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In engineering applications, various defects such as bulging, necking, slurry crappy, and weak concrete are always observed
during pile integrity testing. To provide more reasonable basis for assessing the above defects, this paper proposed simple and
computationally efficient solutions to investigate the vertical vibration characteristics of a variable impedance pile embedded in
layered soil. The governing equations of pile-soil system undergoing a vertical dynamic loading are built based on the plane strain
model and fictitious soil pile model. By employing the Laplace transform method and impedance function transfer method,
the analytical solution of the velocity response at the pile head is derived in the frequency domain. Then, the corresponding
semianalytical solution in the time domain for the velocity response of a pile subjected to a semisinusoidal force applied at the pile
head is obtained by adopting inverse Fourier transform and convolution theorem. Based on the presented solutions, a parametric
study is conducted to study the vertical vibration characteristics of variable cross-section pile and variable modulus pile. The study
gives an important insight into the evaluation of the construction quality of pile.

1. Introduction

With the wide application of piles for supporting various
upper structures all over the world, the construction quality
of pile foundations has attracted increasing attention in recent
decades. In practice, whatever the construction method is,
various defects in pile are often found during pile integrity
testing, such as bulging, necking, slurry scrappy, and weak
concrete.The commonmethods for assessing the pile quality
are static load testing and dynamic testing. Static load testing
is inconvenient and time-consuming for a great deal of
surcharge load is required to test the ultimate bearing capacity
of pile foundation. Dynamic testing, including low-strain
and high-strain testing, has been widely utilized in the
nondestructive examination of pile due to its simplicity and
reliability [1–4].

Since the pile dynamics is the basis of various methods
of dynamic pile testing, many investigators have paid their

attention to develop various dynamic interaction models for
the dynamic response of pile subjected to vertical loads. Van
Koten et al. [5] primarily utilized a distributed system of
single Voigt unit (a linear spring and a dashpot connected in
parallel) to simulate the soil reactions acting on the pile and
derived an analytical solution for the dynamic interaction of
pile-soil system. Following Van Koten et al.’s research, a large
number of researchers applied this method to investigate the
vertical vibration of pile foundation for different engineering
conditions (e.g., Randolph and Deeks [6]; Michaelides et al.
[7]; Yesilce and Catal [8];Wang et al. [9]; Zhang et al. [10, 11]).
Although the Voigt model is of great simplicity and high
efficiency in practical engineering, it cannot allow for the
wave effect of stress propagating in pile surrounding soil.
Allowing more rigorous treatment of pile surrounding soil,
Novak [12] developed the plane strain model assuming an
elastic soil layer consisting of independent infinitesimally
thin horizontal layers extending to infinity. The plane strain
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model has attracted numerous followings for lots of engi-
neering cases, such as Rajapakse and Shah [13], Mamoon
and Banerjee [14], El Naggar and Novak [15], Militano and
Rajapakse [16], and Wu et al. [17]. It is worth noting that the
plane strain model is one of the most important methods
to simulate the interaction between pile and surrounding
soil due to its compact and elegant properties; that is, there
is zero strain in the vertical direction and the stress waves
propagate only in the horizontal direction. In a different
approach, Nogami and Novak [18] first adopted a three-
dimensional continuum model (i.e., the soil layer is three-
dimensional and its wave effect is considered) to investigate
the vertical vibration of pile foundation. Afterwards, Nogami
and Konagai [19], Senjuntichai et al. [20], Hu et al. [21],
Wang et al. [22], Wu et al. [23, 24], and Zheng et al. [25, 26]
also developed various three-dimensional continuummodels
extensively in their investigations on the dynamic response of
pile-soil system. It can be found that the three-dimensional
continuum model is theoretically more rigorous than the
previously mentioned Voigt models and plane strain models.
Nevertheless, it is very difficult to promote the use of these
three-dimensional continuummodels in layered soil because
of its complexity.

Based on the above literature review, themain objective of
this study is to develop simple and computationally efficient
solutions for the analysis of vertical vibration character-
istics of a variable impedance pile embedded in layered
soil. In this paper, the dynamic interaction between pile
and its surrounding soil is described by the plane strain
model, and the dynamic interaction between pile and its
underlying soil is simulated by the fictitious soil pile model
[24]. Laplace transform and transfer function technique
have been utilized to establish the impedance function of
pile head in the frequency domain. By virtue of Fourier
inverse transform, the semianalytical solution of the velocity
response of pile head subjected to a semisinusoidal force
is also obtained, this constituting the theoretical basis of
the low-strain testing method of pile integrity. A paramet-
ric study is conducted to investigate the influence of pile
properties on the vertical dynamic response of the variable
impedance pile.

