
Research Article
Optimized Finite Difference Formulas for Accurate High
Frequency Components

Manuel Kindelan, Miguel Moscoso, and Pedro Gonzalez-Rodriguez

Universidad Carlos III de Madrid, Madrid, Spain

Correspondence should be addressed to Pedro Gonzalez-Rodriguez; pgonzale@ing.uc3m.es

Received 8 August 2016; Accepted 9 November 2016

Academic Editor: Xesús Nogueira
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We present a method to obtain optimal finite difference formulas which maximize their frequency range of validity. The
optimization is based on the idea of keeping an error of interest (dispersion, phase, or group velocities errors) below a given
threshold for a wavenumber interval as large as possible. To find the weights of these optimal finite difference formulas we solve
a system of nonlinear equations. Furthermore, we give compact formulas for the optimal weights as function of the error bound.
Several numerical experiments illustrate the performance of the obtained finite difference formulas compared to the standard ones.

1. Introduction

Standard finite difference (FD) formulas approximate dif-
ferential operators by a weighted sum of the values of the
function at a set of neighboring nodes (stencil) so as to max-
imize the numerical accuracy order (the approximation is
exact for all polynomials of as high degree as possible).
Classical methods to compute the coefficients of the weighted
sum are based either on Lagrange’s interpolation polynomial,
or on Taylor expansions, or on monomial test functions [1].
However, these methods are computationally very expensive
and therefore restricted to relatively small stencil sizes.
For equispaced nodes, a short Padé-based algorithm using
symbolic algebra was proposed in [2]. The algorithm has the
capability of computing the weights for derivatives of any
order, approximated to any level of accuracy. For noneq-
uispaced nodes an efficient, recursive algorithm was also
proposed in [2]. We refer to [1] and references therein for
other efficient algorithms to compute standard FD weights.

A different approach to analyze FD formulas is based on
their frequency response. Standard formulas are exact or very
accurate for low frequencies but they generate large errors
at high frequencies. In wave propagation simulations, for
example, this leads to dispersive errors, that is, a progressive

distortion of the waveforms as the time and propagation
distance increase. To overcome this problem, Holberg [3]
proposed in a pioneering work to maximize the range of
frequencies for which the group velocity error was bounded
within a prescribed value. Since then, many optimization-
based FD formulas can be found in the literature (see
[4–6] for a review of proposed methods). They differ in
the derivative approximated, stencil type and size, objec-
tive function, norm minimized, range of frequencies, and
optimization method. For example, Holberg [3] uses the
group velocity as objective function while Tam and Webb
[7] use the phase velocity. Other works include weights into
the objective function to enhance the performance of some
relevant frequencies [8]. The objective functions are also
minimized using different strategies. For example, Kindelan
et al. use Newton’s method [9], while Zhang and Yao [6] use
a simulated annealing algorithm. On the other hand, Liu [5]
uses least squares to derive the optimal FD weights.

In this work, we consider both conventional and stag-
gered equispaced stencils for first and second derivatives. In
the case of first derivatives we consider the dispersion error,
the error in phase velocity, and the error in group velocity
as objective functions. In the case of second derivatives
we consider the error in the computation of the second
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derivative as the objective function. In all cases, we use
the infinity norm to determine the weights that maximize
the spectral frequency band (or wavenumber range) for
which the objective function is bounded by a specified value𝐸. To find the optimal weights we use a simple and fast
method which requires the solution of a nonlinear system of
equations. Furthermore,we provide compact formulas for the
weights of the optimal finite difference formulas as a function
of 𝐸.

Based on an observation regarding the locations of the
maxima and minima errors for two consecutive stencil sizes,
we propose a combined method that uses different stencil
sizes for odd and even time steps.The combinedmethod often
results in higher accuracy at the same computational cost.

The paper is organized as follows. Section 2 describes the
method used to compute the optimal weights (Appendix A
contains the nonlinear system of equations that are solved
in each case). Section 3 presents the optimal weights for
the different objective functions used to derive optimal
weights (Appendix B contains closed form equations for these
weights). Section 4 describes several numerical experiments
to illustrate the capabilities of the proposed method. Finally,
Section 5 contains the main conclusions of the paper.

2. Methodology

The weights of a FD scheme can be computed by using
Taylor series expansions in order to maximize the order 𝑝
of the resulting formula. That is, the local truncation error
approaches zero as 𝑂(ℎ𝑝) where ℎ is the internodal distance.
Using this approach, one might reasonably expect that one
FD scheme is superior to another if the local truncation error
is of higher order. However, a different analysis can be carried
out if one is interested in optimizing the FD scheme focusing
in application-specific objectives. For instance, in the case
of propagating waves the “goodness” of a numerical scheme
might not be well quantified by the local truncation error
but by the accuracy of the resulting propagating velocity.
Indeed, because the numerical velocity of high frequency
waves in the grid is different from the true velocity, numerical
dispersion related to grid spacing (and size of the time step)
occurs, which has a detrimental effect on the accuracy of the
propagating velocity of the waves.

In the following, we describe themethod used to optimize
the frequency response of a FD formula for the first and
second derivatives.

2.1. First Derivative. Consider the nondispersive first-order
linear transport equation

𝑢𝑡 + 𝑐𝑢𝑥 = 0, (1)

with constant velocity 𝑐.This equation admits solutions of the
form

𝑢 (𝑥, 𝑡) = 𝑒𝑖(𝑘𝑥−𝜔𝑡), (2)

where 𝑘 is the wavenumber and 𝜔 is the angular frequency.
Thus, the dispersion relation that determines the angular
frequency in terms of the wavenumber is simply 𝜔(𝑘) = 𝑐𝑘.
The group velocity, which is the rate of change of 𝜔(𝑘) with
respect to 𝑘, that is, 𝑉𝑔(𝑘) = 𝑑𝜔(𝑘)/𝑑𝑘 = 𝑐, and the phase
velocity, which is just𝑉𝑝(𝑘) = 𝜔(𝑘)/𝑘 = 𝑐, are also constant
for (1).

The key point is that, in general, the angular frequency is
some function 𝜔 = 𝜔(𝑘) of the wavenumber, and, therefore,
also the group and phase velocities are functions of the
wavenumber. Hence, the dispersion (and the dissipation)
properties of FD schemes depend on their numerical or
effective wavenumber and angular frequency.

Consider, for example, a numerical approximation to the
first derivative of a function 𝑓 on a conventional equispaced
grid using a symmetric stencil of𝑁+ 1 nodes, where𝑁 is an
even number, with weights 𝑑𝑗. Then,

𝑑𝑓𝑑𝑥 ≈
𝑁/2∑
𝑗=1

𝑑𝑗𝑓 (𝑥 + 𝑗ℎ) − 𝑓 (𝑥 − 𝑗ℎ)ℎ . (3)

The effective wavenumber of this differentiator can be
computed by substituting 𝑓(𝑥) = 𝑒𝑖𝑘𝑥 in (3) (we consider
time integration exact in (1), so the angular frequency is exact
too). Thus,

𝑖𝑘𝑒𝑖𝑘𝑥 ≈ 2𝑖𝑒𝑖𝑘𝑥𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘
𝑗ℎ)
ℎ ≡ 𝑖 �̃�ℎ𝑒𝑖𝑘

𝑥, (4)

where we have defined the nondimensional effective
wavenumber �̃� as

�̃� (𝑘) = 2𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑗) . (5)

Equation (5) gives the numerical approximation �̃� to the
nondimensional analytic wavenumber 𝑘 = 𝑘ℎ.

