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This paper proposes a scheme to estimate actuator and sensor faults simultaneously for a class of linear parameter varying system
expressed in polytopic structure where its parameters evolve in the hypercube domain. Transformed coordinate system design
is adopted to decouple faults in actuators and sensors during the course of the system’s operation coincidentally, and then two
polytopic subsystems are constructed. The first subsystem includes the effect of actuator faults but is free from sensor faults and the
second one is affected only by sensor faults. The main contribution is to conceive two polytopic sliding mode observers in order
to estimate the system states and actuator and sensor faults at the same time. Meanwhile, in linear matrix inequality optimization
formalism, sufficient conditions are derived with H_ performances to guarantee the stability of estimation error and to minimize
the effect of disturbances. Therefore, all parameters of observers can be designed by solving these conditions. Finally, simulation

results are given to illustrate the effectiveness of the proposed simultaneous actuator and sensor faults estimation.

1. Introduction

Fault disturbs the normal system operations, thus causing an
unacceptable deterioration of these performances or leading
to wrong dangerous situations. Fault can occur in any part
of the system such as actuators and sensors. Sensor fault
degrades the feedback system performances and so touches
the control stability. Similarly, actuator fault may lead to min-
imizing the performances of design controllers or even the
overall system execution. To this end, determining the size,
location, and dynamic behavior of the fault along a system
trajectories becomes a powerful alternative active research.
Indeed, fault estimation is considered a major problem in the
modern control theory that received a considerable amount
of attention during the past few years. In the context of
actuator faults estimation, constructing diagnosis model in
order to estimate faults is not possible if sensor faults occur
simultaneously. The same difficulty is present when trying
to estimate sensor faults. Several design methods have been
developed in a precise and effective way when actuator and
sensor faults estimation is divided into two steps.

Step 1. Actuator faults estimation is proven without consid-
ering sensor faults [1-11].

Step 2. Sensor faults estimation is solved without considering
actuator faults [12-19].

Nevertheless, in practical systems, it is often the case
when actuator and sensor faults occur simultaneously. In
this framework, simultaneous faults estimation is highly
important. So far, [20] considers the problem of simultaneous
actuator and sensor fault estimation for Lipschitz nonlinear
systems. The idea of this work based on the transformation of
sensor fault obtained an augmented actuator fault vector. In
[21], the authors propose simultaneously estimating actuator
and sensor faults study. Two subsystems are constructed
where each one contains a particular class of faults (actuator
or sensor). More recently, [22, 23] consider the problem of
robust simultaneous actuator and sensor faults estimation
study for a class of uncertain Takagi-Sugeno nonlinear system
with unmeasurable premise variables. The main contribution
is to develop a sliding mode observer (SMO) with two
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discontinuous terms to solve the problem of simultaneous
faults.

On the other hand, very interesting approaches have
represented actual physical systems under linear parameter
varying (LPV) representation expressed in polytopic struc-
ture where its parameters evolve in the hypercube domain.
Roughly speaking, the feature is to understand the overall
system behavior by a set of local linear models scheduled
by convex weighting functions. Taking the polytopic LPV
representation, several attempts have been oriented to the
diagnosis of nonlinear systems; see, for instance, [24-28].
More recently, [29] addresses the problem of simultaneous
actuator and sensor faults estimation for the polytopic LPV
systems. The idea is based on the descriptor approach by
extending the sensor faults as an auxiliary states vector.
This approach consists in transforming a standard LPV
system into a descriptor form to estimate sensor faults.
Furthermore, this approach is not applicable directly to real
descriptor systems; the fact is that these systems have more
complicated structure and usually have three types of modes:
dynamic, impulse, and static, which are not considered in this
approach. Reference [30] investigates simultaneous actuator
and sensor faults estimation for polytopic LPV systems by
introducing a filter in order to transform sensor faults as a
“pseudoactuator” faults. Appropriate filtering of the original
system output yields “augmented fictitious systems” with
augmented actuator faults comprising actuator and sensor
faults. Nevertheless, this leads to some conservatism. This
approach is based on some rank restrictive assumptions,
which must be verified for both original and augmented
systems to ensure the observer-based fault estimation.

Regarding the fact that simultaneous actuator and sensor
faults scenario has not yet been fully tackled, we will develop
robust fault estimation scheme for LPV system subject to both
faults affecting actuators and sensor faults and disturbances in
the present study. It should be noticed that the LPV system is
expressed in polytopic structure where its parameters evolve
in the hypercube domain. Motivated by the success of SMO
based methods of fault estimation, the present study focuses
on developing effective and robust simultaneous actuator and
sensor faults estimation for a class of LPV systems. The main
contributions are as follows:

(i) Designing state and output coordinate transforma-
tion such that actuator and sensor faults are com-
pletely separated, hence two polytopic LPV subsys-
tems being introduced where each one contains only
a particular class of faults (actuator or sensor).