2. Mathematical Model and Assumptions

2.1. Computational Model. Considering the defects of pile
and the inhomogeneity of soil, the vertical vibration of a vari-
able impedance pile embedded in layered soil is theoretically
studied based on the fictitious soil pile model. Figure 1 shows
a schematic diagram of the pile-soil system, in which the
finite soil layers underlying the pile end are assumed to be
soil column, namely, fictitious soil pile whose cross-section
area is the same as the pile.The fictitious soil pile is in perfect
contact with the pile end and satisfies the plane section of
deformation assumption. Taking into account the variation
of modulus or cross-sectional dimension of the pile or soil
properties, the pile-soil system is divided into a total number
of 𝑚 along the vertical direction, which are numbered by1, 2, . . . , 𝑗 ⋅ ⋅ ⋅ 𝑚 from the bottom of fictitious soil pile to pile
head. The properties of pile (including fictitious soil pile)
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Figure 1: Schematic of pile-soil interaction model.

and surrounding soil layer are assumed to be homogeneous
within each segment but may vary from segment to segment.𝑙𝑗 and ℎ𝑗 denote the thickness and top surface depth of
the 𝑗th pile-soil segment, respectively. 𝜌𝑝𝑗 and 𝑟𝑗 represent
the density and radius of the pile, respectively. 𝐻𝑝 and 𝐻𝑠
indicate the length of pile and the thickness of pile end soil,
respectively. 𝑞(𝑡) defines the vertical exciting force acting on
the pile head.

2.2. Underlying Assumptions. The pile-soil model is devel-
oped based on the following assumptions:

(1) The pile-soil system is subjected to small defor-
mations and strains, and the pile and soil remain
in perfect contact during the vibration. The stress
and displacement of the interface of pile-soil system
are continuous, and only vertical displacements are
considered.

(2) The pile is vertical, viscoelastic, and cylindrical. The
support conditions are based on the fictitious soil pile
model that overlies rigid bedrock.

(3) The surrounding soil is isotropic linear viscoelastic
medium with a hysteretic-type damping regardless
of frequency. The surrounding soil is infinite in the
radial direction and its free top surface has no normal
or shear stress.

(4) The dynamic stress of soil transfers to the pile shaft
through the complex stiffness on the contact surface
of the every segment of pile-soil system.

(5) The conditions of displacement continuity and force
equilibrium are satisfied at the interface of fictitious
soil pile and pile end.

3. Governing Equations and Their Solutions

3.1. Dynamic Equation of Soil and Its Solution. Denoting𝑊𝑗 = 𝑊𝑗(𝑟) as the vertical displacement of the 𝑗th soil
layer, the dynamic equilibrium equation of the 𝑗th soil layer
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undergoing vertical dynamic loading can be expressed as
[13, 15]

𝑟2 d2𝑊𝑗
d𝑟2 + 𝑟d𝑊𝑗

d𝑟 − 𝛽2𝑗𝑟2𝑊𝑗 = 0, (1)

where 𝛽𝑗 = i𝜔/V𝑠𝑗√1 + i𝐷𝑠𝑗; V𝑠𝑗 = √𝐺𝑗/𝜌𝑗 represents the
shear wave velocity of the 𝑗th soil layer, and 𝜌𝑗, 𝐺𝑗, and 𝐷𝑠𝑗
indicate the density, shear modulus, and material damping
of the 𝑗th soil layer, respectively. 𝜔 denotes the circular
frequency and i = √−1 depicts the imaginary unit.

Based on the theory of Bessel functions, the general
solution of (1) is derived as

𝑊𝑗 (𝑟) = 𝐴𝑗𝐾0 (𝛽𝑗𝑟) + 𝐵𝑗𝐼0 (𝛽𝑗𝑟) , (2)

where 𝐼0(⋅) and𝐾0(⋅) represent the modified Bessel functions
of order zero of the first and second kind, respectively. 𝐴𝑗
and 𝐵𝑗 are integration constants determined by boundary
conditions. Based on assumption (3), it can be obtained that𝐵𝑗 = 0 from (2).

The vertical shear stress at arbitrary point in the soil layer
is written as

𝜏𝑗 (𝑟) = 𝐺∗𝑗 d𝑊𝑗 (𝑟)d𝑟 = −𝐺∗𝑗𝐴𝑗𝛽𝑗𝐾1 (𝛽𝑗𝑟) , (3)

where 𝐺∗𝑗 = 𝐺𝑗(1 + i𝐷𝑠𝑗).
Then, the vertical shear complex stiffness around the pile

shaft of jth soil layer is obtained as

𝐾𝐾𝑗 = −2𝜋𝑟𝑗𝜏𝑗 (𝑟𝑗)
𝑊𝑗 (𝑟𝑗) = 2𝜋𝑟𝑗𝐺∗𝑗 𝛽𝑗𝐾1 (𝛽𝑗𝑟𝑗)

𝐾0 (𝛽𝑗𝑟𝑗) , (4)

where 𝐼1(⋅) and𝐾1(⋅) represent the modified Bessel functions
of order one of the first and second kind, respectively.

