 1 (0 < § < 1) in Theorem 7,
we get Theorem 3.2 [2] which is found by Salahshour et al.

Corollary 8. Let f(x) € CF10,b] nLF[0,b] be a fuzzy-valued
function and f(x) = [ f(x; r),?(x; r)] forr € [0,1] and x, €
(0,b). Suppose that 0 < B < 3 and m is the number of
repetitions of number 2 among iy, i,,...,irg) fork =1 < B <
k, k = 1,2, 3. Then, one has the following.

If f(x) is *E[(i) — Bl-differentiable fuzzy-valued function,
then for0 < f < 1

("“DF £) (x0)
= [(RLDﬁi) (x037), (RLDI;_?) (xo;r)] )

If f(x) is *-[(ii) — B]-differentiable fuzzy-valued function,
then for0 < f < 1

(RLDgf) (xo)
= [(“DFF) (e ), ("D £) ()]

(34)

(35)
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1If (*DP f)(x) is ®E[(i) — B)-differentiable fuzzy-valued
function, then for 1 < 5 < 2

("“Df, f) (xo)
= [(RLDﬁi) (x037), (RLDﬁf) (xo;r)] )

If (RLfo)(x) is RE[(i7) — Bl-differentiable fuzzy-valued
function, then for 1 < § < 2

(D, f) (%)
= [(RLDﬁT) (x7) > (RLDﬁi) (xo;r)] )

If (*'DE f)(x) is RE[(i) — B)-differentiable fuzzy-valued
function, then for1 < 3 <2

(RLDg,lf) (xo)
(D7) G (%) (x5

If (RLDf )x) is *E[(ii) — Bl-differentiable fuzzy-valued
function, then for 1 < § < 2

("D}, ) (x0)
= [(RLDﬁi) (x037), (RLDﬁf) (xo;r)] )

If *2DF | f)(x) is *E((i) - Pl-differentiable fuzzy-valued
function, then for2 < 3 < 3

(RLDlls,l,lf) (xo)
= [(RLDﬁi) (x057), (RLDﬁ?) (xo;r)] )

If *“D | f)(x) is " [(ii) ~ P)-differentiable fuzzy-valued
function, then for2 < <3

(RLDf,l,zf) (xo)
_ [(RLDBT) (x057), (RLD'Bi) (xo;r)] .

If (RLDf)Zf)(x) is *E[() - Bl-differentiable fuzzy-valued
function, then for2 < <3

(RLDf,z,lf) (Xo)
= [(*DFF) (), (0P 1) (xsr)]) -

1f (**DF, £)(x) is ®¥((id) — B)-differentiable fuzzy-valued
function, then for2 < <3

(RLDf,z,zf) (xo)
= [(RLDBi) (x037), (RLDﬁ7) (xo;r)] )

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

5

If **DE | f)(x) is *E{() - Pl-differentiable fuzzy-valued
function, then for2 < 5 <3

(RLDg,l,lf) (xo)

= [(RLD/?) (x037), (RLDﬁi) (xO;r)] )

If (*'DE £)(x) is ®¥((id) — B)-differentiable fuzzy-valued
function, then for2 < 3 < 3

(RLDg,l,zf) (xo)

- (8) ) (47 ()

If (YD, f)(x) is "((i) - Pl-differentiable fuzzy-valued
function, then for2 < 3 < 3

(RLDg,z,lf) (xo)

- (8) ) (4T ()

If (RLDE)Zf)(x) is ®L[(ii) — B]-differentiable fuzzy-valued
function, then for2 < 3 < 3

(RLDf,z,zf) (%0)

(44)

(45)

(46)

(47)
= [(RLDﬁT) (x057), (RLDﬁi) (xo;r)] ,
where
(RLDﬁi) (xo; r)
) ANB x f(tr)dt
{umwxﬂ>LdJWWLg
(48)

(““DFF) (xos7)

_ [ 1 <i)”” r f(tsr)dt ]
Lr(Bl1-B) \dx/ o (x—pyBE]
Theorem 9. Suppose that f(x) € CFl0,00) N LF[0, 00) is
fuzzy-valued function; f(x) = [ f(x; r),?(x; r)] forr € [0,1].