(ii) Constructing of two sliding mode observers, thanks
to their robustness against disturbances, which are
designed to exactly simultaneous polytopic LPV sys-
tem states, faults affecting actuators, and sensor faults
estimation.

(iii) Developing convex Linear Matrix Inequalities (LMIs)
optimization approach in which the disturbance
attenuation level is minimized

The outline of this paper is organized as follows: in
Section 2, we describe the uncertain LPV system expressed by
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the polytopic representation. In Section 3, we propose the H
faults estimation scheme using two sliding mode observers.
Section 4 is devoted to simultaneous actuator and sensor
faults estimation. Simulation examples are described in Sec-
tion 5, illustrating the effectiveness of the proposed method.
Finally, Section 6 presents some concluding remarks.

2. Problem Formulation

Consider the LPV system governed by
x(t)=A@@)x®)+BO®)ut)+DEO®))E()
+M(©(1)) f, (1), @
y@O=CO®)x@®)+N@O®) f (1),

where x(t) € R" is the state vector, u(t) € R™ is the control
input, and y(t) € RP denotes the output vector. f,(t) €
R? and f,(t) € R” represent actuator and sensor faults,
respectively, which are assumed unknown but bounded by
known constants such as || f,(1) < p, and [ f, (D) < p,.
&(t) € R stands for the unknown disturbances such that
IE@IN < &.

A(t)) € R™, B(O(t) € R™™, M(6(t)) € R™,
DO®)) € R™ CO®)) € RP" and N(O(t)) € R”" are
continuous functions that depend affinely on the time-
varying parameter vector 6(f) € R” wheren > p > g.

In what follows, the parameter vector 6(t) is considered
bounded and lies into a hypercube ® as

6 e0={010(t)<0@®) <01}, Vt=20. (2

Based on parameter affine dependence [25, 28], the
elements of the representation (1) can be written as

k
(0 () =TT, + Y 6, (1) IT,, VO(t) €O, 3)

i=1
where

A1) B@O(©) DO() MO 1)

HOD=1cow o o NOw|

(4)

Consequently, the LPV system (1) can be transformed
into a convex interpolation of the vertices of ® such as

% (1)

k
= Zyi 0 () {A;x (t) + Bu (t) + DE () + M, f, (1)} -
i=1

k
y(6) = D (0(1) {Cix (1) + N f, (1)}

i=1

where A;, B;, D;, M;, C;, and N; are time invariant known
matrices with appropriate dimensions defined for the ith
vertex of ©.
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1;(0(t)) denotes the weighting functions which vary into
the convex set ():

Q= {#(G(t)) =[m O@) - wO®)], wO®)
. (6)
20, Yu (0(t) = 1}.

i=1
Herein, k = 27 is the total number of subsystems. It is
noted that system (5) refers to a polytopic LPV system where

its parameters evolve in the hypercube ®. Each local model
must verify the following assumptions.

Assumption Al The actuator fault distribution matrix M, is
of full-column rank, Vi € [1,...,k], that is,

rank (C,»Mi) = rank (M,) =q. (7)

Assumption A2. System (5) is with minimum phase; that is,
the invariant zeros of the triplet (A;,C;, M;), Vi € [1,...,k],
are all in the open left-hand complex plant, or
s, —A; M;
rank [ ] =n+q (8)
i 0
holds for all complex number s with Re(s) > 0.

Assumptions Al and A2 imply that the system is of
relative degree one and minimum phase. These conditions are
necessary and sufficient for the sliding mode observer design
based simultaneous fault estimation.

Under Assumption Al, there exists linear transformation
[11] such that the polytopic LPV system matrices from (5)
yield, Vi € [1,...,k],

(A, A,;
-1 1,0 2,i
L443,0 4,
'B. .
Tl-Bl- _ 1,1] i
L By,
o, = [V
i~ _Dz)i >
i )
Ml,i
=
[C; O
—1 1,i
sert =1 o ]
4,i
[0
SINI = N >
LEV2,i

where
T
T, = 1], T,.] e R™,
T 17 pxp
Si = [Sl,i Sz,i] €R™Y,
A, € R,

gxm
B;; e R",

3
M,; € RT,
D, € R?
C,; € R,
Cy; € R(P*q)X(nfq))
N,; € RE9
(10)

rank(M, ;) = q and C,; is invertible. The matrices N,;
have a structure N, ; = [ No, ] with Ny, ; € R,

Lemma 1. The pair matrix (A,;,C,;) is detectable, Vi €
[1,...,k], if and only if each local model for the polytopic LPV
system (5) is minimum phase; that is, Assumption A2 holds.