If, instead of (3), we use an approximation to the first
derivative using a staggered stencil with𝑁 + 1 nodes
𝑑𝑓𝑑𝑥
≈ 𝑁/2∑
𝑗=1

𝑑𝑗𝑓 [𝑥 + (2𝑗 − 1) ℎ/2] − 𝑓 [𝑥 − (2𝑗 − 1) ℎ/2]ℎ ,
(6)

where 𝑁 is an even number, then the effective wavenumber
of the resulting FD scheme is given by

�̃� = 2𝑁/2∑
𝑗=1

𝑑𝑗 sin[𝑘 (2𝑗 − 1)2 ] . (7)

Note that both approximations to the analytical wavenumber
(5) and (7) depend on the choice of the weights 𝑑𝑗, 𝑗 =1, . . . , 𝑁/2, and, therefore, these approximations can be
optimized in a wavenumber interval of interest. Indeed, for
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a given FD formula with weights 𝑑𝑗, 𝑗 = 1, . . . , 𝑁/2, the dis-
persion error

𝜖 (𝑘) = �̃� (𝑘) − 𝑘 (8)

determines the difference between the effective and the exact
wavenumbers, whose absolute value can be kept below a given
threshold using appropriate weights. Moreover, a wave with
wavenumber 𝑘 will propagate with velocity 𝜔(�̃�(𝑘))/𝑘, with
effective wavenumber �̃� given by (5) or (7). Accordingly, the
relative error in phase velocity 𝐸𝑝(𝑘) = (𝑉𝑝(�̃�)−𝑉𝑝(𝑘))/𝑉𝑝(𝑘)
when using a FD scheme to approximate the spatial derivative
in (1) is given by

𝐸𝑝 (𝑘) = �̃�𝑘 − 1. (9)

Similarly, the relative error in group velocity𝐸𝑔(𝑘) = (𝑉𝑔(�̃�)−𝑉𝑔(𝑘))/𝑉𝑔(𝑘) is given by

𝐸𝑔 (𝑘) = 𝑑�̃�𝑑𝑘 − 1. (10)

The absolute values of (9) and (10) can also be bounded below
a specified value using optimized weights.

Almost all previous optimized schemes use the 2-norm to
construct the objective function [6]. In this paper, we use the
infinity norm of (8), (9), and (10) for all the cases analyzed.
In this way we maximize the wavenumber range for which a
peak error is bounded by a specified value. This is the same
norm used by Holberg [3] in his seminal paper. In particular,
we consider the following problems:

𝐺𝑟𝑖𝑑 𝑡𝑦𝑝𝑒 𝑂𝑏𝑗𝑒𝑐𝑡𝑖V𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

conventional

{{{{{{{{{{{{{{{{{{{{{{{

𝜖 =
2
𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑗) − 𝑘
 ≤ 𝐸,

𝐸𝑝 =
(
2𝑘)
𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑗) − 1
 ≤ 𝐸,

𝐸𝑔 =
2
𝑁/2∑
𝑗=1

𝑑𝑗𝑗 cos (𝑘𝑗) − 1
 ≤ 𝐸,

staggered

{{{{{{{{{{{{{{{{{{{{{{{

𝜖 =
2
𝑁/2∑
𝑗=1

𝑑𝑗 sin[𝑘 (2𝑗 − 1)2 ] − 𝑘
 ≤ 𝐸,

𝐸𝑝 =
(
2𝑘)
𝑁/2∑
𝑗=1

𝑑𝑗 sin[𝑘 (2𝑗 − 1)2 ] − 1
 ≤ 𝐸,

𝐸𝑔 =

𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1) cos[𝑘 (2𝑗 − 1)2 ] − 1
 ≤ 𝐸.

(11)

Here, 𝐸 is the maximum error allowed in the wavenum-
ber interval [0, 𝑘𝑐]. The problem is to find the weights 𝑑𝑗
to maximize the length of this interval. 𝑘𝑐 is the largest
wavenumber for which the objective function is less than
or equal to 𝐸. To solve this optimization problem Holberg
[3] used a constrained optimization procedure (although, as
pointed out in [6], in practice he considers the 4-norm to use
least squares to determine the optimal weights). In [6], the
authors use the infinity norm and they recur to a simulated
annealing algorithm to solve the corresponding optimization
problem. In this paper, we use instead a simple procedure
which reduces the problem to the solution of a small systemof
nonlinear equations. This approach was first proposed in [9]
using staggered nodes and the relative error in group velocity
as the objective function.

To illustrate the proposed method, let us consider the
optimization problem for the dispersion error 𝜖using an𝑁+1
stencil in a conventional grid. We impose the conditions that
at 𝑁/2 extrema |𝜖| = ±𝐸, and that at these extrema the

derivative of 𝜖 with respect to 𝑘 is zero. Thus, we solve the
following system of𝑁 nonlinear equations:

2𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑖𝑗) − 𝑘𝑖 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, 2, . . . , 𝑁2 ,

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗 cos (𝑘𝑖𝑗) − 1 = 0,
𝑖 = 1, 2, . . . , 𝑁2 .

(12)

Solving this system of 𝑁 equations we find the 𝑁/2 sought
weights 𝑑𝑗, and the 𝑁/2 locations of the extrema 𝑘𝑖. The
nonlinear systems which are solved for each of the cases
analyzed in this paper are detailed in Appendix A.
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2.2. Second Derivative. The effective wavenumber of a FD
formula used to approximate a second derivative on a
conventional equispaced grid using an 𝑁 + 1 symmetric
stencil (𝑁 even number) with weights 𝑑𝑗, 𝑗 = 1, . . . , 𝑁/2,
can be computed as follows. Substituting 𝑓(𝑥) = 𝑒𝑖𝑘𝑥 in

𝑑2𝑓𝑑𝑥2 ≈ 𝑑0𝑓 (𝑥)ℎ2 + 𝑁/2∑
𝑗=1

𝑑𝑗𝑓 (𝑥 + 𝑗ℎ) + 𝑑𝑗𝑓 (𝑥 − 𝑗ℎ)ℎ2 , (13)

and setting 𝑘 = 𝑘ℎ, we obtain
−𝑘2𝑒𝑖𝑘𝑥 ≈ 𝑒𝑖𝑘𝑥 [

[
𝑑0 + 2𝑁/2∑

𝑗=1

𝑑𝑗 cos (𝑘𝑗)]]
≡ −𝑒𝑖𝑘𝑥�̃�2. (14)

From this equation we find that the square of the effective
wavenumber is

�̃�2 = −[
[
𝑑0 + 2𝑁/2∑

𝑗=1

𝑑𝑗 cos (𝑘𝑗)]]
. (15)

Thus, the error in the computation of the second derivative is
given by

𝜀 (𝑘) = �̃�2 − 𝑘2 = −[
[
𝑑0 + 2𝑁/2∑

𝑗=1

𝑑𝑗 cos (𝑘𝑗)]]
− 𝑘2. (16)