One supposes that n—1 < f3 < nand m is the number of repeti-
tions of 2 among iy, iy, ... 1y SAY, i ik i » such that
ky <ky <+ <k thatis, iy =i, = =i =2and0 <
m < n. Then, one has the following:

Ifm is an even number, we have:

L[(*"Dls,.0, 1) ()]

_ B n—1 (RL~f-n
=SLIf ] es™ (DF7f)(0) (49)

n—2
® Zsk (RLDﬁfkflf) (0) ,

k=0
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such that
©, if the number of repetitions of 2 among iy,iy,... i, ) is an even number, (50)
® = 50
—, if the number of repetitions of 2 among iy, i,,...,i, 41 is an odd number.
n-2
® Zsk (RLDﬁ—k—lf) 0),
Ifm is an odd number, we have: k=0
(51)
L [(RLDﬁ,iz,...,inf) )]
-t (RLDﬁfnf) (0)e (—sﬁ) L[f(x)] such that
©, if the number of repetitions of 2 among iy, iy, ... i, 1) is an odd number, 52)
® = 52
—, if the number of repetitions of 2 among iy,i,, ..., i, 1) is an even number.
Proof. B Epf ) we mean =sPe[far] =" (R'DP £) (0s7)
Y 1525000y z Z
(RLDII.?MI.k it sosip i, J)(X). Suppose that m is an odd n-2
number; then, from Theorem 7, whenn — 1 < < n, we get: - ZS"_Z_k (RLDﬁ_MkH S ) (057).
k=0
(Dl f) @ (56)
- (53) . . .
_ [(RLDﬁf) (x7), (RLD,Bi) (x; r)] ) The above equation can be written as:
e[(""DPf) (7
Therefore, we get: [( i) ( )]
_ B . -1 (RL f-n .
_ =5 E[f(x,r)]—s ( D f)(O,r)
(402 1) i) = (407) . - )
(54) O 12—k (RL pontk+1
a7 - D 0;
(RLDﬁf) (X;T)= (RLDﬁi') (X;?’). ];)5 ( i)( 7’)
Then, from (54), we get: - kziz g2k (RLDﬂ_"+k+1f) 01— - (57)
RL 1~ k=k, -1 -
LDl f) 0]
k=2
—_— n-2—k (RL ~f-n+k+1
=L [(w) (x71), (RLDﬁf) (x; r)] (55) - k—kz 1S ( pFk i) (0;7)
= [e[("DF) un]. e [("DFf) ] =

We know from Laplace transform of the Riemann-
Liouville fractional derivative of order § > 0 that

¢ [(RLDﬁi) (x; r)]
=sPe [i (x; r)] - nisk (RLDﬁ_k_li) (0;7)
k=0

=sLe[fean] - (D F) (057)

n-2

_ Zsk (RLDﬁfk—li) (0’ 1")

k=0

_ Z Sn—Z—k (RLDﬁ—n+k+li) (0, 7’) )

k=k,,—1

m

In a similar manner, we can get:
e[(*DF7) sr)]
= sPe [T (x; r)] -t (RLDﬁ_"?) 0;7)

k-2

_ Z Sn—Z—k (RLD,B—n+k+17) (0’ 7’)

k=0

ky—2

= Y SRR (05

k=k,~1
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k-2

)

k=k,, -1

Sn—Z—k (RLD,B—n+k+1?) (0’ r)

n-2

n-2-k (RL
-2

k=k,,—1

m

D/S—n+k+17) (0; r) ]

(58)

Since iy =1, =-+- =i =2andmisan odd number, then
we have the followmg equations:

(D1 ) 1) = (HDF £ 0sm),
(DF ) (05r) = (DB F) (031,
for 0 <k <k, -2,
(DF T F) () = (RDEETF) (037,
(D IF) 1) = (HDFF) o),
fork,-1<k<k,-2,
(59)

/3 n+k+1 0;7),

(RLDﬁ—n+k+1i) (0;7) = ( )

(DFRE) (037 = (RLDﬁ ] ) 0;7),
for k,,_ <k<k,

(“DFH ) 0sr) = (FDF R ”*"“f) (©:1),

(RLDﬁ—n+k+17) (0;7) = (RLDB—n+k+1f) 0;7),

fork, -1<k<n-2.