Proof (see [21]). Based on the preceding state and out-
put transformations, [xlT(t) xg(t) To= T;x(t) and

[le(t) sz(t)]T = §;y(t), the polytopic LPV system (5) is
converted into two submodels:

k
Xy () = Y (0 (O) {Ayx, (8) + Ay px, () + By (£)

i=1

+DyE () + My, f, (1)}, (1)

k
y (O =Y u 0() {Cix, (1)},
i=1

k
%, () = Y (0 (D) {As %, (£) + Agx, (8) + By (t)

i=1
+D, & (1)}, (12)
k
¥, (t) = Z!f‘i (0 (1)) {Cyixy (1) + Ny fs (B}
i=1
where (11) is referred to as the first subsystem which contains

only actuator faults f,(t) and (12) is referred to as the second
subsystem which results in only sensor faults f,(t).

We define a new system state vector x;(t) = JZ y,(r)dt

where %;(t) = Y, 1(0(1)) {Cyi%,(8) + N, £.(t)}. Thus, an
augmented polytopic LPV submodel of order (n+ p—2¢g) can
be expressed as

k
%o (1) = Z.“i (0 (1)) {A g0 (£) + Agy iy (£) + By (£)
i=1
+Dy§ (t) + My, f, (D)}, (13)
k
Yo (1) = Y ;0 (1) {Co % (1)},
i=1

such that

x4 (8) = [xz (f)] ¢ RMP 4.



:| c R(n+p—2q)><(n+p—2q)’

c R(n+p—2q)><q,

BO. _ —Bz,i:| c R(n+p—2q)><m’
Y
Dy; = FDZJ c R(n+p—2q)><l)
i Lo
[0 ( 2q)xh
My, = € RUPD,
LNy
Co; = [0 I, ] e REDxrp20
i - :

(14)

The following lemma express the observability properties
of the polytopic LPV subsystem (13).

Lemma 2. The pair (A, ;, C,;) is observable, Vi € [1,...,k],
if the pair (A, ;,C, ;) is detectable, Vi € [1,...,k]. Then, there
exists matrix L, having the special structure L = [L; 0], such
that A,; + LC,; is stable Vi € [1,...,k].

Proof (see [21]). Consider system (13). Introduce a coordinate
transformation z(t) = T} x,(t) where

T [I"'q t ] (15)
L = . ].5
0 IP—‘I

It follows that, in the new coordinate system z(f), system
(13) becomes

k
£(t) = D OO {Az (1) + T Agx, (£) + B (t)

i=1

+ Dz,iE (t) + Mz,ifs (t)} > (16)

k
Yo (£) =Y (0 () {C,iz ()}
i=1

where
A = [Ay;+LCy; = (Ay; +LCyy) L
“ OF —CyL ,
[ By
Bz,i = | 0 ’
[D,; 17)
D zi = o >
M [0
zi — | Nz,i ’
Cz,i = [0 IP*q] .
The following section is dedicated to the design of the
main results for this paper. O
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3. Sliding Mode Observers Design

We propose to conceive two sliding mode observers for
the polytopic LPV system (5) expressed in two subsystems
(11) and (16) based simultaneous actuator and sensor faults
estimation design with minimizing the effect of disturbances
using H,, performances.

As a result, in the new coordinate systems z(t), (11) and
(16) can be rewritten, respectively, as

k
Xy (1) = Y (O (O){A %, (£) + Ayyz, (£) + Byu(t)

i=1

- AyLy, () + Dy E(8) + My, f, (1)} (18)

k
Y () = D (0 1){Crix, (0},
i=1

k
2, (t) = ZM' O W) {(Ay; + LCy;) 2, (1)

i=1
—(Ay; +LCy;) Lz, () + A xy (t) + By u (b)

+D,;& ®)}, 19)

k
£,(6) = Y 1 (0(1)) {Cyyz, (1) = Cyyilz, (1)

i1
+ Ny, fs ®)},
Yo(t) =2, ().

