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The research of gravity solitary waves movement is of great significance to the study of ocean and atmosphere. Baroclinic atmosphere
is a complex atmosphere, and it is closer to the real atmosphere. Thus, the study of gravity waves in complex atmosphere
motion is becoming increasingly essential. Deriving fractional partial differential equation models to describe various waves in
the atmosphere and ocean can open up a new window for us to understand the fluid movement more deeply. Generally, the
time fractional equations are obtained to reflect the nonlinear waves and few space-time fractional equations are involved. In this
paper, using multiscale analysis and perturbation method, from the basic dynamic multivariable equations under the baroclinic
atmosphere, the integer order mKdV equation is derived to describe the gravity solitary waves which occur in the baroclinic
atmosphere. Next, employing the semi-inverse and variational method, we get a new model under the Riemann-Liouville derivative
definition, i.e., space-time fractional mKdV (STFmKdV) equation. Furthermore, the symmetry analysis and the nonlinear self-
adjointness of STFmKdV equation are carried out and the conservation laws are analyzed. Finally, adopting the exp(-®(&)) method,
we obtain five different solutions of STFmKdV equation by considering the different cases of the parameters (1, o). Particularly, we
study the formation and evolution of gravity solitary waves by considering the fractional derivatives of nonlinear terms.

1. Introduction

With the intercross and penetration of different knowledge,
Rossby solitary waves have been applied to many fields
successfully, such as physical oceanography, atmospheric
science, hydraulic engineering, and communication engi-
neering. Particularly, Rossby solitary waves have important
theoretical significance and research value in marine atmo-
spheric science. They have largely determined the impact
of the oceans on the atmosphere and other climate change.
On the time scale, the energy of Rossby waves determines
the ocean energy spectrum, which makes the energy spread
from east to west to form and maintain a strong ocean
boundary flow, such as Kuroshio, Gulfstream, and East
Australian flow. Great achievements have been made in this
regard.

As we know, Rossby solitary waves in the westerly shear
flow were first found by Long [1]. He found that the amplitude

of the Rossby waves satisfied KdV equation by the p-plane
approximation

u, + pun, + Suy,, = 0. )

With the development of Rossby waves theory, Wadati [2]
derived the modified KdV equation

u, + pulu, + Su,, = 0. (2)

In view of the barotropic fluid and stratified fluid model,
the KdV model and the mKdV model are also generated
to describe the generation and evolution of Rossby solitary
waves by Redekopp [3]. Apart from the KdV model and
the mKdV model, for other initial disturbance, employing
a different time and space stretching transform, Boussinesq
equation was derived by Meng and Lv [4]. Afterwards, the
Rossby parameters [ along with the changes of latitude were
discussed by Luo [5] and generalized f3-plane approximation
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was obtained. In recent years, in the theoretical study of
Rossby waves, many new wave equations were obtained
to describe the generation and evolution of various types
of fluctuations in the ocean [6, 7], such as NLS equation,
ILW-Burgers equation, and ZK-Burgers equation. In the
past, predecessors studied wave equations in the barotropic
atmospheric environment by using the -plane approxima-
tion. But we know that the basic dynamic equations for
describing the baroclinic atmospheric movement are more
in line with the actual situation and are very complicated.
And the baroclinic problem in real atmosphere is inevitable
[8]. In this paper, starting with the basic equations adopting
the Bousinesq approximation [9] and under the baroclinic
atmospheric environment, using multiscale analysis and
turbulence method, we get a new model (mKdV) to describe
the Rossby solitary waves. The advantages of basic equations
are as follows:

(1) The equations are multivariate, and the physical
meaning of each variable is clear;

(2) The baroclinic atmosphere problem is considered to
help us understand the generation and evolution of isolated
waves in the ocean.

In recent years, the study of integer partial differential
equations has yielded many brilliant achievements [10-15].
Simultaneously, it has been found that fractional order partial
differential equations also play an important role in many
fields [16-22]. The fractional differentiation calculus [23, 24]
was first developed by Liouville primary. Liouville expands
the function into an exponential form and defines the g-
order derivatives of this expanded form term by term.
Afterwards, Riemann proposed a different definition that can
be implemented to a power series with a negative power
term. Finally, Ross and Oldham [25, 26] unified the two
definitions, so that the application of fractional differential
was further developed. Subsequently, a version of the Euler-
Lagrange equations for problems of calculus of variation with
fractional derivatives was formulated by Riewe in 1990s [27,
28]. Recently, Agrawal [29, 30] studied the fractional Euler-
Lagrange equation deeper and a series of new methods have
been put forward in his research, which provide a new idea
for us to study fractional partial differential equations [31, 32].
The fact has shown that the new fractional equation is more
suitable than the integer order equation due to the precise
description of the nonlinear phenomena[33, 34]. At the same
time, in the field of oceanography, the fractional partial
differential equation can better describe the generation and
evolution of solitary waves, which is more favorable for us to
study the theory of fluctuation.