The last one of the above equations yields from Theorem 7
because m is an odd number. Using (57), (58), and the above
equations, (55) becomes:

LI(DE,..0f) 0]
I (RLDﬁ—nf> 0)e (—sﬂ)L [f ()]

n-2
® an—Z—k (RLDﬁ—n+k+1f) (0)

k=0

_ _Sn—l (RLD,B—nf) (0) 9(

(60)

~")L[f ()]

n-2
® zsk (RLDﬁ—k—lf) (0) ,

k=0

where ® is defined as in (52).
If m is an even number, the proof is similar. O

We note that if we take n = 1 (0 < 8 < 1) in Theorem 9,
we get Theorem 4.4 [2] which is found by Salahshour et al.

Corollary 10. Suppose that f(x) € CF[0, 00)NLEF[0, 00). One
supposes that 2 < 3 < 3. Yhen, one finds the following.

If (RLDﬁ P D)) is RE[(i) - Bl-differentiable fuzzy-valued
function, then

L [(RLDf,uf) (X)] =L [f(0]e s’ (RLDﬁ_3f) ©)
o (*DF' £) (0) (61)
os (RLD/Hf) (0).

If (**Df, )(x) is

function, then

L[( 112)<xi

[(i1) — Bl-differentiable fuzzy-valued

- (D7 £) (0)
o (=" )Lf )]
- (D f) ()
-s("DF 1) (0).

(62)

If (RLDﬁZf)(x) is

function, then

RL1(i) — Bl-differentiable fuzzy-valued

s (PP f) (0
o (=5")L[f ()]
e ("D 1) ()
-s("DF£) (0.

[Pl f) 0] = -

(63)

If (*DF, f)(x) is
function, then

[(i1) — Bl-differentiable fuzzy-valued

L[(*D,06) 0] = LI @] o8 (D) )
B (RLDﬁ*If) (0) (64)
os (RLDﬁ_zf) (0).

If (RLDf,lf)(x) is RL[() - Bl-differentiable fuzzy-valued
function, then

L{(*D5, 1 f) )] = =5 (D7 ) (0)
o (=)L [f ()]
o (RLDﬂ—lf) (0)

os(" D £)(0).

(65)



If(RLDﬁlf)(x) is

function, then

L1(ii) - Bl-differentiable fuzzy-valued

L[(DL,.0) )] = LIS @] o8 (PP 1) )
B (RLD/Hf) (0) (66)
~s("'D*? 1) (0).

If (RLDﬁzf)(x) is R

function, then

L1(i) - Bl-differentiable fuzzy-valued

L [(RLDf,z,lf) (X)] =L [f (x)] os’ (RLDﬁisf) ©
o (RLDﬁ—lf) (0) (67)
~s(®DP2 1) (0).

1f (**DE, £)(x) is "¥((ii) — B-differentiable fuzzy-valued
function, then

I [(RLDf,z,zf) (x)] - (RLD/S—Sf) (0)
o (=)L [f ()]

(68)
-7 ) @
os(" D f)(0).
Example 11. Consider the following FFIVP:
(RLD‘By) (x)=0
(69)
0=02r-2,2-2r), 1<f<2,
(RLDﬁ—ly) 0) = (RLD/S 2 )(0) ﬁ 1) (70)
We note that
(RLDlH)’) ;1) = (“DFy) (05r) = Z(p ),
(71)

(DY) (0s7) = (D7) (051) =50 ().

By taking fuzzy Laplace transform for both sides of (69), we
get

L[("DPy) ()] = L[o]. (72)

Now, by using Theorem 9 when 1 = 2 we have 2* = 4 cases as

follows.

