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In real-world structural problems, a number of factors may cause geometric imperfections, load variability, or even uncertainties in
material properties. Therefore, a deterministic optimization procedure may fail to account such uncertainties present in the actual
system leading to optimum designs that are not reliable; the designed system may show excessive safety or sometimes not sufficient
reliability to carry applied load due to uncertainties. In this paper, we introduce a hybrid reliability-based design optimization
(RBDO) algorithm based on the genetic operations of Genetic Algorithm, the position and velocity update of the Particle Swarm
Algorithm (for global exploration), and the sequential quadratic programming, for local search. The First-Order Reliability Method
is used to account uncertainty in design and parameter variables and to evaluate the associated reliability. The hybrid method is
analyzed based on RBDO benchmark examples that range from simple to complex truss parametric sizing optimizations with stress,
displacements, and frequency deterministic and probabilistic constraints. The proposed final problem, which cannot be handled
by single loop RBDO algorithms, highlights the importance of the proposed approach in cases where the discrete design variables

are also random variables.

1. Introduction

In the engineering science, the cost reduction in manufac-
turing is pursued in order to obtain efficiency and save time
in production. Although the use of optimization methods is
increasing, in practical terms, the design parameters and/or
design variables used in deterministic optimization proce-
dures may present uncertainties. It means that analyzing the
responses obtained by deterministic optimization procedures
in terms of failure probability, nonacceptable levels may
be present in the engineering point of view. According
to [1], uncertainties in real-world optimization problems
include factors such as data incompleteness, mathematical
model inaccuracies, and environmental condition variation,
just to name a few. This directly affects the optimization
problem since in, a structural engineering design, economy
and safety are competing goals [2]. One way to link such
uncertainties in an optimization problem is using a reliability
index (f3), a measure of the degree of reliability in the design,

according to [1]. This procedure is referred to as reliability-
based design optimization (RBDO); in this case, the relia-
bility index becomes an extra constraint to the optimization
problem. According to [3], in the last decade, the RBDO
significance and conceptual and mathematical complexity
have been intensively studied. The optimization procedure
may require a high computational cost [4]. For this reason,
several authors have studied methods that use single loop
RBDO [3, 5-7]. These authors have applied reliability-based
design optimization strategies like SAP (Sequential Approx-
imate Programming) and SORA (Sequential Optimization
and Reliability Assessment), which are capable of solving the
majority of practical cases, when multiple modes of failure
are present, but for linear and smooth functions. According
to [8], the use of approximation procedures in the sequential
optimization and the evaluation of the reliability index in
a single step may result in spurious optimal points. That
is evident since these methods are deterministic and they
show a tendency of convergence to local minima points
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due to possible nonlinear function behavior in probabilistic
problems. In order to increase robustness, authors [9] pro-
posed to construct a response surface that is the product of
individual performance functions and be sued as surrogate
to get optimal design solutions. Despite the large amount of
literature in the theme, a good introduction to the RBDO
subject can be found in [10].

In this article, a hybrid RBDO methodology is proposed
and applied to a range of spatial trusses in order to find
the optimum parameters for minimum mass, considering
maximum allowable deflections and limited stress. The First-
Order Reliability Method (FORM) is used to evaluate the
reliability index (f) along the optimization steps. Due to
the high computational cost of the traditional algorithms to
solve nonconvex optimization problems, we propose a hybrid
optimization method. Comparisons about the computational
cost and quality of the solution are performed using as
baseline standard structural problems. The proposed hybrid
global optimization method based on existent global search
(metaheuristic) and deterministic algorithms is detailed. This
new method is presented and discussed by using reliability-
based optimization on structural truss examples.

2. Reliability Index Evaluation

As stated by [11], reliability analysis can be applied to many
engineering fields such as in aeronautical, mechanical, and
civil problems. By definition, the reliability is the complement
of the probability of failure, that is, the likelihood of failure
of a specific event or set of events from a complex system. A
limit state function that relates the failure event (violation of
specific set of constraints) as function of several variables is
stated by the mathematical expression:

g(X,...

where g means the limit state function that defines a con-
straint. Some design variables may present random compo-
nents. In case X; is a set of n random variables that affects
that constraint, this limit state function becomes also random
and some probability of violation is implicit [11, 12]. g(-) < 0
means that the system is in the failure domain, D, and g(-) >
0 means that the system is in the safe domain (constraint
was not violated). The probability of failure can be evaluated
by the integration of the joint probability density function
fx(X;,...,X,) asindicated in [11]:

P = J...JDfX(Xl,...,Xn)Xm...anz(D(—ﬁ), @)

. X,) =0, )

where the failure domain is defined by D means that g(-) <
0, @ is the cumulative standard distribution function, and
B is a safety index metric. Equation (2) presents a close
solution in some particular cases where fx(-) is Gaussian
and for linear and quadratic g(-). However, it is difficult
to be handled in case of several random variables n. In
this case, Monte Carlo (MC) Simulation can be used to get
approximate asymptotic solutions. Moreover, statistic values
for function fy(X) are not known a priori and the number of
MC samples frequently is not enough to ensure confidence.
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FIGURE 1: Concept of probability of failure and the reliability index 3
for the first-order approximation.

So, a very simple but not so robust way to get and estimate
for the reliability index (that is related to the probability
of survival) f3 is using the probability density function first
and second moments (mean and variance) for the limit state
function g(X,,...,X,). When the limit state function g(X)
is linear and the random variables are normally distributed
and uncorrelated, the reliability index f3 can be approximated
by the following (see Figure 1):

B=— (€)

where 1, and o, represent, respectively, the mean value and
the standard deviation (square root of variance) for function
9(Xx).

Let 0; be the mechanical stress that can be measured in
a loaded component i, assuming a failure situation where
this value exceeds the imposed material strength limit value
(O1im)- Equation (1) can be rewritten, for the limit state

function, as follows:

0;

gi(o)=1-—. (4)
lim
Linearization of function g(X) by a Taylor expansion up
to linear terms can be used to get approximated values for
#, and o, when the limit state functions are nonlinear. The
point around the linearization performed affects y, and o
values. A method to obtain the reliability index S that is
independent of the limit state function formulation is known
as AFOSM (Advanced First-Order Second Moment) and was
first proposed by [13]. For uncorrelated Gaussian random
variables X;, they are transformed into normalized ones U;
by the transformation:

U= o [FX,- (xi)] =T (X)), (5)

where Fy. (x;) and ®7(-) are the cumulative distribution
function of the random variable X; and the inverse of the
cumulative standard Gaussian distribution, respectively. In
this way, the limit state function in the real space X is
transformed to the uncorrelated normalized space U, so

h(U) = g(X). (6)

The linearization of the limit state function h(U) is
performed at the U™ point that presents the shorter distance
to the origin of the uncorrelated space U and that ensures
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h(U) = 0. The U" point is called the design point and the
reliability index f is evaluated as mentioned previously as

aromn
subject to  h(U) < 0.

f = min

7)

2.1. Rackwitz-Fiessler Algorithm. In order to solve (7), the
efficient algorithm proposed by Rackwitz and Fiessler [13] is
used. It can be described in the following steps.