3.2. Dynamic Equation of Pile (Including Fictitious Soil Pile)
and Its Solution. Denoting 𝑢𝑗(𝑧, 𝑡) as the vertical displace-
ment of the 𝑗th pile (including fictitious soil pile) segment,
the dynamic equation of pile can be expressed as

𝐸𝑝𝑗𝐴𝑝𝑗 𝜕
2𝑢𝑗 (𝑧, 𝑡)𝜕𝑧2 + 𝐴𝑝𝑗𝛿𝑝𝑗 𝜕

3𝑢𝑗 (𝑧, 𝑡)𝜕𝑧2𝜕𝑡 − 𝑚𝑝𝑗 𝜕
2𝑢𝑗 (𝑧, 𝑡)𝜕𝑡2

− 𝑓𝑗 (𝑧, 𝑡) = 0,
(5)

where 𝐸𝑝𝑗, 𝑚𝑝𝑗, 𝛿𝑝𝑗, and 𝐴𝑝𝑗 = 𝜋𝑟2𝑗 represent the elastic
modulus, mass per unit length, viscous damping coefficient,
and cross-section area, respectively. 𝑓𝑗(𝑧, 𝑡) = 𝐾𝐾𝑗𝑢𝑗(𝑧, 𝑡)
depicts the frictional force of the 𝑗th soil layer acting on
the surface of the pile shaft. 𝐾𝐾𝑗 denotes the vertical shear
complex stiffness around the 𝑗th pile segment.

Boundary condition at the top of pile can be expressed as

[𝐸𝑝𝑚𝐴𝑝𝑚 𝜕𝑢𝑚 (𝑧, 𝑡)𝜕𝑧 + 𝐴𝑝𝑚𝛿𝑝𝑚 𝜕2𝑢𝑚 (𝑧, 𝑡)𝜕𝑧𝜕𝑡 ]𝑧=0
= −𝑞 (𝑡) .

(6)

Boundary condition at the bottom of fictitious soil pile
can be written as

𝑢1 (𝑧, 𝑡)𝑧=ℎ = 0. (7)

Continuity conditions of the interface of the adjacent pile
or fictitious soil pile segments can be founded as

𝑢𝑗 (𝑧, 𝑡) = 𝑢𝑗+1 (𝑧, 𝑡) ;
𝐸𝑝𝑗𝐴𝑝𝑗 𝜕𝑢𝑖 (𝑧, 𝑡)𝜕𝑧 = 𝐸𝑝𝑗+1𝐴𝑝𝑗+1 𝜕𝑢𝑝𝑗+1 (𝑧, 𝑡)𝜕𝑧 . (8)

Initial conditions of pile and fictitious soil pile segments
can be derived as

𝑢𝑗 (𝑧, 𝑡)𝑡=0 = 0
𝜕𝑢𝑗 (𝑧, 𝑡)𝜕𝑡

𝑡=0 = 0.
(9)

Denoting 𝑈𝑗(𝑧, 𝑠) = ∫∞
0
𝑢𝑗(𝑧, 𝑡)𝑒−𝑠𝑡d𝑡 as the Laplace

transform of 𝑢𝑗(𝑧, 𝑡)with respect to time and combining with
the initial conditions (9), (5) is transformed by applying the
Laplace transform (two-sided) as follows:

𝐸𝑝𝑗𝐴𝑝𝑗 𝜕
2𝑈𝑗 (𝑧, 𝑠)𝜕𝑧2 + 𝐴𝑝𝑗𝛿𝑝𝑗𝑠𝜕

2𝑈𝑗 (𝑧, 𝑠)𝜕𝑧2
− 𝑚𝑝𝑗𝑠2𝑈𝑗 (𝑧, 𝑠) − 𝐾𝐾𝑗𝑈𝑗 (𝑧, 𝑠) = 0.

(10)

Equation (10) can be further reduced as

𝑉2𝑝𝑗 (1 + 𝛿𝑝𝑗𝐸𝑝𝑗 𝑠)
𝜕2𝑈𝑗 (𝑧, 𝑠)𝜕2𝑧

− (𝑠2 + 1𝜌𝑝𝑗𝐴𝑝𝑗𝐾𝐾𝑗)𝑈𝑗 (𝑧, 𝑠) = 0,
(11)

where 𝑉𝑝𝑗, 𝜌𝑝𝑗, and 𝐸𝑝𝑗 denote the elastic longitudinal wave
velocity, density, and elasticmodulus of the 𝑗th pile (including
fictitious soil pile) segment, respectively.

