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In mining engineering, the thick and hard roof threatens the safe production. Based on Reissner plate theory and combined with
weighted residual method, with four edges clamped as the boundary conditions, this paper deduces the theoretical formula of
the first breaking span of thick and hard roof. Based on Vlasov plate theory, with four edges simply supported as the boundary
conditions, this paper deduces the theoretical formula of the periodic breaking span of thick and hard roof. The two formulas
are used to verify the breaking span of thick and hard roof of Tashan Coal Mine, proving that its accuracy is higher than that of
traditional beam theory. This paper studies the distribution characteristics of strain energy density in front of the coal seam during
the mining process by numerical simulation, which is compared with the results of field microseismic experiments. It is found that
the strain energy density of the coal seam has a good correlation with the probability of microseismic events. This paper provides
theoretical support for more precise calculation of breaking span of the thick and hard roof and technical support for the practical
stability analysis of the surrounding rock under the thick and hard roof.

1. Introduction
The characteristics of thick and hard roof are large thickness, high strength, poor joint fissure development, strong
integrity, and strong self-bearing ability [1]. In the coal face
with thick and hard roof, the roof is not easy to collapse after
coal mining, which can easily cause the roof to form a large
area of the suspension. Thus, this kind of roof will gather a
lot of strain energy in the coal seam and surrounding rock.
When the thick and hard roof breaks, it can release huge
energy and produce strong dynamic load effect, which can
easily lead to support destruction, working face collapse, rock
burst, and other events [2, 3]; the problem exists in many
mining areas in China such as Datong, Zaozhuang, Tonghua,
Hegang, and Qitaihe; Russia and Western Europe countries
also have similar problems. So it is the key to ensure the safe
production of mine by accurately grasping the breaking span

of thick and hard roof and the distribution of strain energy
in coal seam. However, the previous studies could not obtain
the accurate breaking span of the hard and thick roof and did
not know enough the distribution of strain energy in the coal
seam under thick and hard roof. Hence the management for
the mine dynamic disaster under the action of thick and hard
roof was in a relative passive position.
Usually, the beam theory is used to calculate the breaking
span of roof, using the mechanical mode of fixed beam with
line loaded to get the first and periodic breaking span, and
the stress distribution in rock beam is analyzed by using the
material mechanics theory [4]. Qian et al. [5] simplified the
roof as a fixed beam and a simply supported beam to calculate
the first and periodic breaking span of the roof. This method
has shown high precision to analyze the shallow beam.
However, this calculation can lead to a big error when the roof
thickness is so large that it cannot be ignored compared with
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roof span. In addition, the beam theory can not describe the
space motion of roof. So researchers have begun to focus on
the plate theory, in which the thin plate theory is widely used.
Based on the thin plate theory, researchers have done a lot
of work: Zhang and Cao [6] studied the first caving fracture
mechanism of overlying roof rock in steep thick coal seam; Tu
et al. [7] studied the deformation and fracture feature of steep
inclined coal seam roof; Wang et al. [8] studied the fracture
mode and evolution of main roof stratum above longwall
fully mechanized top-coal caving in steeply inclined thick
coal seam. Although the thin plate theory can describe the
roof space motion, it can only be applied to the thin roof but
not the thick one. So it is the key to choose a suitable thick
plate theory to study the breaking span of thick roof.
The thick and hard roof breaking has an important effect
on the stability of surrounding rocks and coal seam [9,
10]. For the stability of coal seam, the previous researches
mainly focused on the change of vertical stress of the front
coal seam after excavation and judged whether the front
coal seam was in a stable state. Researchers like Wang et
al. [11] researched the pressure-relief mechanism of lower
seam extraction after upper seam extraction according to
the abutment stress in coal seam; Chang et al. [12] analyzed
the rib spalling mechanism of fully mechanized top-coal
caving face with great mining height in extra-thick coal
seam according to the abutment pressure. Meanwhile, coal
seam is in the multidirectional stress state. And energy is
the result of the combined action of multidirectional stress,
which also has a very important influence on the stability of
the coal seam and the surrounding rock. The mining practice
proves that analyzing the elastic strain energy in the coal
seam is the basis for controlling the rock burst, coal, and
gas outburst. Aggregation and release of strain energy in coal
are also an important cause of the catastrophic failure in the
underground chamber. Therefore, studying the strain energy
distribution in coal seam is significant [13–15]. At present, it is
difficult to study the strain energy distribution characteristics
of coal seam in theory completely, and it is necessary to
combine theory and numerical simulation for the study.
Given the above, according to the mechanical model
suitable for thick and hard roof, this paper is intended to
get the theoretical formula of the first breaking span of thick
and hard roof by using Reissner plate theory and combining
with weighted residual method, with four edges clamped
as the boundary conditions and get the theoretical formula
of the periodic breaking span of thick and hard roof by
using the the modified Vlasov plate theory, with four edges
simply supported as the boundary conditions. Furthermore,
this paper is intended to study the distribution law of strain
energy of coal seam under the action of thick and hard roof
through the 3DEC numerical simulation software and the
corresponding theoretical formula. At last, taking one of the
most representative thick and hard roof in the world, Tashan
Coal Mine roof, as example, the breaking span formulas are
going to be verified, and the correlation between the strain
energy of coal seam and field measured microseismic activity
is also going to be discussed as well. So the purpose of
this paper is to provide theoretical support for more precise
calculation of breaking span of the thick and hard roof and
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provide technical support for the practical stability analysis
of the surrounding rock through the distribution law of the
strain energy in the coal seam.

