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The application of biped robots is always trapped by their high energy consumption.This papermakes a contribution by optimizing
the joint torques to decrease the energy consumption without changing the biped gaits. In this work, a constrained quadratic
programming (QP) problem for energy optimization is formulated. A neurodynamics-based solver is presented to solve the
QP problem. Differing from the existing literatures, the proposed neurodynamics-based energy optimization (NEO) strategy
minimizes the energy consumption and guarantees the following three important constraints simultaneously: (i) the force-moment
equilibrium equation of biped robots, (ii) frictions applied by each leg on the ground to hold the biped robot without slippage and
tipping over, and (iii) physical limits of the motors. Simulations demonstrate that the proposed strategy is effective for energy-
efficient biped walking.

1. Introduction

Biped robots receive a lot of attention from the scientists and
engineers these years [1–10]. Compared with wheeled driven
robots and crawler robots, biped robots have anthropomor-
phic adaptability to unstructured environments with relative
less energy consumption. However, Honda’s ASIMO, perhaps
representative of humanoid robots, uses at least 10 times the
energy (scaled as dimensionless specific cost of transport) of a
typical human [11]. Energy consumption of the existing biped
robots is much more than that of human being.

Two main kinds of approaches have been presented to
optimize the energy efficiency for legged robots: the first
type focuses on the improvements of mechanical device [11–
14] and the second type is devoted to better optimization
algorithm [15–19].

A well-known improvement of biped mechanical device
is brought by “semipassive walkers.” Numerous very success-
ful “semipassive walkers” have been built [11], such as the
Cornell biped, the Delft biped, and the MIT learning biped
robots.These robots are built based on passive dynamics, with

small active power sources substituted for gravity, which can
walk on level ground. However, uneven ground leads to falls
of the Cornell biped robot and floor irregularities lead to falls
of the Delft biped robot. Although the MIT learning biped
robot continually learns and adapts to the terrain as it walks,
its energy consumption is especially high.

From another aspect, several auxiliary devices are
designed to decrease energy consumption of legged robots.
In [12], an elastic load suspension mechanism was developed
and utilized on a hexapod robot to increase the energy
efficiency of legged robot locomotion. The experiments
demonstrate that the robot with an elastically suspended load
consumed up to 24% less power than with a rigidly attached
load. In [13], a flexible shoe system was proposed for biped
robots to optimize energy consumption of the lateral plane
motion.The shoe system can absorb the kinetic energy of the
robot, which is confirmed by simulations and experiments.
In [14], the energy efficiency of a humanoid robot with spinal
motion was investigated. Simulations show that, with the
additional degrees of freedom (DoF) in the torso, the robot
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requires 26.5% less energy than its rigid-torso counterpart to
complete the same walking.

Differing from various mechanical devices for decreasing
the energy consumption of legged robots, optimization algo-
rithms can be usedmorewidely because this kind of approach
is applicable to all the robots with actuators. Motivated by
trunk rotations of human being, an algorithm based on fuzzy
logic and iterative optimization [15] provides a remarkable
descend rate of energy consumption for biped robots. In
[16], an online gait synthesis algorithmcompromisingwaking
stability and energy efficiency is proposed and the parameters
are optimized for a given travel distance minimizing the
energy consumed by the actuators. In [17], a reference genera-
tion algorithmwas proposed for biped robots based on linear
inverted pendulummodel. Simulation results suggest that the
proposed moving zero-moment-point (ZMP) references are
more energy-efficient than the ones with fixed ZMP under
the supporting foot. However, when decreasing the energy
consumption of biped robots, the reported works neglect the
inevitable presence of some inside constraints, including the
reaction forces from the ground, frictional force between the
feet and the ground, and some limitations of the biped joints.

On the other hand, some recent works have been done
in modeling, measuring, estimating, and rejecting the unde-
sired force introduced to the dynamics of robots. Fakoorian
et al. [18] designed a continuous-time extended Kalman filter
(EKF) and a continuous-time unscented Kalman filter (UKF)
to estimate not only the states of the robot system but also the
ground reaction forces that act on the foot. Moosavi et al. [19]
designed a nonlinear controller for second-order nonlinear
uncertain dynamical systems. The results demonstrate that
the proposed method is a partly model-free controller that
works well in certain and partly uncertain system. Differing
from the existing literatures, the proposed neurodynamics-
based energy optimization (NEO) strategy minimizes the
energy consumption and guarantees the following three
important constraints simultaneously: (i) the force-moment
equilibrium equation of biped robots, (ii) frictions applied
by each leg on the ground to hold the biped robot without
slippage and tipping over, and (iii) Physical limits of the
motors.

In this work, in order to provide optimal controller to
meet all the above-mentioned constraints, a QP problem
is formulated to deal with the constrained optimization
problem.Utilizing the dynamicsmodel, an objective function
based on energy-efficiency optimization can be computed
so that the control input can be produced within system
constraints. Furthermore, the optimized control outputs need
to be available as the robot moves on at each step. Therefore,
online implementation is the next fundamental issue in the
energy efficiency optimization.Whether the energy optimum
control can be implemented successfully is dependent on the
efficiency of online optimization.

To solve the proposed constrained optimization problem
in real time, neurodynamics-based QP solvers are considered
because of their sufficient online computational power [20–
22]. Several optimal controls for robots have been realized
using neural network optimization [23–25]. In this paper,
considering the physical constraints on biped motions, a

novel neurodynamics-based energy-efficiency optimization
controller is developed. The strategy for optimizing the
energy efficiency is formulated as a constrained QP problem,
which can be solved online using a primal-dual neural net-
work (PDNN). Simulation studies are presented to illustrate
the feasibility of the proposed strategy.

Main contributions of this work could be summarized as
follows:

(i) A new complete model for energy optimization of
biped walking robots is built. Several necessary phys-
ical constraints for the biped system are formulated
in the optimization controller, which provides a more
practical objective for the energy optimization of
biped robots.

(ii) A neurodynamics-based solver is presented to handle
the proposed optimization problem. To the best of our
knowledge, no works on biped walking using energy
optimum control based on neural network have been
reported before.

The organization of this paper is as follows. In Section 2,
the background about the energy consumption of biped
walking robots is presented. A QP problem for the energy
optimization is formulated in Section 3. Section 4 proposed a
neurodynamics-based solution for the proposed QP problem
to realize the energy optimization. Section 5 presented the
diagram of the neurodynamics-based energy optimization
control system. Simulation results are provided in Section 6,
followed by the conclusions in Section 7.

