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On the basis of sampling approximation for a function defined on a bounded interval by combining Coiflet-type wavelet expansion
and technique of boundary extension, a space-time fully decoupled formulation is proposed to solve multidimensional Schrodinger
equations with generalized nonlinearities and damping. By applying a wavelet Galerkin approach for spatial discretization,
nonlinear Schrédinger equations are first transformed into a system of ordinary differential equations, in which all matrices are
completely independent of time and never need to be recalculated in the time integration. Then, the classical fourth-order explicit
Runge-Kutta method is used to solve the resulting semidiscretization system. By studying several widely considered test problems,
results demonstrate that when a relatively fine mesh is adopted, the present wavelet algorithm has a much better computational
accuracy and efficiency than many existing numerical methods, due to its higher order of convergence in space which can go up to

6.

1. Introduction

The time-dependent Schrédinger equation with nonlinear
potential functions is one of the most important mathemat-
ical models in modern science due to its wide applications
in many different fields, such as nonlinear optics, plasma
physics, and semiconductor industry [1-5]. The present
study considers the three-dimensional generalized nonlinear
Schrodinger equation (GNLSE) [6-37]

v (x,
11%;2+a0ﬂﬁw+ﬂxﬂw+fﬂwﬁw

+ig(|1//|2)1//+h1 (x,t) +ih, (x,1) = 0, 1

xe 0,1, t>0
with the initial condition

v (x0) =R, (x) +iR, (x), x€[0,1] )

and the Dirichlet boundary condition
v (0, 3,2,t) =11 (1, 2,1) +irg, (1,2,1)
v (L yszt) = 5o (3:2:1) +isgp (2 2:1)
Y (x,0,2,t) =1, (x,2,t) +ir, (x, 2, 1),

v (x,1,2,t) = 517 (%, 2, 1) + 151, (%, 2, 1)
¥ (50 .0,8) = 13y (x, 0t) + iy (3 310),

v (%, 9,1,t) = 531 (%, . 1) + sy, (%, 3,1)

In (1)-(3),1 = V-1 is the complex unit, y(x,t) with vector
x = {x, y,z} is a complex-valued unknown function, v? =
9*/ox* + 0* /E)y2 + 0%/02% is the Laplace operator, and «(t),
Rj, r;j, and s;; are known real functions for i = 0,1,2
and j = 1,2. In GNLSE (1), the external potential v(x,t)
is a given real function, whose specific form is dependent
on different problems. For example, it is usually chosen as
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either a harmonic confining potential »(x,t) = —|x[%/2,
or an optical lattice potential »(x,t) = A, cos(L,x) +
A, cos(L,y) + Ajcos(L;z) with constants A, L, and n =
1,2, 3, for studying the Bose-Einstein condensation [5, 26].
The nonlinearities f(p) and g(p) which are real-valued
smooth functions with respect to the density p = [y|* are
determined by the specific application. Note that, in this
study, the most popular nonlinear term f(p) = Ap with
constant A [1-10] has been extended to the general form f(p)
which can be chosen as arbitrary function as needed, such
as f(p) = qp’s f(p) = (1 =€), f(p) = p/(1 + p),
and f(p) = In(1 + p), where ¢, s and ¢, are real constants
[26, 36]. Moreover, the general damping term g(p) which is
usually ignored in many studies [8-16, 18-25, 27-34] is also
considered in GNLSE (1), because the damping effect may
play an important role and should not be ignored in some
physical processes [7, 17, 26, 35, 36], such as the inelastic
collisions in Bose-Einstein condensation [7, 26].