2. Theoretical Derivation of Breaking
Span of Thick and Hard Roof
2.1. Mechanics Model. The classification criteria for the plate
is as follows [16]: usually the thin plate meets the following
conditions:
(

1
1
ℎ
1 1
∼
) ≤ ≤ ( ∼ ),
80 100
𝑎
5 8

(1)

where 𝑎 is the smaller side length of the plate, that is, the roof
breaking span; ℎ is the thickness of the plate. Otherwise, the
plate is thick plate which meets conditions
ℎ
1 1
>( ∼ )
𝑎
5 8

(2)

or film which meets the following conditions:
ℎ
1
1
<( ∼
).
𝑎
80 100

(3)

In the study, the ratio of thickness and span of thick and
hard roof is between 1/5 and 1/8; therefore, thick plate theory
should be used to calculate the breaking span of roof.
The stope roof is simplified to a rectangular plate. With
the excavation of the coal seam, the boundary condition of
rectangular roof is also changing. At the beginning during
the coal seam mining, no cracks in the boundary of roof
rock mass appear, where boundary condition is four-edge
fixed. As the excavation continues, the size of the goaf roof
increases, and the midpoint of the long side of the roof will
firstly enter the plastic state and then extend to form a plastic
hinge along the long side. And then, the midpoint of the
short side of the roof plate will also enter the plastic state
and form a plastic hinge along the short side, where boundary
condition is four-edge simply supported. When the boundary
condition changes from four-edge fixed to four-edge simply
supported, which means weakening the boundary constraint,
the roof still remains whole without breaking at this time.
As the coal mining face continues to advance, a plastic hinge
along the 𝑥-axis appears in the central position of the roof
and then extends to both sides to form an internal plastic
strand. The plastic strand further expands and divides into 4
plastic strands extending to the apex of the rectangular plate,
resulting in the “X” type breaking. The breaking process is
shown in Figure 1.
Due to the different boundary conditions, it is necessary
to derive the theoretical formulas of the first breaking span
and the periodic breaking span of the thick and hard roof,
respectively. Reissner theory is a relatively mature thick plate
theory when the boundary condition is four-edge fixed, while
Vlasov theory is a relatively simple plate theory with high
precision when the boundary condition is four-edge simply
supported. Therefore, Reissner thick plate theory and Vlasov
plate theory are used to derive the first breaking span and the
theoretical breaking span, respectively.
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2.2. Theoretical Derivation of First Breaking Span of Thick and
Hard Roof. Reissner made a straight line hypothesis instead
of straight normal, that is, the line which is perpendicular
to the middle surface before deformation is still a line
after deformation. Considering the effect of shear strain 𝛾𝑥𝑧 ,
𝛾𝑦𝑧 and using the variational principle of generalized complementary energy, Reissner derived the partial differential
equations of sixth order of elastic surface. Reissner thick
plate theory is both a breakthrough to the thin plate theory
and a widely used thick plate theory. The basic equations of
the static problem based on the Reissner plate theory are as
follows [17]:
𝐷∇4 𝑤 = 𝑞 (𝑥, 𝑦) −

ℎ2 (2 − 𝜇) 2
∇ 𝑞 (𝑥, 𝑦) ,
10 (1 − 𝜇)

ℎ2 (2 − 𝜇) 𝜕𝑞 𝜕𝜑
𝜕
+
,
𝑄𝑥 = −𝐷 ∇2 𝑤 −
𝜕𝑥
10 (1 − 𝜇) 𝜕𝑥 𝜕𝑦

(5)

ℎ2 (2 − 𝜇) 𝜕𝑞 𝜕𝜑
𝜕 2
∇ 𝑤−
+
,
𝜕𝑦
10 (1 − 𝜇) 𝜕𝑦 𝜕𝑥

(6)


 2
𝜕2 𝑤  ℎ2 𝜕2
𝜕 𝑤
𝑀𝑥 = −𝐷  2 + 𝜇 2  − 𝐷 2 ∇2 𝑤
𝜕𝑦  5 𝜕𝑥
 𝜕𝑥
−

ℎ4 (2 − 𝜇) 𝜕2 𝑞 ℎ2 𝜕𝜑
ℎ2 𝜇
+
𝑞,
−
5 𝜕𝑥𝜕𝑦 10 (1 − 𝜇)
50 (1 − 𝜇) 𝜕𝑥2

 2

𝜕2 𝑤  ℎ2 𝜕2
𝜕 𝑤
𝑀𝑦 = −𝐷  2 + 𝜇 2  − 𝐷 2 ∇2 𝑤
𝜕𝑥  5 𝜕𝑦
 𝜕𝑦
−

ℎ4 (2 − 𝜇) 𝜕2 𝑞 ℎ2 𝜕𝜑
ℎ2 𝜇
+
𝑞,
−
5 𝜕𝑥𝜕𝑦 10 (1 − 𝜇)
50 (1 − 𝜇) 𝜕𝑦2

𝜕𝜑
ℎ2
+
,
5 (1 − 𝜇) 𝐷 𝜕𝑦
𝑤𝑦 = −

ℎ4 (2 − 𝜇) 𝜕𝑞
𝜕𝑤
𝜕 2
ℎ2
−
∇ 𝑤−
𝜕𝑦 5 (1 − 𝜇) 𝜕𝑦
50 (1 − 𝜇) 𝜕𝑦

𝜕𝜑
ℎ2
+
.
5 (1 − 𝜇) 𝐷 𝜕𝑥

𝑤𝑦=0,𝑏 = 0;
𝜕𝑤
= 0;
𝜕𝑥𝑥=0,𝑎

(7)

(11)

𝜕𝑤
= 0.
𝜕𝑦𝑦=0,𝑏
In order to meet the above boundary conditions, the
following trial function is selected:
2

𝑤 = 𝑐𝑥2 (𝑎 − 𝑥)2 𝑦2 (𝑏 − 𝑦) .

(12)

According to its formulation, the trial function is confirmed if the form of 𝑐 is determined. Combined with the
weighted residual method, the trial function is substituted
into the Galerkin form of formula (4) [18]:
𝑎

𝑏

0

0

∫ ∫ [𝐷∇4 𝑤 − 𝑞 (𝑥, 𝑦) +

ℎ2 (2 − 𝜇)
10 (1 − 𝜇)

⋅ ∇2 𝑞 (𝑥, 𝑦)] ∙ 𝑥2 (𝑎 − 𝑥)2 𝑦2 (𝑏 − 𝑦)

2

(13)

= 0.