Step 1. Define the limit state function for the problem g(X) =
0.

Step 2. Assume initial values for the design point in the real
space X* = (X,,...,X,)" and evaluate the corresponding
values for the limit state function g(X) (e.g., assume an initial
design point as the mean values of random variables).

Step 3. Evaluate the equivalent Gaussian mean value and
standard deviation for the random variables:

o 8(07 [y ()

’ fx, (x1) )

yﬁ\(]f =X, - G)I}zq)_l [in (xl-)] )

Step 4. Transform random variables from real space X to
normal uncorrelated U. The design variables values at the
design point will be evaluated as follows:

X; - px
U= ——, 9)

Ox

i

Step 5. Evaluate the sensitivities dg(X)/0X; at the design
point X*.

Step 6. Evaluate the partial derivatives dg(X)/0U; in the
normal uncorrelated space using the chain rule:

09 (X) _ 3g(X) 9X; o)
oy, oX; aU;’

Step 7. Evaluate the new value for the design point U, in the
normal uncorrelated space using the recurrent equation:

Vg (U:k)

Uikn = [Vg (Un) Uik -9 (Ui‘k)] Vo ( (1)

Step 8. Evaluate the distance from the origin to this new point
and estimate the new reliability index:

n

B=1Ull=+> U;). 12)

i=1

Step 9. Check convergence of 3 along iterations using a
predefined tolerance.

Step 10. Evaluate the random variables at the new design
point using

X;=py +oxU;. (13)

Step 11. Evaluate g(X) value for the new random variables and
verify a final convergence criterion, for instance, Ag(X) <
tolerance and AX < tolerance.

Step 12. If both criteria are met, stop iterating; otherwise,
repeat Steps 3-11.

This algorithm assumes all the random variables as
noncorrelated in the original actual space. If there exists cor-
relation between random variables, using Cholesky decom-
position of the covariance matrix, the correlated variables can
be transformed to uncorrelated ones and the algorithm is still
valid [8, 11, 14]. This transformation is presented in

Z=L"(X-pu) withcov(X,X)=C=LL". (14

3. Reliability-Based Design
Optimization (RBDO)

In the RBDO, the objective function should satisfy predefined
probabilistic constraints, which are set as new constraints to
the problem. Probability failure analyses are performed along
the optimization process in order to check if the probabilistic
constraints are met. This is used to guide the optimization to
the minimum weight that complies with the target reliability
levels. The easier formulation for RBDO implements the
algorithm with a double loop where the optimization is split
into two stages: (a) on a first stage, the objective function
optimization is performed focusing on the design variables;
(b) on a second stage, the optimization is performed focusing
on the random variables starting from the design variables
from the outer loop. More details can be found in [15]. A
deterministic model for the minimization can be defined
generally as follows [16]:

Minimize f (v p)
Subject to:  h; (v, p)=0 i=1,....,m

‘ (15)
9;(vp) <0 j=1,....n

Var S Va < Vay

where v, is the vector of design variables, p is the vector
of parameters for the optimization problem, h;(-) = 0 is
ith model’s equality constraint from a total of m equality
constraints, g; are the n inequality constraints, and vy, and
vy are the vectors that contains upper and lower values for
the design variables. However, a deterministic optimization
does not consider the uncertainties in the design variables
nor fixed design parameters. In RBDO, the probabilistic con-
straints are added increasing the set of constraint equations.
Since the reliability index can be defined in terms of the



accumulated probability function for the limit state function
(and vice versa), the following holds:

Py (vap) = @ (=)

. (16)
or f=-0° [Pf (vd,p)] ,

where @ is the cumulative standard distribution function. In
this article, the reliability constraint is formulated as follows:

B

target

g;(vap) =1~ <0 j=nr+l,...,np, (17)

where g;(-) is the probabilistic constraint defined by the
dimensionless ratio between the evaluated reliability index 8
and the target reliability index B,z This means that if the
evaluated reliability index f3 during the optimization is larger
than the reliability target index 4> then g;(-) < 0 and the
probabilistic criterion is met. Otherwise, a penalization for
the objective function will take place. Numerically, during
the optimization process, the failure function needs to be
evaluated a number of times so one can find the probability
of failure value (or conversely the reliability index). In a
RBDO, both parameter vector p and design variables v; can
be random variables.

Figure 2 shows a geometric interpretation for the dif-
ference between a deterministic and a reliability-based opti-
mization. The implementation of the optimization may be
performed using two different approaches: RIA (Reliability
Index Approach) or PMA (Performance Measure Approach).

3.1. Reliability Index Approach (RIA). This approximation
for the reliability constraint is treated as an extra constraint
that is formulated by the reliability index 3 (for the sake of
simplicity, in the uncorrelated design space). So, the following
can be written:

f(u,p)
Subject to pr<p<p’
gi (E [u) P]) <0

hj(E[u,p])=0 j=1...,n

ﬁtarget - /3 (fk (u, P) = 0) <0

Minimize

i=1,....m

:Btarget - ﬁ (fl (u) P) = 0) =0

where u is the standard uncorrelated random variables and
g; and h; are the m inequality and n equality deterministic
constraints with corresponding p probabilistic equalities
and g probabilistic inequalities constraints. E[-] means the
expected values. In order to find 3, the reliability problem
is defined as 3 = min(||U])), subject to g(U) < 0.
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3.2. Performance Measure Approach (PMA). This formula-
tion is performed with the inverse of the previous analysis by
RIA, in such a way that the following can be written:

f (u,p)
Subject to pr<p<p’

gi (E[u,p]) <0
hi(Elu,p])=0 j=1,...,n

Minimize

i=1,....m

(19)
Ik (”u” = ﬁtarget’ p) — Yk (ll, P) <0
k=1,...,p
hy (1)l = Buargers ) = 1 (w,p) = 0
I=1,...,q

where u is the vector the normalized uncorrelated random
variables, g; and h; are the m and n inequality and equality
constraints, and g, and h; are the p and g probabilistic
inequalities constraints, respectively. So, differently from
RIA, for a fixed reliability index [lul = B, g the equality
and inequality constraints are ensured beforehand, so a line
search for the point where hypersphere Jul = B, cuts
the constraints should be performed. The advantages and
disadvantages in using this or the previous PMA formulation
can be found in [17].