2. Energy Consumption of
a Biped Walking Robot

The main idea is to optimize the energy consumption of a
biped robot walking on horizontal ground. For optimization
purposes, we consider the following assumptions.

Assumption 1. We assume that the robot walks on practicable
horizontal terrain. Therefore, there are no forbidden zones,
and every foot can be placed on the ground and provide
support to the robot.

Assumption 2. We assume that all the motors in the biped
joints have the same configurations. The robot’s actuators are
based on DC electric motors (electrical motors cannot store
the gains of negative energy) [26, 27].

Assumption 3. Consider a biped robot with point contacts
between the ground and each foot. Assume that each foot
contacts the ground with Coulomb friction.

The energy consumption of a biped robot is given by the
sum of the energy consumed in every joint plus the energy
consumed by electronic equipment (computers, drivers, ana-
log I/O, etc.).The contribution of the latter is out of the scope
of this work.
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If a joint is driven by an electrical motor, the consumed
energy is given by

𝐸 (𝑡) = ∫𝑢 (𝑡) 𝑖 (𝑡) 𝑑𝑡, (1)

where 𝑢(𝑡) is the voltage and 𝑖(𝑡) is the current through the
motor. As a normal practice in modeling DC motors for
robotic joints [27], the following electrical model of a motor
is considered here:

𝑢 (𝑡) − 𝑘𝐸𝜔 (𝑡) = 𝑅𝑖 (𝑡) + 𝐿 𝑑𝑑𝑥𝑖 (𝑡) ,𝜏 (𝑡) = 𝑘𝑀𝑖 (𝑡) , (2)

where 𝑅 represents the resistance of the motor and 𝜔(𝑡)
denotes the rotation speed of the motor. 𝑘𝐸 is the back
electromotive constant, 𝑘𝑀 denotes the torque constant, and𝜏(𝑡) represents the motor torque. As a first approximation to
the model, we consider the rotor inductance, 𝐿, to be null.
Note that in standard international unit the value of 𝑘𝑀 is the
value of 𝑘𝐸; that is, 𝑘𝑀 (Nm/A) = 𝑘𝐸 (Vs).

Substituting (2) into (1), we obtain

𝐸 (𝑡) = ∫𝑢 (𝑡) 𝑖 (𝑡) 𝑑𝑡
= ∫[𝜔 (𝑡) 𝜏 (𝑡) + 𝑅𝑘2𝑀 [𝜏 (𝑡)]2]𝑑𝑡.

(3)

According to Assumption 2, the energy 𝐸𝑖𝑗 expended by
the motor of joint 𝑗 of leg 𝑖 during time 𝑇 can be given by

𝐸𝑖𝑗 (𝑡) = ∫𝑇
0
{Δ [𝜔𝑖𝑗 (𝑡) 𝜏𝑖𝑗 (𝑡)] + 𝑅𝑗𝑘2𝑀𝑗 [𝜏𝑖𝑗 (𝑡)]2}𝑑𝑡, (4)

where 𝑖 = 1, 2 denotes the serial number of the legs and 𝑗 =1, . . . , 𝑛 is the serial number of the joints/motors in one leg.
The function Δ(⋅) is defined as

Δ (𝑦) = {{{
𝑦 if 𝑦 > 0;0 if 𝑦 ≤ 0. (5)

Taking into consideration all joints in the biped robot, the
total energy consumption becomes

𝐸 = ∫𝑇
0

2∑
𝑖=1

𝑛∑
𝑗=1

{Δ [𝜔𝑖𝑗 (𝑡) 𝜏𝑖𝑗 (𝑡)] + 𝑅𝑗𝑘2𝑀𝑗 [𝜏𝑖𝑗 (𝑡)]2}𝑑𝑡. (6)

Considering the practical differences between the rotation
speed and torques in joint 𝑗 and motor 𝑗 of leg 𝑖, joint gear
ratio 𝑁𝑗 and the joint gear’s mechanical efficiency 𝜂𝑗 are
introduced here. Thus, ̇𝜃𝑖𝑗 = 𝜔𝑖𝑗/𝑁𝑗 and 𝜏𝑖𝑗 = 𝜂𝑗𝑁𝑗𝜏𝑖𝑗, wherė𝜃𝑖𝑗 and 𝜏𝑖𝑗 represent the speed and torques in joint 𝑗 of leg 𝑖,
while 𝜔𝑖𝑗 and 𝜏𝑖𝑗 represent those in motor 𝑗 of leg 𝑖.Therefore,
(6) can be rewritten as

𝐸
= ∫𝑇
0

2∑
𝑖=1

𝑛∑
𝑗=1

{Δ( ̇𝜃𝑖𝑗 (𝑡) 𝜏𝑖𝑗 (𝑡)𝜂𝑗 ) + 𝑅𝑗𝑘2𝑀𝑗𝜂2𝑗𝑁2𝑗 [𝜏𝑖𝑗 (𝑡)]2}𝑑𝑡. (7)

The main goal of this work is to minimize the expended
energy 𝐸 given by (7). Then, the objective function can be
presented as

Φ = min
{{{∫
𝑇

0

2∑
𝑖=1

𝑛∑
𝑗=1

[Δ( ̇𝜃𝑖𝑗 (𝑡) 𝜏𝑖𝑗 (𝑡)𝜂𝑗 ) + 𝑅𝑗𝑘2𝑀𝑗𝜂2𝑗𝑁2𝑗 [𝜏𝑖𝑗 (𝑡)]2]𝑑𝑡}}} . (8)

In the next section, the energy-efficiency optimization
problem will be formulated as a QP problem, which can be
solved online using neurodynamics.

Remark 4. Load plays a crucial role in the application of
the robot. In [28], the combination of neural network (NN),
proportional derivative (PD), and robust controller is used for
determining the maximum load-carrying capacity (MLCC)
of articulated robots, subject to both actuator and end-
effector deflection constraints. The proposed technique is
then applied to articulated robots, and MLCC is obtained for
a given trajectory. Literature [29] provides accurate estimates
of the robot load inertial parameters, and accurate actuator
torques predictions, both of which are essential for the accep-
tance of the results in an industrial environment. The key
element to the success of this work is the comprehensiveness

of the applied model, which includes, besides the dynamics
resulting from the robot load and motor inertia, the coupling
between the actuator torques, the mechanical losses in the
motors, and the efficiency of the transmissions.