The general solution of (11) can be expressed as

𝑈𝑗 (𝑧, 𝑠) = 𝐶𝑗 cos(𝜆𝑗𝑧𝑙𝑗 ) + 𝐷𝑗 sin(
𝜆𝑗𝑧𝑙𝑗 ) , (12)

where 𝜆𝑗 = √−(𝑠2 + 𝐾𝐾𝑗/𝜌𝑝𝑗𝐴𝑝𝑗)𝑡2𝑗/(1 + (𝛿𝑝𝑗/𝐸𝑝𝑗)𝑠) illus-
trates dimensionless eigenvalue. 𝐶𝑗 and 𝐷𝑗 are constants
determined by the boundary conditions. 𝑡𝑗 = 𝑙𝑗/𝑉𝑝𝑗 depicts
the propagation time of elastic longitudinal wave in the 𝑗th
pile (including fictitious soil pile) segment. 𝑇𝑐 denotes the
propagation time of elastic longitudinal wave propagating
from the pile head to the pile end.



4 Mathematical Problems in Engineering

Combining with (7), the displacement impedance func-
tion at the top of the first fictitious soil pile segment (𝑧 = ℎ1)
can be obtained as

𝑍𝑝1𝑧=ℎ1
= − [𝐸𝑝1𝐴𝑝1 (𝜕𝑈1 (𝑧, 𝑠) /𝜕𝑧) + 𝐴𝑝1𝛿𝑝1𝑠 (𝜕𝑈1 (𝑧, 𝑠) /𝜕𝑧)]𝑧=ℎ1𝑈1 (𝑧, 𝑠)𝑧=ℎ1
= −𝜌𝑝1𝐴𝑝1𝑉𝑝1 (1 + (𝛿𝑝1/𝐸𝑝1) 𝑠) 𝜆1 tan (𝜆1 − 𝜙1)𝑡1 ,

(13)

where 𝜙1 = arctan(𝑍𝑝0𝑡1/𝜌𝑝1𝐴𝑝1𝑉𝑝1𝜆1(1 + (𝛿𝑝1/𝐸𝑝1)𝑠)). 𝑍𝑝0
denotes the displacement function at the bottom of the
fictitious soil pile.

Then, following themethod of recursion typically utilized
in the transfer function technique [9], the displacement
impedance function of the top of the 𝑗th pile segment or
fictitious soil pile segment can be founded as

𝑍𝑝𝑗𝑧=ℎ𝑗
= − [𝐸𝑝𝑗𝐴𝑝𝑗 (𝜕𝑈𝑗 (𝑧, 𝑠) /𝜕𝑧) + 𝐴𝑝𝑗𝛿𝑝𝑗𝑠 (𝜕𝑈𝑗 (𝑧, 𝑠) /𝜕𝑧)]𝑧=ℎ𝑗

𝑈𝑗 (𝑧, 𝑠)𝑧=ℎ𝑗
= −𝜌𝑝𝑗𝐴𝑝𝑗𝑉𝑝𝑗 (1 + (𝛿𝑝𝑗/𝐸𝑝𝑗) 𝑠) 𝜆𝑗 tan (𝜆𝑗 − 𝜙𝑗)𝑡𝑗 ,

(14)

where 𝜙𝑗 = arctan(𝑍𝑝(𝑗−1)𝑡𝑗/𝜌𝑝𝑗𝐴𝑝𝑗𝑉𝑝𝑗𝜆𝑗(1 + (𝛿𝑝𝑗/𝐸𝑝𝑗)𝑠)).
Through further recursion, the displacement impedance

function at the pile head can be expressed as

𝑍𝑝𝑚𝑧=0
= − [𝐸𝑝𝑚𝐴𝑝𝑚 (𝜕𝑈𝑚 (𝑧, 𝑠) /𝜕𝑧) + 𝐴𝑝𝑚𝛿𝑝𝑚𝑠 (𝜕𝑈𝑚 (𝑧, 𝑠) /𝜕𝑧)]𝑧=0𝑈𝑚 (𝑧, 𝑠)𝑧=0
= −𝜌𝑝𝑚𝐴𝑝𝑚𝑉𝑝𝑚 (1 + (𝛿𝑝𝑚/𝐸𝑝𝑚) 𝑠) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚)𝑡𝑚 ,

(15)

where 𝜙𝑚 = arctan(𝑍𝑝(𝑚−1)𝑡𝑚/𝜌𝑝𝑚𝐴𝑝𝑚𝑉𝑝𝑚𝜆𝑚(1 + (𝛿𝑝𝑚/𝐸𝑝𝑚)𝑠)).
Following the definition of Wang et al. [9], the velocity

transit function at the pile head can be expressed as

𝐻V = 𝑠 × 1𝑍𝑝𝑚
= − 𝑠𝑡𝑚𝜌𝑝𝑚𝐴𝑝𝑚𝑉𝑝𝑚 (1 + (𝛿𝑝𝑚/𝐸𝑝𝑚) 𝑠) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚) .

(16)

Letting 𝑠 = i𝜔 and substituting it into (16), the velocity
response in the frequency domain at the pile head can be
derived as

𝐻V (i𝜔) = − 1𝜌𝑝𝑚𝐴𝑝𝑚𝑉𝑝𝑚
⋅ i𝜔𝑡𝑚(1 + (𝛿𝑝𝑚/𝐸𝑝𝑚) i𝜔) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚) .

(17)

Nondimensionalizing expression (17) yields the dimen-
sionless velocity admittance of the pile head:

𝐻V =


i𝜔𝑡𝑚(1 + (𝛿𝑝𝑚/𝐸𝑝𝑚) i𝜔) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚)
 , (18)

where 𝜔 = 𝑇𝑐𝜔 and 𝑡𝑚 = 𝑡𝑚/𝑇𝑐 depict the dimensionless
frequency and dimensionless propagation time of elastic
longitudinal wave in the𝑚th pile segment, respectively.

By virtue of the inverse Fourier transform, the veloc-
ity response at the pile head is derived as 𝑉(𝑡) =
IFT[𝑄(𝜔)𝐻V(i𝜔)] in the time domain, where𝑄(𝜔) represents
the Fourier transform of 𝑞(𝑡) with respect to time. In
particular, for the low-strain integrity testing of pile, the
vertical excitation can be regarded as a semisinusoidal force
as follows:

𝑞 (𝑡) = {{{
𝑄max sin( 𝜋𝑇0 𝑡) , 𝑡 ∈ (0, 𝑇0)
0, 𝑡 ≥ 𝑇0,

(19)

where 𝑇0 and 𝑄max denote the pulse width and maxi-
mum amplitude of the excitation, respectively. The velocity
response of pile head in the time domain can be derived as

𝑉 (𝑡) = −12 𝑄max𝜌𝑝𝑚𝐴𝑝𝑚𝑉𝑝𝑚
⋅ ∫∞
−∞

i𝜔𝑡𝑚(1 + (𝛿𝑝𝑚/𝐸𝑝𝑚𝑇𝑐) i𝜔) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚)
𝑇0

𝜋2 − 𝑇20𝜔2 (1
+ 𝑒−i𝜔𝑇0) 𝑒i𝜔𝑡d𝜔.

(20)

The dimensionless velocity response of pile head in the
time domain is expressed as

𝑉 = −12
⋅ ∫∞
−∞

i𝜔𝑡𝑚(1 + (𝛿𝑝𝑚/𝐸𝑝𝑚𝑇𝑐) i𝜔) 𝜆𝑚 tan (𝜆𝑚 − 𝜙𝑚)
𝑇0

𝜋2 − 𝑇20𝜔2 (1
+ 𝑒−i𝜔𝑇0) 𝑒i𝜔𝑡d𝜔,

(21)

where𝑇0 = 𝑇0/𝑇𝑐, 𝑡 = 𝑡/𝑇𝑐, 𝑡, and 𝛿𝑝𝑚 = 𝛿𝑝𝑚/(𝐸𝑝𝑚𝑇𝑐) denote
the dimensionless pulse width, dimensionless time, time, and
dimensionless viscous damping coefficient, respectively.

4. Parametric Study and Discussion

In this section, the vertical dynamic response of variable
cross-section and variable modulus pile is systematically
investigated, which can provide the theoretical basis for
various methods of dynamic pile testing. In order to focus
on the influence of variable impedance on the vertical
dynamic response of pile, the surrounding soil is set to
be homogeneous in the following analysis. For practical
engineering, it only needs to divide the surrounding soil into
finite layers according to the actual soil conditions. Unless
otherwise specified, the mass density and shear wave velocity
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Figure 2: Influence of the variation degree of variable cross-section segment on the vertical dynamic response of pile head for Case 1.

of pile surrounding soil are given as 1800 kg/m3 and 180m/s,
respectively. The mass density, shear wave velocity, Poisson’s
ratio, viscoelastic damping coefficient, and thickness of pile
end soil are 2000 kg/m3, 220m/s, 0.35, 1000N⋅m−3⋅s, and 3
times pile diameter, respectively.

4.1. Vertical VibrationCharacteristics of Variable Cross-Section
Pile. According to engineering experience, the variation of
cross-section at different locations will result in different ver-
tical vibration characteristics of pile. Therefore, the influence
of bulging and necking at different locations along the pile
shaft on the vertical vibration characteristics at pile head
is investigated in the following analyses. The length, radius,
mass density, and longitudinal wave velocity of pile are given
as 20m, 0.5m, 2500 kg/m3, and 3800m/s, respectively.
Case 1 (variable cross-section segment at the top of pile shaft).
For this engineering condition, the pile shaft is divided into
two segments, which are marked by 1 and 2 from pile end to
pile top. Segment 1 has a uniform cross-section and satisfies
the design requirements with a length of 19m, and segment
2 has a variable cross-section with a length of 1m. Denote
the variable cross-section ratio to describe the variable cross-
section degree of pile shaft; that is, 𝑅𝐴 represents the ratio
of actual radius to design radius. 𝑅𝐴 > 1, 𝑅𝐴 < 1, and𝑅𝐴 = 1 represent the bulging segment, necking segment, and
uniform segment, respectively.