4. Proposed Hybrid Optimization Method

Evolutionary algorithms are widely considered powerful and
robust techniques for global optimization and can be used
to solve full-scale problems which contain several local
optima [18]. Although the implementation of such methods
is easy, they can demand a high computational cost due
to high number of function calls. Therefore, they are not
recommended for problems in which the objective function
presents high computational cost [19]. Besides, it is important
that the algorithm parameters be tuned adequately in order to
avoid premature convergence of the algorithm.

Pioneering works with hybrid algorithms for optimiza-
tion have been performed by [20] with the so-called Aug-
mented Lagrangian Genetic Algorithm that could deal with
constraints by penalization functions. The algorithm has
an outer loop to update penalization parameter based on
constraints values and an inner loop for traditional GA
using the penalized fitness function. The algorithm can
also avoid trial and error selection and manually increase
penalty constants in the optimization problem. In a different
way, the hybrid method proposed here is based on the use
of genetic operators of GA like mutation, crossover, and
elitism associated with a gradient search by SQP algorithm
performed on best individual of the GA population. Besides,
20% of the best individuals will pass by a hybrid PSO
operation, which allows position update based on velocity
and global and local cognitive coefficients. These operators
are inherited from the traditional PSO algorithm [21]. Using
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FIGURE 2: Geometric definition for the reliability-based design optimization.
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elitism, the best individual of the group passes to a cost
function enhancement by sequential quadratic programming
(SQP) and then is sent to the next generation. This method
is hereafter called HGPS. The main goal of hybrid method
is to accelerate the convergence rate of a global search while
maintaining the exploration capability. The SQP method is
justified by the intrinsic speed in finding local optima, while
GA and PSO preserve the diversity in the exploration of new
regions of the search space.

Although the convergence rate can be accelerated, getting
stuck in local optima still remains possible. For this reason,
the adaptive mutation is inherited from GA. PSO operators
(like momentum) are also used in order to help the escape
from local minima. Initial tests carried out by [22, 23]
showed that loss in diversity may still occur, resulting in
premature convergence; thus adaptive mutation operation
is recommended mainly in cases where the problem has
a complex solution (e.g., in nonsmooth or discontinuous
functions). Their use is also based on the good results found
in preliminary tests in literature [24].

A simple sketch illustrating the idea of mixing best
features from several algorithms is shown in Figure 3, consid-
ering m individuals and » generations. Algorithm 1 presents
the corresponding pseudocode with the steps followed by
the proposed algorithm. It is important to notice that the

codification for the design variables (in a GA sense) is the
real one; that is, each individual i for the generation f is
represented by b, , = (x|, x,,..., x,,.) where nc is the number
of genes (design variables).

In the pseudocode in Algorithm I, xff ; is the current value
of the design variable j of the particle i of the generation
k of the GA. The vﬁf}'l is the updated velocity of the design
variable j of the particle i of the generation k of the GA. The
xlbestf’ ; is the best design variable j from the selected 20%

of best individuals, and xgbest? is the best design variable j
of generation k. Related to the stopping criteria, a criterion
is chosen that is based on the coefficient of variation (o/u) of
the objective function of the elite individuals within a defined
number of generations. For the following problems, it has
been considered that, within five consecutive generations,
if the change in the coeflicient of variation of the objective
function of the elite individuals is lower than a defined
tolerance, the convergence criterion is met.

This hybridized methodology (HGPS) was proposed
aiming at convergence acceleration and maintaining the
diversity of individuals to avoid premature convergence.
Therefore, this approach takes advantage from the use of
adaptive mutation, PSO operator performed on individuals
from consecutive generations, and SQP improvements on the
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(1) Initialize generations, Initialize Population size: “m”, mutation probability: “P,,”, crossover probability: “P.”,
number of genes per individual: “nc”, upper and lower bounds values for each gene: “x,, (nc)”, “x,;. (1c)”.
Main Loop (while stopping criteria are not met)
(2) Evaluate and rank the population of individuals by the objective function vector.
(3) Generation of new population
(3.1) SQP method: The best individual of the population is the starting point of search SQP method, which

replaces the same point in the next generation.

According to:
k+1

k+1 — ij + Vl_c+1

X i

ij

(3.3) GA Method (genetic operators)
(33.1)
“One point Recombination”
Loopi=1tom~—1Step2

If random(0, 1) < P. do
a =05

End If
End Loop i
(3.3.2)  Adaptive Mutation [22]
Loopi=1tom
If f; > fiin then P, = 0.2

Else
_ O5(fi ~ fuun)
" (f - fmin)
End If
End Loop i

If random(0, 1) < P,, do
k = random(0, 1) * nc
b, (k) = random(x,, (k), X, (k))
End If
End of the Main Loop

(3.2) PSO method: 20% of the best individuals suffers PSO operations, constrained to x,,,. and x
vii = xl@vE + ¢, (xlbestffj - xf.‘,j) + clrz(xgbestl; - xf’j)]
This work assumes ¢; = ¢, = 1,5 and @ = 0.4(1 + min * (cov, 0.6), according to [25]).