Because of the broad applications of GNLSE (1), develop-
ing accurate and efficient numerical methods for solving such
equations has attracted considerable research attention in the
past few years. For instance, Mohebbi and Dehghan [15] stud-
ied two-dimensional linear Schrédinger equations by using a
compact boundary value method with fourth-order accuracy
in both space and time. Liao et al. [16] applied a fourth-order
compact difference scheme to solve the two-dimensional
linear Schrédinger equation without damping term. In order
to save cost on computation, the finite difference schemes
combining with the alternating direction implicit method
are developed to study the multidimensional Schrodinger
equations [18-20, 23, 24, 30, 34]. In such algorithms, handling
multidimensional problems is transformed into solving a
series of one-dimensional problems by introducing interme-
diate variables. Moreover, many other numerical methods
are also proposed to solve multidimensional Schrédinger
equations, such as the collocation method [21, 22, 27, 33],
the Galerkin method [27, 31], and the mesh-free methods
[25, 31, 32]. The above methods are effective for solving
Schrédinger equations under certain conditions. However,
many of them will encounter severe difficulties in uni-
formly solving the three-dimensional generalized nonlinear
Schrodinger equation (1). For example, the time-splitting
methods need to obtain the density p by solving analytically
a nonlinear differential equation [7, 8, 21, 26], which is an
extremely difficult task for general damping term g(p). And
when the classical collocation method [25] and Galerkin type
method [32] are employed to solve directly the nonlinear
Schrodinger equation, the matrices generated in the spatial

(Pj,k (x) = 4
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discretization of nonlinear terms will be dependent on the
time-dependent unknown vector and must be recalculated at
each time step [25, 32, 38], thereby consuming considerable
computing resources. Because such repeated recalculations
of matrices from the spatial discretization of nonlinear term
can be regarded as reperforming the spatial discretization
at each time step [38], these methods [25, 27, 32] cannot
divide the solution procedure into two completely separate
processes, that is, the spatial discretization and the time
integration. Therefore, the decoupling between spatial and
temporal discretizations in these methods [25, 27, 32] is
incomplete [38].

In the current work, a space-time fully decoupled formu-
lation by combining a wavelet Galerkin technique and the
classical fourth-order explicit Runge-Kutta method is pro-
posed to uniformly solve the three-dimensional generalized
nonlinear Schrédinger equation (1). In such a space-time
tully decoupled wavelet formulation, all matrices generated in
the spatial discretization of the nonlinear partial differential
equation (I) are constant matrices and need not to be
updated in the subsequent time integration. In addition, a
systematic comparison between the present solutions and
those obtained by using many existing numerical methods
is conducted by solving several widely considered test prob-
lems.

2. Sampling Approximation of
an Interval-Bounded L*-Function

Based on the theory of wavelet based multiresolution analy-
sis, a set of scaling bases for three-dimensional space can be
directly obtained by the tensor products of one-dimensional
wavelet bases [39, 40]. Therefore following our previous
work [41-44], a function f(x,y,z) € L*[0,1]* can be
approximated as

F(x,9,2) = PFIrl £ (x, 9, 2)
2Jx iy iz
kzolzé) 2 f(fo 2 2 )‘Plx W (95 () @
0 0= M=
’ (sz,mo (Z) >

where j,, j,, and j, are the decomposition level, respec-
tively, in the x, y, and z directions, and the modified one-
dimensional wavelet basis [41-44]

[0, M]

ke[M+1,27-M-1] (5)
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for j<3
(6)

other.

In (5), ¢(x) is the generalized Coiflet-type orthogonal scaling
function with first-order moment M, = 7 and number of
vanishing moments 3 = 6 of the corresponding wavelet
function, which is developed by Wang [41]. In addition, the
functions

M
Poik i
To (x) = ), —=x,
=0 1!

7)

Prik
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_ l)i

M
T1,k = Z
i=0

in which coefficients p;; and p, ;; of numerical differenti-
ation are determined by matrices Py = {pg;x} = Q;', P; =
{prixt = QII’ Q = {qox; = (k/27)'/il}, and Q; = {qy; =
(—=k/27)/i1} with subscripts i,k =0, 1,..., M.

Since the sampling approximation (4) is valid for all
functions f(x,y,z) € 1%[0,1]°, for arbitrary nonlinear
operator N holding N[ f(x, y,2z)] € L*[0,1]%, by treating
N[ f(x, y,z)] as a new function and applying (4), we have

2]x 2] 'y 2]z

zlx 2] 'y 21z

22 )N

ko=01,=0 my=0

m
21’:

|: ( 2]x 2]y

[f (x,9.2)] =

2

Pk, (X) Q5 1 () @ m, (2)

which provides the foundation for conducting a space-time
tully decoupled formulation [38].