Case 1. Let (RLDf )(x) be RLpj— pl-differentiable. By using
Theorem 9, when m = 0 (even), (72) becomes

PLIy 0] es(™D*y) (0 e ("DF'y)(0) )
=L[o].

Mathematical Problems in Engineering

Then, we get

Pe[yean] -5 (") 0in - (U0 ) 0in)

_2r—2

) (74)

sPe [y (x; r)]—s(RLDﬁ 7 )(O r) — (RLDﬁl )(0 r)

2-2r
T

The solution of FFIVP (69) is as follows:

P
Z(x;r):(Zr—Z)m
s | B2
RL (ﬁ l)r X i
f ()(F(ﬁ) F(/3—1)>
¥y 2-2 !
¥y (1) =( r)r(ﬁ 0
B-1 B2
RL—(ﬁ 1) X
“(ws)*r(/s—l))'

Case 2. Let (RLDIf ¥)(x) be " [ii — B]-differentiable. By using
Theorem 9, when m = 1 (odd), (72) becomes

-s (RLDIHy) (0)e (—sﬁ) Liyx)]- (RLDIHy) (0)

(76)
=L[o].
Then, we get:
-5 (RLDﬁ_zz) 0;7) + sPe [Z (x; r)]
RL ~B-1 . _ 2-2r
—( D y)(O,r)— T
(77)
- (RLDﬁ ’y )(0 )+ 5P [7 (6]
- (VDFy) () = -2
The solution of FFIVP (69) is as follows:
P
Z(x;r) 2- 2r)r(/5 )
Bl B2
RL (ﬁ 1)
20 f 1)
(78)
_ B xP
y (X, 1’) = (27’ 2) m

.S B2
RL—(B-1) " X )
MR “( r@) " (ﬁ—l))
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Case 3. Let (RLDﬁ y)(x) be RLy; — B]-differentiable. By using
Theorem 9, when m=1 (odd) (72) becomes:

- (RLDﬁ_zy) (0)e (—5’8) Liy(x)]e (RLDﬁ_ly) (0)

(79)
=L[o].
Then, we get:
-5 (RLDB_zz) 0;7) + sPe [Z (x; r)]
(RLD/S 1 )(0 T) — 21’)
s
(80)
- (RLD’B ’y )(0 r+5Pe[7 ()]
_ RL A1 . _ 2r—2
( D y)(O,r)— _
The solution of FFIVP (69) is as follows:
(6r) = @21 N (g X
2w NN (ﬁ)
B2
RL  (B-1) X
7y, (1) TE-1)
(81)
— N Xl3 RL _(B-1) Xﬁ71
y (1) =(2r Z)F([)’+1)+ Y, (r)F(ﬁ)
B2
RL—(ﬁ 1)
(r )—~
' TE-1)

Case 4. Let (RLDf ¥)(x) be RL[ii — B]-differentiable. By using
Theorem 9, when m = 2 (even), (72) becomes:

SLy @] es(D7y) ) - (“Dy) (0)

(82)
=LJo].
Then, we get:
Pelyn]-s(“Dy) @) - (DY) 1)

_2r=2

-,
(83)

Pe 3 (x;1)] —s(RLDﬁ ’y )(0 r) — (RLDﬁ_1y> (0;7)

2-=2r
T
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The solution of FFIVP (69) is as follows:
e = (D9 — d RL—(/S 1)
Y= ) LEe
RL_(f-1) X
+ (r) TE-1)
(84)
— _ xﬁ RL _(B-1) xﬁ_l
y(x,r)—(2—2r)r(ﬁ+1)+ Yy (r)m
B2
+ RL?Oﬁ Y (r) —

r(p-1)

4. Generalization of Fuzzy Laplace
Transforms of the Fuzzy Caputo Fractional
Derivatives of Order n—1 < f < n

In this section, we define Caputo fractional derivatives of the
general fractional order 0 < 8 < n and we find fuzzy Laplace
transforms for Caputo fractional derivatives of the general
fractional order n — 1 < 8 < n for fuzzy-valued function
f under H-differentiability.