For subsystems (18) and (19), we construct the following
two sliding mode observers, respectively,

k
% (8) =) (0(0) {AX (1) + AyZ, (1)

i=1

= Ay Ly () + By ju (t) + My vy ; (£)

s . R (20)
+ (Al,i - Al,i) Ci n -7 (t))} ,
k
7 () = D 0 0) {C1i%, (10},
i=1
. k
200 = Y (0) {(Ay; + LCy )2 (1)
i=1
= (A, + LCy;) Ly, (t) + Byu (1)
A, Cly, (O},
+A3,C 0 ( )} o

k
Z,(t) = Y (0 () {Cy 2, (t) — Cy L2, (1)

i
—(CyiL + K;) (3o (8) = 7 () + Nyvy; ()}
Vo) =2, ().

A%, € R and K; € RP™9*(?~4) are the observer gains.
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The discontinuous output error injection signals v, ;(t)
and v, ;(t) are expressed as, respectively,
M{;Py (CII'SI iy () - % (t))
+ 1y - a— if (C718,,y(t)—-%, 1)) #0
ni® =P s sy m )] SO RO) (22)
0 otherwise,
NP (3o () =7 (1) | _
_J(p+myy) ZT’l— — if (¥ () =3 (H) #0 5
PHOER INZ.Pos (30 () = 75 )] (23)
0 otherwise,

where P, € RT*1and P; € R~ X7 are symmetric definite
Lyapunov matrices. #, ; and 77, ; are two positive scalars to be
determined.

Let e;(t) = x(t) — X,(t), e;(t) = z(t) — Z,(t), and
e;(t) = z,(t) — Z,(t). Then, from (18)-(19) and (20)-(21), the
state estimation errors dynamics are described by

k
e (t) = > u (0()) {AS e, (1) + Ayje, (1) + Dy E(8)
i1 (24)

+ My fo (8) = My v, (t)} ’

k
& (8) = ) u; (0 (D)) {(Ay; + LCy;) e, (1) + D, E(®)},  (25)

i=1

k
&5 (t) = Y 1 (0 (D) {Cyyes (1) + Kies (1) + Ny, f, (£) 06
i=1

- Nyvy; (t)} .

The objective now is to present the sufficient conditions
for the stability with H,, performances of the observer errors
(24)-(26) by using Lyapunov stability and LMIs technique.

3.1. Sliding Motion Stability. Suppose that

e (1)
gt)=He(t)=H | e, ) (27)
e; (1)

minimize 7y

is a linear error variables rearrangement. H is a prespecified
weight matrix and assumed to have full rank:

H 0 0
H=|0 H, 0. (28)
0 0 H,

The following theorem provides sufficient conditions to
ensure the properties of sliding motion stability with specified
H_, performances to be defined as

2
IHIl, = ”g(t)"LZ <

= sup 2 S 29

lE@nL#o € ®)], 29)
where y is a small positive constant. So that, small H_, gain
of the transfer function from the disturbances &(¢) to the
estimation errors combination g(t) means a small influence

of £(t) on e(t).

Theorem 3. Consider the polytopic LPV systems (18)-(19) and
the sliding mode observers (20)-(21). The observer estimation
errors (24)-(26) are stable with attenuation level y > 0 subject
to gl < VPIE@D L, if there exist the matrices P, > 0,
Py, € R®X09 5 0,1 > 0, X, ; < 0such that the following
optimization problem holds, Vi € [1,...,k],

Xyt XlT,i + H{ H, PA,; 0 P Dy
. A% Py X,; +YC,; + CY" + Hy H, Ci Pos Py, D,; 0 (30)
0 PyCy; Xy + X5, +H;Hy 0
D1T,ip1 DT,'P01 0 —YL

_ s T
where X ; = PAY Xy = Ay Py + Py Ay,



Once the LMI problem is solved, it can provide design
freedom sliding mode observers (20)-(21), such that

L=PR,Y,
AS . =P'X
L= P Xy (31
—1
K; = P03X3,i-

Proof. The proof of this theorem is performed by using the
following Lyapunov function:

V)=V, () +V, (1) + V5 (1), (32)

where V(1) = el (H)Pe,(t), Vo(t) = el (t)Pye,(t), V4(t) =
el (t)Pyses(t).

The time derivation of V; () along a system trajectories is
expressed as

k
AGCEDYACIO)

i=1
: {‘31T (1) ((ASL;‘)T P+ P1A$1,i) e; (t) (33)
+ zelT (1) P A, e, (1) + ZelT (t) P,D, ;& (t)

+ ZelT ) PLMy; (f, () = vy (t))]’ .

From the definition of v, ;(¢) in (22) and using the bound
of f,(t), it follows that

elT (t) PLM,; (fa ) - Vi, (t))

= e1T ) PLM,;f, (t)

MT Pe, (t) (34)
—(py + ’71,') ey (t) P1M1,‘U—
o [mTipre )

<~ [M{Pre, ()] < 0.