3. Solution of the Generalized Nonlinear
Schrodinger Equation

At the beginning of the solution to the three-dimensional
generalized nonlinear Schrédinger equation (1), by introduc-
ing y(x,t) = uy(x, t) +iu,(x, t), where u; (x, t) and u, (x, t) are
real-valued functions, we rewrite it into two coupled time-
dependent nonlinear partial differential equations

ou,, (x,t)

P « () Vu, + (-1)"v(x,t) u,,

=(-D"

D" f (24 i)y + (1) Ry, (1) ©)

2 2
-9 (un + um) Up>

inwhichn=1,2andm =3 - n.

Following the wavelet approximations (4) and (8),
the unknown functions u,(x,t), nonlinear terms f (ufl +
ufn)um(x, t) and g(uﬁ + ufn)un(x, t), and terms v(x, t)u,, (X, t)
and h,,(x,t) can be expressed as

m,
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ky=01,=0 my=0
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m \ &> 2])( 213’ 2.’ (P]Xko (P]ylg V)P, m, (Z)-

ko=01y=0 my=0

Substituting (10)-(14) into (9), then multiplying both
sides of the resulting equation by ¢; (x)(pij1 D@ m, (2)s

L= L2,
2,

20— 1, 1,2,...,2 — 1, and m, =

k
1 2= — 1, respectively, and performing integration



over the domain [0, 1]°, one can obtain a series of ordinary
differential equations. Considering boundary conditions (3),
these ordinary differential equations can be written into

U
() d [ 1(”] ~G[U®),1]

dt dt|U, (1)
(15)
_ |:G1 (U, (1), U, (t)>t]]
G, [U, (t),U, (t),t]
G,=(-1)"a(t)A'BU, +(-1)"V U,
+ (_1)nf(Un * Un +Um * Um) * Um
(16)

+(-1)"H,,-g(U,*U,+U,, «U,)

«U, +A7'C, (1)

in which vectors U,,(t) = {u,, ,(t) = u,(ko/2",1y/27,my/2%,
DY, V() = {v,(t) = vlko/27,1/27,my /27, )}, H,, (1) =
{h,;l,p(;)oz hm(ko/gfg,lo/zzfy,mo/zfz,_g)}T,‘ ;natrices B ={b, =

J> Js j,0 J> J> j,0 J> J> j>2 — —
rkl,korll',lorr]nlmg + l"kl,kol"ll’lol"jnlm0 + Fkl,korll,lorrjnlmo}’ A= {aop =

7 9 o },and subscripts ky, k, = 1,2,...,25=1,1,,1, =

kyoko Tyl T mymy
1,2,...,2 = 1,my,m; = 1,2,...,2% = 1,0 = (25 = 1)[ (2} -
Dk, = 1)+l = 1] +my, p= (2= - D27 - 1)(ky = 1) +Io—
1]+ mgy,n =1,2,andm = 3—-n.In (15) and (16), vector opera-
tional rules P« Q = {pqu}T and f(P) = {f(pk)}T will always
hold for vectors P = {p;}" and Q = {g;}", and the generalized
connection coefficient F,il‘xk = _[01 d%;(x)/dx“p ;. (x)dx
can be exactly and readily obtained without numerical
integral but based on the database independent of the specific

problems [38]. In addition, the vector C,(t) determined by
boundary conditions can be expressed as

C,(t)=1c¢

1,0

2ly gz
= Z Z (00,1 (Tos 05 1) + @01 (R g, 1)]
Iy=0my=0
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2x_1 2021

+ Z Z (00,2 (Ko» 115 8) + @y 5 (Ko 11, )]
ko=1 my=1

2% 12071
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Note that in the semidiscretization system (15) of the
three-dimensional generalized nonlinear Schrédinger equa-
tion (1), both of A and B are constant matrices, which are
completely independent of the unknown vector U(¢) and time
t. Thus, in subsequent time integration for solving nonlinear
ordinary differential equations (15), no matrix generated
from spatial discretization needs updating, implying that full
decoupling between spatial and temporal discretizations is
achieved in the present wavelet algorithm.