Similar to the study of integer order differential equation,
the conservation laws of the fractional differential equation
are an important branch. As we know, if the fractional
differential equation is an Euler-Lagrange equation, then
conservation laws can be found using Noethem’s theorem by
variational Lie point symmetries of this equation [35-37]. Lie
symmetry analysis was proposed by Sophus Lie. The main
idea of this method is that the infinitesimal transformation
keeps the solution set of the partial differential equation
unchanged. The Lie symmetry analysis offers an efficient and
powerful tool for the study of conservation laws of fractional
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partial differential equation [38-42]. For this reason, the
researchers are very interested in studying the symmetry
analysis of fractional differential equations. As far as we
know, in the past, the symmetric method was only used for
time fraction partial differential equations (TFPDE), but has
not been used to analyze space and time fraction partial
differential equations (STFPDE) [43, 44]. In this paper, the
Lie symmetry analysis was used to study the conservation law
of the STFmKdAV equation [45, 46].

By studying the work of predecessors, we can find that
several methods have been used to solve nonlinear partial
differential equations, such as the trial equation method [47,
48], Hirota bilinear method [49], binary nonlinearization
method [50], Darboux transformation method [51], Jacobi
iteration method [52], (G'/G)—expansion method [53-55],
exp-function method [48], sub-equation method [56], and
others [57, 58]. Therefore, it is an important task to find
an accurate and effective method to solve the fractional
differential equation.

This paper is organized as follows: In Section 2, using
multiscale analysis and turbulence method, from the basic
dynamic multivariable equations under the baroclinic atmo-
sphere [59, 60], the integer order mKdV equation is derived.
In Section 3, we use the semi-inverse method to derive
the Lagrangian form of the mKdV equation [61, 62] firstly.
Then the Lagrangian space and time operator of the mKdV
equation have been transformed into the fractional domain
of the left Riemann-Liouville fractional differential operator.
Finally, applying the variational method, we derive the
STFmKdAV from this Euler-Lagrangian equation. In Section 4,
we first study the symmetry analysis of the fractional equation
to obtain the corresponding infinitesimal generator of the
equation. Then we discuss the nonlinear self-adjointness of
the STFmKdAV equation and finally get the conservation
vectors of the equation. In Section 5, based on the STFmKdV
equation, employing the exp(—®(§)) method, and consider-
ing the different cases of the parameters(y, o), we obtain five
different solutions of the equation.

2. Derivation of the mKdV Equation

Using the sum of disturbance pressure gradient force and
buoyancy force expressing the vertical pressure gradient force
and gravity force, and adopting the Bousinesq approximation
[60], the dimensionless basic dynamic equations of atmo-
spheric motion are as follows [59]:

U (2, g g L
off  fL\ ox' 0y oz ) poox’
o U (e
ot'  fL\  ox oy’ oz ) p.oy '

a_u),_f_z ula_u), +vlaw, Iaw,
ot'  fL ox' oy’ oz’

_ gLo® _la_P’+9’
~ DfuUg, \ p, 07 ’
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where u', v are the level of the air speed, w' is the vertical
velocity, p' is the atmospheric pressure, @ is the temperature
field, and f is the Coriolis parameter. 0, is the potential of
environmental flow field and p is the density of environmen-
tal flow field; they are both the height functions.

Because the second term of the fourth formula in the left
side is lesser, we get the following approximation:

oUD
60 ~ T,
U (4)
— ~o0(1).

fL

Let the parameter ¢ = fz/Nz(s < 1), N? = go/6,. By
varying, (3) transforms to

W Oy L
ot’ ox' oy’ 0z p,ox' ’
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We introduce the multiscale variables (omitting the sign
at the top right corner of the variables)

t= 83/2t’,
x = sl/le’
, (6)
Y=y
z = Z,,

so long time and space scales are defined as

9 _ 30
ot ot'’
9 _ap0

Ox ox"’

3
9 _0
oy oy’
0 _0
oz 07"
(7)

Further, according to the small parameter &, u' v w', p', 0’
in (5) can be expended:

(7 1/2
u=-—| Uz)—c+erl)dc+e ' uy+ euy
0

3/2

2
+e Uy + U+,

/

! 3/2 2 5/2
Vet e v2+s/v3+~~-,

(8)

/2 /2

w' = ewy + £Pw, + Ew, + 7wy + -,

0 =0 (y,2) + %0, + €0, + /%0, + €0, + -,

p =P (y2)+ePpy+ep, +ep, +Eps+--e,
where U, P, @ are the function of y, z. U is the speed of the

basic flow, P is the air pressure, and © is the temperature field.
Obviously, the zonal flow is in the following forms:

U,=0, as0<y<y,
U={ ’ ’ ©)

costant, as y = y,

and the boundary conditions of (3) are

p'=0,
as y =0,
, (10)
p —0,

as y — 00.

Substituting (7) and (8) into (3), we get each order form for ¢
as follows:

y
lg—p—J U-¢c)dg =0,
o):1hy 1
poz

Assuming |1/ p$2| < 1, we have

:
0z
Next, we write the first-, second-, and third-order approxima-
tion for ¢ as the following form:

Jy Udc) =0, (12)

0

ou;

y .
J U -c¢)dg 1%
0 5}

L+ (U - v, + Oyw, — —
x+( c+1)v; + Oyu, o Ox

S

= Aui,



oD
1o +u; = Av;,
ps Oy
i% _61 =Aw,~,
ps 0z

ax oy "oz
i=0,1,2,3---
(13)
where
Auy = Av, = Aw, = A6, = 0. (14)

By eliminating u,v,,w,,0, in (13), we can obtain the equation
for p,

apy
L..(Z£2)=o0, 15
y,z<ax) (15)
where
Q=U,-1+U,,
Y ay
_a0
27 9z’
o o o’
=— - 1) — +2U, ——
e = 52 (V-1 5z + 2 3yoz (16)
Y44 Q ZQ ay
Q, Q0,1 0
+|:(Uy—1)E—UZE:|£

1 Q, Q
-= [U”_E_UZEZ]‘

Clearly, (15) is a variable separable equation. Assume its
solution is

Po=Do(y,2) Alt, x), 17)

and under a certain definite solution condition, we can get p,.
Further, all the solutions of (15) can be obtained:

uy =ity (y,2) A(t,x),
vo =7 (1,2) A, (£, %),

(18)
wy =Wy (,2) Ay (%),

0y =0, (1,2) A(t, x).
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Further, we know that

ou ou ou
Au; = uoa—xo + VOB_)/O + woa—zo,
Av, =0,
Aw, =0,

00, 00,
AGI = Moa—; + Voa—;.

(19)

Similarly, we cannot get the equation for A(x,t). So, we
eliminate u,,v,,w;,0; in (13) and (19), and we can obtain the

equation of p;

Ly,z <g) = Ely,z (Aul) + €2y,z (AGI) >

where

0 0 1
Lyz [ oy # 7%z U-c

_i(Ay+UZAZ)],
-1 [ d d

2}’,Z:U_C @+Uzz+Uz$

- i (a,+ UZAZ)]

(20)

(21)

Substituting (19) into (20) and observing both ends of (20),

we can get the solutions for the variables as follows:

w =10 (3,2) A* (8 x),

17I()/”Z)‘L‘(th)f{x(t>-x))

V1
wy =0y (y,2) A(x, 1) A, (%),
0, = évl (,2) A% (t,x),
pr=Pi(12) A" ().

Next, we have a further discussion,

Oou,  Ou, ou, ou, ou,
Au, = — — — — -1
Uy = =t o= g +ulax+voay
+v%+w%+w%
Yoy Yoz loz’

y
Av, = J U-9¢) dc?,
0 X

Aw, =0,

06, 26, 06, 00, 6,

A92 = E +uoa +u1$ +V0$ +V1$,

(22)

(23)
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Simplify (13) and (23) to the following form: We know that the homogeneous part in (24) is the same

as (15). Substituting (18) and (22) into (19) and (23), and
according to (13)xdp,/0x-(20)xdp,/0x, we can get
L op, i 0Av, p A
.z a =3yz W + ly,z( u2)