Thus,

k
AGCEDYTACIO))

i=1

Aer o ((a3,) B+ PAS, ) e ) (35)

+ zelT (t) LA, e, (F) + 231T (t)P,D, ;& (t)]’ .
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Likewise, the time derivations of V,(¢) and V;(t) along a
system trajectories take the following equalities:

k
Vo () = Y 0(t) fe ()
i=1

T
: ((A4,i + LC4,i) Py, + Py (A4,i + LC4,1’)) e, (t)

+ 263 (t) Py D, ;€ (t)} ,

k
V3 (6) = Y (0 () {5 (£) (PosK; + K[ Py ) e (1)

i=1

(36)

+2el (£) Py3Cyey (1) + 2¢b (£) Pys Ny, f, (1)
- 263? ) ﬁ03N2,iv2,i (t)} .

Manipulating the definition of v, ;(¢) in (23) and using the
bound of f,(t), it turns out that

eg () Pos Ny (f (8) = v, (1))
o (37)
< ~115, [N Pos (30 (8) = 55 ()] < 0.
Therefore, the time derivation of V (¢) is handled as

V (t) = €] (t) Pyey (t) + el (£) Pé, (t) + €3 (t) Pyres ()

+es () Py é, (£) + éx (1) Pyses (£) + €h (£) Poyés (£)

k
= Yu @) e 0 ((43,) P+ PAY, ) e ()
i1

T 38
+ ezT (1) ((A4,1' +LCy;)" Poy + Py (Ay; + LC4,1’)) (38)

ce, () + e (£) (PosK; + K[ Py3 ) €5 (£) + 2¢; (1)
“PLA, e, (1) + 26l (1) PysCye, (t) + 2e] (£)
CPDyE (1) +2€) (1) Py Dy € (1)}
In order to achieve the robustness of the proposed sliding
mode observers to the disturbances &(¢) in the L, sense, we

define

JO =V +g Ogt)-yE ®ED. (39

As a result, it yields that (41) is satisfied where, Vi ¢
[1,...,k],

T
Q= (Asu) P+ P1As1,i’
T T T
Qyi = Ay Pt + PyAy;+ P LCy; + Cy L7 Py, (40)
_ —
Qs = Pp3K; + K; Pys.

IfA; <0, Vie [l,...,k], then J(t) < 0 along system
trajectories with disturbances attenuation level y:
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e, (t) TTQu+ +H/H, P A,; 0 PiDy; | e (t)
Jo=Sweem]|=O | AP QR Gl Rabul e ] ()
i1 es (1) 0 PyC,; Qs +HJH; 0 e (b)
(1) Di.P, D} Py, 0 L, | LE®)
A;

Integrating the expression in (39) from 0 to oo, we
can obtain with respect to t over time period [0 o] the
following:

j V(t)+j0 gT(t)g(t)—L VDM <0, (42)

0
together with
V(it=0)>0,

V(t— 00)= elT (00) Pye; (00) + ezT (00) Pyre, (00)  (43)
+ e3T (00)1_30363 (c0) — 0.
Therefore, we obtain

0o T
INCCEION

s < (44)
J, EwEw
namely,
lg @l = V¥ IE O, - (45)
This completes the proof. O

3.2. Sliding Motion Reachability. For systems (24)-(26), con-
sider the sliding surface

Sy =1(e (1), e, (1), e5 (1)) | €, (t) = 0,5 (t) = 0} . (46)

In order to confine stable sliding motion for the polytopic
LPV system on sliding surface, it is necessary to use the
switching gains v, ;(t) and v,;(t). The objective now is to
determine the scalars gains 7, ; in (22) and #,; in (23) such
that the errors system can be driven to the sliding surface S,
in finite time.

The main challenge of this subsection will be proved.
Theorem 4. The error dynamics (24) and (26) can be driven

to the sliding surface S, (46) in finite time and remain on it if
the gains 1, ; and 1, ; are chosen to satisfy

M = | Mig | (Al lex @1 + 1ol &) + 11 (47)
Mo 2 "Nz_zT" ICsill llex & + ’12,:" (48)

where 11?,1. and ’73,1‘ are positive scalars Vi € [1,...,k].