Similarly towhatwas done for the first derivative, we compute
the optimal FD weights 𝑑𝑗, 𝑗 = 1, . . . , 𝑁/2, for the second
derivative by maximizing the length of the wavenumber
interval [0, 𝑘𝑐] for which the approximation error (16) is
bounded by a specified value 𝐸. Thus

−
[
[
𝑑0 + 2𝑁/2∑

𝑗=1

𝑑𝑗 cos (𝑘𝑗)]]
− 𝑘2

 ≤ 𝐸, 0 ≤ 𝑘 ≤ 𝑘𝑐. (17)

The nonlinear equations to be solved are

−𝑑0 − 2𝑁/2∑
𝑗=1

𝑑𝑗 cos (𝑘𝑖𝑗) − 𝑘2𝑖 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, . . . , 𝑁2 ,

(18)

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗 sin (𝑘𝑖𝑗) − 2𝑘𝑖 = 0,
𝑖 = 1, . . . , 𝑁2 ,

(19)

𝑑0 + 2𝑁/2∑
𝑗=1

𝑑𝑗 = 0. (20)

This is a system of 𝑁 + 1 equations with 𝑁 + 1 unknowns
(𝑁/2 + 1 weights 𝑑𝑗, and 𝑁/2 locations of the extrema 𝑘𝑖).
Equation (20) is used to enforce the approximation error to
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Figure 1: Dispersion error 𝜖(𝑘) for conventional stencils with𝑁+1
nodes (from left to right 𝑁 = 2, 4, 6, 8, 10, and 12). Dashed lines:
standard FD formulas. Solid lines: optimal FD formulas for 𝐸 =10−4.

be zero at 𝑘 = 0. This condition was also used in [6]. Slightly
better results are obtained if condition (20) is relaxed and we
allow the error at 𝑘 = 0 to be different from zero, though. In
this case, equation (20) has to be replaced by

−𝑑0 − 2𝑁/2∑
𝑗=1

𝑑𝑗 + 𝐸 (−1)𝑁/2+1 = 0. (21)

3. Optimal Weights

In this section we present the results of our method.
Appendix B contains closed form equations for the optimal
weights.

3.1. First Derivative. Figure 1 compares the dispersion errors
(8) for FD formulas in conventional grids using standard
(dashed lines) and optimized (solid lines) weights. From left
to right, the curves correspond to 𝑁 + 1 node stencils with𝑁 equal to 4, 6, 8, 10, and 12. The optimal weights have
been obtained by solving equations (12) with 𝐸 = 10−4.
Figure 2 enlarges the interval around 𝜖 = 0. Note that the
spectral improvement when optimal weights are used is more
significant for large𝑁. For example, for𝑁 = 4 the maximum
wavenumber for which the dispersion error is smaller than𝐸 = 10−4 changes from 𝑘𝑐 = 0.31 with standard weights to𝑘𝑐 = 0.54 with optimal weights, while for 𝑁 = 12 it changes
from 𝑘𝑐 = 1.05 to 𝑘𝑐 = 1.78.

We observe in Figure 2 that, for fixed 𝑁, the locations
of 𝑘 where the errors are ±𝐸 approximately coincide with
the locations of 𝑘 where the errors are ∓𝐸 for 𝑁 + 2. This
observation, which happens to be true for 𝑁 less than or
equal to 14, can be exploited in time dependent problems
to improve the accuracy of the numerical approximations
without additional computational cost (see Section 4 for a
detailed discussion on this issue).
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Table 1: Two first rows: maximumwavenumber for which the dispersion error is less than or equal to 𝐸 = 10−4. Bottom rows: corresponding
optimized weights 𝑑𝑗.

𝑁 = 4 𝑁 = 6 𝑁 = 8 𝑁 = 10 𝑁 = 12𝑘𝑐 standard 0.31309 0.5475 0.74763 0.91369 1.052𝑘𝑐 optimal 0.54129 0.96452 1.3112 1.5812 1.7888𝑑1 0.678935 0.779124 0.842632 0.884271 0.912322𝑑2 −0.089700 −0.174992 −0.246700 −0.302511 −0.3444207𝑑3 0.023744 0.061634 0.102893 0.140765𝑑4 −0.008624 −0.026887 −0.050463𝑑5 0.0040000 0.013796𝑑6 −0.002218
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Figure 2: Detail of Figure 1. Dashed lines: standard FD formulas.
Solid lines: optimal FD formulas for 𝐸 = 10−4. From left to right𝑁 = 2, 4, 6, 8, 10, and 12.

The bottom rows of Table 1 also show the optimal wei-
ghts 𝑑𝑗 for 𝑁 = 4, 6, 8, 10, and 12. These values are in good
agreement with those shown in Table 1 of [6] that are
computed using a simulated annealing optimization proce-
dure. We mention, however, that we obtain slightly larger
wavenumber ranges 𝑘𝑐 for which the dispersion errors are
smaller than𝐸. For instance, for𝑁 = 8, theweights computed
in [6] result in 𝑘𝑐 = 1.3009, while the weights in Table 1 result
in 𝑘𝑐 = 1.3112. We stress, though, that the advantage of the
method used here compared to the one used in [6] is that the
former is much simpler and computationally less expensive.
This allows us to compute optimal weights for FD formulas
with a higher number of nodes (𝑁 = 26 and 28), as we show
in Figure 3.

Table 2 summarizes, for all the cases analyzed in this
paper, the values of the largest wavenumbers 𝑘𝑐 for which the
corresponding error is bounded by 𝐸 = 10−4. For each of
these cases we compare the values of 𝑘𝑐 using the standard
FD weights (rows with 𝑠 in the second column) with those
obtained using the optimal weights (rowswith 𝑜 in the second
column). The different values of 𝑘𝑐 shown in Table 2 have
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Figure 3: Dispersion error 𝜖(𝑘) for optimized FD formulas with𝑁+1 conventional nodes (𝑁 = 26 and 28).

been obtained by solving the systems of nonlinear equations
in Appendix A.

Figure 4 shows the optimal weights for a stencil with𝑁+1
nodes (𝑁 = 4, 6, 8, 10, and 12) on a conventional grid as a
function of the error bound 𝐸.

In each of the plots depicted in this figure, the optimal
weights 𝑑𝑗 increase in absolute value as 𝑁 increases. As
expected, the optimal weights approach the values cor-
responding to standard FD formulas when the error 𝐸
decreases to zero.

To facilitate the use of the optimized FD formulas we
provide closed form equations for the optimal weights as a
function of the error bound 𝐸. For example, for 𝑁 = 4, the
optimal weights are given to leading order by

𝑑1 ≈ 23 + 0.2193𝐸3/8 + ⋅ ⋅ ⋅ ,
𝑑2 ≈ − 112 − 0.1096𝐸3/8 + ⋅ ⋅ ⋅ .

(22)

In Appendix B we provide closed form equations for the
optimal weights in all the cases analyzed in this paper. For
instance, in the case of dispersion error for conventional
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Table 2: Largest wavenumbers 𝑘𝑐 for which the corresponding error is bound by 𝐸 = 10−4. These values have been obtained by solving the
nonlinear systems shown in Appendix A for the optimal weights.