From the literatures, we know that load is not the only
factor that demands the torque. In this work, the weight of
the robot is considered as the load.

3. Formulate a QP Problem for
Energy-Efficient Biped Robots

The objective function shown in (8) can be expressed as the
following optimization problem:Φ = min [12𝜏𝑇𝑄𝜏 +max (𝑐𝑇𝜏, 0)] , (9)
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where

𝑄 = 2𝑅𝑘2𝑀𝜂2𝑁2 𝐼2𝑛×2𝑛,
𝑐 = [ ̇𝜃11𝜂 , . . . , ̇𝜃1𝑛𝜂 , ̇𝜃21𝜂 , . . . , ̇𝜃2𝑛𝜂 ]𝑇 .

(10)

𝜏 = [𝜏11, . . . , 𝜏1𝑛, 𝜏21, . . . , 𝜏2𝑛]𝑇. 𝑋 = max(𝑈, 𝑉) denotes
that the elements 𝑥𝑖𝑗 in the matrix 𝑋 are equal to the bigger
elements between 𝑢𝑖𝑗 in the matrix𝑈 and V𝑖𝑗 in the matrix 𝑉.
The problem shown in (9) should guarantee three necessary
constraints:

(i) The force-moment equilibrium equation of biped
robots

(ii) Frictions applied by each leg on the ground to hold
the biped robot without slippage and tipping over

(iii) Physical limits of the motors

Let us beginwith the force-moment equilibrium equation
for the whole biped system, which can be written as𝐴𝐹 = 𝑊, (11)

where 𝐹 = [𝑓𝑇1 , 𝑓𝑇2 ]𝑇 is a vector of the ground reaction forces
acting on the left foot and the right foot.

𝐴 = [𝐼𝑛×𝑛 𝐼𝑛×𝑛𝐵1 𝐵2 ]
𝐵𝑖 = [[[[

0 −𝐵𝑃𝑖𝐹𝑧 𝐵𝑃𝑖𝐹𝑦
𝐵𝑃𝑖𝐹𝑧 0 −𝐵𝑃𝑖𝐹𝑥−𝐵𝑃𝑖𝐹𝑦 𝐵𝑃𝑖𝐹𝑥 0

]]]] ,
(12)

where 𝐵𝑃𝑖𝐹 = [𝐵𝑃𝑖𝐹𝑥, 𝐵𝑃𝑖𝐹𝑦, 𝐵𝑃𝑖𝐹𝑧]𝑇 denotes the posi-
tion of leg 𝑖 referring to basic coordinate frame. 𝑊 =[𝐹𝑥, 𝐹𝑦, 𝐹𝑧,𝑀𝑥,𝑀𝑦,𝑀𝑧]𝑇 contains the forces and moments
acting on the robot’s center of gravity (COG).

Biped dynamics provide the relevance between ground
reaction forces acting on the feet and the joint torques of the
legs. Consider the 𝑖th leg of a biped robot; the dynamics of the
system can be expressed in the vector-matrix form as

𝜏𝑖 + 𝐽𝑇𝑖 (𝜃𝑖) 𝑓𝑖 = 𝐷𝑖 (𝜃𝑖) ̈𝜃𝑖 + ℎ𝑖 (𝜃𝑖, ̇𝜃𝑖) + 𝑔𝑖 (𝜃𝑖) , (13)

where 𝜃𝑖 = [𝜃𝑖1, . . . , 𝜃𝑖𝑛]𝑇 is a 2𝑛 × 1 joint position vector of
the 𝑖th leg; 𝑖 = 1, 2 for the biped robot. 𝐷𝑖 is the 2𝑛 × 2𝑛
inertia matrix of the leg, ℎ𝑖 is a 2𝑛 × 1 vector of centrifugal
and Coriolis terms, 𝑔𝑖 is a 2𝑛 × 1 vector of gravity terms, 𝜏𝑖
is the 2𝑛 × 1 vector of joint torques, 𝑓𝑖 is the 2𝑛 × 1 vector
of ground reaction forces of the 𝑖th leg, and 𝐽𝑖 is the Jacobian
matrix from the joints of the 𝑖th leg to the basic coordinate
space. Equation (13) can be rewritten as

𝑓𝑖 = 𝐽−𝑇𝑖 (𝜃𝑖) [𝐷𝑖 (𝜃𝑖) ̈𝜃𝑖 + ℎ𝑖 (𝜃𝑖, ̇𝜃𝑖) + 𝑔𝑖 (𝜃𝑖) − 𝜏𝑖] . (14)

Replacing 𝑓𝑖 in (11) with (14), the force-moment equilibrium
equation (11) can be written as

𝐴𝜏 = �̂�, (15)

where 𝐴 is an equilibrium matrix for the torque and

𝐴 = 𝐴[𝐽−𝑇1 (𝜃1) 00 𝐽−𝑇2 (𝜃2)]
�̂� = 𝐴[[

𝐷1 (𝜃1) ̈𝜃1 + ℎ1 (𝜃1, ̇𝜃1) + 𝑔1 (𝜃1)𝐷2 (𝜃2) ̈𝜃2 + ℎ2 (𝜃2, ̇𝜃2) + 𝑔2 (𝜃2)]] −𝑊.
(16)

Equation (15) is the first constraint describing the force-
moment equilibrium equation of biped robots.

On the other hand, considering the friction applied by the
leg on the ground, the second constraint can be written as

𝐴ueq𝜏 ≤ 𝐵ueq, (17)

where 𝐴ueq ∈ 𝑅𝑚 is the coefficient matrix of the friction
constraint for the feet.

𝐵ueq = 𝐴ueq [[
𝐷1 (𝜃1) ̈𝜃1 + ℎ1 (𝜃1, ̇𝜃1) + 𝑔1 (𝜃1)𝐷2 (𝜃2) ̈𝜃2 + ℎ2 (𝜃2, ̇𝜃2) + 𝑔2 (𝜃2)]]

𝐴ueq = [𝜇 00 𝜇] ⋅ [𝐽−𝑇1 (𝜃1) 00 𝐽−𝑇2 (𝜃2)] ,
(18)

where 𝜇 is the Coulomb friction coefficient between the feet
and the touched ground.