(8)

Expand the load on the thick plate into a double triangular series; that is,
∞ ∞

𝑞 (𝑥, 𝑦) = ∑ ∑ 𝑞𝑚𝑛 sin

4

ℎ (2 − 𝜇) 𝜕𝑞
𝜕𝑤
𝜕 2
ℎ2
𝑤𝑥 = −
−
∇ 𝑤−
𝜕𝑥 5 (1 − 𝜇) 𝜕𝑥
50 (1 − 𝜇) 𝜕𝑥

𝑤𝑥=0,𝑎 = 0;

(4)

where 𝐷 is the bending stiffness of the plate, 𝐷 = 𝐸ℎ3 /12(1 −
𝜇2 ); ∇4 is the biharmonic operator, and its expression is ∇4 =
𝜕4 /𝜕𝑥4 + 2(𝜕4 /𝜕𝑥2 𝜕𝑦2 ) + 𝜕4 /𝜕𝑦4 ; 𝐸 is the elastic modulus; 𝑤
is the deflection surface of thick plate; 𝜇 is the Poisson ratio;
𝑞(𝑥, 𝑦) is the load acting on the plate. The expression of the
internal force, bending moment, and rotation in the Reissner
plate theory are as follows:

𝑄𝑦 = −𝐷

the rectangular plate is 𝑏, representing the working face
width.
And 𝑎 is an unknown value that we want; 𝑏 is a known
value. Then the boundary conditions are as follows:

𝑚=1 𝑛=1

(9)

(10)

The short side of the rectangular plate is 𝑎, representing
the advancing distance of working face. The long side of

𝑛𝜋𝑦
𝑚𝜋𝑥
sin
.
𝑎
𝑏

(14)

With the increase of 𝑚, 𝑛, 𝑞𝑚𝑛 decreases sharply, and the
increase of 𝑚, 𝑛 has little effect on the deflection of the roof,
so 𝑚 = 𝑛 = 1 can ensure the accuracy. Now formula (14) can
be simplified as
𝑞 (𝑥, 𝑦) = 𝑞11 sin

𝜋𝑦
𝜋𝑥
sin ,
𝑎
𝑏

(15)

where 𝑞11 is the uniform load on the thick and hard roof.
Substituting (15) into (13) and using mathematical software
Mathematica to get the expression of 𝑐
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Figure 1: Three stages of roof breaking.
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𝑐=

8820 (−12 + 𝜋2 ) 𝑞11 (𝑎2 (ℎ2 𝜋2 (−2 + 𝜇) + 10𝑏2 (−1 + 𝜇)) + 𝑏2 ℎ2 𝜋2 (−2 + 𝜇))
𝑎2 𝑏2 (7𝑎4 + 4𝑎2 𝑏2 + 7𝑏4 ) 𝐷𝜋10 (−1 + 𝜇)

(16)

.

We can get the deflection function of the roof when
substituting (16) into (12):
2

𝑤=

8820 (−12 + 𝜋2 ) 𝑞11 (𝑎2 (ℎ2 𝜋2 (−2 + 𝜇) + 10𝑏2 (−1 + 𝜇)) + 𝑏2 ℎ2 𝜋2 (−2 + 𝜇))
𝑎2 𝑏2 (7𝑎4 + 4𝑎2 𝑏2 + 7𝑏4 ) 𝐷𝜋10 (−1 + 𝜇)

The bending moments 𝑀𝑥 , 𝑀𝑦 of thick plate which is
four-edge fixed can be obtained when substituting (17) into
(7) and (8). And 𝑀𝑥 , 𝑀𝑦 both get the maximum value when
𝑥 = 𝑎/2, 𝑦 = 𝑏/2. The maximum bending moment of the
thick plate can be expressed as 𝑀max = max(𝑀𝑥max , 𝑀𝑦max ).
Finally, the expression of the maximum bending moment
𝑀max is obtained in Mathematica:
𝑀max
2 2
6
2
1 1.72321 × 10 (879.637 + 𝑎 ) (−460 + 𝑏) 𝑏
=− (
5
𝑎2 (2.8 × 109 + 30228.6𝑎2 + 𝑎4 ) 𝐷

−

3.45 × 106 (879.637 + 𝑎2 ) (35266.7 − 460𝑏 + 𝑏2 )
(2.8 × 109 + 30228.6𝑎2 + 𝑎4 ) 𝐷

⋅ 𝐷ℎ2 +

ℎ4 𝜋2 𝑞11 (−2 + 𝜇)
ℎ2 𝑞11 𝜇
+
50𝑎2 (−1 + 𝜇)
10 (−1 + 𝜇)
2

− 𝐷 (−

+

)

(18)
2 2

71800.3 (879.637 + 𝑎 ) (−460 + 𝑏) 𝑏
(2.8 × 109 + 30228.6𝑎2 + 𝑎4 ) 𝐷

215401𝑎2 (879.637 + 𝑎2 ) (35266.7 − 460𝑏 + 𝑏2 )
(2.8 × 109 + 30228.6𝑎2 + 𝑎4 ) 𝐷

⋅ 𝜇) .

The relationship between the tensile strength 𝜎max and the
maximum bending moment 𝑀max is as follows:
𝜎max

12𝑀max
12𝑀max ℎ 6𝑀max
=
𝑧=
∙ =
.
3
ℎ
ℎ3
2
ℎ2

(19)

2

𝑥2 (𝑎 − 𝑥)2 𝑦2 (𝑏 − 𝑦) .