𝑁 = 2 𝑁 = 4 𝑁 = 6 𝑁 = 8 𝑁 = 10 𝑁 = 12
Conventional nodes𝜖 s 0.0843 0.3136 0.5480 0.7481 0.9141 1.0525𝜖 o 0.1338 0.5415 0.9651 1.3121 1.5814 1.7465𝐸𝑝 s 0.0236 0.2338 0.4944 0.7204 0.9051 1.0571

𝐸𝑝 o 0.0332 0.3919 0.8624 1.2582 1.5622 1.7922
𝐸𝑔 s 0.1561 0.3565 0.5441 0.7061 0.8445
𝐸𝑔 o 0.2621 0.6236 0.9589 1.2350 1.4586

Staggered nodes𝜖 s 0.1339 0.4644 0.7654 1.0022 1.1889 1.3358𝜖 o 0.2125 0.8011 1.3396 1.7337 2.0120 2.2114𝐸𝑝 s 0.0490 0.38301 0.7313 1.0025 1.2112 1.3724
𝐸𝑝 o 0.0693 0.6404 1.2648 1.7224 2.0368 2.2551
𝐸𝑔 s 0.0283 0.2559 0.5269 0.7563 0.9427 1.0928
𝐸𝑔 o 0.0400 0.4282 0.9155 1.3138 1.6136 1.8385

stencils, the values computed using the equations in Table 5
are undistinguishable from those shown in Figure 4.

Optimized FD schemes are designed to require only a
few points per wavelength for accurate resolution of PDEs.
The (nondimensional) spatial bandwidth 𝑘𝑐 determines the
number of grid points per wavelength

PPW = 2𝜋𝑘𝑐 =
2𝜋𝑘𝑐ℎ =

𝜆𝑐ℎ (23)

required to resolve the shortest wavelength component 𝜆𝑐
for which the corresponding error is bounded by a given
threshold 𝐸. The values of PPW as a function of 𝐸 for
the case of weights that optimize the dispersion error on a
conventional grid are shown in Figure 5 for stencils with
different number of nodes 𝑁 + 1. From top to bottom, the
curves depicted in this figure correspond to optimized FD
formulas with 𝑁 = 2, 4, 6, 8, 10, and 12. For each of these
curves, the points per wavelength are greatly reduced as the
required 𝐸 increases. This fact is more relevant for optimized
FD formulas with small support (upper curves). On the
other hand, as expected, the FD formulas that use a larger
support to approximate the first derivative (lower curves),
and therefore require more computational effort, perform
better since they require fewer points per wavelength.

Figure 5 or similar figures for the different cases analyzed
are very useful to determine which finite difference formula
should be used to solve a particular problem. In fact, given a
PDE with initial and/or boundary conditions, the problem is
to approximate its solution within a given dispersion, phase,
or group velocity error 𝐸 for all the significant wavenumbers
involved in it. Furthermore, onewould like to use the simplest
possible FD formula, that is, the one with as less nodes as
possible, in order to minimize the computational cost. If
the discretization length ℎ is given one should perform the
following steps:

(1) Choose the maximum admissible error 𝐸.
(2) Compute the Fourier transform of the initial condi-

tion.
(3) Pick the maximum significative wavenumber 𝑘𝑐 to be

resolved below the error 𝐸.
(4) The corresponding shortest wavelength 𝜆𝑐 gives the

number of points per wavelength PPW through (23).
(5) Using Figure 5, PPW and 𝐸 define the number of

nodes 𝑁 + 1 of the FD formula that fulfills both
requirements.

For example, let the internodal distance and the max-
imum error be ℎ = 1 and 𝐸 ≤ 10−4. Consider an
initial condition whose maximum significative wavenumber𝑘𝑐 is 1.5; then, according to (23), the number of points per
wavelength is PPW = 4.1888. Finally, 5 shows that optimized
FD formula with less nodes that fulfills all the requirements is
the one with𝑁 = 10. Figure 5 refers to the dispersion errors,
but any other error could be used as well following the same
procedure.

If the discretization length ℎ is not fixed, then you choose
the stencil length and the maximum admissible error and use
Figure 5 to determine the value of PPW. Then use equation
(23) to determine the value of ℎ.
3.2. Second Derivative. Figure 6 shows the errors in the
approximation to the second derivative (16) for standard
(dashed lines) and optimized (solid lines) FD formulas as a
function of thewavenumber 𝑘.The latter have been computed
by solving (18)–(20) with 𝐸 = 10−4 in order to determine the
optimal weights 𝑑𝑗. Compared to the standard FD formulas,
there is a significant increase in wavenumbers for which the
error is kept below 𝐸 = 10−4.

The top rows of Table 3 compare themaximumwavenum-
ber 𝑘𝑐 of the standard and optimal FD formulas for the second
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Figure 4: Optimal weights 𝑑𝑗 as a function of 𝐸, for which |𝜖| < 𝐸. The different curves correspond to𝑁 = 4, 6, 8, 10, 12.

derivative in the case 𝐸 = 10−4. The second row corresponds
to (18)–(20), and the third row to (18)-(19) and (21). In the
first case (see (18)–(20)), the ratio between the optimal and
the standard 𝑘𝑐 is in the range 1.69–1.74. Notice that there is
a significant improvement when using instead (18)-(19) and

(21) for small values of𝑁. This advantage becomes, however,
negligible for large values of𝑁.

Table 3 also contains the optimal weights for second
derivative using (18)–(20). These are in good agreement
with the values shown in Table 2 of [6] using a simulated
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Table 3: Optimized weights for second derivative and 𝐸 = 10−4 using (18)–(20).
𝑁 = 2 𝑁 = 4 𝑁 = 6 𝑁 = 8 𝑁 = 10 𝑁 = 12𝑘𝑐 standard 0.1855 0.4573 0.7039 0.9073 1.0736 1.2110𝑘𝑐 opt. (see (20)) 0.1855 0.7801 1.2294 1.5813 1.8449 2.0442𝑘𝑐 opt. (see (21)) 0.3120 0.8057 1.2500 1.5954 1.8550 2.0508𝑑0 −2 −2.556451 −2.824639 −2.978478 −3.071991 −3.131331𝑑1 1 1.371592 1.579082 1.708933 1.792168 1.846830𝑑2 −0.093366 −0.184639 −0.261022 −0.319217 −0.361654𝑑3 0.017876 0.046789 0.077604 0.104965𝑑4 −0.005460 −0.016873 −0.030957𝑑5 0.002313 0.007709𝑑6 −0.001228
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Figure 5: Points per wavelength as a function of the maximum
dispersion error allowed 𝐸 for𝑁 = 2 (top curve) to𝑁 = 12 (bottom
curve).

annealing optimization procedure. As was the case with the
first derivative, with our procedure the results are slightly
better. For instance, in the case𝑁 = 12 the weights computed
in [6] result in 𝑘𝑐 = 2.017, while using the weights in Table 3
results in 𝑘𝑐 = 2.0442. Similar improvements of around 1%
are obtained for other values of𝑁.