Crossover It is assumed P, = 0.8 according to [26]

A = max[b,,(k), b, (k)] - min[b,,(k), b,,, (k)]
b, (k) = random(min[b,,(k), b, (k)] — aA, max[b,,(k), b, ,(k)] + aA)

min>

ALGORITHM 1: Pseudocode for the HGPS.

solution of the best individual found so far. The probability
of mutation is not a constant value but varies according to
the fitness function used by the GA, that is, the mean of
individual objective function value f. According to [22], the
value of P, should depend not only on f — f;, (a measure
of convergence) but also on the fitness function value f; of
the solution. The closer f; is to f;,,» the smaller P, should
be, assuming zero at f; = f,,;,- To prevent the overshooting
of P, beyond 1.0, the constraint for P, is achieved by setting
P, = 0.2 whenever f; > f_. (since such solutions need to
be completely disrupted); otherwise, it is set to P, = 0.5( f; —

fmin)/(7 - fmin)'

5. Results

The comparisons are performed using only simple optimiza-
tion algorithms like GA (Genetic Algorithm), DE (Differen-
tial Evolution), PSO (Particle Swarm Optimization), FMA
(Firefly Metaheuristic Algorithm), and the proposed HGPS
algorithm. When possible, the deterministic SQP (sequential

quadratic programming) algorithm will be used for com-
parisons. Specifically, in example 3, where discrete design
variables are present, this comparison will not be possible.
Since there is no theorem that gives the best parameters values
for the algorithms that may serve to any problem, based
on literature recommendations and some trial and error,
some effort was made in finding those parameters for each
metaheuristic algorithm. In all studied cases, in order to have
fair comparisons, the same set of optimization parameters
was applied that were previously tuned for best performance
in each algorithm. Table 1 shows such parameters for the
tested algorithms.

5.1. Case I1: 10 Bar Truss Problem. This classical model was
presented by [6] that performed the minimization of the
truss mass with stress and displacement constraints taking
into account reliability index for stress and displacements.
The analyzed truss is presented in Figure 4. The bar length
a = 9.144 m (360 in). The ten bar cross sections are the design
variables. The lower and upper limit for the design variable
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FIGURE 4: 10 bar truss geometry, nodes, and connectivity.

are 6.45 x 10°°m? (0.01in%) and 1.61 x 102 m? (25in?),
respectively. The member’s elastic modulus are E = 6.895 x
10" Pa (107 Psi) and assumed deterministic. The applied
loads are assumed random and uncorrelated, following a
lognormal distribution, with mean y = 4.448 x 10° N (1.0 x
10° Ibf) and standard deviation 0 = 2.224 x 10*N (5.0 x
10 Ibf). Material strength is assumed as Gaussian random
variable with mean and standard deviation being equal to
1.724x 10% Pa (2.5x10* Psi) and 1.724x 107 Pa (2.5% 10° Psi),
respectively. The vertical displacement has a constraint of
+0.1143 m (+4.5in).

The deterministic constraints for stress and displace-
ments are treated as limit state functions from the probabilis-
tic point of view. The reliability indexes for the stress values in
any member (tension or compression) and for the maximum
vertical displacement at any node are set to 3.0. Therefore, the
mathematical RBDO problem can be stated as follows:

n
Minimize f(A) = pZAiLi

i=1

Subject to  |o;| < 1.724 x 10°Pa i=1,...,n
|d;| <01143m j=1,...,m (20)
/35 (u>P) 2 ﬁLS
Ba (wp) = Brg
PL <P =Pu

where p is the vector of design variable (member area),
Bra> Prs are the target reliability indexes, and S (u, p) and
Ba(u,p) are the reliability indexes for stress and displace-
ment, respectively that are function of vector of design
variables p and vector of random variables u (two loads and
the material strength). The parameters p; and p; represent
lower and upper values for design variables, respectively. nn
is the total number of nodes.

Table 2 shows the obtained results with the optimization
methods averaged for 20 independent runs. In the same
table, the efficiency parameter (ratio between total number
of objective function (deterministic) and limit state function
(probabilistic) evaluations to the corresponding value for
the best valid solution found so far, ie., less weight and
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not constrained) and the quality parameter (best objective
function values ratio) for each result are presented.

Results from GA, FMA, and SQP show to be heavier
then that reported by [6] using SORA/SQP method, but both
PSO and HGPS (particularly HGPS) achieved a lighter truss
solution. The author [8] reported that the methods based
on SORA may fall into local optima points; that is, local
optimum originated mainly due to the used gradient-based
methods involved in optimization of the objective function
and constraints. So, the best results are attributed to the use of
metaheuristic capabilities in the proposed HGPS algorithm.

In addition, it is possible to note that the GA and FMA
solutions were not better (objective function) than SORA
solution, meaning that the reported configuration seems
not to be the best for this problem. Apparently, GA and
FMA get stuck into local minima. It was also observed that
the PSO, SQP, and HGPS methods found slightly different
design variable solutions even with reliability index con-
straints being satisfied and having similar objective function
values. This seems to represent a flat design space near the
optimum solution. It is also possible to notice the not so
good HGPS efficiency when compared to PSO algorithm or
SPQ (the most efficient), although HGPS have a superior
solution (quality). It should the emphasized that any of the
deterministic and probabilistic constraints are violated for
the HGPS solution. For the 20 independent runs, the HGPS
presented the best mass value of 1252.31kg, mean value
of 1262.15kg (median 1264.97 kg), the worst mass value of
1269.68 kg, and a coefficient of variation of 0.012.

5.2. Case 2: 37 Bar Truss Problem. In this example, a Pratt
type truss with 37 members is analyzed. The goal of the
deterministic optimization problem is to minimize the mass.
There are nonstructural masses of m = 10kg attached to
each of the bottom node; see Figure 5. The lower chord
is modelled as bar elements with fixed cross-sectional area
A = 4 x 107 m’. The remaining symmetric bars are design
variables also modelled as bar elements with initial cross
section of A, = 1 x 10™*m?. This problem is considered
a truss optimization on size and geometry since all nodes
of the upper chord are allowed to vary along the y-axis in
a symmetric way and all the diagonal and upper bars are
allowed to vary the cross-sectional area within upper and
lower values. Figure 5 describes the structure. In this example,
the design variables are (y3, Vs, ¥7> Yo» V1> A1, Ags oo s Aly).
The lower limit for the design variables are (0,0,0,0,0,1 x
10741 x 107%,...,1 x 107*) in m and m?, respectively. The
upper limit is (5,5,5,5,5,5 x 107%,5x 107%,...,5x 107*) in
m and m”. A deterministic constraint for the 3 first natural
frequencies is imposed to the original problem; see Table 3.
The optimum mass found for the deterministic problem is
360.56 kg with the design variables being (0.939111.3327 1.5211
1.6656 1.7584 2.9941 x 10~ 1.0019 x10~* 1.0033 x 10~* 2.4837
x107* 1.1804 x 107 1.2643 x 10™* 2.5903 x 10™* 1.5983 x 10™*
15209 x 107* 2.5021 x 107 1.2443 x 10™* 1.3579 x 10™* 2.3928
x 107 1.0014 x 10™*) m and m* and the natural frequencies
constraints are satisfied (f; > 20, f, > 40 and f; > 60).
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TABLE 2: Results obtained using the optimization methods (10 bar truss).