The third constraint is about the physical limits of the
motors, which has the form of 𝜉− ≤ 𝜏 ≤ 𝜉+. 𝜉− and 𝜉+ are
known torque vectors according to the motors in the robot:𝜉− ∈ 𝑅2𝑛 and 𝜉+ ∈ 𝑅2𝑛.

From the above, the energy-efficiency optimization prob-
lem can be formulated as the following QP problem:

min 12𝜏𝑇𝑄𝜏 +max (𝑐𝑇𝜏, 0) (19)

s.t. 𝐴𝜏 = �̂� (20)𝐴ueq𝜏 ≤ 𝐵ueq (21)𝜉− ≤ 𝜏 ≤ 𝜉+, (22)

where the definitions of the symbols can be found in (9), (15),
and (17).
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As we can see, now the strategy for minimizing the
energy consumption of biped robots is finally formulated as a
constrained QP problem (see (19)–(22)). In the next section,
we are going to solve this QP problem using neurodynamics.

4. Solve the QP Problem for
Energy Optimization

First of all, the QP problem described in (19)–(22) needs to
be converted to a LVI problem. For this purpose, 𝜒 and 𝛽
are defined as the dual decision vectors corresponding to the
equality constraint (20) and the inequality constraint (21),
respectively. As a result, the primal-dual decision vector𝑦 and
its upper/lower bounds 𝑦± are defined as follows:

𝑦 fl [[[
𝜏𝜒𝛽]]] ,

𝑦+ fl [[[[
𝜉++𝜒++𝜒+
]]]] ,

𝑦− fl [[[[
𝜉−−𝜒+−𝜒+
]]]] ∈ 𝑅

2𝑛+𝑙+𝑚,
(23)

where elements 𝜒+𝑖 ≫ 0 in 𝜒+ are defined sufficiently
positive to represent infinity for any 𝑖 for the convenience of
simulation and hardware implementation of the operation.
The convex set Ω made by primal-dual decision vector 𝑦 is
presented as Ω = {𝑦− ≤ 𝑦 ≤ 𝑦+}. Then the QP problem in
(19)–(22) is equivalent to the following LVI problem:

(𝑦 − 𝑦∗)𝑇 (𝑀𝑦∗ + 𝑝) ≥ 0, ∀𝑦 ∈ Ω. (24)

That is to say, we need to find a vector 𝑦∗ ∈ Ω = {𝑦 | 𝑦− ≤𝑦 ≤ 𝑦+}with a coefficient matrix𝑀 and a vector 𝑝 as follows:
𝑀 fl

[[[[
𝑄 −𝐴𝑇 𝐴𝑇ueq𝐴 0 0−𝐴ueq 0 0

]]]] ∈ 𝑅
(2𝑛+𝑙+𝑚)×(2𝑛+𝑙+𝑚),

𝑝 fl [[[[
𝑐−�̂�𝐵ueq
]]]] ∈ 𝑅

(2𝑛+𝑙+𝑚).
(25)

As a summary of this step, a theorem and the corresponding
proof are given below.

Theorem 5 (see [21] (LVI formulation)). The QP problem in
(19)–(22) is equivalent to the following LVI problem, that is,
to find a vector 𝑦∗ ∈ Ω = {𝑦 | 𝑦− ≤ 𝑦 ≤ 𝑦+} such that(𝑦 − 𝑦∗)𝑇(𝑀𝑦∗ + 𝑝) ≥ 0, ∀𝑦 ∈ Ω, where coefficients 𝑦±,𝑀,
and 𝑝 are defined in (24) and (23), respectively.

Proof. From [21], we know that the Lagrangian dual prob-
lem of the QP problem in (19)–(22) is to maximize
inf𝜏∈𝑅2𝑛𝐿(𝜏, 𝜒, V−, V+) over 𝜒, V− ≥ 0 and V+ ≥ 0, where
𝐿 (𝜏, 𝜒, V−, V+) = 2𝑛∑

𝑖=1

[12𝜏𝑖2𝑄𝑖 + 𝑐𝑖𝜏𝑖 + 𝜒𝑖 (−𝐴 𝑖𝜏𝑖 + �̂�𝑖)+ 𝛽𝑖 (𝐴ueq 𝑖𝜏𝑖 − 𝐵ueq 𝑖) + V𝑖− (−𝜏𝑖 + 𝜉𝑖−)
+ V𝑖+ (𝜏𝑖 − 𝜉𝑖+)] .

(26)

Note that function 𝐿(𝜏, 𝜒, V−, V+) is convex with given 𝜒 ∈𝑅𝑙, V− ∈ 𝑅2𝑛, and V+ ∈ 𝑅2𝑛. Therefore, the necessary and
sufficient condition for a minimum is
2𝑛∑
𝑖=1

[𝑄𝑖𝜏𝑖 + 𝑐𝑖 − 𝐴 𝑖𝜒𝑖 + 𝐴ueq 𝑖𝛽𝑖 − V𝑖− + V𝑖+] = 0. (27)

Thus, the dual problem of (19)–(22) can be derived as

maximize
2𝑛∑
𝑖=1

[12𝜏𝑖2𝑄𝑖 + 𝑐𝑖𝜏𝑖 + 𝜒𝑖 (−𝐴 𝑖𝜏𝑖 + �̂�𝑖) + 𝛽𝑖 (𝐴ueq 𝑖𝜏𝑖 − 𝐵ueq 𝑖) + V𝑖− (−𝜏𝑖 + 𝜉𝑖−) + V𝑖+ (𝜏𝑖 − 𝜉𝑖+)]
subject to

2𝑛∑
𝑖=1

[𝑄𝑖𝜏𝑖 + 𝑐𝑖 − 𝐴 𝑖𝑦𝑖 + 𝐴ueq 𝑖𝛽𝑖 − V𝑖− + V𝑖+] = 0𝜒𝑖 unrestricted, V𝑖− ≥ 0, V𝑖+ ≥ 0.
(28)

Multiplying both sides of (27) by 𝜏, we have
− 2𝑛∑
𝑖=1

𝜏𝑖2𝑄𝑖
= 2𝑛∑
𝑖=1

[𝜏𝑖𝑐𝑖 − 𝜏𝑖𝐴 𝑖𝜒𝑖 + 𝜏𝑖𝐴ueq
𝑖
𝛽𝑖 + 𝜏𝑖 (−V𝑖− + V𝑖+)] . (29)