Figure 2 shows the influence of the variation degree of
variable cross-section segment at pile head on the vertical
dynamic response of pile head. As illustrated in Figure 2(a),
compared with the uniform cross-section pile, the formant
amplitude of velocity admittance curves of pile with necking
segment at pile head becomes smaller within low frequency
range, but the formant amplitude of velocity admittance

curves becomes larger within high frequency range. In
contrast, compared with the uniform cross-section pile, the
formant amplitude of velocity admittance curves of pile
with bulging segment at pile head becomes larger within
low frequency range, but the formant amplitude of velocity
admittance curves becomes smaller within high frequency
range. It can also be seen that the larger the necking degree
or bulging degree of variable cross-section segment, themore
obvious the variation of the formant amplitude of velocity
admittance curves of necking pile or bulging pile. From
Figure 2(b), compared with the uniform cross-section pile,
the peak values of incident wave signals and preliminary
orthokinetic reflected signals from pile end in the reflected
wave signal curves of pile with necking segment at pile
head become smaller, and the larger the necking degree of
variable cross-section segment, the larger the reducing degree
of peak value. It can also be seen that the signals between
the incident wave and the preliminary orthokinetic reflected
wave from pile end tend to inclining downward, and the
larger the necking degree of variable cross-section segment
at pile head, the more obvious the inclining phenomena. By
contrast, for the pile with bulging segment at pile head, the
existence of bulging segment at pile headwill enlarge the peak
values of incident wave signals and preliminary orthokinetic
reflected signals from pile end in the reflected wave signal
curves.The larger the bulging degree of variable cross-section
segment, the larger the increasing range of peak value. It is
also observed that the signals between the incident wave and
the preliminary orthokinetic reflected wave from pile end
tend to inclining upward, and the larger the bulging degree of
variable cross-section segment at pile head, the more obvious
the inclining phenomena.

Case 2 (variable cross-section segment at the end of pile
shaft). Owing to the variation of cross-section, the pile shaft
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Figure 3: Influence of the variation degree of variable cross-section segment on the vertical dynamic response of pile head for Case 2.

is also divided into two segments, which are marked by 1 and
2 from pile end to pile top. Segment 1 has a variable cross-
section with a length of 1m, and segment 2 has a uniform
cross-section and satisfies the design requirements with a
length of 19m. The other parameters are the same as those
shown in Case 1.

Figure 3 illustrates the influence of the variation degree
of variable cross-section segment at pile end on the vertical
dynamic response of pile head. As shown in Figure 3(a),
compared with the uniform cross-section pile, the resonant
frequency of the velocity admittance curves of pile with
necking segment at pile end gradually increases with the
increase of necking degree of variable cross-section segment.
The formant amplitude of velocity admittance curves remains
basically invariable within low frequency range, but the
formant amplitude of velocity admittance curves within high
frequency range gradually decreases as the necking degree
of variable cross-section segment increases. For the case of
pile with bulging segment at pile end, the resonant frequency
of the velocity admittance curves gradually decreases as the
bulging degree of variable cross-section segment increases.
The formant amplitude of velocity admittance curves within
high frequency range gradually increases with the increase
of the necking degree of variable cross-section segment, but
the formant amplitude of velocity admittance curves within
low frequency range remains basically invariable. As seen in
Figure 3(b), compared with the uniform cross-section pile,
the peak values of preliminary orthokinetic reflected signals
from pile end in the reflected wave signal curves of pile with
necking segment at pile end become smaller, and the arrival
time of reflected signals from pile end will be ahead. For
the case of pile with bulging segment at pile end, reverse
reflected signals with small amplitude will occur before the
preliminary orthokinetic reflected signals from pile end. The

peak values of preliminary orthokinetic reflected signals from
pile end become larger, and the arrival time of reflected
signals from pile end will be delayed. It can also be observed
that the larger the necking degree or bulging degree of
variable cross-section segment, the more obvious the above
phenomena.

Case 3 (variable cross-section segment at the middle part of
pile shaft). For Case 3, the pile shaft is divided into three
segments, which are marked by 1, 2, and 3 from pile end to
pile top. Segments 1 and 3 have a uniform cross-section and
satisfy the design requirements with a length of 9.5m, and
segment 2 has a variable cross-section with a length of 1m.
The other parameters are the same as those given in Case 1.

