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In an altitude triggered lightning, the potential and charge distribution of the triggering wire, a floating conductor, is unknown
and changeable during the triggering process, which makes it difficult to simulate an altitude triggered lightning in a numerical
work. To solve this problem, a 3D altitude triggered lightning model is developed in this paper, which contains two parts, a
ThundercloudModelwhich is time-dependent andnonhydrostatic and takes 27 kinds ofmicrophysical processes into consideration
and a Triggering Model in which a charge conservation equation is introduced to describe the floating conductor and to ensure
the overall neutrality of the leader channel. Numerical results of the stepped leader initiation process are given, which are in good
agreement with experiment observations.

1. Introduction

Many rocket triggered lightning experiments have been done
to study the propagationmechanism of the stepped leader [1–
6].These triggered lightnings can be classified into two kinds,
namely, the classical triggered lightning and the altitude
triggered lightning [7, 8]. The main difference between these
two methods is the way the triggering wire, a conductor, is
connected to the ground. In a classical triggered lightning, the
triggering wire is connected to the ground directly. But in an
altitude triggered lightning, the triggering wire is connected
to the ground through a dielectric wire, which makes it diffi-
cult to simulate an altitude triggered lightning in a numerical
work because the electric potential and the induced charge
distribution along the triggering wire are unknown and
changeable for a simulator.

Recently, much research progress has been made on the
modeling of the classical triggered lightning. Dong and Ge
developed a two-dimensional plane symmetric model for
the simulation of classical triggered lightning [9]. Baba and
Rakov developed their classical triggered lightning model
based on the finite difference time domain (FDTD) method
to examine the current, charge transfer, and the field-
reduction effect during the lightning process [10]. However,

numerical research on the altitude triggered lightning is still
rare. Lalande et al. proposed an altitude triggered lightning
model to study the lightning connection process to a ground
structure [11]. In their model, the background electric field
produced by the thundercloud was assumed to be vertical
and deduced from measurement. The field and potential
distribution distorted by the presence of the floating wire
were calculated using the Charge SimulationMethod (CSM);
that is, the charge density along the triggering wire was fixed
to a certain value empirically.

In this paper, a numerical model is developed to study
the altitude triggered lightning physically. This model is
composed of two main parts, a Thundercloud Model and a
Triggering Model. The Thundercloud Model is used to pro-
duce a background electric field. In the past, the thundercloud
charge distribution was often simplified as a tripole model
[12–14] in which the thundercloud was assumed to be three
axisymmetric cylinders with different polarity and themicro-
physical process of the cloud particles was not considered.
Currently a 2D Cartesian cumulus model [15], developed by
the Chinese Academy of Meteorological Sciences, is used
to study the relationship between lightning types and the
distribution of space charge and electric potential [16]. In this
paper, a 3Ddynamics and electrification coupledmodel [17] is

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2016, Article ID 9201253, 10 pages
http://dx.doi.org/10.1155/2016/9201253



2 Mathematical Problems in Engineering

Copper
wire

wire
Copper

Kevlar
cable

+

+ +

+

+

+

−
−

−
−
−

+

+

+

+

+

+

+

+

Ascending
rocket

Upward
positive
leader

UpwardUpward
positive
leader

Bi-leader return
stroke

400m

50m

∼105 m/s

∼105 m/s

∼105 m/s

∼105 m/s

2 × 102 m/s

∼150m

∼3 s

∼102 m/s

107∼108 m/s

∼1ms∼6ms

∼1km

105∼106 m/s

10∼100𝜇s

Figure 1: Sequence of events involved in the formation of the first stroke in altitude triggered lightning.

employed, which is time-dependent and nonhydrostatic and
takes 27 kinds of microphysical processes into consideration.
In the Triggering Model, the Dielectric Breakdown Model
(DBM) [18–20], which is a stochastic fractal model, is used
to simulate the propagation of the stepped leader. To solve
the problem of floating conductor, a charge conservation
equation is introduced to describe the triggering wire. Also,
this equation can be used to ensure the overall neutrality
of the leader channel. To validate the proposed model,
numerical results of an altitude triggered lightning in the
initial process are given, which are in good agreement with
the observations in [6, 11].

2. Modeling

The triggering process of an altitude triggered lightning is
shown in Figure 1 according to [11].With the launch of a small
rocket, the lower grounded copper wire is pulled out from
the spool with a length of 50m, followed by a 200∼400m
Kevlar and an upper floating copper wire. When the upper
copper wire has been trailed out over a sufficient length, an
upward positive leader is initiated from the tip of the rocket
and propagates toward the cloud. A few milliseconds later, a
downward negative stepped leader is developed from the bot-
tom of the triggering wire and propagates toward the ground
[6, 11].The lower copper wire is used to direct the connection
of the downward negative leader to an equipped grounded
structure, realized by an upward connecting positive leader
initiated from the tip of the lower copper wire. When the
junction process completes, an upward positive return stroke
will occur and clear most of the induced charge in the leader
channel. As a result, the potential of the whole channel is
changed. The return stroke process is finished in a very short

time, and then the upward positive stepped leader continues
propagating toward the cloud with a higher speed.