Then the dual form can be rewritten as

maximize
2𝑛∑
𝑖=1

[−12𝜏𝑖2𝑄𝑖 + �̂�𝑖𝜒𝑖 − 𝐵ueq 𝑖𝛽𝑖 + 𝜉𝑖−V𝑖− − 𝜉𝑖+V𝑖+]
subject to

2𝑛∑
𝑖=1

[𝑄𝑖𝜏𝑖 + 𝑐𝑖 − 𝐴 𝑖𝜒𝑖 + 𝐴ueq 𝑖𝛽𝑖 − V𝑖− + V𝑖+] = 0
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𝜒𝑖 unrestricted, V𝑖− ≥ 0, V𝑖+ ≥ 0.
(30)

To obtain the optimum (𝜏∗, 𝜒∗, V−∗, V+∗) of the primal prob-
lem (see (19)–(22)) and its dual problem (see (30)), the
necessary and sufficient conditions are as follows:

Primal feasibility:

2𝑛∑
𝑖=1

(𝐴 𝑖𝜏𝑖∗ − �̂�𝑖) = 0 (31)

2𝑛∑
𝑖=1

(−𝐴ueq 𝑖𝜏𝑖∗ + 𝐵ueq 𝑖) ≥ 0
2𝑛∑
𝑖=1

𝜉𝑖− ≤ 2𝑛∑
𝑖=1

𝜏𝑖∗ ≤ 2𝑛∑
𝑖=1

𝜉𝑖+ (32)

Dual feasibility:

2𝑛∑
𝑖=1

(𝑄𝑖𝜏𝑖 + 𝑐𝑖 − 𝐴 𝑖𝑦𝑖 + 𝐴ueq 𝑖𝛽𝑖 − V𝑖− + V𝑖+) = 0
𝜒𝑖 unrestricted, 𝛽𝑖 ≥ 0, V𝑖− ≥ 0, V𝑖+ ≥ 0 (33)

Complementarity:

2𝑛∑
𝑖=1

𝛽𝑖∗ (−𝐴ueq 𝑖𝜏𝑖∗ + 𝐵ueq 𝑖) = 0 (34)

2𝑛∑
𝑖=1

V𝑖
−∗ (−𝜏𝑖∗ + 𝜉𝑖−) = 0 (35)

2𝑛∑
𝑖=1

V𝑖
+∗ (𝜏𝑖∗ − 𝜉𝑖+) = 0 (36)

To simplify the above necessary and sufficient conditions,
by defining V∗𝑖 = V−∗𝑖 − V+∗𝑖 and considering (35)-(36), dual
feasibility constraint (33) becomes

2𝑛∑
𝑖=1

(𝑄𝑖𝜏𝑖∗ + 𝑐𝑖 − 𝐴 𝑖𝜒𝑖∗ + 𝐴ueq 𝑖𝛽𝑖∗)
= 2𝑛∑
𝑖=1

V𝑖
∗

{{{{{{{{{
≤ 0, 𝜏∗𝑖 = 𝜉+𝑖= 0, 𝜏∗𝑖 ∈ (𝜉−𝑖 , 𝜉+𝑖 )≥ 0, 𝜏∗𝑖 = 𝜉−𝑖 , (37)

which is equal to the following LVI problem: to find an
optimum 𝜏∗ ∈ Ω1 such that

2𝑛∑
𝑖=1

(𝜏𝑖 − 𝜏𝑖∗) (𝑄𝑖𝜏𝑖∗ + 𝑐𝑖 − 𝐴 𝑖𝜒𝑖∗ + 𝐴ueq 𝑖𝛽𝑖∗) ≥ 0,
∀𝜏 ∈ Ω1, (38)

whereΩ1 := {𝜏 | 𝜉− ≤ 𝜏∗ ≤ 𝜉+}.

In addition, by defining Ω2 fl {𝜒 | 𝜒 ∈ 𝑅𝑙}, we have the
following LVI for the equality constraint (31): to find 𝜒∗ ∈ Ω2
such that

2𝑛∑
𝑖=1

(𝜒𝑖 − 𝜒𝑖∗) (𝐴 𝑖𝜏𝑖∗ − �̂�𝑖) ≥ 0, ∀𝜒 ∈ Ω2. (39)

Similarly, by defining Ω3 := {𝛽 | 𝛽 ∈ 𝑅𝑚}, we have
the following LVI for the inequality constraint (32) and the
equality constraint (34): to find 𝛽∗ ∈ Ω3 such that
2𝑛∑
𝑖=1

(𝛽𝑖 − 𝛽𝑖∗) (−𝐴ueq 𝑖𝜏𝑖∗ + 𝐵ueq 𝑖) ≥ 0, ∀𝛽 ∈ Ω3. (40)

By taking the Cartesian product of the three sets Ω1,Ω2, and Ω3 defined above, we formulate the convex set Ω
presented in (24) as follows:

Ω = Ω1 × Ω2 × Ω3 = {𝑦 = (𝜏𝑇, 𝜒𝑇, 𝛽𝑇)𝑇
∈ 𝑅(2𝑛+𝑙+𝑚) | 𝜉− ≤ 𝜏∗ ≤ 𝜉+, 𝜒 unrestricted, 𝛽 ≥ 0}
= {{{{{{{𝑦 =

[[[
𝜏𝜒𝛽]]] ∈ 𝑅(2𝑛+𝑙+𝑚) |

[[[[
𝜉−−𝜒+−𝜒+
]]]] ≤
[[[
𝜏𝜒𝛽]]]

≤ [[[[
𝜉+𝜒+𝜒+
]]]]
}}}}}}} = {𝑦 ∈ 𝑅

(2𝑛+𝑙+𝑚) | 𝑦− ≤ 𝑦 ≤ 𝑦+} .
(41)

In consequence, LVIs (38)–(40) can be combined into an LVI
in the matrix form, that is, to find an optimum 𝑦∗ ∈ Ω such
that 𝑦 = (𝜏𝑇, 𝜒𝑇, 𝛽𝑇)𝑇 ∈ Ω, and
([[[
𝜏𝜒𝛽]]] − [[[

𝜏∗𝜒∗𝛽∗]]])
𝑇

⋅ ([[[[
𝑄 −𝐴𝑇 𝐴𝑇ueq𝐴 0 0−𝐴ueq 0 0

]]]]
[[[
𝜏∗𝜒∗𝛽∗]]] +

[[[[
𝑐−�̂�𝐵ueq
]]]])

≥ 0, ∀[[[
𝜏𝜒𝛽]]] ∈ Ω.