Remark 12. To get Caputo type fuzzy fractional derivatives of
order 0 < 3 < nfor f(x) € CF[0,b] n LF[0,b], we take

£ () dt

SO T b o
S] % Dkf (0) X”ﬂ_ﬁJrk (85)
L (L+[B]-B+EK)
instead of (x) = (1/T(B1 = B)) [ (f(O)dt/(x )7 TFI*F) in

Definition 6.

We note that if we take n = 2 (0 < 8 < 2) in Remark 12,
we get Definition 3.1 [1] which is introduced by Mazandarani
and Kamyad.

Theorem 13. Let f(x) € C"[0,b] N L[0,b] be a fuzzy-valued
function such that f(x) = [ f(x; r),_?(x; r)] forr € [0,1], x4 €
(0,b), and G(x) is defined as in (85).

Suppose that 0 < 3 < n and m is the number of repetitions
of number 2 among iy, iy,...,ig fork =1 < f < k k =
L2,...,n say, i, ik ,...,ik , such thatky < ky < -+ < k,,;
thatis, iy =i, = =i —2cmd0<m<[[5] Then, one
can find the followmg

If m is an even number, then

(CDf,iz,...,i”ﬂf) (x0)

= [(CDﬁi) (x057), (CDﬁ7) (xo;r)] )

(86)
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Ifm is an odd number, then

(C ’[ilz g >(x°) (87)
87
= [(CDBT) (x037), (CDﬁi) (xo;r)] ,
where
(CD[Z) (x07)
] x DIPl f (&)
- [F(Hﬂ ) <x—t>1“ﬂ+ﬁdt]x_x |
(CDB7) (x57) (88)
~ 1 x D[m?(t; r)
B [F(W - )Jo (x—t)l’rﬁ“ﬁdt]x:xo’

k
=220

Proof. Let m be an even number. If we make the same steps
in the proof of Theorem 7 when 1 is an even number, we get

(D)

where D = d/dx.
Thus,

(CDﬁf) (xo)

1 1
P (r({m

L8] DF f (05 r) x1P1-P+k
LR —/3+k)>

81 1
v <r(w 5

LB] DkT(O; ) X B1-B+k
2T+ 1A —/3+k)>

%) = [D1G (x37) , DFIG (xs7)] . (89)

s ftrde
5 b -

>

(90)

X f(Gr)dt
L (x_t)l—fm#;

X=Xp ]

D[ﬁ] (D*([;B]*;B)i) ('xO; T‘)

By using Definition 5, we have:

(“DFf) (o) =

>

LBI D £ (0; ) DIP1xTF1-F+k
i <kz LU+ [BT-B+k) >

X=x

Mathematical Problems in Engineering

b
X=Xp }

where (D_(”ﬂ_ﬁ)f)(xo;r) and (D_([m_ﬁ)f)(xo;r) are the
Riemann-Liouville fractional integrals of the functions
f(x;7) and 7(x; r) at x = x,, respectively. By using (b) of
Theorem 1 with n = [Bl, v = [B] - B, and the equation
D'x™ = (T(m + 1)/T(m + 1 —n))x™™", we get:

DAl (D—(fﬁ1—ﬁ)7) (Xo$ 1,)

B DKF (05 r) DIF 1B+
) (; T(1+[B]-B+k) )

(o1

(CDF£) (%) = | DFP (DIF1 £ (s37))

%Dki(o; r) x<F
o T(1-B+k)

>

X=X (92)

+ 9“3] ('xO’ _ﬁ) -

D BB (DIFTF (x57)) + Qg (00 ~B)

xO) — [D*([ﬁ]*ﬁ) (D[ﬁ]i(xo’r)) ,

LB Dkf(O r)xkﬁ
_Z T(1-B+k)

Thus,
(“DFf)(
pUA1-B) (Drm?(xo;r))] _

(CDﬁf) (%05 r)] )

(D f) (xgs7)>  (93)

If m is an odd number, the proof is similar. O

We note that if we take n = 2 (0 < 3 < 2) in Theorem 13
we get Theorem 3.1 [1] which is found by Mazandarani and
Kamyad.