Proof. Let V| (t) = elT(t)Plel(t). From the expression of the
estimation error in (24), it turns out that

k
Vi (t) = Z#i 6 ()

i=1

' {elT (t) ((Asl,i)T P+ PlAsl,i) e; (1)

(49)
+2¢] () PLAse, () + 2¢] () PDE (1)
T T
+2¢] (6) LMy f, () = 2€) (6) LM, v ()]
Since by design A, is stable matrices, Vi € [1,...,k], it

follows that (A ) P, + P A} 1i < 0. Then, from the Cauchy-
Schwartz 1nequa11ty and by applying (22), we can obtain
that

k
Vi(6) < ) i (0(0) {2e (8) Py (Aye, (1) + Dy E (1))
i=1
+2e] () PuMy, f, (t) - 2¢] (£) PLMy vy ()}
k

<) {z Per O [Asil e O

+2[[Piey O Dyl [ )] + 261 (8) PM i f, ()
MY Pe, (t)

et
“MUPlel (t)]]

k
< Z/’li 0 @) {2 |Prey O 1A flex @]
i=1

2(py +my) elT () Py
(50)

+2[Pre; O |Dy] JE @] + 2 |MT Prey )] o

e, O

~2(p, + 1) m

} Zu, CI6)

2P O ([Asl lex O + [Pl 1€ @)
{

=2y |M{Pre, 0]}



It follows from (47) that
k
Vi (6) < Y 0 (1) {-2n, [ M Pre, )]}
i=1

< Y40 00 {2, [T o ()} V0
i=1

Similarly, it can be verified from (23) that if (48) is
satisfied, then

(51)

k
Vi (1) < ) (0 (6) {2115, | N5 Poses ()]}
i=1

k
< 20 O 0) {215, [N Ao (Pus) | V272
i=1

Thus, it shows that the reachability condition is satisfied
and an ideal sliding motion is achieved and maintained after
some finite time ¢ > 0.

This completes the proof. O

(52)

4. Simultaneous Actuator and Sensor
Faults Estimation

It is assumed in this section that the sliding mode observers
(20)-(21) have been designed. The objective is to simultane-
ously estimate actuator and sensor faults. From Theorems 3
and 4, it follows that, in finite time, the error dynamics (24)
and (26) will be driven to the sliding surface S, and an ideal
sliding motion is maintained therefore. During the sliding
motion,

e (t) =¢,(t) =0,

(53)
e;(t)=¢é;()=0
One can prove that (24) becomes
k
0= Y1 (01) {Aye, (t) + Dy E (1) + My, f, ()
i=1 (54)

_ Ml,ivleq,i (t)} N

where vleq)i(t) denotes the equivalent output error injection

signal required to maintain the sliding motion [2]. The signal
vleq’i(t) can be approximated by

Vi, (0= (p1 +711,)
3 Py (CI,}Sl,i}’ (t) - x, (t)) (55)

T (Culsuy ® % @) 20,

where 8, is a small positive scalar designed to reduce the
chattering effect.
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It remains to prove, from (54), that Vi € [1,..., k],

fa® v 0],
= [M7} A, e, (6) + My 1D, (2)] L
< Opa (M1 As) e O],
Omax (M7 Dy;) [IE Gl
< Opax (M1 Az, e (DI,
Omax (M1 D1) [E D, -

So, since [le(t)ll1, < Tmax () APIEE) 12

(56)

falt)= Viegs L (57)
sup L= PP + Bioi>
om0 1EO,
Where /311 i = max(M;,}AZ,i)amax(H_l) and ﬁ12,i

(M{!Dy,), Vi€ [L,....kl.

O b for amall Bur;and iy Vi € [1,..., k], the actuator
fault signal can be obtained as
R k
IROEDYACIO) {(Pl +111,1)
i=1
(58)

M{,P, (C;,:Sl,i)’ (t) =%, () }
" MEE (Clsy 0 -5 0)] +5,

Similarly, we can deduce that

JACER (t)“Lz = [NziCuies 0],
< Opax (Nz_,;czx,i) ”ez (’f)“L2 (59)

Tmax (N2 Cy;) le (@)l

namely,
fi@®) = vy i (B)
sup - ”Lz = VB> (60)
ol 1§,
where B,; = 0, (N5 }C4)i)omaX(H_1) will be small scalars,
Viell,..., k]

Therefore, the sensor fault estimation is handled as
follows:

k
JAGEDYACIO))

i=1

{ P2+7’]21 'l

where &, is a small positive scalar.