Parameters GA FMA PSO SQP SORA/SQP [6] HGPS
Best mass value (kg) 1447.04 1667.75 1253.75 1256.10 1253.91 1252.31

B, 3.004 3.181 3.004 3.000 3.0 3.000

B, 3.001 3.000 3.000 3.000 3.0 3.000
*Mean number of objective function evaluations 9031 10005 2012 3207 4030 2454
*Mean number of LSE* evaluations 15630 16028 12121 4580 1775 29640
Efficiency 4.24 4.48 2.43 1.34 1.00 5.53
Quality 1155 1.332 1.001 1.003 1.001 1.000

A, (m?) 7.2529 x 107> 8.3642 x 107 7.4611 x 107> 7.4563 x 107> 7.4580 x 107> 7.4782 x 107>
A, (m?) 5.1958 x 107> 1.5359 x 10> 4.9060 x 107> 5.5108 x 107> 4.9032 x 107> 4.8697 x 107>
A, (m?) 1.1237 x 1072 1.0675 x 1072 9.9456 x 10> 9.3988 x 10> 9.9483 x 10> 1.0026 x 1072
A, (m?) 1.2833 x 107 5.0408 x 107> 7.8759 x 10°° 7.4939 x 10°® 6.4516 x 10°° 6.9707 x 10°°
Ay (m?) 3.5329 x 107 3.7096 x 107 6.5592 x 107° 2.0610 x 107> 6.4516 x 107 6.4516 x 10°°
Ag (m?) 3.0688 x 107> 8.5805 x 107> 6.4516 x 10° 7.6501 x 10°° 6.4516 x 10°® 6.9707 x 10°°
A, (m?) 6.1501 x 107 5.6797 x 10> 6.9485x 10> 6.6513 x 10> 6.9548 x 10> 6.9358 x 10°°
Ag (m?) 45216 x 10 5.9744 x 10~ 5.3252x 107> 5.2952x 107> 5.3354x 10> 5.2899 x 10~°
Ay (m?) 9.8911 x 107 5.9404 x 107> 6.4516 x 10™° 7.8343 x 10™° 6.4516 x 10° 6.9707 x 107°
A,y (m?) 6.4405 x 107 2.1937 x 10> 6.9428 x 10~ 7.2971 x 107> 6.9419x 10 6.9180 x 10>

*Mean number of LSF evaluations: the mean number of times the probabilistic constraints are evaluated in order to get the reliability index (20 independent

runs).

**It is assumed that the constraints become active. The original paper did not mention this value.
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|

1
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FIGURE 5: 37 bar truss problem.

TABLE 3: Structural properties and constraints for the 37 bar Pratt
truss.

Parameter Value Unit
E (modulus of elasticity) 2.1x 10" Pa
F (applied load) 50 N
p (material density) 7800 kg/m’
Natural frequency f1 =20, f, >40and

constraints f3 =260 Hz
Material strength 3.0x10° Pa
Displacement limit 50x 107 m

The probabilistic problem is then adapted from this
deterministic example, described in [27, 28], following the
same geometry and deterministic frequency constraint. Dis-
placement and stress constraints as well as concentrated loads
are added to the original problem in order to result in extra
probabilistic constraints for stress and displacements.

In this problem, the first three natural frequencies
(f1> f, and f;) are of interest and a reliability constraint is
considered in the probabilistic problem. Therefore, the goal
of the optimization problem is to minimize the mass of the
truss taking into account constraints for stress, displacement,
and natural frequency reliability indexes. All remaining sym-
metric member areas are considered random variables with
lognormal distribution with coeflicient of variation of 0.01.
Therefore, in this problem, the mean value of cross-sectional
areas is either of the design variables for the optimization
problem as random variables for the probabilistic problem
as well. The modulus of elasticity is considered following a
normal distribution with mean 2.1 x 10"" Pa and coefficient of
variation of 0.05 (as reported in [29]). The areas of the lower
chord bars are equal to 4 x 10> m* and assumed deterministic
and they are not design variables. The physical properties
and the constraints are shown in Table 3. The violation of
any of these constraints will represent a failure mode. In this
particular model, as previously described, three reliability
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TaBLE 4: Final objective function, constraints, and parameters by optimization method (objective function values do not take into account

added masses).

Parameters GA FMA DE PSO HGPS
Best mass value (kg) 448.85 413.29 394.75 397.10 374187
ﬁf 3.084 3.803 3.65 3.038 3.275
B 10.00 10.00 10.0 10.00 10.00
B 10.00 10.00 10.0 10.00 10.00
Mean number of objective function evaluations 1982 3084 10007 4003 1839
*Mean number of LSF evaluations 767715 392793 1443497 591936 805459
Efficiency 1.94 1.0 3.67 1.51 2.00
Quality 1.20 1.10 1.05 1.06 1.00
Maximum absolute member stress (Pa) 7.79 x 10° 1.26 x 10° 1.11 x 10° 2.11 x 10° 1.13 x 10°
Maximum absolute node displacement (m) 6.09x 107° 6.32x107° 537 %x107° 6.79 x 107° 6.58 x 107°
f1 (Hz) 21.76 21.01 23.27 21.78 21.85
f, (Hz) 53.64 46.53 44.33 48.84 43.82
f5 (Hz) 70.69 66.99 66.30 64.93 65.63

*Mean number of LSF evaluations: the mean number of times the probabilistic constraints are evaluated in order to get the reliability index (20 independent

runs).

indexes are considered as extra constraints for the problem:
Bs> s> and B;. They represent the reliability for frequency,
stress, and displacement constraints.

Equation (21), in this case, can represent the RBDO
mathematical model, where f;; = 3.0, f;; = 2.0, and B4 =
2.0 represent the target reliability indexes for frequency,
stress, and displacement constraints:

Minimize f(A)= pZAiLi
i=1

Subject to  f; > 20 Hz,

f2 > 40 HZ,
f, > 60Hz

o] <3.0x10°Pa i=1,...,n 1)
|ld| <50x10%m j=1,...,nn

By (u,p) > Bis
B (u, p) = B
Ba(u,p) = By
PL<P=Puw

where p represents the vector of design variables (five y
coordinates and 14 member areas) and u represents the
random variable vector (14 member areas and the Young
modulus). nn is the total number of nodes.