Theorem 14. Suppose that f(x) € CFl0,00) N LF[0, 00) is
fuzzy-valued function f(x) = [f(x; r),?(x; r)] forr € [0, 1].
One supposes that n — 1 < 8 < n and m is the number of
repetitions of 2 among iy,iy, ..., i, SAY, i ik .. .50 , Such
that ky < ky < -+ <k, thatis, ij =i = =i =2
and 0 < m < n. Then, one has the following.

If m is an even number, we have:

L](ot,

i15lyenslyy

) @] =s"L[f (0] e f(0)

- (94)
® Zsﬁ*(kﬂ)f(k) (0)
k=1
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such that
o, if the number of repetitions of number 2 among iy, i,,...,i is an even number, (95)
® = 95
—, if the number of repetitions of number 2 among iy, i,, ..., i is an odd number.
If m is an odd number, we have: ® rfsﬁ_(kﬂ)f(k) ),
k=1
(96)
L [(CDﬁ,iz»minf) (x)] - _Sﬁ_lf e (_Sﬁ) L{f ()] such that
©, if the number of repetitions of number 2 among iy, i,,...,i is an odd number, (©7)
© = 97
—, if the number of repetitions of number 2 among i,,1i,,...,i, is an even number.
Proof. By (CDﬁ i J)(X) we mean  The above equation can be written as:
(CDﬁ,...,ik i f)(x). Suppose that m is an odd
rgl:tr.nber, and then from Theorem 13, whenn -1 < 8 < n, we ) [(CDﬁi) (x; r)] .y [i (x; r)] _ sﬁ_li(O; r)
k-1 /3
_ k-1 (k) (.
(°Df . F) @ =[(°DFF) (), (CDFf) ()] . (98) - kzls ALY
) ky-1
Therefore, we get: - Z sﬁ_k_lf(k) (0:r) -
s . K=k, - (102)
( Df)(x;r)=( DFf) (x57), .
(99) ! k-1 £(k)
Yy - 0
(CDﬁf) (1) = (CDﬁ]_‘) (7). k%ﬂs S ()
Then, from (99), we get: B ni /S—kflf(k) 057)
k=k,, -
L[(*Dl s 0) @)
- L [(CDﬁf) (1), (W) (x; r)] (100) In a similar manner, we can get:
= [e[(°DFF (1), ¢ pk (7). — — 1=
[ [( f) ] [( i) ]] f[(cDﬁf) (x;r)] - sPe [f(x;r)]—sﬁ lf(O;r)
We know from Laplace transform of the Caputo fractional k-1 —®
derivative of order f3 > 0 that - Z ST (05m)
k=1
e[(°DPf) ()] = sPe [ f (xim)] kp-1 3
S < _ Z Sﬁ—k—lf(k) O;7) = -
n-1 K=k, (103)
=2 P o)
k=0 - K1
(101) Y O 05
=sLe[f ] -5 F0r) Kk .

n—1
- ZSﬁ_k_lf(k) 0;7).
k=1 -

m—1

n-1
- Z sﬁfk*lf(k) 0;7).
k=k,, -
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Since i =i =--- =i = 2and misan odd number, we
have the following equations:

00 =200,

77 057) = 19 (075
1<k<k -1,

F9 ) = fO 051,

770 = £9 0515
ki <k<k,-1,

(104)
o0 =Y on,

72 05r) = 7 (03);
Ky <k<k, -1,

m—-1 =

® 1) = f® (1),

?(k) 0;r) = ﬂ ;1)

k,<k<n-1

The last one of the equations in (104) yields because m is
an odd number. Using (102), (103), and (104); then (100)
becomes:

L[(°D},,.. ) )]
== O ()L @]

(105)
n—1
® Y s> 90,
k=1
where ® is defined as (97).
If m is an even number, the proof is similar. O

Corollary 15. Suppose that f(x) € CF0, 00) NLF[0, 00). One
supposes that 2 < 3 < 3. Then:

If (CD{;,1 )(x) is “[i - Bl-differentiable fuzzy-valued
function, then

L[(°Df ) @) = LI ] o5 £ (0)

osf 21 (e (0).