(61)

NT ﬁo3 (7o () = 75 (1)) }
P03 (vo () = 7, () ” +0,
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5. Illustrative Example

5.1. Model Expression. The performances of the proposed
sliding mode observer-based simultaneous actuator and sen-
sor faults estimation is performed by considering a polytopic
LPV representation of the Vertical Take-Off and Landing
(VTOL) Aircraft defense system taken from [31]. The LPV
state-space model is given by

x(t)=A@@)x@O)+BO@H)u)+DO®))E()
+M(©(1)) f, (1), (62)
y®O) =CO®)x®)+N@O®) f (),

where the state vector x(t) = [V, Vi g (p]T represents,
respectively, horizontal velocity, vertical velocity, pitch rate,
and pitch angle. u(t) = [u,_ w]" are, respectively, pitch
angle, collective pitch control, and longitudinal cyclic pitch
control. £(t) denotes unknown external disturbances vector.
It is worth pointing that simulation results are illustrated with
simultaneous additive faults f,(t) affecting measurement
outputs and actuator faults f,(¢). The LPV system matrices
are expressed as

A6 (1)
299477 —0.7476  0.2632 5.0337
521659 27452 55532 —24.4221
1260922 26361 + 6, (f) ~4.1975 ~19.2774 + 6, (1)
0 0 1 0
04422 01761
3.5446 + 0, (t) ~7.5922
B(O(@®) =
255200 4.4900
0 0
0.1
0
DEE)=D= 01|’ (63)
0.1
0.1761
7.5922
MO®) =M=1, 1000
0
1000
cOe@)=c=|o100],
0010
0

N@@)=N=]0
1

The varying parameter functions 0,(¢t) and 0,(t) are
bounded as 0, (t) € [-0.5,0.5] and 6,(¢) € [-2, 2]. Therefore,
corresponding to the extreme values of the parameters 0, (t)

and 0,(t), an obtained system evolves in a polytope of 4
vertices described as (5). The polytopic LPV system matrices
are given as

[-9.9477 —0.7476 02632  5.0337
52.1659 27452 5.5532 -24.4221
A= 060922 21361 —4.1975 —21.2774 |
) 0 1 0 |
[-9.9477 —0.7476 02632  5.0337 1
52.1659 27452 5.5532 -24.4221
A2 260922 21361 —4.1975 ~172774 |
) 0 1 0 |
[-9.9477 —0.7476 02632  5.0337 ]
52.1659 2.7452 5.5532 -24.4221
A3 260922 31361 —4.1975 —212774 |
) 0 1 0 |
[-9.9477 —0.7476 02632  5.0337
52.1659 2.7452 5.5532 —24.4221
A= 060922 30361 —4.1975 ~172774 |
) 0 1 0 |
(64)
[ 04422 0.1761 T
1.5446 —7.5922
Br=1 55000 44900 |
L O 0
[ 04422 0.1761 T
5.5446 —7.5922
B2=1 55000 44900 |
L O 0
[ 04422 0.1761 T
1.5446 —7.5922
Ba=1 55200 44900 |
L O 0
[ 04422 0.1761 T
5.5446 —7.5922
Be=1 55200 4.4900
L O 0

The convex weighing functions y;(0(t)) are
0,(t)-6,0,(0) -6
b 01) = =—= ==
62 - Qz

91 - Ql
(6, (t) +0.5) (6, (t) +2)
, ,
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Time (sec)

— wm(O(®) — w(0(1))

— w0 1)
— @)

FIGURE 1: Weighing functions.

0, (t)-6,0,-6,(t)

0(t) = ——=L2
=005 5 a-,
(6, (1) +0.5) (=6, (t) +2)
_ ; ,
0, -0, (t)6,(t) -6
0 — 1_ 1 2_ 2
us (0(1)) 6.-6, 0,-0,
(056, (1) (0, (1) +2)
_ . ,
0,-0,(1)6, -6, (t)
o) = L%
OO 5 e -,
_(05-6,()) (2-6,))
; .

(65)

These functions of each local model are depicted in
Figure 1.

Based on the polytopic LPV system matrices, it follows
that

(i) Rank(CM) = Rank(M) = 1;

(ii) the invariant zeros of the triplet system (A;, M, C) are
in the open left-hand complex plane.

Therefore, Assumptions Al and A2 are satisfied.

5.2. Simulation Results. The aim is to design the proposed
H,, sliding mode observers-based actuator and sensor faults
estimation in the simultaneous scenario assuming that the
matrix H is chosen as H; = 1, H, = I3, and H; = I,.