Figure 4 depicts the influence of the variation degree
of variable cross-section segment at the middle part of pile
shaft on the vertical dynamic response of pile head. From
Figure 4(a), compared with the uniform cross-section pile,
the oscillatory part of the velocity admittance curves displays
increasing complex characteristics of nonuniform peaks with
irregular distribution for the pile with necking or bulging
segment at the middle part. Therefore, it is difficult to
intuitively assess the pile quality from the velocity admittance
curves for these conditions. As illustrated in Figure 4(b),
for the pile with necking segment at the middle part of
pile shaft, the orthokinetic reflected signals at the middle
part of pile shaft are first received between the incident
wave signals and preliminary orthokinetic reflected signals
from pile end, and the reverse reflected signals will occur
after the orthokinetic reflected signals. The peak values of
preliminary orthokinetic reflected signals from pile end are
reduced because of the orthokinetic reflected signals at the
middle part of pile shaft. By contrast, for the pile with bulging
segment at the middle part of pile shaft, the reverse reflected
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Figure 4: Influence of the variation degree of variable cross-section segment on the vertical dynamic response of pile head for Case 3.

signals with orthokinetic reflected signals at the middle part
of pile shaft are first received between the incident wave
signals and preliminary orthokinetic reflected signals from
pile end, and the peak values of preliminary orthokinetic
reflected signals from pile end are also reduced owing to the
orthokinetic reflected signals at the middle part of pile shaft.
It can be seen that the larger the necking degree or bulging
degree of variable cross-section segment, the more obvious
the above phenomena.

Case 4 (variable cross-section segment located between the
middle and the top of pile shaft). Similar to Case 3, the pile
shaft is also divided into three segments, which are marked
by 1, 2, and 3 from pile end to pile top. Segment 1 and
segment 3 have a uniform cross-section and satisfy the design
requirements, and segment 2 has a variable cross-section.
The lengths of each segment are 𝑙1 = 13m, 𝑙2 = 1m, and𝑙3 = 6m, respectively. The other parameters are the same as
those shown in Case 1.

Figure 5 shows the influence of variation degree of
variable cross-section segment located between the middle
and the top of pile shaft on the vertical dynamic response of
pile head. Similar to Case 3, it is also difficult to estimate the
pile quality from the velocity admittance curves for Case 4
because of the complex characteristics of nonuniform peaks
with irregular distribution. As depicted in Figure 5(b), for
the pile with necking segment located between the middle
and the top of pile shaft, the orthokinetic reflected signals
with reverse reflected signals will first appear at a distance
of 6m to the pile top, and the second-order orthokinetic
reflected signals with reverse reflected signals caused by the
necking segment will be received again at a distance of 12m
to the pile top. The peak values of the above-mentioned

orthokinetic and reverse reflected signals increase as the
necking degree of pile segment increases. For the pile with
bulging segment located between the middle and the top
of pile shaft, the reverse reflected signals with orthokinetic
reflected signals will first occur at a distance of 6m to the
pile top, and the second-order reverse reflected signals with
orthokinetic reflected signals caused by the bulging segment
will be received again at a distance of 12m to the pile top.The
peak values of the above-mentioned reverse and orthokinetic
reflected signals increase with the increase of the bulging
degree of pile segment. It can be found that the larger the
necking degree or bulging degree of variable cross-section
segment, the larger the peak values of the above-reflected
signals.

Case 5 (variable cross-section segment located between the
middle and the end of pile shaft). In this case, the pile shaft
is also divided into three segments, which are marked by 1, 2,
and 3 from pile end to pile top. Segment 1 and segment 3 have
a uniform cross-section and satisfy the design requirements,
and segment 2 has a variable cross-section. The lengths of
each segment are 𝑙1 = 6m, 𝑙2 = 1m, and 𝑙3 = 13m,
respectively. The other parameters are the same as those
shown in Case 1.

Figure 6 illustrates the influence of variable degree of
variable cross-section segment located between the middle
and the end of pile shaft on the vertical dynamic response of
pile head. Similar to Cases 3 and 4, it is difficult to evaluate
the pile quality from the velocity admittance curves for Case
5 due to the complex characteristics of nonuniform peaks
with irregular distribution. As shown in Figure 6(b), for
the pile with necking segment located between the middle
and the end of pile shaft, the orthokinetic reflected signals
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Figure 5: Influence of the variation degree of variable cross-section segment on the vertical dynamic response of pile head for Case 4.
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Figure 6: Influence of the variation degree of variable cross-section segment on the vertical dynamic response of pile head for Case 5.

with reverse reflected signals will occur at a distance of
13m to the pile top. The peak values of above-mentioned
orthokinetic and reverse reflected signals increase with the
increase of the necking degree of pile. For the pile with
bulging segment located between the middle and the end
of pile shaft, the reverse reflected signals with orthokinetic
reflected signals will appear at a distance of 13m to the pile
top. The peak values of the above-mentioned reverse and
orthokinetic reflected signals increase as the bulging degree
of pile segment increases. It is worth noting that the larger
the necking degree or bulging degree of variable cross-section

segment, the larger the peak values of the above-reflected
signals.