(106)

If DY | f)(x) is C[ii — B-differentiable fuzzy-valued
function, then

L{(Df1af) @] = =" 0 & (<) L (£ ()]

(107)
_ Sﬁ—zf/ (O) _ Sﬁ—sfn (O)
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If (°DE, f)(x) is (i - P)-differentiable fuzzy-valued
function, then

L [(CDf,z,lf) (x)] = —S'Bflf (0)e (_Sﬁ) L [f (x)]

-2 0 es 2" (0).

(108)

If (CDlizf)(x) is C[ii — B)-differentiable fuzzy-valued
function, then

L[(°Df,,f) )] = LI W] o5 £ (0)

o721 (0) -2 f" (0).

(109)

If (CDf,1 )x) is Cli- Bl-differentiable fuzzy-valued
function, then

L{(“D51uf) @] = =" 0 & (<) L[f ()]

esF2f (0 e (0).

(110)

If D5 f)(x) is [ii — B)-differentiable fuzzy-valued
function, then

L [(CDf’l’zf) (x)] =SLL[f ()] e f(0)
-2 0) -2 (0).

(11)

If (CDf’2 )(x) is “[i - Bl-differentiable fuzzy-valued
function, then

L[(°DE,. 1) )] = SPLIf 0] 55 £ (0)

-2 0 e 2" (0).

112)

If (CDf,2 )(x) is Clii — B]-differentiable fuzzy-valued
function, then

L [(CDf,z,zf) (x)] = _Sﬁ_lf (0)e (_Sﬁ) L[f (%]

(113)
o211 (0) - £ (0).
Example 16. Consider the following FFIVP:
(‘D"*y)(x)=-y(x), 0<B<1, (114)
y(0)=(r,2-r1). (115)
We note that:
y(0;1) =7,
N (116)
y(0;r)=2-r.

By taking fuzzy Laplace transform for both sides of (114), we
get:

L[(°D**y) )] = L[y )] (117)

Now, by using Theorem 14 when #n = 1 we have 2' = 2 cases
as follows.
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Case 1. Let y(x) be Cl6G) - pl-differentiable fuzzy-valued
function. By using Theorem 14, when m = 0 (even), (117)
becomes:

SPL[y ()] es ™My (0) = -L[y (x)]. (118)
Then, we get:
sy an] -y 01 = =€ [y (5 1)],
(119)
sl [y (x;1)] - 571/‘7(0; r)=—-¢ [)_/(x; r)] .
The solution of the above system is
rs'? -2 -r)s*
€[Z(x;r)]: 971 >
, ) (120)
— _(2—r)512—r5714
[y an] = 321
The solution of FFIVP (114) is as follows:
Z(x; r) =71E;);, (x3/2) -(2-7) x3/4E3/2)7/4 (xa/z) ,
(121)

y(r)=2-1)E;y);, (x3/2) - Tx3/4E3/2,7/4 (x3/2) ,
where E, 4(z) denotes the Mittag-Leffler function.
Case 2. Let y(x) be ClGi) - Bl-differentiable fuzzy-valued

function. By using Theorem 14, when m = 1 (odd), (117)
becomes:

-y 0)e (—53/4) Liy(x)]=-L[y(x)]. (122)
Then, we get:
—s 50 + e [T ()] = —€ [T (1),
(123)
_5_1/4Z (0;7) + $le [Z(x; r)] =—¢ [Z(x; r)] .
The solution of FFIVP (114) is as follows:
Z(X; r) =rE;;, (—x3/4) ,
(124)

y(x57r) =2 —71)E3y, (—x3/4) .

5. Conclusions

The general formulas for fuzzy Riemann-Liouville and
Caputo fractional derivatives about the general order 0 <
B < n for fuzzy-valued function f are found by using all
the possible arrangements of objects such that r; of them
equal 1 and r, (the others) of them equal 2. Also, the general
formulas for fuzzy Laplace transforms of Riemann-Liouville
and Caputo fractional derivatives about the general order
n—1 < 8 < nare found under Hukuhara difference (H-differ-
ence).
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