4. Numerical Experiments

To illustrate the performance of the optimized schemes
proposed in this paper, we will consider the 1D advection
equation (1) with velocity 𝑐 = 1 and different initial condi-
tions. In all the cases considered here, we use conventional
stencils with step size ℎ = 1, and periodic boundary
conditions. Time integration is carried out using a fourth-
order Runge–Kutta method with time step Δ𝑡 = 0.02. Hence,
the numerical errors of the approximations presented here
are dominated by the spatial discretization. In fact, we have
repeated the numerical experiment with Δ𝑡 = 0.01 obtaining
identical results.
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Figure 6: Errors in the approximation to the second derivative (16)
using conventional stencils with 𝑁 + 1 nodes as a function of the
wavenumber 𝑘. Dashed lines: standard FD formulas (from left to
right𝑁 = 2, 4, 6, 8, 10, and 12). Solid lines: optimal FD formulas for𝐸 = 10−4 (from left to right𝑁 = 2, 4, 6, 8, 10, and 12).

Let us start by considering the propagation of a pure wave
with wavenumber 𝑘 = 𝜋/2. Thus, we solve (1) with initial
condition

𝑢 (𝑥, 0) = sin(𝜋2 𝑥) . (24)

Figure 7 shows the exact solution at 𝑡 = 20 (solid
line) together with the numerical solution obtained using
optimized FD formulas of different support and maximum
allowed error 𝐸. Notice that the exact solution is the initial
wave (24) centered at 𝑥 = 20, and therefore 𝑢(20) = 0. The
squares correspond to the solution obtained with the optimal
weights corresponding to𝑁 = 12 nodes conventional stencil
with |𝐸𝑝| < 𝐸 ≡ 10−2. Notice that 𝑢(20) = −0.2771 instead
of zero (large square) and, therefore, the propagation velocity
of the numerical solution is slightly higher than one. In fact,
using (9) the error in phase velocity is 𝐸𝑝(𝜋/2) = 0.008938
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Figure 7: Exact solution at 𝑡 = 20 of the 1D advection equation
(solid line) along with the solution obtained with optimal weights
(|𝐸𝑝| < 𝐸 ≡ 10−2) for𝑁 = 12 conventional nodes (squares), optimal
weights (|𝐸𝑝| < 𝐸 ≡ 10−2) for𝑁 = 10 conventional nodes (circles),
and alternating𝑁 = 10 and𝑁 = 12 optimal weights (triangles).

Table 4

Weights 𝑢(20) 𝐷𝑁 = 12 −0.2771 20.17877𝑁 = 10 0.2058 19.8680
Combined −0.03677 20.0234

and, therefore, at 𝑡 = 20 the wave has travelled a distance𝐷 = 20(1 + 0.008938) = 20.17877. This value exactly coin-
cides with the displacement observed in the numerical
solution 𝐷 = 20 + 2 arcsin(0.2771)/𝜋 = 20.17877. The
circles correspond to the solution obtained with the optimal
weights corresponding to𝑁 = 10 nodes conventional stencil
with |𝐸𝑝| < 𝐸 ≡ 10−2. In this case, 𝑢(20) = 0.2058 (large
circle) and, therefore, the propagation velocity is smaller
than one. In fact, 𝐸𝑝(𝜋/2) = −0.006597 and 𝐷 = 19.86806,
which again coincides with the numerical solution 𝐷 = 20 +2 arcsin(−0.2058)/𝜋 = 19.8680. These results are shown in
Table 4.

An interesting possibility is to efficiently combine two
stencils of consecutive sizes. In fact, it was pointed out in
Section 3 that the errors for two consecutive stencil sizes tend
to cancel each other: at locations where the error is +𝐸 using
a stencil of size 𝑁, it is approximately −𝐸 using a stencil of
size𝑁+2 (see Figure 2).Thus, one can alternate between two
stencil sizes during the time integration in order to reduce
the errors. That is, one can use a stencil with 𝑁 nodes at
time step 𝑡𝑛, a stencil with𝑁 + 2 nodes at 𝑡𝑛+1, a stencil with𝑁 nodes at 𝑡𝑛+2, and so on. This technique has been used
to obtain the numerical solution represented by triangles in
Figure 7. It has been obtained by integrating odd step times
with a 𝑁 = 10 conventional stencil, and even time steps
with a 𝑁 = 12 conventional stencil. Notice that the results

obtained with this combinedmethod aremuchmore accurate
(𝑢(20) = −0.03677) and have the same computational cost.

We consider next the initial condition

𝑢 (𝑥, 0)
= sin [2𝜋 (𝑥 − 50)𝑎 ] exp [− log (2) (𝑥 − 50𝑏 )2] , (25)

where 𝑎 is the dominant wavelength and 𝑏 is the half-width
of the Gaussian function. This is the same initial condition
considered in [10]. We consider the case 𝑎 = 4, 𝑏 = 9.
Figure 8(a) shows the initial condition (25) (notice that there
are about four points per wavelength), and Figure 8(b) the
corresponding normalized power spectrum which is peaked
at 𝑘 = 𝜋/2.

Figure 9 displays the numerical solution at 𝑡 = 200.
Figure 9(a) shows the numerical solution (solid line) obtained
using the standard weights corresponding to a stencil with𝑁 = 12 equispaced nodes. The exact solution is shown with
dashed lines. Notice that there are significant errors because
of both numerical dissipation and dispersion. In fact, for 𝑘 =𝜋/2, the error of the group velocity using standard 𝑁 = 12
nodes stencil is 𝐸𝑔 = −0.0693. Thus, the group velocity is
V𝑔 = 1 − 0.0693 = 0.9307 and the location of the maximum
at 𝑡 = 200 is 𝑥 = 50 + 200V𝑔 = 236.1, which is in very
good agreement with the location of the maximum shown in
Figure 9(a).

Notice in Table 2 that for 𝑁 = 12 stencil with optimized
weights, the maximum wavenumber for which |𝐸𝑔| ≤ 10−4 is𝑘𝑐 = 1.4586. Since the spectrum of the initial condition (25)
peaks at 𝑘 = 𝜋/2, we can not use in this case those optimized
weights. Instead, we use the optimizedweights corresponding
to |𝐸𝑔| ≤ 10−3, for which 𝑘𝑐 = 1.7229 > 𝜋/2.These optimized
weights can be obtained using the formulas in Table 7. The
numerical results at 𝑡 = 200, displayed in Figure 9(b) with a
solid line, show a remarkable good agreement with the exact
solution (dashed lines).

To quantify the agreement between the exact and the
numerical solution we compute

𝑒num = (∑ (𝑢 − 𝑢𝑒)
2

∑𝑢2𝑒 )
1/2

, (26)

where 𝑢 is the numerical solution and 𝑢𝑒 is the exact
solution. For the solution obtained with optimized weights
(Figure 9(b)), 𝑒num = 0.0216 and ‖𝑢 − 𝑢𝑒‖∞ = 0.0166.