The disturbances attenuation level is determined as y =
0.3720. By solving the LMI conditions given in Theorem 3,
the sliding mode observers (20)-(21) design is achieved as
follows:

Al = -12.547,

A, = —12.145,
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A’ 5 = -12557,
A, = -12.169,
P, =0.184,

r0.153 0.033 -04

Py = | 0033 0.107 —0.505 |,
| —0.4 —0.505 10.748
5 [0.863 0
7l 0 0604]
r 1029 0
L=|-53064 0],
| 45 0
[-235 0.057
K, = i
0,077 -3.481

[—2.341 0.084
K2 = >

| 0.115 -34
2413 0.014
K3= >
| 0.015 —3.487

[—2.391 0.044
K, = .
| 0.058 —-3.422
(66)

The corresponding simulations are done by considering
initial conditions x(¢t = 0) = [0;0;0;0] and X(t = 0) =
[-0.2;1;1;-0.25], respectively, for the LPV system and
observers. We assume also p; = 10, p, = 20, 6, = 0.05,6, =
0.02 and simultaneous actuator and sensor faults scenario to
leave ¢t = 5s. The simulation was carried out with the input
signal u(t) = 2 sin(t) and uncertainty &(¢) = 0.1 sin(0.2¢).

Figure 2 displays the states estimation errors to prove a
comparison between x,(t), x,(t), x5(t), and x,(¢) against the
estimated values X, (t), X,(t), X5(t), and X,(t) respectively. It
can be seen that the estimated states can converge towards the
original states.

In order to highlight the effectiveness of the proposed
robust and simultaneous actuator and sensor faults estima-
tion for LPV systems compared to descriptor approach [29],
we consider different scenarios of faults occurrence.

5.2.1. Simulation Results under Incipient Actuator Faults. The
objective of the first scenario is to illustrate the sliding
mode observer performances under an incipient actuator
fault. Incipient faults are important in nonlinear complex
system, and some common manifestations include zero drift,
reduced precision, and delayed response. Consequently, the
study of incipient faults in nonlinear systems has practical
significance.

As can be observed, the proposed sliding mode observers
are capable of estimating incipient actuator fault after a short
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- - - Horizontal velocity estimation error
- -~ Vertical velocity estimation error

- -~ Pitch rate estimation error

- -- Pitch angle estimation error

FIGURE 2: States estimation errors.

Time (s)

—— Real actuator fault
- - - Estimated fault using proposed method
- - - Estimated fault using method [29]

FIGURE 3: Actuator fault estimation under incipient actuator fault.

0 5 10 15

Time (s)

—— Real sensor fault
- -~ Estimated fault using proposed method
- -~ Estimated fault using method [29]

FIGURE 4: Sensor fault estimation under incipient actuator fault.

time of fault generation, as well as sensor faults (sinusoidal
signal) with good performances and small error compared to
the estimation based on descriptor approach [29]. So, one can
see, from Figures 3 and 4, that the external disturbances are
faithfully reduced by integrating the H attenuation levels
into the sliding mode observers design.

1

10 15

Time (s)

—— Real actuator fault
- - - Estimated fault using proposed method
- -~ Estimated fault using method [29]

FIGURE 5: Actuator fault estimation under intermittent actuator
fault.

0 5 10 15
Time (s)

—— Real sensor fault
- - - Estimated fault using proposed method
- -~ Estimated fault using method [29]

FIGURE 6: Sensor fault estimation under intermittent actuator fault.

5.2.2. Simulation Results under Intermittent Actuator Faults.
The second scenario has the objective of illustrating the
proposed sliding mode observers performances under inter-
mittent actuator faults. Figures 5 and 6 show simultaneous
actuator and sensor faults estimation under intermittent actu-
ator faults. The results display that the proposed sliding mode
observers present better performances under intermittent
actuator fault compared to descriptor approach [29]. The
proposed method is capable of decoupling the effects of
simultaneous actuator and sensor faults and managing to
accomplish the main objective of this paper (both actuator
and sensor fault estimation for the polytopic LPV system)
with good performances in terms of precision and robustness
against the external disturbances.

6. Conclusion

This paper presents a robust simultaneous actuator and
sensor faults estimation scheme for LPV systems with dis-
turbances. The developed strategy is based on polytopic
representation where the parameters evolve in the hypercube
domain. State and output transformations are introduced in
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order to formulate two polytopic LPV subsystems where each
one includes a particular class of faults (actuator or sensor).
To this end, two sliding mode observers are conceived to
exactly estimate simultaneously: incipient and intermittent
actuator faults, sensor faults, and polytopic LPV system
states. Sufficient conditions to guarantee the stability of the
two observers has been derived with H_, performances for
minimizing the effect of disturbances on estimation error
dynamics and solved within LMIs optimization design. The
simulation results display that the proposed scheme can suc-
cessfully estimate actuator and sensor faults simultaneously
despite the existence of disturbances.
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