Table 4 presents a summary of the results and Table 5
shows the obtained values for each design variable for the
tested optimization algorithms. For the 20 independent runs,
the HGPS presented the best mass value of 374.187 kg, mean
value of 396.680 kg (median 398.13kg), worst mass value of
405.097 kg, and a coefficient of variation of 0.037.

4 T T T T T T T T T
35+
3 L
25
y 2
151
1h
0.5 BN
0
0 1 2 3 4 6 7 8 9 10
X
<<<<<< Initial —— DE
- - GA PSO
--- FMA —— HGPS

FIGURE 6: Superimposed geometries obtained with the optimization
methods.

Figure 6 presents the resulting superimposed geometric
configurations obtained with the optimization methods.
HGPS in this case give the best mass value (quality) although
with not so good efficiency as the PSO algorithm. The
reliability for displacements and stress constraints resulted in
high values ( = 10 means negligible failure of probability),
indicating that the frequency constraint, in this case, is a
dominant mode of failure that prevails over the two other
constraints. As expected, the absolute value for displacement,
stress, and frequencies in the optimum designs are far below
the corresponding limits.

5.3. Case 3: 25 Bar Space Truss Problem. In this example, the
mass minimization of a 25 bar truss is performed, subject to
constraints in the reliability indexes for stress, displacement,
and first natural frequency. The deterministic optimization
problem was previously presented by [30] where the mass
minimization was performed not taking into account uncer-
tainties; see Figure 7. The problem is described as a discrete
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TABLE 5: Design variables for each optimization method.

Variable GA FMA DE PSO HGPS
Y,, Yy (m) 2.16 0.75 1.08 2.10 0.91
Y,, Yy, (m) 2.25 1.48 1.26 2.69 L18

Y,, Y5 (m) 2.37 1.70 1.60 2.64 1.48
Y, Y5 (m) 211 2.33 1.80 2.75 1.60
Y,, (m) 2.24 2.29 1.85 2.75 1.73
AL A, (m?) 3.34x 107 3.08 x 107* 420%x 107" 2.78 x 107* 334x 107
A,, Ay (m?) 424x107* 2.98 x 107* 1.00x 107* 2.84x 107 1.30x 107*
A, Ay, (m?) 433x107* 1.52x 107" 1.66 x 107* 123x 107 1.18x 107
A, Ay (m?) 3.17x107* 3.37x107 2.88x 107 2.77 x 107 3.83x107
A, Ay, (m?) 3.45x107* 257 %107 1.00 x 107 2.07x107* 144 %107
Ag Ay (m?) 1.39%x107* 1.10x 107 1.00 x 107* 238x107* 1.24x 107
A, A, (m?) 3.44 %107 3.66 x 107 5.00x 107 2.75%x 107 3.25x 107"
Ag, A,y (m?) 1.84%x107* 3.09x 107 436x107* 2.89x 107 1.75%107*
Ag, A g (m?) 3.94x 107 4.01x107* 2.99x107* 2.70 x 107* 1.88x107*
Ay Ay (m?) 476 x 107* 2.96 x 107* 3.92x 107 2.95%x107* 4.56 x 107*
AL A, (m?) 441x107* 448 x107* 1.00x 107* 241 %107 2.11x 107
A, A (m?) 2.71x 107 3.57x107* 3.80x 107 2.59 %107 1.58x 107
A A (m?) 4.08x107* 2.16 x 107 5.00x 107 2.78 x 107 3.63x 107
A, (m?) 2.64x107* 420% 107 1.02x 107 2.63x107* 1.00 x 107

FIGURE 7: 25 bar space truss. Dimensions, numbering, and boundary conditions.

optimization problem since the member areas can vary
following a table of discrete values that ranges from 6.4516 x
107° m? (0.1in%) to 2.258 x 10 m* (3.5in”) by increments
of 6.4516 x 107> m? (0.1in%). There are stress constraints in
all members such that a strength limit of +2.7579 x 10° Pa

(+40ksi) should be verified. A displacement constraint of
+8.89 x 10 m (+0.35in) is imposed to nodes 1 and 2 in
x and y direction. The fundamental frequency should be
constrained to f; > 55Hz. Figure 7 shows the dimensions
of the 25 bar spatial truss example. The physical properties of
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the material, upper and lower limits for the design variables,
and the deterministic constraints are listed in Table 6.

In this example, eight sets of grouped bars are assumed,
resulting in eight design variables, namely, set 1, nodes 1-2; set
2, nodes 1-4, 2-3,1-5, and 2-6; set 3, nodes 2-5, 2-4, 1-3, and
1-6; set 4, nodes 3-6 and 4-5; set 5, nodes 3-4 and 5-6; set 6,
nodes 3-10, 6-7, 4-9, and 5-8; set 7, nodes 3-8, 4-7, 6-9, and
5-10; set 8, nodes 3-7, 4-8, 5-9, and 6-10. Table 7 presents the
load direction and magnitude. The spatial truss is fixed at the
lower nodes and the loads are applied as indicated in Figure 7
(where dimension a = 9.144 m). The obtained final mass by
the deterministic optimization is 217.60 kg (479.72 Ibm) with
the optimum design variable vector (discrete areas) as (6.4516
x 107 1.9354 x 107* 2.2580 x 10~ 6.4516 x 10> 1.0322 x 10~
5.8064 x 107* 3.2258 x 107* 2.2580 x 107°) m*.

For the RBDO problem, the areas are either design
variables (deterministic) or random (probabilistic). They are
assumed uncorrelated, following a lognormal distribution
with coeflicient of variation of 0.02; the elastic modulus
follows a Gaussian distribution with coefficient of variation
of 0.05. Thus, there are, in total, nine random variables. The
reliability index levels for each constraint (frequency, stress,
and displacement) are set to B, > 1.5, B > 2.0, and B4 >
1.5. Therefore, the reliability-based optimization problem is
written as indicated by

n
Minimize f(A) = pZAiLi
i=1

Subject to  f; > 55Hz
o] <27579x 10°Pa i=1,...,n

|d;| <8.89x 107 m
(22)
j=1,2in x and y direction

B (a,p) > By
B (u,p) = By,
Ba(u.p) = Bry
PL <P =Pu

where p represents the vector of design variables (eight
discrete member areas) and u represents the random variable
vector (8 discrete member areas and the elastic modulus). p;
and py; are the lower and upper limits for the design variables.
nn is the total number of nodes.