(17)

The thick plate breaking discriminant under four-edge
fixed condition can be obtained when substituting (18) into
(19).
𝜎max is the tensile strength of the roof. Now we can get the
value of 𝑎, the first breaking span of thick and hard roof, by
substituting the parameter values involved in (19).
2.3. Theoretical Derivation of Periodic Breaking Span of Thick
and Hard Roof. After the first breaking of the roof, as the
coal face continues to move forward, periodic breaking will
occur. The breaking of thick and hard roof often results in
a large dynamic load, leading to cracks in the boundary of
the front unbroken roof, which helps the boundary enter
into the plastic state quickly. Meanwhile, it is easy to form
a hinge relationship between the unbroken roof and broken
roof. Therefore, the boundary condition of the roof can be
simplified as four-edge simply supported condition.
Under this boundary condition, the Vlasov plate theory
which considers horizontal shear deformation has the advantages of high precision and simple form [19]. Therefore, this
paper will use the Vlasov plate theory to derive the periodic
breaking span of thick and hard roof.
Considering the horizontal shear deformation, it is
assumed that the true displacement of each point on the
middle surface normal is nonlinear, and the relationship
between the shear stress and the displacement is as follows:
𝜏𝑥𝑧 =
𝜏𝑦𝑧

𝐸
𝜕𝑢 𝜕𝜔
(
+
),
2 (1 + 𝜇) 𝜕𝑧 𝜕𝑥

𝐸
𝜕V 𝜕𝜔
=
( +
).
2 (1 + 𝜇) 𝜕𝑧 𝜕𝑦

(20)
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The rotation angle of straight normal on the middle
surface can be obtained from formula (20):
𝜑𝑥 =
𝜑𝑦 =

0
𝜕𝜔 𝜏𝑥𝑧
−
,
𝜕𝑥
𝐺
0
𝜏𝑦𝑧

𝜕𝜔
−
.
𝜕𝑦
𝐺

∞ ∞

(21)

𝑤𝑥=0,𝑎 = 0,

(22)

𝜕2 𝑤
= 0.
𝜕𝑦2 𝑦=0,𝑏

(23)

𝜕𝜙 1 𝜕
2𝐷
[(1 − 𝜇) ∇2 𝜑𝑥 + (1 + 𝜇)
+
(∇2 𝜔)]
5
𝜕𝑥 2 𝜕𝑥

𝜕𝜙 1 𝜕
2𝐷
[(1 − 𝜇) ∇2 𝜑𝑦 + (1 + 𝜇)
+
(∇2 𝜔)]
5
𝜕𝑦 2 𝜕𝑦

(24)

The deflection and rotation angle displacement functions
are transformed into the following double trigonometric
series:
∞ ∞

𝑚=1 𝑛=1
∞ ∞

𝜑𝑥 = ∑ ∑ 𝐵𝑚𝑛 cos
𝑚=1 𝑛=1
∞ ∞

𝜑𝑦 = ∑ ∑ 𝐶𝑚𝑛 sin
𝑚=1 𝑛=1

𝑛𝜋𝑦
𝑚𝜋𝑥
sin
,
𝑎
𝑏
𝑛𝜋𝑦
𝑚𝜋𝑥
sin
,
𝑎
𝑏
𝑛𝜋𝑦
𝑚𝜋𝑥
cos
.
𝑎
𝑏

(26)

6𝐷𝜋2
𝑛 2
𝑚 2
[( ) + ( ) ]}
5𝐺ℎ
𝑎
𝑏

𝐷𝜋4 [(𝑚/𝑎)2 + (𝑛/𝑏)2 ]

𝑚𝑞𝑚𝑛
𝑎𝐷𝜋3 [(𝑚/𝑎)2 + (𝑛/𝑏)2 ]

𝐶𝑚𝑛 = {1 −

,

(27)

,
2

3𝐷𝜋2
𝑛 2
𝑚 2
[( ) + ( ) ]}
10𝐺ℎ
𝑎
𝑏
𝑛𝑞𝑚𝑛

𝑎𝐷𝜋3 [(𝑚/𝑎)2 + (𝑛/𝑏)2 ]

2

.

As with the roof first breaking, the load on the roof is
uniform load too. With the increase of 𝑚, 𝑛, 𝑞𝑚𝑛 decreases
sharply, and the increase of 𝑚, 𝑛 has little effect on the
deflection of the roof, so 𝑚 = 𝑛 = 1 can ensure the
accuracy. The values of 𝐴 𝑚𝑛 , 𝐵𝑚𝑛 , 𝐶𝑚𝑛 can be obtained when
substituting 𝑚 = 𝑛 = 1 into formula (27) and then the
values of 𝜔, 𝜑𝑥 , 𝜑𝑦 can be obtained when substituting these
three values into formula (25); furtherly, the values of 𝑀𝑥 ,
𝑀𝑦 can be obtained when substituting the values of 𝜔, 𝜑𝑥 ,
𝜑𝑦 into formula (23). And when 𝑥 = 𝑎/2, 𝑦 = 𝑏/2, 𝑀𝑥 ,
𝑀𝑦 both get the maximum value. In addition, according to
the relationship between the tensile strength 𝜎max and the
maximum bending moment 𝑀max ,
𝜎max × ℎ2
,
6

(28)

we can get the discriminant of thick plate breaking with fouredge simply supported condition:
𝜎max =
=

(25)

2

3𝐷𝜋2
𝑛 2
𝑚 2
[( ) + ( ) ]}
10𝐺ℎ
𝑎
𝑏

𝑀max =

2
𝜕𝜔
+ 𝐺ℎ (
− 𝜑𝑦 ) = 0.
3
𝜕𝑦

𝜔 = ∑ ∑ 𝐴 𝑚𝑛 sin

𝑛𝜋𝑦
𝑚𝜋𝑥
sin
.
𝑎
𝑏

𝑞𝑚𝑛

𝐵𝑚𝑛 = {1 −

×

And the differential equations of plate bending are rewritten as follows:

2
𝜕𝜔
+ 𝐺ℎ (
− 𝜑𝑥 ) = 0,
3
𝜕𝑥

𝐴 𝑚𝑛 = {1 +

×

Based on formula (21), the forces and moments of thick
plate can be deduced:

𝜕𝜑𝑦
𝜕𝜑
𝐷
𝜕2 𝜔
𝜕2 𝜔
𝑀𝑦 = − [4 (
+ 𝜇 𝑥 ) + ( 2 + 𝜇 2 )] .
5
𝜕𝑦
𝜕𝑥
𝜕𝑦
𝜕𝑥

𝑚=1 𝑛=1

×

𝑤𝑦=0,𝑏 = 0,

𝜕𝜑𝑦
𝜕𝜑
𝐷
𝜕2 𝜔
𝜕2 𝜔
𝑀𝑥 = − [4 ( 𝑥 + 𝜇
) + ( 2 + 𝜇 2 )] ,
5
𝜕𝑥
𝜕𝑦
𝜕𝑥
𝜕𝑦

𝑞 (𝑥, 𝑦) = ∑ ∑ 𝑞𝑚𝑛 sin

Substituting (25) and (26) into (23), we can get the
expressions of 𝐴 𝑚𝑛 , 𝐵𝑚𝑛 , 𝐶𝑚𝑛 :

For rectangular plate with four-edge simply supported
condition, the boundary conditions are as follows:

𝜕2 𝑤
= 0,
𝜕𝑥2 𝑥=0,𝑎

At this time, all the board boundary conditions have
been met. Furtherly, the horizontal load 𝑞(𝑥, 𝑦) can also be
transformed into the following double trigonometric series:

6𝑀max
ℎ2
6𝑞 (5/𝑎2 + 4𝜇/𝑎𝑏 + 𝜇/𝑏2 )
(29)

2

5𝜋2 (1/𝑎2 + 1/𝑏2 ) ℎ2
+

6𝑞𝜇 (1/𝑏2 − 1/𝑎𝑏)
25 (1 − 𝜇) (1/𝑎2 + 1/𝑏2 )

,

where 𝐸 is the elastic modulus; 𝜇 is the Poisson ratio; V, 𝑢 are
plane displacements; 𝑤 is the deflection surface of thick plate;
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Table 1: The value of parameters involved in calculation.
Jurassic coal seam

The spacing is 150 m–350 m

Parameters involved in calculation
𝜇
ℎ
𝜎max
𝑏
𝑞1

Value
0.21
20 m
12 MPa
230 m
1.85 MPa

Carboniferous 3–5# coal seam

Figure 2: The distribution of the double coal seam diagram in
Datong mining area.

0
0
𝜏𝑥𝑧
, 𝜏𝑦𝑧
are the transverse shear stresses of middle surface; 𝐷
is the bending stiffness of the plate, 𝐷 = 𝐸ℎ3 /12(1 − 𝜇2 ); 𝐺 is
the shear modulus, 𝐺 = 𝐸/2(1 + 𝜇); ℎ is the plate thickness;
and ∇2 is the Laplacian operator.
The value of 𝑎, the periodic breaking span of thick and
hard roof, can be obtained when substituting the parameter
values involved in (29).

2.4. In Field Validation. In order to verify the accuracy of the
derived formulas when calculating the first and the periodic
breaking span of thick and hard roof and also compared with
the accuracy of traditional beam theory, the 20-meter-thick
hard lamprophyre of 8212 working face of Tashan Coal Mine
in Datong, China, is selected as the calculation object. Datong
mining area is dual system coal seam; as the upper Jurassic
resource exhausted, the main coal seam is shifting to the lower
Carboniferous coal seam. The distance between the double
coal seams is 150∼350 m. The depth of Carboniferous coal
seam is 400∼600 m. In Carboniferous coal seam, it is 3–5#.
The distribution of the double coal seam diagram in Datong
mining area is shown in Figure 2.
The working face is mining 3–5# coal seam, with the average buried depth 474 meters, dip angle 3∘ which is flat seam.
The average thickness of 3–5# coal seam is 12 meters, which
is typical extremely thick coal seam in China. Conventional
longwall top-coal caving (CLTCC) is the mining method
used in Tashan Coal Mine [20]. The advancing length and the
width of the coal face are 2800 m and 230 m, respectively. The
cutting height of coal is 3.5 m and the top-coal caving height
is 8.5 m. The advance speed of work face is 5 m/d. The tensile
strength of the roof studied in this paper reaches 12 MPa, and
the thickness of the roof is 20 m. The histogram of 8212 fully
mechanized caving faces is shown in Figure 3, the red font
label part represents the excavation coal seam, and the blue
font label part represents the thick and hard roof studied in
the paper.
In field measurement, before forced caving measures
such as hydraulic fracturing and presplitting blasting, the
first breaking span of the 20-meter-thick lamprophyre can
reach about 110 m, and the periodic breaking span of the
20-meter-thick lamprophyre can reach between 65 m and
75 m. So, the two ratios, one being thickness and the first
breaking span of roof and the other being thickness and

the periodic breaking span of roof, are all between 1/5 and
1/8, which is applicable to the thick plate theory. Every
time the thick and hard roof breaks, the pressure of the
working face increases obviously, and it lasts a long time. The
safety valves of hydraulic supports open frequently and the
maximum descent speed of the support column is 320 mm/h.
The resistance of the hydraulic support can reach 14000 kN,
which can easily cause the breakage of the support. At this
time, the collapse phenomenon is serious, and the pressure in
the middle of the working face is extremely obvious. Figure 4
shows the strong pressure behavior when the 20-meter-thick
roof is breaking.
The mechanical parameters of thick and hard roof are 𝜇 =
0.21, ℎ = 20 m, 𝜎max = 12 MPa, 𝑏 = 230 m.
In addition to the dead weight, the effective load of any
rock stratum in the overlying strata is usually subjected to the
interaction of the overlying adjacent rock layers. Generally
speaking, the load of stratum is not uniformly distributed, but
in order to analyze the problem conveniently, it is assumed
that rock load is uniformly distributed [5]. The calculation of
rock effective load is shown in Figure 5.
Suppose that the first layer is a key stratum, the number of
upper strata is 𝑚, and the number of strata controlled by key
strata is 𝑛. The strata from the first layer to the 𝑛 layer deform
synchronously and form a composite body, and the load of
the first layer is
𝑞=