(42)

Contrasting the definitions of 𝑦± in (23) and𝑀 and 𝑝 in (25),
the above LVIs (see (42)) are exactly in the compact form (see
(25)) as the equivalence ofQPproblem in (19)–(22).Theproof
is then completed.

On the other hand, from [20], it is known that LVI in
(25) is equivalent to the following system of piecewise linear
equations: 𝑃Ω (𝑦 − (𝑀𝑦 + 𝑝)) − 𝑦 = 0, (43)
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where 𝑃Ω(⋅) is a piecewise linear projection operator with the𝑖th projection element of 𝑃Ω(𝑦) = [𝑃Ω(𝑦1), . . . , 𝑃Ω(𝑦2𝑛+𝑙+𝑚)]𝑇
being defined as

𝑃Ω (𝑦𝑖) = {{{{{{{{{
𝑦−𝑖 if 𝑦𝑖 < 𝑦−𝑖𝑦𝑖 if 𝑦−𝑖 ≤ 𝑦𝑖 ≤ 𝑦+𝑖 ,𝑦+𝑖 if 𝑦𝑖 > 𝑦+𝑖 ∀𝑖 ∈ {1, . . . , 2𝑛 + 𝑙 + 𝑚} .

(44)

To solve linear projection equation (43), the dual dynamical
system design approach presented in [20] is adopted to
build a dynamical system. Considering the asymmetric 𝑀,
a primal-dual neural network is developed as follows to solve
(43): ̇𝑦 = 𝛾 (𝐼 +𝑀𝑇) {𝑃Ω (𝑦 − (𝑀𝑦 + 𝑝)) − 𝑦} , (45)

where 𝛾 > 0 is a design parameter used to scale the
convergence rate of the system. The convergence rate is
improved when the value of 𝛾 is increased. Furthermore, by
replacing 𝛾(𝐼+𝑀𝑇)with 𝛼, the dynamical system (45) can be
rewritten as follows:̇𝑦 = 𝛼 {𝑃Ω (𝑦 − (𝑀𝑦 + 𝑝)) − 𝑦} , (46)

where 𝛼 is a positive design parameter for the convergence
rate of the PDNN (see (46)). About the convergence analysis
of the above-mentioned primal-dual dynamical solver, there
is a theorem presented as follows.

Theorem 6 (see [22]). Starting from any initial state, the
state vector 𝑦(𝑡) of primal-dual dynamical system (45) is
convergent to an equilibrium point 𝑦∗, of which the first 2𝑛
elements constitute the optimal solution 𝜏∗ to the quadratic
programming problem in (19)–(22). Moreover, the exponential
convergence can be achieved if there exists a constant 𝜌 > 0
such that 𝑦 − 𝑃Ω (𝑦 − (𝑀𝑦 + 𝑝))22 ≥ 𝜌 𝑦 − 𝑦∗22 . (47)

Remark 7. As a primal-dual dynamical solver, primal-dual
neural networks can efficiently generate exact optimal solu-
tions [21]. Furthermore, compared to dual neural networks,
the LVI- (linear variational inequality-) based primal-dual
neural networks do not entail any matrix inversion online,
so that they can reduce the computational time greatly [20].
Therefore, a LVI-based primal-dual neural network is applied
to perform theminimization of the energy consumptionwith
equality and inequality constraints for biped robots in this
work.

5. Neurodynamics-Based Energy
Optimization Control

Over the past two decades, much progress has been made
in the control of robot systems based on various control
techniques. In [30], two novel robust adaptive PID control

schemes are proposed to solve the strong nonlinearity and
coupling problems in robot manipulator control. In [31], a
support vector regression-based control system is proposed
to learn the external disturbances and increase the zero-
moment-point stability margin of humanoid robots. In [32],
a kinematics open-loop control system of hexapod robot with
an embedded digital signal controller is proposed. In [33], an
open-loop controller is implemented on field programmable
gate array (FPGA) of the robot. Experimental results reveal
the viability of the proposed controller.

On the other hand, many mature techniques have been
used to track the planned trajectories with a certain control
strategy. In [34], a trajectory generator and a joint trajectory
tracking controller are designed. The proposed combination
is successfully implemented and the robot is able to walk
at 0.11m/s. Literature [35] considers the problem of joint
trajectory control with oscillations cancelling for planar
multilink flexible manipulators. A feed-forward torque is
designed to preset the elastic coordinates of the system, so
that the controller is able to drive the arm along the desired
trajectory. In [36], in order to reduce gait planning and
to get a good tracking performance, master-slaver dual-leg
coordination control was proposed for the biped robot with
heterogeneous legs. In [37], an open-closed-loop iterative
learning control algorithm with angle correction term is
proposed, which uses the error signal and the deviation of
two adjacent error signals to adjust itself.

In this work, the proposed neurodynamics-basedmethod
is an open-loop controller. As shown in Figure 1, control
method based on energy-efficiency optimization is proposed
to obtain the trade-off between the force-moment equilib-
rium and energy efficiency for biped walking by minimizing
the energy-related cost function while guaranteeing physical
constraints. There are two parts in the control system: QP
problem for energy optimization and a LVI-based primal-
dual neural network for solving the QP problem.The control
object of the proposedmethod is to follow the planned trajec-
tories for the biped joints using optimal joint torques deduced
by the proposed controller. The inputs of the controller
include the planned trajectories for the biped joints, the
force-moment equilibrium equation of biped robot, friction
coefficient between the ground and the robot, and physical
parameters of the motors equipped on the robot.The outputs
of the controller are the optimal joint torques for the biped
joints, which are deduced using a LVI-based primal-dual
neural network.

Firstly, the strategy for optimizing the energy efficiency
is formulated as a constrained QP problem. Three important
physical constraints for the biped system are formulated in
this QP problem for energy optimization of biped walking
robots.

Secondly, a neurodynamics-based solver is presented to
solve the proposed constrained optimization problem.

Thirdly, joint trajectories are planned for the biped robot.
The planned trajectories provide parameters for the force-
moment equilibrium equation of biped robot, which is one
of the constraints of the energy optimization QP problem. So
the biped robot is able to make the step and does not fall.
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QP problem for energy 
optimization of biped robots

(see equations (19)–(22))

LVI-based primal-dual neural network (PDNN) (see equation (46))
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Figure 1: Neurodynamics-based energy optimization strategy for biped robots.
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Figure 2: Simplified model of the biped robot.