Finally, we consider the initial condition defined in (25)
with 𝑎 = 8, 𝑏 = 9. Figure 10(a) displays the corresponding
normalized power spectrum. In this case, the normalized
power spectrum peaks at 𝑘 = 𝜋/4, and the largest significant
wavenumbers are around 𝑘 = 1.25. We have integrated (1)
with this initial condition until 𝑡 = 200 using optimized
weights corresponding to |𝐸𝑔| ≤ 10−3 and sizes 𝑁 = 10
and𝑁 = 12. In both cases 𝑘𝑐 is well above the wavenumbers
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Figure 8: (a) Initial condition (25) for 𝑎 = 4, 𝑏 = 9. (b) Normalized spatial power spectrum.

contained in the initial condition. The errors in the case𝑁 =10 are
𝑒num = 0.01586,𝑢 − 𝑢𝑒∞ = 0.01124, (27)

and in the case𝑁 = 12
𝑒num = 0.01403,𝑢 − 𝑢𝑒∞ = 0.01092. (28)

However, if we combine both stencils by integrating odd step
times with the 𝑛 = 10 stencil, and the even time steps with
the 𝑛 = 12 stencil, the results are much more accurate:

𝑒num = 0.00463,𝑢 − 𝑢𝑒∞ = 0.000335. (29)

The numerical solution for 𝑡 = 200 using the combined
method is shown in Figure 10(b) (solid line) together with the
exact solution (dashed line).

5. Conclusions

In this paper, we have computed optimized weights for
FD formulas for the first and the second derivatives. This
weights are optimized in the sense that they allow small
errors (dispersion, phase, or group velocity errors) for low
frequencies but maximize the interval of wavenumbers for
which the error is smaller than a given threshold. We also
provide explicit formulas that give the values of the optimized
weights as functions of the allowed error.

As a byproduct, we have also showed that integrating
a time dependent equation combining stencils with two
consecutive numbers of nodes gives much more accurate
results than using only one of them. The gain in accuracy is
achieved without an increase of the computational cost.

Appendix

A. Nonlinear System of Equations

The nonlinear equations to be solved in the other cases are as
follows.

Conventional, 𝜖:

2𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑖𝑗) − 𝑘𝑖 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, . . . , 𝑁2 ,

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗 cos (𝑘𝑖𝑗) − 1 = 0,
𝑖 = 1, . . . , 𝑁2 .

(A.1)

Conventional, 𝐸𝑝:

2𝑘𝑖
𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑖𝑗) − 1 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, . . . , 𝑁2 ,

2𝑘𝑖
𝑁/2∑
𝑗=1

𝑑𝑗𝑗 cos (𝑘𝑖𝑗) − 2𝑘2𝑖
𝑁/2∑
𝑗=1

𝑑𝑗 sin (𝑘𝑖𝑗) = 0,
𝑖 = 1, . . . , 𝑁2 .

(A.2)
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Figure 9: (a) 𝑢(𝑥, 200) using conventional 𝑁 = 12 nodes stencil weights. (b) 𝑢(𝑥, 200) using optimal 𝑁 = 12 nodes stencil weights
corresponding to 𝐸𝑔 and 𝐸 = 10−3. Dashed line: exact solution.
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Figure 10: (a) Normalized spatial power spectrum for (25) with 𝑎 = 8, 𝑏 = 9. (b) 𝑢(𝑥, 200) using combined method of𝑁 = 10 and𝑁 = 12
stencils corresponding to 𝐸𝑔 and 𝐸 = 10−3. Dashed line: exact solution.

Conventional, 𝐸𝑔:

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗 − 1 − 𝐸 (−1)
𝑁2 +1 = 0,

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗 cos (𝑘𝑖𝑗) − 1 − 𝐸 (−1)𝑁/2+𝑖+1 = 0,

𝑖 = 1, . . . , 𝑁2 − 1,

2𝑁/2∑
𝑗=1

𝑑𝑗𝑗2 sin (𝑘𝑖𝑗) = 0,
𝑖 = 1, . . . , 𝑁2 − 1.

(A.3)

Staggered, 𝜖:

2𝑁/2∑
𝑗=1

𝑑𝑗 sin(𝑘𝑖 2𝑗 − 12 ) − 𝑘𝑖 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, . . . , 𝑁2 ,
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Table 5: Conventional nodes, 𝜖.
𝑁 𝑑𝑗 𝐸0 𝐸0.4 𝐸0.8 𝐸1.2 𝐸1.6 𝐸2
4 𝑑1 2/3 0.4924 −0.1558 −0.0718 0.0661 −0.0119𝑑2 −1/12 −0.2462 −0.2857 −0.1559 −0.0347 0.0093𝑁 𝑑𝑗 𝐸0 𝐸0.3 𝐸0.6 𝐸0.9 𝐸1.2 𝐸1.5
6 𝑑1 3/4 0.5048 −0.7967 2.0934 −3.7087 2.5988𝑑2 −3/20 −0.4059 0.2154 −1.1857 2.5889 −1.8717𝑑3 1/60 0.1022 0.1298 0.4946 −0.3993 0.4132𝑁 𝑑𝑗 𝐸0 𝐸0.2 𝐸0.4 𝐸0.6 𝐸0.8 𝐸1
8 𝑑1 4/5 0.2468 0.2738 −1.0570 1.3929 −0.7130𝑑2 −1/5 −0.2442 −0.4511 1.0109 −1.1471 0.5844𝑑3 4/105 0.1037 0.2999 −0.1453 0.2508 −0.2520𝑑4 −1/280 −0.0176 −0.0642 −0.1516 −0.0018 −0.3805𝑁 𝑑𝑗 𝐸0 𝐸0.2 𝐸0.4 𝐸0.6 𝐸0.8 𝐸1
10 𝑑1 5/6 0.4139 −0.7854 1.5663 −1.9306 0.9708𝑑2 −5/21 −0.4790 0.6220 −1.2993 1.7253 −0.8936𝑑3 5/84 0.2738 −0.0557 0.4723 −0.8206 0.4281𝑑4 −5/504 −0.0831 −0.1096 −0.3179 0.3435 −0.0613𝑑5 1/1260 0.0111 0.0270 0.1898 −0.0605 0.4262

Table 6: Conventional nodes, 𝑉𝑝.
𝑁 𝑑𝑗 𝐸0 𝐸1/2 𝐸1 𝐸3/2 𝐸2 𝐸5/2
4 𝑑1 2/3 0.5164 0.0956 0.2820 −0.0070 −0.0675𝑑2 −1/12 −0.2582 −0.2978 −0.1410 0.0034 0.0338𝑁 𝑑𝑗 𝐸0 𝐸1/3 𝐸2/3 𝐸1 𝐸4/3 𝐸5/3
6 𝑑1 3/4 0.4415 −0.1133 −0.0334 −0.0198 0.1082𝑑2 −3/20 −0.3532 −0.2373 −0.0693 −0.2412 −0.0543𝑑3 1/60 0.0883 0.1960 0.2240 0.1674 0.0002𝑁 𝑑𝑗 𝐸0 𝐸1/4 𝐸1/2 𝐸3/4 𝐸1 𝐸5/4
8 𝑑1 4/5 0.3746 −0.1797 0.0566 −0.0565 0.0460𝑑2 −1/5 −0.3747 −0.0982 0.0261 0.2100 −0.1931𝑑3 4/105 0.1607 0.2415 0.1943 −0.0750 0.3911𝑑4 −1/280 −0.0268 −0.0871 −0.1729 −0.1597 −0.2083𝑁 𝑑𝑗 𝐸0 𝐸1/5 𝐸2/5 𝐸3/5 𝐸4/5 𝐸1
10 𝑑1 5/6 0.4139 −0.7854 1.5663 −1.9306 0.9708𝑑2 −5/21 −0.4790 0.6220 −1.2993 1.7253 −0.8936𝑑3 5/84 0.2738 −0.0557 0.4723 −0.8206 0.4281𝑑4 −5/504 −0.0831 −0.1096 −0.3179 0.3435 −0.0613𝑑5 1/1260 0.0111 0.0270 0.1898 −0.0605 0.4262

𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1) cos(𝑘𝑖 2𝑗 − 12 ) − 1 = 0,
𝑖 = 1, . . . , 𝑁2 .