4.2. Vertical Vibration Characteristics of Variable Modulus
Pile. During the construction of bored pile, the modulus
of pile may be nonuniform along the pile shaft owing
to the immature construction craft, improper construction
management, or other adverse factors. Therefore, this sec-
tion discusses the influence of the location and degree of
nonuniformpile segment on the vertical dynamic response of
pile head. First, the influence of the location of nonuniform
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Figure 7: Influence of the location of nonuniform pile segment on the vertical dynamic response of pile head.

pile segment on the vertical dynamic response of pile is
investigated. The location and length of nonuniform pile
segment are referred to the five cases shown in Section 4.1.
The length, radius, and mass density of pile are 20m, 0.5m,
and 2500 kg/m3, respectively. The nonuniform characteristic
of pile is reflected by varying the longitudinal wave velocity
of normal pile segment and nonuniform pile segment, and
the longitudinal wave velocity of normal pile segment and
nonuniformpile segment are 3800m/s and 3000m/s, respec-
tively.

Figure 7 presents the influence of the location of nonuni-
form pile segment on the vertical dynamic response of pile
head. As shown in Figure 7(a), when the nonuniform pile
segment is located at the top of pile (Case 1), the formant
amplitude of velocity admittance curves gradually increases
with the increase of frequency. For the other four cases, the
oscillatory part of the velocity admittance curves displays
increasing complex characteristics of nonuniform peaks with
irregular distribution for the pile with variable modulus
segment. From Figure 7(b), the influence of the location of
nonuniform pile segment on the vertical dynamic response
of pile head for the five cases is basically similar to that of pile
with necking segment at corresponding location.

Then, the influence of the degree of nonuniform pile
segment on the vertical dynamic response of pile head
is further discussed. The pile shaft is divided into three
segments, which are marked by 1, 2, and 3 from pile end to
pile top. Segment 1 and segment 3 are normal pile segments
and have normalmodulus satisfying the design requirements;
segment 2 has nonnormalmodulus. Denote the variable wave
impedance ratio to describe the nonuniform degree of pile
segment; that is, 𝑅𝑉 represents the ratio of wave impedance
of normal pile segment to that of nonuniform pile segment.𝑅𝑉 > 1 and 𝑅𝑉 < 1 mean the increase and decrease of wave

impedance in the nonuniform pile segment, respectively.𝑅𝐴 = 1 indicates that the pile is uniform as a whole. The
lengths of each segment are 𝑙1 = 6m, 𝑙2 = 1m, and 𝑙3 = 13m,
respectively.

Figure 8 indicates the influence of the degree of nonuni-
form pile segment on the vertical dynamic response of pile
head. As shown in Figure 8(a), similar to the regulation of
pile with necking segment or bulging segment at the corre-
sponding location in the pile shaft, there are complex char-
acteristics of nonuniform peaks with irregular distribution in
the velocity admittance curves when the wave impedance of
nonuniform pile segment increases or decreases. The larger
the variation range of wave impedance, the more obvious the
complex oscillation.Therefore, it is also difficult to intuitively
assess the nonuniform characteristics of pile shaft only from
the velocity admittance curves. As depicted in Figure 8(b), as
the wave impedance of nonuniform pile segment decreases,
the variation regulation of reflected wave curves is basically
similar to that of pile with necking segment at corresponding
location. Meanwhile, as the wave impedance of nonuniform
pile segment increases, the variation regulation of reflected
wave curves is basically similar to that of pile with bulging at
corresponding location.

5. Conclusions

Based on the plane strain model and fictitious soil pile
model, this paper derives the analytical solution of velocity
admittance in the frequency domain and the corresponding
semianalytical solution of the velocity response of pile in the
time domain. Based on the solutions, a parametric study is
conducted to investigate the vertical dynamic response of pile
with variable cross-section segment and variable modulus
segment, and the following conclusions are obtained:
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Figure 8: Influence of the degree of nonuniform pile segment on the vertical dynamic response of pile head.

(1) When there are necking or bulging segments located
between the top and the end of pile shaft, the oscil-
latory part of the velocity admittance curves displays
increasing complex characteristics of nonuniform
peaks with irregular distribution. Therefore, it is
difficult to intuitively assess the construction quality
of pile from the velocity admittance curves for these
conditions.

(2) For the pile with necking segment or decreasing
modulus segment located between the top and the
end of pile shaft, the orthokinetic reflected signals are
first received between the incident wave signals and
preliminary orthokinetic reflected signals from pile
end, and the reverse reflected signals will occur after
the orthokinetic reflected signals.

(3) For the pile with bulging segment or increasing mod-
ulus segment located between the top and the end of
pile shaft, the reverse reflected signals will first appear
between the incident wave signals and preliminary
orthokinetic reflected signals from pile end, and the
orthokinetic reflected signals are received after the
reverse reflected signals.

(4) The larger the necking degree or bulging degree of
variable cross-section segment, the larger the peak
values of the reflected signals between the incident
wave signals and preliminary orthokinetic reflected
signals from pile end.

(5) The larger the variation range of the modulus of
variable modulus pile segment, the larger the peak
values of the reflected signals between the incident
wave signals and preliminary orthokinetic reflected
signals from pile end.
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