Table 1: Main parameters of the biped robot.

Link Length (m) Mass (kg) Inertia moment (kg⋅m2)
Torso 0.175 1.060 0.01623
Thigh 0.130 0.075 (×2) 0.00037 (×2)
Shank 0.130 0.075 (×2) 0.00037 (×2)
Foot 0.020 0.060 (×2) 0.00004 (×2)
6. Simulation Research

To verify the effectiveness of the proposed energy-efficiency
control method, some simulations are implemented in this
section. Matlab is used to model the biped robot and the
controller.

6.1. Structure and Parameters of the Biped Robot. Consider
a planar biped robot with 6 degrees of freedom shown in
Figure 2. The robot consists of one torso and two legs. The
main parameters of the biped robot can be found in Table 1.

Typical gait is planned for this simulated biped robot to
walk on the horizontal ground. In this work, it is assumed that
the torso of the biped robotmoves at a constant velocitywith a
constant height.TheCOGof the simplifiedmodel is located at
the geometric center of the torso.The basic coordinate frame,

with its origin at the COG, is defined as a body-fixed frame.
The whole walking period of the biped robot is considered to
be composed of a single-support phase and an instantaneous
double-support phase. The supporting foot is assumed to
remain in full contact with the ground during the single-
support phase. The trajectories of the ankles and the hips are
given as follows:𝑦𝑎 (𝑘) = 𝑎𝜋 { 2𝜋𝑁 + 1𝑘 − sin( 2𝜋𝑁 + 1𝑘)}

𝑧𝑎 (𝑘) = 𝑑𝜋 {1 − cos( 2𝜋𝑁 + 1𝑘)}𝑦ℎ (𝑘) = 12𝑦𝑎 (𝑘) + 𝑎2𝑧ℎ (𝑘) = 12𝑧𝑎 (𝑘) + 𝐿 th + 𝐿 sh − 𝑑2 ,
(48)

where 𝑦ℎ(𝑘) and 𝑧ℎ(𝑘) denote the position of the hip and𝑦𝑎(𝑘) and 𝑧𝑎(𝑘) denote the position of the swinging ankle
joint at the 𝑘th sample. 𝑎 is the walking step length and 𝑑
is the height of swinging ankle. 𝑁 + 1 is the total sampling
number in a walking cycle 𝑇. 𝐿 th and 𝐿 sh are the lengths of
lower limbs. Here, 𝑑 = 0.02m and 𝑇 = 1 s.
6.2. Parameters for the QP Problem and the Neurodynamics-
Based Solver. For the parameters of the constrained QP
problem in (19)–(22), the parameters of the motors are
determined by the motors that are equipped in the robot.
Here, we take a set of typicalmotor parameters as an example.
The electric resistance of the motor 𝑅 = 9.17 (Ω), torque
constant 𝑘𝑀 = 16.8 × 10−3 (Nm/A), gear reduction rate𝑁 = 200, and the joint gear’s mechanical efficiency 𝜂 = 0.7.
Submitting all the above-mentioned parameters to (9), we
have 𝑄 = 3.32𝐼6×6 and 𝑐 = 1.43[ ̇𝜃11, ̇𝜃12, ̇𝜃13, ̇𝜃21, ̇𝜃22, ̇𝜃23]𝑇,
where ̇𝜃𝑖 = [ ̇𝜃𝑖1, ̇𝜃𝑖2, ̇𝜃𝑖3]𝑇 is the joint velocity vector of the𝑖th leg. Here, the joint velocity can be calculated using the
gait planned in Section 6.1. Consider the 𝑖th leg of a biped
robot; ̇𝜃𝑖(𝑘 + 1) = [𝜃𝑖(𝑘 + 1) − 𝜃𝑖(𝑘)]/Δ𝑡, 𝑖 = 1, 2, wherė𝜃𝑖(𝑘 + 1) denotes the joint velocity at the (𝑘 + 1)th sample
and Δ𝑡 is the sampling interval. The smaller the value of Δ𝑡
is, the more accurate but the more computationally intensive
the joint velocity is [38].
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Figure 3: Structure of the three-layered NN.

For the constraint condition of force-moment equilib-
rium equation, the Coulomb friction coefficient depends on
the ground environment.Here,we take𝜇 = 0.6 as an example.
The inertia matrix of the leg 𝐷𝑖, the centrifugal and Coriolis
terms ℎ𝑖, and the gravity terms 𝑔𝑖 in the dynamic equation
can be calculated using the method shown in [39].

Considering the physical limits of the motors, we have𝜉+ = −𝜉− = [12, . . . , 12]𝑇.
For the neurodynamics-based solver, the positive design

parameter for the convergence rate of the PDNN is 𝛼 = 0.1,
which is determined using the trial-and-error method.

6.3. Biped Walking via Different Controllers. The proposed
control method is tested on the control of the biped robot
mentioned above by simulation experiments. The perfor-
mances of the proposed NEO are compared with those of the
SVM control methods [40, 41] and NN control methods.

For the SVM controller, the parameters include a penalty
coefficient 𝐶 = 1000, degree of the polynomial kernels 𝑞 = 2,
width of the RBF kernels 𝜎 = 0.15, and mixed coefficient
of the mixed kernels 𝑎 = 0.95. When training the biped
dynamic, we sample the joint variables in the period of 𝑇 =1 s and let the sampling interval be Δ𝑡 = 0.005 s. That is
to say, there are 200 sampling points in a single walking
period; the desired sample set satisfying the ZMP criterion
is {(Θ1, 𝜏1), . . . , (Θ200, 𝜏200)}.

On the other side, for comparison with the proposed
NEO, a three-layered backpropagation (BP) NN is built to
control the biped robot. Details of the NN are introduced as
follows.

Layer 1 (Input Layer). In this layer, the input signal is directly
transferred to the next layer; that is,

𝑂(1)𝑚 = 𝑢𝑚, (49)

where 𝑢𝑚 = Θ = [𝜃1, 𝜃2, . . . , 𝜃6, ̇𝜃1, ̇𝜃2, . . . , ̇𝜃6]𝑇 and 𝑚 =1, . . . ,𝑀 (𝑀 = 12) is the input variable. 𝑂(1)𝑚 is the output
of the input layer.