𝐸1 ℎ13 ∑𝑛𝑖=1 𝛾𝑖 ℎ𝑖
,
∑𝑛𝑖=1 𝐸𝑖 ℎ𝑖3

(30)

where 𝐸𝑖 is the elastic modulus of layer 𝑖, ℎ𝑖 is the thickness of
layer 𝑖, 𝛾𝑖 is the bulk density of layer 𝑖, and 𝑛 is the number of
strata controlled by the key layer.
The key strata theory shows that [21, 22] both the 4-meterthick hard lower lamprophyre and the 20-meter-thick hard
upper lamprophyre are inferior key strata. From the top of the
histogram to the surface that is not drawn in the histogram,
there is tens of meters-thick sandstone, that is, the main key
stratum, with high integrity and nonobvious stratification.
According to the strata histogram and the key strata
theory, the upper lamprophyre controlled height is 54.1 m,
getting to the sandy mudstone layer, while the lower lamprophyre controlled height is 4 m, that is, the thickness of 2#
coal seam. Uniform load on the upper lamprophyre can be
obtained through formula (30); that is, 𝑞1 = 1.85 MPa.
At this stage, all the parameter values of the first and the
periodic breaking span of the thick and hard roof have been
determined, as shown in Table 1.
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Mainly sandstone
To the surface

Sandy mudstone
20.00 m
Mudstone
7.80 m
Siltstone
7.90 m
Mudstone
12.40 m
4# coal seam
3.31 m
Siltstone
6.69 m
Lamprophyre
20.00 m

The research of thick hard roof

2# coal seam
4.00 m
Lamprophyre
4.00 m
3–5# coal seam
12.00 m

Excavated coal seam

Figure 3: The histogram of 8212 fully mechanized caving face.

Figure 4: The strong pressure behavior when 20 m thick roof is broken.

q

The strata controlled by the first layer

m
..
.
n
..
.
2
1

A combination of strata

Figure 5: The effective load calculation diagram of stratum.
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Through formula (19) and formula (29), we can calculate
that the values of the first and the periodic breaking span of
the thick and hard roof are 120.654 m and 69.4 m, respectively.
When using the beam theory to calculate the first breaking span of the roof, the formula is
2𝜎
𝑙𝑐 = ℎ√ max .
𝑞

(31)

When using the beam theory to calculate the periodic
breaking span of the roof, the formula is
𝑙𝑠 = 2ℎ√

𝜎max
.
(3𝑞)

(32)

Through formula (31) and formula (32), we can calculate
the values of the first and the periodic breaking span of the
thick and hard roof of 8212 working faces are 72.036 m and
58.817 m, respectively.
The error rate 𝑒 is defined as


𝑄 − 𝑄𝐴 
(33)
× 100%,
𝑒=  𝐶
𝑄𝐴
where 𝑄𝐶 is the value of formula calculation and 𝑄𝐴 is the
value of field measurement.
According to formula (33) to calculate the error rate, we
can compare the two methods in order to know which one
is more scientific. According to the beam theory, the error
rate of the first breaking span and the biggest error rate of the
periodic breaking span of thick and hard roof of 8212 working
faces are 34.5% and 21.6%, respectively; the former rate is
obtained from formula (31) and the latter from formula (32),
while, in this paper, the two error rates, 9.69% and 7.47%, are
obtained from the derived formula (19) based on the Reissner
plate theory and the derived formula (29) based on the Vlasov
plate theory, respectively.
In order to verify the correctness of the deduced theoretical formula again, the 8206 working face of Tashan Coal
Mine is selected as the calculation object too. The histogram
of 8206 working faces is basically the same as that of the
8212 working faces; there is only a slight difference in rock
thickness; the mechanical parameters of the corresponding
rock strata are consistent. Because of the limited space, the
histogram of 8206 working faces is no longer given here. The
width of the working face is 205 m, the advance speed of the
working face is 5.6 m/d, and the thickness of the roof is 21 m;
according to the previous calculation method, the uniform
load on the upper lamprophyre can be obtained through
formula (30); that is, 𝑞1 = 1.92 MPa. In field measurement,
the first breaking span can reach about 118 m, and the periodic
breaking span of can reach between 68 m and 77 m. Through
formula (19) and formula (29), we can get the values of the
first and the periodic breaking span of the thick and hard
roof which are 130.039 m and 73.735 m, respectively, and the
two error rates are 10.2% and 8.43%, respectively; through
formula (31) and formula (32), we can get the values which
are 74.246 m and 60.622 m, respectively; the two error rates
are 38.77% and 21.3%, respectively.

In conclusion, the accuracy of derived calculation formulas based on the thick plate theory in this paper is higher than
the beam theory to get the breaking span of the thick and hard
roof.

3. Strain Energy Distribution Characteristics
of Coal Seam under Thick and Hard Roof
Because of good stability and large breaking span, the thick
and hard roof can accumulate a large amount of strain energy
in the coal seam. Once the thick and hard roof collapses,
it will cause huge energy release, forming strong pressure.
The energy release is sudden, transient, and destructive,
as shown in Figure 4. Therefore, it is necessary to study
the distribution characteristics of the strain energy in the
coal seam under thick and hard roof action. According to
the generalized Hooke’s law, the stress and strain meet the
following relationship under the condition of spatial stress:
𝜀1 =

[𝜎1 − 𝑢 (𝜎2 + 𝜎3 )]
,
𝐸

𝜀2 =

[𝜎2 − 𝑢 (𝜎1 + 𝜎3 )]
,
𝐸

𝜀3 =

[𝜎3 − 𝑢 (𝜎1 + 𝜎2 )]
,
𝐸

(34)

where 𝜎1 , 𝜎2 , 𝜎3 are principal stress and 𝜀1 , 𝜀2 , 𝜀3 are principal
strain. Under the condition of spatial stress, the formula of
strain energy density is as follows:
V𝜀 =

1
(𝜎 𝜀 + 𝜎2 𝜀2 + 𝜎3 𝜀3 ) .
2 1 1

(35)