(A.4)

Staggered, 𝐸𝑝:
2𝑘𝑖
𝑁/2∑
𝑗=1

𝑑𝑗 sin(𝑘𝑖 2𝑗 − 12 ) − 1 + 𝐸 (−1)𝑁/2+𝑖+1 = 0,
𝑖 = 1, . . . , 𝑁2 ,

1𝑘𝑖
𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1) cos(𝑘𝑖 2𝑗 − 12 )
− 2𝑘2𝑖
𝑁/2∑
𝑗=1

𝑑𝑗 sin(𝑘𝑖 2𝑗 − 12 ) = 0, 𝑖 = 1, . . . , 𝑁2 .
(A.5)

Staggered, 𝐸𝑔:
𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1) − 1 − 𝐸 (−1)
𝑁2 +1 = 0,

𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1) cos(𝑘𝑖 2𝑗 − 12 ) − 1 − 𝐸 (−1)𝑁/2+𝑖+1
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Table 7: Conventional nodes, 𝑉𝑔.
𝑁 𝑑𝑗 𝐸0 𝐸1/2 𝐸1 𝐸3/2 𝐸2 𝐸5/2
4 𝑑1 2/3 0.3849 −0.2222 0.0642 −0.0002 −0.0049

𝑑2 −1/12 −0.1925 −0.1389 −0.0321 0.0001 0.0025
𝑁 𝑑𝑗 𝐸0 𝐸1/3 𝐸2/3 𝐸1 𝐸4/3 𝐸5/3
6 𝑑1 3/4 0.3232 −0.2088 0.1193 −0.0725 0.0258

𝑑2 −3/20 −0.2585 −0.0418 0.0845 0.0001 −0.0156
𝑑3 1/60 0.0646 0.0975 0.0706 0.0241 0.0018

𝑁 𝑑𝑗 𝐸0 𝐸1/4 𝐸1/2 𝐸3/4 𝐸1 𝐸5/4
8 𝑑1 4/5 0.2780 −0.1927 0.1231 −0.0726 0.0225

𝑑2 −1/5 −0.2780 0.0244 0.0587 −0.0391 0.0167
𝑑3 4/105 0.1192 0.1099 0.0003 −0.0620 0.0136
𝑑4 −1/280 −0.0199 −0.0465 −0.0604 −0.0408 −0.0242

𝑁 𝑑𝑗 𝐸0 𝐸1/5 𝐸2/5 𝐸3/5 𝐸4/5 𝐸1
10 𝑑1 5/6 0.2435 −0.1768 0.1182 −0.0676 0.0194

𝑑2 −5/21 −0.2784 0.0666 0.0240 −0.0295 0.0152
𝑑3 5/84 0.1565 0.0924 −0.0533 −0.0068 0.0013
𝑑4 −5/504 −0.0464 −0.0797 −0.0575 0.0229 0.0258
𝑑5 1/1260 0.0059 0.0170 0.0447 0.0111 0.0687

Table 8: Staggered nodes, 𝜖.
𝑁 𝑑𝑗 𝐸0 𝐸0.4 𝐸0.8 𝐸1.2 𝐸1.6 𝐸2
4 𝑑1 9/8 0.4552 −0.2806 −0.0109 0.0980 −0.0341

𝑑2 − 1/24 −0.1517 −0.2340 −0.1853 −0.0686 0.0320
𝑁 𝑑𝑗 𝐸0 𝐸0.3 𝐸0.6 𝐸0.9 𝐸1.2 𝐸1.5
6 𝑑1 75/64 0.3826 −0.7467 1.8023 −3.0675 2.1250

𝑑2 −25/384 −0.1926 0.1154 −0.4767 1.2185 −0.9451
𝑑3 3/640 0.0389 0.0871 0.2697 0.0266 0.1645

𝑁 𝑑𝑗 𝐸0 𝐸0.2 𝐸0.4 𝐸0.6 𝐸0.8 𝐸1
8 𝑑1 1225/1024 0.1652 0.1227 −0.6896 0.9515 −0.4941

𝑑2 −245/3072 −0.0978 −0.1601 0.4441 −0.4756 0.2288
𝑑3 49/5120 0.0328 0.0900 0.0442 −0.1572 0.0422
𝑑4 −5/7168 −0.0054 −0.0073 −0.1589 0.2097 −0.5579𝑁 𝑑𝑗 𝐸0 𝐸0.2 𝐸0.4 𝐸0.6 𝐸0.8 𝐸1

10 𝑑1 711/587 0.2486 −0.5582 1.1070 −1.3501 0.6719𝑑2 −158/1761 −0.1685 0.2739 −0.5215 0.6760 −0.3469𝑑3 296/21383 0.0739 −0.0149 0.0989 −0.2382 0.1372𝑑4 −25/14159 −0.0197 −0.0267 −0.1704 0.3169 −0.1366𝑑5 17/143243 0.0030 −0.0041 0.1521 −0.2141 0.5760

= 0, 𝑖 = 1, . . . , 𝑁2 − 1,
𝑁/2∑
𝑗=1

𝑑𝑗 (2𝑗 − 1)2 sin(𝑘𝑖 2𝑗 − 12 ) = 0,
𝑖 = 1, . . . , 𝑁2 − 1.

(A.6)