Table 8 presents a summary of the results and Table 9
shows the obtained design variables for each optimization
method. For the 20 independent runs, the HGPS presented
the best mass value of 253.80 kg, mean value of 255.76 kg
(median 254.01kg), the worst mass value of 265.73 kg, and a
coeflicient of variation of 0.014. Particularly in this example,
PSO and HGPS found the same close results (best quality
indexes), although HGPS resulted in a better efficiency index.
All reliability constraints were satisfied and the displacement
constraint presented as the most important and dominant

Mathematical Problems in Engineering

TABLE 6: Structural properties and constraints for the 25 bar space
truss.

Properties Values
E (Young’s modulus) 6.895 x 10" Pa (1 x 10* ksi)
p (density) 2767.99 kg/m® (0.11bm/in”)

6.4516 x 10~ m? (0.1in?)
2.258 x 107 m? (3.5in?)
2.7579 x 10® Pa (40 ksi)

8.89x 10 m (0.35in)
f, = 55Hz

Area lower limit

Area upper limit

Material Strength
Displacement limit

Ist natural frequency constraint

TABLE 7: Applied loads.

Load component

Node
F, Fy F,

1 444822 N —44482.22N —44482.22N
(1000 1bf) (~10000 Ibf) (10000 Ibf)

5 0.0N —44482.22 N —44482.22 N

(~=10000 Ibf) (~10000 Ibf)

2224 11N

3 (500 Ibf) 0.0N 0.0N
2668.93 N

6 (600 bf) 0.0N 0.0N

mode of failure. Stress and frequency constraints resulted in
high reliability indexes (negligible probability of failure).

6. Final Remarks and Conclusions

In this article, a hybridized method for RBDO is pro-
posed. It takes advantage of the main features presented
in some heuristic algorithms like PSO, GA, and gradient-
based methods, like SQP. Simple to gradually more complex
truss examples are analyzed using the proposed methodology,
compared with literature examples. The best result is obtained
with the hybrid method HGPS in the analyzed examples,
albeit in the last example PSO and HGPS, presented the
same result. Moreover, it is relevant to mention that, due to
complexity of the optimization problems with uncertainties,
in most of situations, the heuristic methods solely were
not able to find the optimal design, although they resulted
in objective function with same order of magnitude. This
suggests that a different convergence criterion may be used
for each algorithm in order to avoid premature convergence.

In all problems, the resulting final mass obtained using
RBDO is larger than that obtained by deterministic optimiza-
tion; however, the corresponding reliability levels in stress,
displacements, or frequency have been met. These reliability
levels are not attained with the original deterministic opti-
mization.

Even with a large number of design variables in the
optimization analysis, all presented global search methods
were able to find feasible solutions. The optimization methods
found different optimum design variables for similar objec-
tive function. It can be argued that those design points do not
represent the best quality converged design points and may



Mathematical Problems in Engineering

13

TABLE 8: Results for the optimization methods in 25 bar truss example.

Parameters GA FMA DE PSO HGPS
Best mass value (kg) 272.69 261.38 254.45 253.80 253.80
ﬁf 10.000 9.031 9.014 9.803 9.803

B 10.000 10.000 10.000 10.000 10.000
B 1.973 1.996 2.021 1.963 1.963
*Mean number of objective function evaluations 3452 2002 5012 3002 1002
*Mean number of LSF evaluations 499001 281583 185877 333634 74143
Efficiency 6.69 3.77 2.54 4.48 1.00
Quality 1.074 1.029 1.002 1.000 1.000
Maximum absolute stress (Pa) 5.2752 x 107 3.504 x 107 4.1136 x 107 3.904 x 107 3.904 x 107
Maximum absolute displacement (m) 7992 x 1072 7998 x 1072 8.882x107° 7998 x 1072 7998 x 1072
f, (Hz) 75.42 77.38 59.68 73.81 73.81

“Mean number of LSF evaluations: the mean number of times the probabilistic constraints are evaluated in order to get the reliability index (20 independent

runs).

TABLE 9: Best design variables for tested optimization methods.

Design variable GA FMA DE PSO HGPS
A, (m?) 6.45%x107° 1.93x 107 6.45x107° 6.45x107° 6.45% 107°
A, s (m?) 129 x 107 7.74x107* 6.45x107* 516 %107 516x 107
Ag oo (M) 1.80 x 107 2.06 x 107 2.25%107° 2.25%x107° 2.25x 107
Alpand 11 (M%) 6.45x 107 129%x107* 6.45%107° 6.45%107° 6.45%107°
Al and 13 (M%) 2.58 x107* 3.87x107* 7.74x107* 1.16 x 107 1.16 x 107
Ay and 17 (M%) 9.03x 107 7.09 x 107* 7.09 x 107* 7.09 x 107* 7.09 x 107
Alg ang 21 (M?) 6.45x 107* 9.03x 107* 6.45x 107* 5.80 x 107* 5.80x 107
Ay and 25 (M?) 2.19% 107 2.19%x107° 2.25x107° 2.26%107° 2.26x 107
represent a local minimum; however, for nonexplicit limit ~ References

state function problems, this can only be guaranteed checking
the results with different algorithms.

The hybrid method HGPS, when compared to the GA
in the conventional form, presented a lower mass value
(quality in result) with a low number of function evaluations
(efficiency in the optimization process). The better efficiency
was attained with the gradient- based methods at the expense
of worse quality.

The proposed final problem, which cannot be handled
by single loop RBDO algorithms (design variables are also
random variables), highlights the importance of the proposed
approach in cases where the discrete design variables are
also random variables. Some new improvements in the
HGPS method are being planned in future research like the
parallelization of the code. More challenging problems are
foreseen to test the proposed method.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors acknowledge Brazilian Agencies CNPq and
CAPES for the partial financial support for this research.

[1] H. Agarwal, Reliability Based Design Optimization: Formulation
and Methodologies, Aerospace and Mechanical Engineering.
University of Notre Dame, formulation and methodologies,
2004.

[2] A.T.Beck and C. C. Verzenhassi, “Risk optimization of a steel
frame communications tower subject to tornado winds,” Latin
American Journal of Solids and Structures, vol. 5, no. 3, pp. 187-
203, 2008.

[3] S. Shan and G. G. Wang, “Reliable design space and complete
single-loop reliability-based design optimization,” Reliability
Engineering System Safety, vol. 93, no. 8, pp. 1218-1230, 2008.