Substituting (34) into (35), we can get
V𝜀
=

(36)
1
[𝜎1 2 + 𝜎2 2 + 𝜎3 2 − 2𝑢 (𝜎1 𝜎2 + 𝜎1 𝜎3 + 𝜎2 𝜎3 )] .
2𝐸

Therefore, in order to know the distribution of strain
energy density of coal seam under thick and hard roof
deformation and failure, it is necessary to know the three
principal stress values of the coal seam. Although it is difficult
to obtain the three principal components of stress of each
point over time, approximate values are obtained through
numerical simulation methods. Specifically, we apply here
the large scale three-dimensional discrete element software
3DEC. This software can help to study the evolution law of
roof strata migration and the stress of the coal seam during
the working face advancing [23]. As previous studies have
shown that microseismic events are closely related to the
energy distribution in coal and rocks [24, 25], this paper tries
further exploring the relationship between them, and this
section will use 3DEC numerical simulation software to study
strain energy distribution characteristics of coal seam under
the thick and hard roof deformation and failure in Tashan
mine and, then, compare it with the results of field microseismic test. By doing so, this paper may provide a research
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Table 2: Mechanic parameters of coal seam and strata.
Strata
Sandstone
Sandy mudstone
Mudstone
Siltstone
Mudstone
4# coal seam
Siltstone
Lamprophyre
2# coal seam
Lamprophyre
3–5# coal seam
Sandstone

3

Density/(kg/m )
2810
2678
2504
2740
2500
1456
2736
2825
1452
2812
1450
2800

Bulk modulus/GPa
60
36.3
2.5
45.4
2.78
2.71
44.4
46.1
2.7
44.1
2.68
58

way for studying the energy distribution characteristics of the
surrounding rock under similar conditions.
Similarly, the thick and hard roof of 8212 working face
of Tashan Coal Mine is selected as the simulation object.
According to the stratigraphic histogram, the design model
has height of 200 m. and length of 300 m. and has a length
boundary coal pillar of length of 30 m. Because the coal seam
is flat seam, it is assumed to be a horizontal coal seam in
the numerical model. The model uses brick units to simulate
coal seams and surrounding rocks. And it is assumed that the
boundary condition does not change during the excavation;
that is, the four sides and the bottom of the model are fixed
constraint; the upper part of the model is free boundary; at
the top of the model, the uniform load applied by the overlying strata is 𝑞 = 6.713 MPa. Large deformation can occur
in rock formations. When the model is calculated, the SOLVRATIO value reaches 1 × e−5 ; we think that the convergence is
achieved. Supposing that the rock blocks do not vibrate at the
equilibrium position, so the self-adaptive damping is adopted
in the model. The Mohr-Coulomb criterion is used in the
simulation. Every time in the model, the advance distance of
3–5# coal seam is 5 m; the height of each excavation is 12 m.
The mechanic parameters of coal seam and strata are shown
in Table 2, and the mechanic parameters of interface of coal
seam and strata are shown in Table 3.
As the field microseismic experiments were carried out
when the working face advancing distance was 30 m, 60 m,
90 m, 120 m, and 150 m, respectively, therefore, the numerical
simulation experiments also focus on the energy distribution
characteristics of coal seam in front of the mining coal wall
when the working face advancing distance is 30 m, 60 m,
90 m, 120 m, and 150 m, respectively. In order to obtain the
distribution of strain energy density in front of the coal seam
during the mining process, the dense principal stress measuring points are arranged in the coal seam, the schematic
diagram of the measuring points arrangement is shown in
Figure 6, and the principal stress values of the measuring
points are recorded in the process of working face advancing.
The numerical model is shown in Figure 7, and the
simulation results are shown in Figure 8.

Shear modulus/GPa
54.6
31.2
1.21
39.2
1.2
1.2
41.2
42.8
1.19
41.6
1.18
54.4

Internal friction angle/∘
42
38
31
42
30
31
45
49
30
47
30
41

Cohesion/MPa
1.97
1.55
1.38
1.98
1.378
1.349
1.88
4.87
1.347
4.63
1.346
1.92

As can be seen from Figure 8, as the face continues
to move forward, thick and hard roof has undergone a
significant deformation and breaking process. Finally, the
principal stress values of the measuring points are substituted
into (36) to obtain the strain energy density. The results are
shown in Figure 9.
The following conclusions can be obtained from Figure 9:
(1) The distribution of the strain energy density in front
of the working face is similar to that of the stress
distribution, which shows the obvious decreasing,
increasing, and stable areas. The decreasing area is
close to the working face, whose stress value is lower
than original rock stress, with little strain energy
accumulation. As the distance from the coal wall
increases, the strain energy density increases sharply.
And the strain energy density is at a higher level
when the distance from the working face is between
20 m and 60 m, where the peak values are obtained.
A large amount of strain energy is accumulated in the
coal seam in the increasing area. When the distance
is far from the working face, the coal seam is almost
unaffected by the working face mining, and the strain
energy accumulated in the coal seam is generally
stable.
(2) When the advance distance increases from 30 m to
90 m, the strain energy density of the front coal seam
at the same distance from the working face increases
as the advance distance increases; however, when
the advance distance increases from 90 m to 150 m,
the strain energy density of the front coal seam at
the same distance from the working face decreases
firstly and then increases. The reason is that when the
advance distance is lower than 120 m, the roof does
not break, and energy has always been in the condition of accumulation; when the working face advancing distance is up to 120 m, the roof breaks, leading to
the energy accumulated in the coal seam release.
In the field microseismic experiment, the microseismic
events of the surrounding rock were recorded when the
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Table 3: Mechanic parameters of interface of coal seam and strata.