B. Closed Form Equations for Optimal Finite
Difference Weights

In this appendixwepresent closed formequations to compute
the optimal weights for all the cases analyzed. Figure 4
shows that, as 𝐸 approaches zero, the difference between the
optimal weight 𝑑𝑗 and the standard finite difference weight
also approaches zero. In fact, it is straightforward to check
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Table 9: Staggered nodes, 𝑉𝑝.
𝑁 𝑑𝑗 𝐸0 𝐸1/2 𝐸1 𝐸3/2 𝐸2 𝐸5/2
4 𝑑1 9/8 0.5810 0.0173 0.6928 −0.1953 −0.0939𝑑2 −1/24 −0.1937 −0.3391 −0.2309 0.0651 0.0313𝑁 𝑑𝑗 𝐸0 𝐸1/3 𝐸2/3 𝐸1 𝐸4/3 𝐸5/3
6 𝑑1 75/64 0.3744 −0.2196 0.0095 0.2121 0.0488𝑑2 −25/384 −0.1871 −0.1437 −0.0335 −0.6444 0.1516𝑑3 3/640 0.0374 0.1301 0.2182 0.3442 −0.1007𝑁 𝑑𝑗 𝐸0 𝐸1/4 𝐸1/2 𝐸3/4 𝐸1 𝐸5/4
8 𝑑1 1225/1024 0.2678 −0.2302 0.1619 −0.1950 0.2232𝑑2 −245/3072 −0.1606 −0.0161 0.0266 0.1898 −0.3422𝑑3 49/5120 0.0533 0.1140 0.0647 0.0802 0.5010𝑑4 −5/7168 −0.0074 −0.0416 −0.0807 −0.2537 −0.2431𝑁 𝑑𝑗 𝐸0 𝐸1/5 𝐸2/5 𝐸3/5 𝐸4/5 𝐸1
10 𝑑1 711/587 0.2056 −0.2104 0.2242 −0.2976 0.2173𝑑2 −158/1761 −0.1376 0.0496 −0.0634 0.2423 −0.2418𝑑3 296/21383 0.0601 0.0426 0.1758 −0.5433 0.4886𝑑4 −25/14159 −0.0166 −0.0120 −0.3382 0.7082 −1.0791𝑑5 17/143243 0.0026 −0.0075 0.1615 −0.2966 0.7354

Table 10: Staggered nodes, 𝑉𝑔.
𝑁 𝑑𝑗 𝐸0 𝐸1/2 𝐸1 𝐸3/2 𝐸2 𝐸5/2
4 𝑑1 9/8 0.4330 −0.4584 0.2577 −0.0321 −0.0367𝑑2 −1/24 −0.1443 −0.1805 −0.0859 0.0107 0.0122𝑁 𝑑𝑗 𝐸0 𝐸1/3 𝐸2/3 𝐸1 𝐸4/3 𝐸5/3
6 𝑑1 75/64 0.2741 −0.3000 0.2575 −0.2122 0.1017𝑑2 −25/384 −0.1370 −0.0105 0.1128 −0.0306 −0.0294𝑑3 3/640 0.0274 0.0663 0.0808 0.0608 −0.0027𝑁 𝑑𝑗 𝐸0 𝐸1/4 𝐸1/2 𝐸3/4 𝐸1 𝐸5/4
8 𝑑1 1225/1024 0.1987 −0.2184 0.1989 −0.1554 0.0601𝑑2 −245/3072 −0.1193 0.0405 0.0313 −0.0291 0.0124𝑑3 49/5120 0.0398 0.0474 −0.0002 −0.0910 0.0512𝑑4 −5/7168 −0.0057 −0.0200 −0.0417 −0.0432 −0.0505𝑁 𝑑𝑗 𝐸0 𝐸1/5 𝐸2/5 𝐸3/5 𝐸4/5 𝐸1
10 𝑑1 711/587 0.1550 −0.1691 0.1533 −0.1098 0.0358𝑑2 −158/1761 −0.1035 0.0559 −0.0070 −0.0066 0.0080𝑑3 296/21383 0.0443 0.0277 −0.0334 −0.0015 0.0018𝑑4 −25/14159 −0.0113 −0.0228 −0.0421 0.0609 −0.0089𝑑5 17/143243 0.0014 0.0025 0.0366 −0.0322 0.1104

that this difference approaches zero as 𝐸𝑝. We compute the
exponent 𝑝 numerically as

𝑝 ≈ lim
𝐸→0

log𝑑𝑗
log𝐸 . (B.1)

We find that 𝑝 = 2/𝑁 for the optimal weights
corresponding to phase velocity, 𝐸𝑝, and group velocity,𝐸𝑔. This result was derived analytically in [9] for the case
of group velocity with staggered stencils. For the optimal
weights corresponding to dispersion error, 𝜖, we find that the
exponent 𝑝 is slightly smaller (𝑝 = 0.4 for𝑁 = 4).

Once the exponent 𝑝 is determined we derive a closed
form formula for the optimal weights; namely,

𝑑𝑗 ≈ 5∑
𝑖=0

𝑏𝑖𝐸𝑖𝑝. (B.2)

The weights 𝑑𝑗 are given in Tables 5–10 for all the cases ana-
lyzed.They have been derived by computing the projection of
the numerical values 𝑑𝑗(𝐸) on the functional space spanned
by the functions 𝐸𝑖𝑝, 𝑖 = 0, . . . , 5. Thus, they are slightly
different from the weights of the Taylor series of 𝑑𝑗 in powers
of𝐸𝑖𝑝, but they aremore precise in the range 10−5 ≤ 𝐸 ≤ 10−1,
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if only a small number of terms (𝑖 = 0, . . . , 5) are used to com-
pute 𝑑𝑗.
Competing Interests

The authors declare that they have no competing interests.

Acknowledgments

This work has been supported by the SpanishMICINNGrant
FIS2013-41802-R.

References

[1] B. Fornberg and N. Flyer, A Primer on Radial Basis Functions
with Applications to the Geosciences, SIAM, 2015.

[2] B. Fornberg, “Calculation of weights in finite difference formu-
las,” SIAM Review, vol. 40, no. 3, pp. 685–691 (electronic), 1998.

[3] O. Holberg, “Computational aspects of the choice of operator
and sampling interval for numerical differentiation in large-
scale simulation of wave phenomena,” Geophysical Prospecting,
vol. 35, no. 6, pp. 629–655, 1987.

[4] B. Fornberg, A Practical Guide to Pseudospectral Methods,
Cambridge University Press, 1995.

[5] Y. Liu, “Globally optimal finite-difference schemes based on
least squares,” Geophysics, vol. 78, no. 4, pp. T113–T132, 2013.

[6] J.-H. Zhang and Z.-X. Yao, “Optimized explicit finite-difference
schemes for spatial derivatives using maximum norm,” Journal
of Computational Physics, vol. 250, pp. 511–526, 2013.

[7] C. K. W. Tam and J. C. Webb, “Dispersion-relation-preserving
finite difference schemes for computational acoustics,” Journal
of Computational Physics, vol. 107, no. 2, pp. 262–281, 1993.

[8] J. W. Kim and D. J. Lee, “Optimized compact finite difference
schemes with maximum resolution,” AIAA Journal, vol. 34, no.
5, pp. 887–893, 1996.

[9] M. Kindelan, A. Kamel, and P. Sguazzero, “On the construction
and efficiency of staggered numerical differentiators for the
wave equation,” GEOPHYSICS, vol. 55, no. 1, pp. 107–110, 1990.

[10] C. Bogey and C. Bailly, “A family of low dispersive and low
dissipative explicit schemes for flow and noise computations,”
Journal of Computational Physics, vol. 194, no. 1, pp. 194–214,
2004.



Submit your manuscripts at
http://www.hindawi.com

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Problems 
in Engineering

Hindawi Publishing Corporation
http://www.hindawi.com

Differential Equations
International Journal of

Volume 2014

Applied Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Probability and Statistics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Optimization
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Combinatorics
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Operations Research
Advances in

Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Function Spaces

Abstract and 
Applied Analysis
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Algebra

Discrete Dynamics in 
Nature and Society

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Decision Sciences
Advances in

Discrete Mathematics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com

Volume 2014 Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Stochastic Analysis
International Journal of