2.1. The Thundercloud Model. To simulate an altitude trig-
gered lightning, a background thundercloud is needed firstly.
In this paper, the 3D dynamics and electrification coupled
model in [17] is employed to simulate the thundercloud.
The model is based on [15], the inductive charged process
is adopted from [21], and the noninductive charged process
is adopted from [22]. Finally, the following time-dependent,
nonhydrostatic equation set for the model is derived in fully
compressible form:
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where𝑀
𝑥
= [𝑞

𝑥
𝑁

𝑥
] and the subscripts 𝑥 = [𝑐, 𝑟, 𝑖, 𝑠, 𝑔, ℎ]

denote the cloud water, rain water, ice crystal, snow, graupel,
and hail, respectively. 𝐷 and 𝑆 denote the turbulent mixing
and the source term in subgrid scale, respectively. 𝑞

𝑥𝑒
denotes

the charge density of the precipitation particles (C/m3). 𝜀 is
the electric permittivity of the air. 𝑒 is the electron charge.
𝜑 denotes the electric potential field. 𝐸

𝑥
, 𝐸
𝑦
, and 𝐸

𝑧
are the

electric fields (V/m) in different directions, respectively. 𝜌
𝑇
is

the total charge density (C/m3) of the space. 𝑛
±
denotes the

density of positive and negative free ions. The other physical
quantities are the same as [15].

2.2.The TriggeringModel. Since the stepped leader channel is
far away from the outer boundary of the computational space
in the initial process, as shown in Figure 2, the potential of the
outer boundary can be considered as constant. However, the
inner boundary, namely, the triggering wire and the leader
channel, is changeable during the process. It is difficult to
tell the potential and charge distribution along the inner
boundary. To solve this problem, a charge conservation
equation is introduced to describe the inner boundary.

Assuming that the potential of the triggering wire is 𝜑
0
,

we can calculate the potential of the stepped leader channel
as follows:
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where 𝑚 is the number of the step, 𝑑
𝑖
is the length of step 𝑖,

and 𝐸in is the inner electric field of the stepped leader.
For the whole computational space, the potential distri-

bution can be decided by Poisson’s equation:
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Figure 2: The Triggering Model of the stepped leader in initial
process.

And the boundary conditions are

𝜑
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where Ω
1
is the outer boundary, Ω

2
is the inner boundary,

and 𝜌
𝑠
is the surface charge density of the triggering wire and

leader channel.
For free space, 𝜌

𝑇
= 0. Poisson’s equation is changed

into Laplace’s equation ∇2𝜑 = 0. Using the central difference
method, Laplace’s equation can be written as
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When Δ𝑥 = Δ𝑦 = Δ𝑧, (7) can be rewritten as
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For the inner boundary, according to the boundary
condition between conductor and dielectric, we have
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where �⃗� is vertical to the surface of the inner boundary.
Substituting (9) into (6), we have

∫
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Using the direction cosines, (10) can be written as
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where 𝑁 is the total step number and 𝛼, 𝛽, and 𝛾 are the
direction angles.When cos𝛼 > 0 (cos𝛽 or cos 𝛾), the positive

sign is used. Otherwise, the negative sign is used.WhenΔ𝑥 =
Δ𝑦 = Δ𝑧, (11) can be rewritten as
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The equation systems (8) and (12) can be written as a
matrix equation

Ax = b, (13)

where x = [𝜑|
2,2,2
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1
, 𝑛
2
, and 𝑛

3
are the grid numbers in different directions.

To solve (13) efficiently, the Successive Overrelaxation
method is used. Assume thatA = P−N, whereP = D/𝜔+L is
a nonsingularmatrix,N = (1/𝜔−1)D−U, L,D, andU are the
lower triangular matrix, diagonal element, and upper trian-
gular matrix of A, respectively, and 𝜔 is the relaxation factor

𝜔 =

6

(3 +
√
9 − (cos (𝜋/ (𝑙 − 1)) + cos (𝜋/ (𝑚 − 1)) + cos (𝜋/ (𝑛 − 1)))2)

. (14)

The iterative equation of (13) can be obtained as

x𝑛+1 = P−1Nx𝑛 + P−1b

= (D + 𝜔L)−1 [(1 − 𝜔)D − 𝜔U] x𝑛

+ 𝜔 (D + 𝜔L)−1 b.

(15)

Once the potential field of the whole computational space
is solved, the surface charge density of the inner boundary can
be solved by 𝜌

𝑠
= −𝜀∇

2
𝜑, and the development of the stepped

leader can be decided by the DBMmethod [20].