Strata
Sandstone
Sandy mudstone
Mudstone
Siltstone
Mudstone
4# coal seam
Siltstone
Lamprophyre
2# coal seam
Lamprophyre
3–5# coal seam
Sandstone

Normal stiffness/GPa
4.2
2
1.52
4.2
1.5
0.33
3.9
4.2
0.31
4
0.3
4

Shear stiffness/GPa
2.2
1.1
0.83
4
0.8
0.12
3.9
4.2
0.11
4
0.1
2

Cohesion/MPa
0.49
0.26
0.2
0.39
0.19
0.14
0.37
0.67
0.135
0.63
0.11
0.47

Internal friction angle/∘
15
12
12
9
10
10
7
17
9
15
9
14

The distance between the measuring point and the working face
The working face’s advancing distance

Coal seam
The cutting hole

The working face

The measuring point

The advancing direction

Figure 6: The schematic diagram of the measuring points arrangement.

distance of the face advance was 30 m, 60 m, 90 m, 120 m,
and 150 m, respectively. The microseismic system is made up
of ground monitoring mainframe, ground photoelectric converter, underground photoelectric converter, underground
monitoring mainframe, signal cable, and detector. The microseismic system composition and experimental results are
shown in Figures 10 and 11, respectively.
The experiment result shows that microseismic events
are few when measuring points are located in 0–20 m in
front of the working face, and microseismic events increase
with the increase of the distance from the working face;
microseismic events’ most intensive area is 20–60 m ahead
of the working face. When the distance from the working
face is larger than 60 m, the microseismic events decrease
with the increase of the distance. Comparing Figure 11 with
Figure 9, it is found that the strain energy accumulated in
the coal seam has a good correlation with its microseismic
events. That is, when the strain energy of the coal seam is
large, the probability of occurrence of microseismic events
is greater; when the strain energy of the coal seam is
small, the probability of occurrence of microseismic events
is lower. The numerical simulation method provides a way
to study the distribution of surrounding rock energy in the
future.

4. Discussion
By making reasonable assumptions on the basis of the plate
theory and combining with powerful mathematical software,
this paper proves that the accuracy of the derived formula
is higher than that of the traditional beam theory when
calculating the breaking span of the thick and hard roof.
However, some deviations still exist between the calculated
results and the field data, and reasons can be summarized
as follows. Firstly, the traditional thick plate theory is based
on reasonable assumptions, and the paper makes further
assumptions on the basis of thick plate theory. Though these
assumptions are as much as possible close to the real situation,
assumptions can never be completely consistent with the real
situation. Secondly, the mechanical parameters involved in
the calculation of coal and rock are obtained in the laboratory,
which may be a little different from the real ones in the field.
The study of the energy distribution of the coal seam
contributes to a better understanding and prevention of the
dynamic disasters of the coal and rock mass, especially under
the action of thick and hard roof, which can accumulate a
lot of energy, easily leading to mine disasters because of the
big breaking span of roof. Strain energy has an important
position at all kinds of energy in the surrounding rock,
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Sandy mudstone
Mudstone
Siltstone
Mudstone
4# coal seam
Siltstone
Lamprophyre
2# coal seam
Lamprophyre
3–5# coal seam
Sandstone

Figure 7: The numerical model.

(a) The face’s advancing distance is 30 m

(b) The face’s advancing distance is 60 m

(c) The face’s advancing distance is 90 m

(d) The face’s advancing distance is 120 m

(e) The face’s advancing distance is 150 m

(f) The face’s advancing distance is 180 m

Figure 8: The simulation results.
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The distance between the measuring points and the working
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The working face’s advancing distance is 30 m
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The working face’s advancing distance is 150 m

Figure 9: Distribution of strain energy density of coal seam ahead of working face when working face is advancing different distances.
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The ground
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photoelectric converter
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photoelectric converter
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The underground monitoring mainframe

Figure 10: Microseismic system.
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Microseismic dense area

method may help to study other energy forms above, that
is, obtaining the parameter values required in the energy
expression through numerical simulation and substituting
these parameter values into the energy expression to get the
specific energy value. In this way, we can avoid the defects
that the parameters required in the expression are difficult or
even unable to obtain completely in theory.

5. Conclusions
Coal seam

−25
−50
−75
−100

20–60 m
150 m

Figure 11: Microseismic experiment results.

because a series of dynamic disasters such as coal bumps,
rock burst, and mine earthquake are closely related to the
gathering and release of strain energy. Therefore, this paper
focuses on the distribution of strain energy in coal seam
under thick and hard roof action. In the future, we can use the
same method combining numerical simulation with theory
to get the distribution of strain energy in any region by
changing the positions of measuring points. Future studies
may involve other energy forms, such as dissipation energy,
kinetic energy, and surface energy. And the same research

(1) Based on Reissner plate theory and combined with
weighted residual method, with four-edge fixed condition as the boundary condition, this paper derives
the theoretical formula of the first breaking span of
thick and hard roof. Based on Vlasov plate theory,
with four-edge simply supported condition as the
boundary condition, this paper derives theoretical
formula of the periodic breaking span of thick and
hard roof. The two formulas above are used to
calculate the first breaking span and the periodic
breaking span of thick and hard roof, respectively, in
Tashan Coal Mine, whose results are compared with
those of the traditional beam theory. In detail, for 8212
working faces, the error rate is reduced from 34.5%
to 9.69% when calculating the first breaking span,
and the biggest error rate is reduced from 21.6% to
7.47% when calculating the periodic breaking span;
for 8206 working faces, the error rate is reduced from
38.77% to 10.2% when calculating the first breaking
span, and the biggest error rate is reduced from 21.3%
to 8.43% when calculating the periodic breaking span.

Mathematical Problems in Engineering
Therefore, the accuracy of the formula deduced in
this paper is higher than that of the traditional beam
theory when calculating the breaking span of the
thick and hard roof.
(2) According to the definition of strain energy density and combined with 3DEC numerical simulation
software, this paper studies the distribution of strain
energy density of the coal seam in front of the working
face with different advance distance. The distribution
of the strain energy density in front of the working
face is similar to that of the stress distribution, which
shows obvious decreasing, increasing, and stable
areas. When the thick and hard roof does not break,
the strain energy density of the front coal seam at
the same distance from the working face increases as
the advance distance increases. When the thick and
hard roof breaks, energy release leading the strain
energy density of the front coal seam at the same
distance from the working face decreases firstly and
then increases again.
(3) The strain energy accumulated in the coal seam has
a good correlation with its microseismic events. That
is, when the strain energy of the surrounding rock is
large, the probability of occurrence of microseismic
events is greater; when the strain energy of the
surrounding rock is small, the probability of occurrence of microseismic events is lower. The numerical
simulation method helps to study the distribution of
surrounding rocks energy in the future.
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