Since the Coiflet scaling function ¢(x) holds the orthog-
onality, following definition (5) of wavelet basis (p]»)k(x), one
can obtain the relation Fl])}co = jol P (X)@;(x)dx = 27j81’k
for8 <1 <2 —100r8 < k < 2/ — 10. Therefore, when
the decomposition level j > 5, the symmetrical matrix A
is almost a diagonal matrix with only (2 + 113)* nonzero
elements located in (2/ — 1)° positions, whose distribution
pattern is shown in Figure 1 when j = 6. Thus, the
computational cost for estimating the inverse matrix A™" of
matrix A is not very high. Moreover, considering the Coiflet
scaling function ¢(x) with the compact support [0, 17], there
is the relation Fl]kz = 0 for |[—k| = 17. Therefore, B is a banded

matrix with bandwidth b = 33’ for the decomposition
level j > 5. Therefore, the computational complexity of the
proposed wavelet method is acceptable.

Finally, one can obtain an approximate solution of GNSE
(1) by employing a time integration scheme to solve the
nonlinear ordinary differential equations (15). In this study,

<
=
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FIGURE 1: The sparsity pattern of matrix A for j = 6.

the classical fourth-order explicit Runge-Kutta method is
adopted, and then we have

K, = AtG [U(tz) . 5],

K, = AtG [U n+1/2]
K, = AtG [U 2y /2] (19)
K, = AtG[U (t5) + K3’tn+1]

K, + 2K, + 2K; + K,
6

U (t;,) = U(tz) +

in which t;; = nAt, and At is the time step. Iteratively applying
(19) and directly using the initial condition (2), one can
obtain the unknown vector U(t;;) = {U, (¢;), Uz(l‘ﬁ)}T at each
time step, which can be used to reconstruct the approximate
solution y/(x, t) based on scheme (10).

4. Numerical Examples

In this section, we use several numerical examples to demon-
strate the accuracy and applicability of the proposed wavelet
method for solving two- and three-dimensional generalized
nonlinear Schrédinger equations (1).

To effectively evaluate the performance of numerical
solutions, we introduce the error norms E, ., and E,, and the

max
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Error norm E,

10

Number of grid points N

-@- HOC-ADI-I [18]
-%- HOC-ADI-II [18]
-A- PR-ADI [6, 18]

-<J- SD-HOC [10, 18]
-+- L-HOC-ADI [24]
-©- Present

FIGURE 2: Error norm E, of numerical solutions at t = 1 with At =
0.0001 for various N, for Example 1.

corresponding convergence rates in space R,
are, respectively, defined by [9, 18, 20, 23]

and R,, which

Emax = m]ilx {|1//num (Xk’ t) ~ Vexact (Xk’ t)|} > (20)
E, = ZkN:I |Wnum (Xk’ t) ~ Vexact (Xk’ t)|2 (21)
2= >
NS
In|E ) (N )| —In | Eaxio) (N
[y (V)] ey (V)]

In (NSZ/NSI)

in which v, and ... are the numerical and exact
solutions, respectively, and N, = 2/ is the number of grid
points in space. To make the convergence rates R, and R,
estimated by (22) being spatial convergence rates, a time step
At small enough to guarantee that the errors mainly come
from the spatial discretization is adopted in the following
computation.

Example 1. Consider the two-dimensional linear Schro-
dinger equation with trapping potential [6, 10, 18, 24]
oy 2 2 _
i— +Vy+ [3 — 2 tanh” (x) — 2 tanh (y)] v =0,
ot (23)
x€[0,1]%, t>0

with the initial and boundary conditions extracted from
its exact solution y(x, y,t) = iexp(it)/[cosh(x)cosh(y)].
Figure 2 shows the error norm E, of the present wavelet
solution at time t = 1 under At = 10™* for various numbers of
grid points in space N, as well as those obtained by using the
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TABLE 1: Error norm E, of numerical solutions at ¢ = 1 with At =
1/25000 for Example 2.