Layer 2 (Hidden Layer). Each node in the hidden layer
performs a transfer operation using a Sigmoid function; that
is,

𝑂(2)𝑙 = 𝑆( 𝑀∑
𝑚=1

𝛿𝑚𝑙𝑢𝑚) = 1(1 + 𝑒−∑𝑀𝑚=1 𝛿𝑚𝑙𝑢𝑚) , (50)

where 𝑂(2)𝑙 is the output of the hidden layer. 𝑆(⋅) is a Sigmoid
function. 𝑙 = 1, . . . , 𝐿 is the index of the hidden units.
The number of the hidden units is designed as 𝐿 = 20
here using the trial-and-error method. 𝛿𝑚𝑙 is the connection
weight between the input layer and the hidden layer. The
initial values of the connection weights can be selected
randomly, and different initial values could lead to different
performance of the NN.

Layer 3 (Output Layer). This layer performs the calculation
for the output of the whole network:

𝜏𝑗 = 𝐿∑
𝑙=1

𝛽𝑗𝑙 ⋅ 1(1 + 𝑒−∑𝑀𝑚=1 𝛿𝑚𝑙𝑢𝑚) , (51)

where 𝜏𝑗 is the control torque for the 𝑗th biped joint: 𝑗 =1, . . . , 𝐽 (𝐽 = 6). 𝛽𝑗𝑙 is the connection weight between the
hidden layer and the output layer.The initial values of 𝛽𝑗𝑙 can
be selected randomly.

By using BP algorithm, the NN is trained offline with the
200 desired samples for 100 times. The structure of the NN is
shown in Figure 3.

The proposed control method and the above-mentioned
two intelligent methods are adopted to control the simulated
biped robot, respectively. As we can see from Figures 4-5,
all the three methods can realize the planned biped walking.
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Figure 4: Biped walking using different controllers when the step length is 0.18m. (a) SVM, (b) NN, and (c) the proposed NEO.

Energy consumption trajectories are shown in Figures 6-7.
As shown in the figures, the proposed NEO needs less energy
than the other methods due to the proposed energy-based
optimal control. For example, when the energy consumption
of all the joints is 159.79 J for the proposed NEO, the energy
consumption is 409.10 J for the NN and 311.68 J for the SVM
(see Table 2). Furthermore, the proposed NEO always needs
less energy than the other two methods when different biped
motions are considered (Motion 1: the step length is 0.18m;
Motion 2: the step length is 0.20m). At the same time, the
SVM controller exhibits greater energy efficiency compared
with the NN controller. The possible cause is that the SVM is
more efficient in learning the energy-efficient controller using
limited samples.

Remark 8. In the simulation section, the robot’s joint trajec-
tories are predefined.This paper makes contribution by opti-
mizing the joint torques to decrease the energy consumption
without changing the biped gaits.

Table 2: Energy consumption comparisons with other methods.

Method Step length (m) E (J)
NN

0.18
409.10

SVM 311.68
The proposed NEO 159.79
NN

0.20
831.64

SVM 572.29
The proposed NEO 314.00

Joint torques for different controllers when the step length
is 0.20m are shown in Figures 8–13. As shown in the
figures, the proposed NEO strategy exhibits smaller driving
torques compared with the NN method and SVM method.
It is because we deduce the optimal joint torque for the
biped robot according to the proposed energy optimization
problem. As a result, torque costs of the biped joints are
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Figure 5: Biped walking using different controllers when the step length is 0.20m. (a) SVM, (b) NN, and (c) the proposed NEO.
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Figure 6: Energy consumption of the robot joints for different controllers when the step length is 0.18m.
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Figure 7: Energy consumption of the robot joints for different
controllers when the step length is 0.20m.
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Figure 8: Joint torque for 𝜃1 deduced by different control methods.

reduced remarkably. This contributes to the effectiveness
of the proposed NEO strategy in terms of reducing the
energy consumption of biped robots. At the same time, the
proposed NEO strategy minimizes the energy consumption
and guarantees three necessary constraints simultaneously.
Therefore, the force-moment equilibrium equation of biped
robots is guaranteed and the biped robot does not fall.

On the other hand, the SVM controller exhibits greater
energy efficiency (realize the same motion with smaller driv-
ing torques) compared with the NN controller. The possible
cause is that the number of the learning samples for the NN
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Figure 9: Joint torque for 𝜃2 deduced by different control methods.
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Figure 10: Joint torque for 𝜃3 deduced by different control methods.

controllers is not large enough in this work. Conventional
machine learning methods such as NN use empirical risk
minimization (ERM) based on infinite samples, which is dis-
advantageous to the learning control based on small sample
sizes for biped robots. The SVM is direct implementation
of the structural risk minimization (SRM) principle. This
difference makes SVM more efficient in resolving the small-
sample-sizes learning problems.

7. Conclusions

To build a more practical objective function for the energy
optimization of biped robots, three important constraints are
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Figure 11: Joint torque for 𝜃4 deduced by different control methods.
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Figure 12: Joint torque for 𝜃5 deduced by different control methods.

incorporated into the optimal controller for biped robots.
Simulation results demonstrate that the proposed NEO strat-
egy effectively decreases the energy consumption of biped
walking robot. In addition, the proposed strategy can guaran-
tee the force-moment equilibrium equation and the physical
limits of the motors. Coulomb friction is applied between the
leg and the ground by setting a friction coefficient. The biped
robot can provide optimal joint torques without slippage or
tipping over.

It is worth noting that most of the existing algorithms
realize the energy minimization via optimizing gait param-
eters. However, gait parameters, such as foot trajectories
and the trajectories of the COG, are not the only aspect
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Figure 13: Joint torque for 𝜃6 deduced by different control methods.

to be concerned. Other factors, such as the forces and
moments acting on the biped robot, can also impose on
energy consumption of the biped robot to a large extent. For
example, people walking in the mud or in a gale usually feel
more tired.Therefore, when the foot trajectories and theCOG
trajectories are determined, optimizing the torques of each
joint is significant for the energy optimization of the whole
biped system. This point is verified by simulations and the
results of this work are significant.

In this work, the proposed neurodynamics-basedmethod
is an open-loop controller. In the simulation experiments, we
do not introduce any error accumulation during the biped
walking. So the simulated robot is able to follow the planned
trajectories and does not fall. However, for a real robot
system, there must be error accumulation introduced by the
mechanical devices. In this situation, the biped robot tends to
deviate from the reference trajectory if there is no feedback
and correction for error compensating. Consequently, future
works will include the design of closed-loop controllers
which are more suitable for real robot systems.
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