3. Numerical Results and Discussion

Based on the proposed model, an altitude triggered lightning
is simulated. The numerical results contain two parts. Firstly,
a thundercloud is calculated according to the electrification
scheme of the Thundercloud Model, in which the charge
distribution changes over time.The time-dependent potential
produced by the thundercloud is used as the background field
for the lightning triggering process. Secondly, the lightning
triggering process is computed according to the Triggering
Model, in which the initial process of the stepped leader is
presented. During the initial process, the background electric
field is distorted and enhanced locally by the introduction of
the triggering wire.

3.1. The Charge Distribution of the Thundercloud. The devel-
opment of the thundercloud at vertical plane 𝑥 = 19 km is

shown in Figure 3, where the 𝑦-axis denotes the horizontal
distance, the 𝑧-axis denotes the altitude of the space, and the
𝐸

𝑧
axis denotes the vertical electric field in the thundercloud.

The unit of time is minute. We can see that at 𝑡 = 20min,
the vertical electric field 𝐸

𝑧
has three centers in different

polarities, positive, negative, and positive, respectively, from
high altitude to low altitude.Thenegative center in themiddle
is much larger than the positive ones. At 𝑡 = 30min, the
amplitudes of 𝐸

𝑧
get larger, and the centers get closer to

the ground, due to the movement of the charged particles
which are falling toward the ground with different speed V

𝑖
,

where 𝑖 represents different kinds of particles. At 𝑡 = 40min,
due to the nonuniformity of collisions and neutralization
among different particles, the centers are mixed and broken
into several smaller ones. At 𝑡 = 50min, the lower positive
center is almost eliminated, and the smaller centers develop
into three major ones, two upper positive centers and one
lower negative center. The extremum of the negative center
is 𝐸
𝑧
= −124.2 kV/m, while the positive extremum is

𝐸

𝑧
= 65.6 kV/m. At this point, a negative cloud-to-ground

lightning may probably happen. After 𝑡 = 50min, the
thundercloud gets weaker and finally comes to the end with
the falling of the charged particles to the ground.

Compared with the long-lasting thunderstorm, the alti-
tude triggered lightning is a transient process which is
expected to be conducted at some moment before the nature
lightning happens. In this example, the triggering process
is conducted at 𝑡 = 25min. The background fields at this
moment are given in Figure 4 (plane 𝑦 = 18 km), including
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Figure 3: Profile of the vertical electric field 𝐸
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in the thundercloud at plane 𝑥 = 19 km.
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Figure 5: Local potential field near the triggering wire in the view of (a) vertical plane and (b) horizontal plane.

the vertical electric field 𝐸
𝑧
and the density of graupel 𝜌

𝑔
.

The negative and positive extremums of 𝐸
𝑧
are −73.5 and

27.3 kV/m, respectively, and the extremum of 𝜌
𝑔
is 2.15 g/m3.

It can be seen that the triggering area contains no charged
particles at this moment.Therefore, Poisson’s equation ∇2𝜑 =
−𝜌/𝜀 for the triggering area can be simplified into Laplace’s
equation ∇2𝜑 = 0, except for the triggering wire. It has
to be mentioned that the center of the Triggering Model
(0, 0, 0) km on the ground is set at (19, 18, 0) km of the
Thundercloud Model.

3.2. Calculation of the Triggering Wire. When the trigger-
ing wire is introduced into the space by the rocket, the
local electric field near the wire is distorted and enhanced.

According to the proposed Triggering Model, the potential
of the triggering wire and the local area near the wire can be
calculated. Figure 5 shows the local potential field near the
wire at a transient moment during the triggering process. It
can be seen that the triggeringwire is an equipotential body in
the figure with a potential𝑈 = −5.10 × 106 V, and the electric
fields near the ends of the wire are enhancedmost.These phe-
nomena are in good agreement with the theoretical analysis.

Since the potential of the local area near the triggering
wire is solved, the electric field at the surface of the wire can
be solved by 𝐸 = −∇𝜑, and the surface charge density of
the wire can be calculated by 𝜌 = −𝜀∇2𝜑. Figure 6(a) shows
that the potential of the triggering wire decreases nearly in a
linear rule with the rise of the rocket (10m per time step).
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Figure 6: Variations of the triggering wire during before the first
stepped leader, (a) the potential and (b) the induced charge.