N Present HOC-ADI [34]

) E, R, E, R,
8 7.10E - 03 — 1.13E - 03 —
16 1.95E - 05 8.51 7.38E - 05 3.94
32 2.02E - 07 6.59 4.74E - 06 3.96
64 3.04E - 09 6.06 3.00E — 07 3.98

Peaceman-Rachford alternating direction implicit method
(PR-ADI) [6, 18], semidiscrete high-order compact scheme
(SD-HOC) [10, 18], high-order compact alternating direction
implicit method (HOC-ADI) [18], and the linearized compact
alternating direction implicit method (L-HOC-ADI) [24].

Example 2. We consider the two-dimensional cubic nonlin-
ear Schrodinger equation [34]

v

at+%ww+w_wfw=a xe[0,27)*, t>0 (24)

subjected to the initial and boundary conditions extracted
from the exact solution y(x, y,t) = expli(x + y — t)]. In
Table 1, we list the error norms E, of numerical solutions at
time t = 1 under At = 1/25000 achieved, respectively, from
the proposed wavelet method, and the higher order compact
alternating direction implicit method (HOC-ADI) [34].

Example 3. Consider the two-dimensional Gross-Pitaevskii
Equation [28]

iaa—lf +Vy+Blyy=0 xef027], t=0 (25
with 3 = 2, and the initial and Dirichlet boundary conditions
extracted from the exact solution y(x, y,t) = expii[x + y —
(2 — B)t]}. Figure 3 shows the error norm E_ . of numerical
solutionsat time ¢ = 1 under At = 0.001 obtained by using the
present wavelet method, the fourth-order nonlinear compact
and energy conservative difference scheme (FONCECD)
[28], and the fourth-order linearized compact and energy
conservative difference scheme (FOLCECD) [28].

Example 4. We consider the two-dimensional nonlinear
Schrodinger equation [9, 23, 24, 34].

15} 1
ia—lf + EVZVJ - [1 — sin” (x) sin’ (y)] v-ylv=0
x€[0,21]*, t>0

YO8 =y Cmpt) =y (500 =y (xomy 2O

=0,
¥ (x, 3,0) = sin (x) sin (y)

which has the exact solution w(x,y,t) =
sin(x)sin(y)exp(-2it). Figure 4 plots the error norms of
the present wavelet solutions with At = 1/5000 as a function

7
10—2 L
oy
E 10}
o
a
B
o
=
53]
10°°
108 i 1 A\ ,
10 10

Number of grid points N

~]- FONCECD [28]

—- FOLCECD [28]
-A- Present

FIGURE 3: Error norm E,_ . of numerical solutions at t = 1 with
At = 0.001 for various N, for Example 3.

of the number of grid points in space N, as well as those
obtained by using the split-step finite difference method
(SSFD) [9], HOC-ADI [23, 34], linearized alternating
direction implicit scheme (L-ADI) [24], L-HOC-ADI [24],
and CCD-PRADI [34].

Example 5. Consider the two-dimensional nonlinear
Schrodinger equation with damping
0 -
iy 1V21/1+ (1+e)y - [yl v +iy =0,
ot 2 (27)

x€[0,21)*, >0

subjected to the initial and boundary conditions extracted
from the exact solution w(x, y,t) = expli(x + y) — t]. The
error norms of the present wavelet solutions at time t = 1 and
3 under various space-time meshes are listed in Table 2.

Example 6. Consider the following two-dimensional nonlin-
ear Schrodinger

oy 1
5t EVZV/ + [|‘/f|4 - |1//|2] 1

+ [—sin4 (x+y)+ sin® (x+ y)] v =0, (28)

xe[0,7], t>0

with the initial condition and boundary condition extracted
from the exact solution y(x, y,t) = sin(x+ y)exp(—it). Table 3
shows the spatial convergence of the present wavelet solutions
attime ¢ = 1 and 3.
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TABLE 2: Error norms of wavelet solutions at t = 1 and 3 with At = 0.001 for Example 5.