[4] E Li, T. Wu, A. Badiru, M. Hu, and S. Soni, “A single-loop
deterministic method for reliability-based design optimiza-
tion,” Engineering Optimization, vol. 45, no. 4, pp. 435-458, 2013.

[5] X. Du and W. Chen, “Sequential optimization and reliability
assessment method for efficient probabilistic design,” Journal of
Mechanical Design, vol. 126, no. 2, pp. 225-233, 2004.

[6] P. Yi, G. Cheng, and L. Jiang, “A sequential approximate
programming strategy for performance-measure-based proba-
bilistic structural design optimization,” Structural Safety, vol. 30,
no. 2, pp. 91-109, 2008.

[7] R. H. Lopez and A. T. Beck, “Reliability-based design opti-
mization strategies based on FORM: a review;” Journal of the

Brazilian Society of Mechanical Sciences and Engineering, vol. 34,
no. 4, pp. 506-514, 2012.



14

(8]

[9]

(12]

[25]

(26]

H. M. Gomes, Reliability analysis of reinforced concrete struc-
tures [Ph.D. Thesis], Brazil, Porto Alegre, 2001.

X. Zhuang, R. Pan, and X. Du, “Enhancing product robustness
in reliability-based design optimization,” Reliability Engineering
& System Safety, vol. 138, pp. 145-153, 2015.

H. Bae, R. V. Grandhi, and R. A. Canfield, “Structural design
optimization based on reliability analysis using evidence the-
ory, SAE Technical Paper 2003-01-0877, 2007.

D. M. Frangopol, “Probability concepts in engineering: empha-
sis on applications to civil and environmental engineering,”
Structure and Infrastructure Engineering, vol. 4, no. 5, pp. 413-
414, 2008.

I. Gondres Torné, R. Béez Prieto, S. Lajes Choy, and A. del
Castillo Serpa, “Determinacién de la confiabilidad en interrup-
tores de potencia: caso de estudio,” Ingeniare. Revista Chilena de
Ingenieria, vol. 21, no. 2, pp. 271-278, 2013.

A. M. Hasofer and D. Lind, “An exact and invariant first-order
reliability format,” Journal of Engineering Mechanics. ASCE, vol.
100, pp. 111-121, 1974.

A. Haldar and S. Mahadevan, “Probability, reliability and statis-
tical methods in engineering design,” in Engineering Design, J.
W. Sons, Ed., vol. 77, p. 379, 2000.

R. E. Melchers, Structural Reliability Analysis and Prediction, C.
John Wiley & Sons Ltd, New York, NY, USA, 2nd edition, 1999.

A.D.Belegundu and T. R. Chandrupatla, Optimization Concepts
and Applications in Engineering, Cambridge University Press,
UK, 2nd edition, 1999.

J. Tu, K. K. Choi, and Y. H. Park, “A new study on reliability-
based design optimization,” Journal of Mechanical Design, vol.
121, no. 4, pp. 557-564, 1999.

V. Kelner, E. Capitanescu, O. Léonard, and L. Wehenkel, “A
hybrid optimization technique coupling an evolutionary and a
local search algorithm,” Journal of Computational and Applied
Mathematics, vol. 215, no. 2, pp. 448-456, 2008.

I. E. Grossmann and L. T. Biegler, “Part II. Future perspective
on optimization,” Computers and Chemical Engineering, vol. 28,
no. 8, pp. 1193-1218, 2004.

H. Adeli and N.-T. Cheng, “Augmented lagrangian genetic
algorithm for structural optimization,” Journal of Aerospace
Engineering, vol. 7, no. 1, pp. 104-118, 1994.

E van den Bergh and A. P. Engelbrecht, “A study of particle
swarm optimization particle trajectories,” Information Sciences,
vol. 176, no. 8, pp. 937-971, 2006.

M. Srinivas and L. M. Patnaik, “Adaptive probabilities of
crossover and mutation in genetic algorithms,” IEEE Transac-
tions on Systems, Man and Cybernetics, vol. 24, no. 4, pp. 656—
667,1994.

S. Marsili Libelli and P. Alba, “Adaptive mutation in genetic
algorithms,” Soft Computing, vol. 4, no. 2, pp. 76-80, 2000.

R. Hassan, B. Cohanim, O. Weck, and G. Venter, “A comparison
of particle swarm optimization and the genetic algorithm,” in
Proceedings of the 46th AIAA/ASME/ASCE/AHS/ASC Structures,
Structural Dynamics Material Conference, Austin, Tex, USA,
2005.

L. J. Li, Z. B. Huang, E Liu, and Q. H. Wu, “A heuristic particle
swarm optimizer for optimization of pin connected structures,”
Computers and Structures, vol. 85, no. 7-8, pp. 340-349, 2007.
R. Riolo, U-M. O'Reilly, and T. McConaghy, “genetic pro-
gramming theory and practice VII,” in Genetic ¢ Evolutionary
Computation, Series, Ed., Springer, 2010.

(27]

(28]

Mathematical Problems in Engineering

D. Wang, W. H. Zhang, and J. S. Jiang, “Truss optimization on
shape and sizing with frequency constraints,” AIAA Journal, vol.
42, no. 3, pp. 622-630, 2004.

W. Lingyun, Z. Mei, W. Guangming, and M. Guang, “Truss
optimization on shape and sizing with frequency constraints
based on genetic algorithm,” Computational Mechanics, vol. 35,
no. 5, pp. 361-368, 2005.

G. D. Cheng, L. Xu, and L. Jiang, “A sequential approximate
programming strategy for reliability-based structural optimiza-
tion,” Computers and Structures, vol. 84, no. 21, pp. 1353-1367,
2006.

W. H. Tong and G. R. Liu, “Optimization procedure for
truss structures with discrete design variables and dynamic
constraints,” Computers and Structures, vol. 79, no. 2, pp. 155-
162, 2001.



Advances in
Op ranons Research

Advances in

DeC|5|on SC|ences

Journal of

Ap ||ed Mathemancs

Algebra

Journal of
bability and Statistics

The Scientific
Wo‘rld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
https://www.hindawi.com

Journal of

Mathematics

Journal of

clﬂhMbhemahcs

in Engmeermg

Mathematical Problems

Journal of

tion Spaces

Abstract and
Applied Analysis

International Journal of

Stochastic Analysis

International Journal of
D|fferent|a| Equations

Discrete Dynamics in
ure and Society

Optimization