It is believed that the change of the potential is affected
directly by the background potential field produced by the
thundercloud which is almost linear at altitude 200∼800m.
The potential drops from −4.46 × 106 V to −5.10 × 106 V
during 12 time steps. At the end of the 12th step, the vertical
electric fields 𝐸

𝑧
at the high and low ends of the wire are

89.768 kV/m and −88.322 kV/m, respectively. The positive
electric field has exceeded the positive threshold value of the
stepped leader (𝐸+ = 80 kV/m) by 10%, and the first leader is
initiated from the tip of the rocket, moving toward the cloud.
Figure 6(b) shows the variation of the surface charge density

0 200 400
600 800 10001200

1400

−300
−200

−100
0

100
200

300

Horizontal distance x (m)

Horizontal distance y (m)

250
300
350
400
450
500
550
600
650

A
lti

tu
de

 z
 (m

)

Figure 7: Development of the stepped leader with a lot of bifurca-
tions.

and the total positive charge on the triggering wire.The value
of surface charge density is presented by colour in the figure
where red (1.0) is equal to 6.21 × 10−7 C/m2 and blue (0.0)
is equal to −6.13 × 10−7 C/m2. The surface charge density
grows with the extension of the triggering wire and always
has a maximum value on the ends. The curve in the figure
denotes the variation of the total positive induced charge on
the triggering wire. Different from the potential line, the rule
of the total positive induced charge is more like a quadratic
curve. The total positive induced charge is 2.067 × 10−7 C
before the first stepped leader is initiated.

3.3. Development of the Stepped Leader. Once the stepped
leader is initiated, it will develop in a very high speed, much
faster than the rocket. As a result, the rocket and the trigger-
ing wire can be treated as stationary objects. As shown in Fig-
ure 7, the triggering wire stops extending when the stepped
leader begins to grow. To make a clear graphic, the triggering
system is shifted along the 𝑥-axis in the order of time. The
stepped leader shows abundant bifurcations just like the
structure of a nature lightning. The negative leader grows
toward the ground with a quite good directivity, while the
positive leader is divided into three main branches and each
of them may develop into the lightning channel potentially.

To study the initiation process quantitatively, a simulative
Lightning Mapping Array (LMA) is used to record the
stepped leader, as shown in Figure 8. Figure 8(a) shows the
altitude of each stepped leader which is newly added to the
leader channel. It is obvious that the initiation of the upward
positive leader is earlier than the downward negative leader.
By checking the data recorded, we find that the interval
between the initiations of the two directional leaders is 22
steps. It is believed that the electric field on the positive
end of the triggering wire exceeds the initial threshold 𝐸+
at first, while the negative electric field on the other end is
not enough to initiate a leader. With the development of the
positive stepped leader, the electric field on the negative end
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Figure 8: Lightning Mapping Array (LMA) data of the stepped leader at initiation stage.
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Figure 9: Map of the lightning channel and the fine resolution area near the triggering wire.

is enhanced more. At a certain moment, the negative initial
threshold (𝐸− = −100 kV/m) is exceeded and a negative
stepped leader is initiated from the bottom of the wire. Since
the electric fields on the ends of the triggering wire have a
similar value at the beginning, the determining factor of the
interval in initiation is the difference in leadermechanism [5]
which results in different initial thresholds.These phenomena
agree well with the observations in [6, 11]. Figures 8(b), 8(c),
and 8(e) show the projections of the leader channel in planes
𝑦 − 𝑧, 𝑦 − 𝑥, and 𝑥 − 𝑧, respectively, where the scale of the
altitude is twice the horizontal ones. And the colour of the
channel denoting the sequence of time is in correspondence
with Figure 8(a). The newly developed leaders are at the end
of the channel. From Figure 8(b), one can see that the positive
leader channel breaks into three major braches, and each
of them may potentially be the main lightning channel. On
the other hand, the negative stepped leader develops more
vertically with a clear main channel. Figure 8(d) shows the
cumulative number of the stepped leader at different altitude.
The total number of the stepped leader is 334, among which
the number of the positive stepped leader is 178, distributing
from altitude 520∼625mwith amaximum value 21 at altitude
530m, and the number of the negative stepped leader is 156,
distributing from altitude 400∼260mwith a maximum value
21 at altitude 385m.

Figure 9 shows the main lightning channel triggered by
the triggering wire within the computational domain. The
channel shows a character of fractal. The resolution for the
whole computational domain is 50m, and the interpolation
method is used to change the resolution to 5m in the local
area near the triggering wire, as shown in the partially
enlarged figure.

4. Conclusions

To solve the floating conductor problem in the altitude
triggered lightning, a 3D numerical model is proposed in this
paper. The model is composed of two parts, a Thundercloud
Model and a Triggering Model. The Thundercloud Model,

which takes 27 kinds of microphysical processes into consid-
eration, is used to produce a background electric field for the
TriggeringModel. In the TriggeringModel, theDBMmethod
is used to simulate the propagation of the stepped leader, and
a charge conservation equation is introduced to describe the
floating conductor. Numerical results of the proposed model
are in good agreement with the observations in real altitude
triggered lightnings [6, 11].
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