N t=1 t=3
’ Emax Rmax E2 RZ Emax Rmax EZ RZ
8 5.82e¢ — 03 — 2.94e — 03 — 8.63e — 04 — 4.35¢ — 04 —
16 2.59¢ — 05 7.81 9.0le — 06 8.35 3.84e — 06 7.81 1.39¢ — 06 8.29
32 2.37e — 07 6.78 8.42e — 08 6.74 7.54e — 08 5.67 1.56e — 08 6.47
64 3.82e — 09 5.95 1.04e — 09 6.34 6.05¢ — 10 6.96 1.56e — 10 6.65
1072 f
1074 F
5
N LQE -
P :
j= =]
g 1t &
g 2 4
5 s
1078+
O
10710 ! ; : S 10710 i 1
10 ‘ ‘ 10 10t 102
Number of grid points N; Number of grid points N
-@- L-ADI [24] -<- HOC-ADI-I [34] A~ SSED [9]
¥~ L-HOC-ADI [24] -} HOC-ADI-II [23] O P ¢
-A- CCD-PRADI[34] - Present resent

(a)

(®)

FIGURE 4: Error norm of numerical solutions at t = 1 (a) and 2 (b) with At = 0.0002 for various N, for Example 4.

Example 7. We consider the three-dimensional nonlinear
Schrédinger equation [9].
- [1 — sin” (x) sin” (y) sin® (z)] %
2 3
~ly|"y=0, xe0,2n], t>0,

v (0,y,2,t) =y (2m, y,z,t) = ¥ (x,0,2,t)
=y (x,2m,2,t) =0,

(29)

v (x,9,0,t) =y (x, y,2m,1t) =0,

v (x, y,2,0) = sin (x) sin (y) sin ()

whose  exact  solution is  y(x, y,z,t) =
sin(x)sin(y)sin(z)exp(-i5t/2). In Table 4, we make a
comparison of the error norm E_ . between the present
wavelet solutions and those achieved from SSFD [9].

It can be seen from Tables 1-4 and Figures 2-4 that
the proposed space-time fully decoupled wavelet Galerkin

method has a good accuracy, efficiency, and stability. More-
over, these results also demonstrate that its order of conver-
gence in space can go up to 6. In addition, we can see from the
comparisons shown in Figures 2-4 and Tables 1-4 that when
arelatively fine mesh is adopted, the present wavelet solutions
have a much better numerical accuracy than those obtained
by many other existing numerical methods, including PR-
ADI[6,18], SD-HOC [10, 18], HOC-ADI [18, 23, 34], L-HOC-
ADI [24], FONCECD [28], FOLCECD [28], SSED [9], and
L-ADI [24].

5. Conclusion

In this study, we introduced a sampling approximation for a
function defined on a three-dimensional domain by combin-
ing Coiflet-type wavelet expansion and technique of bound-
ary extension. On the basis of such a wavelet approximation,
a space-time fully decoupled wavelet Galerkin is proposed to
solve uniformly the multidimensional generalized nonlinear
Schrodinger equation with damping, in which all matrices
generated from the spatial discretization of nonlinear partial
differential equations are completely independent of time
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TaBLE 3: Error norms of wavelet solutions at t = 1 and 3 with At = 0.0005 for Example 6.

N, t=1 t=3

Emax Rmax E2 RZ Emax Rmax EZ RZ
8 6.84e — 04 — 3.70e — 04 — 1.32¢ - 03 — 7.71e — 04 —
16 1.20e - 06 9.15 4.82e - 07 9.58 3.59 - 06 8.52 1.48e - 06 9.03
32 1.43e - 08 6.39 7.02e — 09 6.10 4.74e — 08 6.24 2.22e¢ - 08 6.06
64 3.38¢ - 10 5.40 1.14e - 10 5.94 6.56e — 10 6.18 2.79e - 10 6.31

TABLE 4: Error norm E,,  and convergence rate R, of numerical
solutions at t = 2 for Example 7.

Present (At = 0.0002) SSFD (At = 0.0001) [9]

NS

Emax Rmax Emax Rmax
8 1.28E - 02 — 8.40E - 01 —
16 4.56E - 05 8.13 2.13E-01 1.98
32 1.44E - 07 8.31 5.36E — 02 1.99
64 — — 1.34E - 02 2.00
128 — — 3.35E - 03 2.00

and need not be updated in the time integration. By solving
seven widely considered test problems, the present wavelet
algorithm shows considerably high precision and fast con-
vergence rate in space compared with many other existing
numerical methods.
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