24) A, =A + A, + (3ii + iy, + Tl

+ by, (AB), + Wity + Wity ) APA,,
y
where A, = [ w-9da,., (26)
0
d 2 1 4w, =0,
ve = |y VeV T S
Ag, = O0A, + (2050, + w0, + 70, , + 7,6,,) A’A,,
1 —
(8, va)] 4 (0dh g ()] [
dy | ox dy dy \ ox 7 ox
e = [ 9 LU, +u2 )
2wz _cloy  TF T ey, Pr\—|_ — — 7
U-c By oz (25) - Ly,z <§) PO] =—Po {[ely,z (MO) + EZy,z (00)]
(27)
- (A UZAZ)] A+ AA L+ [0, (3T + Tl + TR,
€3 , _1 [_UZE +(U _1)_ +w~0u~lz+ﬁw7u~oz)+€2y,z (2u~061 +u~160+%61y
P U-c oy 7 z _ )
+ v;eoy)] AA, + (b, (U=-0) 0] A}
A -1)A
" (Uz »F (Uy ) Z)] Integrating (27) over the domain [0, y,) leads to
— d aPz) <ap2>d§6(yo,z) J’J’y‘)[ — <aP2) <aP2>~ ]
2)—|=—= |-+ ) ———|d L , — |-L| == ,z) | dyd
[|moea £ (2)-(2) 22D b [ [ [1@002) (L) -1(L2) 7 00n) | ayes
Yo —_—
= J J;) _PO {[fly,z (176) + €2y,z (90)] At + Ely,z (176) AAx (28)
+ [0y, (BiHgtE; + Wiy, + Py, + Wy, + Witk ) + by, (20060 + 18,0, + 750, + 70, )| AA,
+ (65, U =) %] Ay} dydz.
We know that the two ends of (28) are identically zero, so we A, +arA, +a,A’A, +a,A, ., =0, (29)
can write the simple form as the following form:
where
gly,z (ﬁa)
ay = — —,
1y (i) + bz (90)
by (BT + Wy + Ty, + T+ D) + .z (20501 + o + Ty, + 7160,) 30)
1= __ — >
ly. (i) + 2 (90)
4, , (U -c) ¥,
az _ 3y, 0

ely,z (%) + EZy,z (é;)

Remark. According to the above study, we obtain a new  term A®A , the new model is called the generalized mKdV
model in baroclinic atmosphere. Based on the nonlinear equation. Compared to the model which is obtained in the



barotropic atmosphere, the new mKdV equation is more
likely to describe the movement of solitary waves.

3. Formulation of the STFmKdV Equation

First we introduce the definition of Riemann-Liouville frac-
tional derivatives and Caputo fractional derivatives[41, 63].

Definition 1 (Riemann-Liouville fractional derivative [41,
63]). f(t)is a function defined in the [a, b], for any nonneg-
ative real «, satisfying n-1l1<a<mn,

JDFf ()= D"GDf (1)

B 1 art f(o
_fEZIBEFJ;GT7FﬁJdn (31)

vVt € [a,b],

and this formula is called the x-order left Riemann-Liouville
fractional derivative. And

(DY f (1) = (-1)"D" {Dy " f (t)

(1) a (" f@
T T(n-a)dt L (t - t)““_"d ' 52
Vt € [a,b],

and this formula is the a-order right Riemann-Liouville
fractional derivative.

Remark 2. We note that if the function f(¢) is n-order
continuous derivable on the interval of [a,b], when « tends
to n, the left fractional derivative is the traditional n-order
derivative. In addition, if the function f(t) is n-order con-
tinuous derivable on the interval of [a, b], when « tends to n,
the right fractional derivative is the traditional n(n—1)-order
derivative multiplied by (-1)".

Definition 3 (Caputo fractional derivative [41, 63]). f(¢) is
a function defined in the [a, b], for any nonnegative real a,
satisfyingn — 1 <« < n,

DY f (1) ="2D,"D"f (1)

: Jt A (33)

TTh-) o -

vVt € [a,b],

and this formula is the a-order left Caputo fractional deriva-
tive.

¢ Dy f ()= (-1)" {D™D" f (1)

b (n)
J 7@ 4 (34)

‘ (T _ t)ot+l—‘rl ’

_
I'(n-«)

vVt € [a,b],

and this formula is the a-order right Caputo fractional
derivative.
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Lemma 4 (see [61, 62]). Riemann-Liouville fractional deriva-
tive and Caputo fractional derivative have the following rela-
tionship:

f@-a~

TO+i-a) (35)

n—1
Dty =D f+ Y
j=0

In this section, based on the generalized mKdV equation
obtained in Section 2, we use semi-inverse method and vari-
ational method[63] to construct the generalized STFmKdV
equation under the Riemann-Liouville derivative definition.
Let ay 5 = 1, so that (29) transforms to the following form:

A +AA +a A’A +a,A, . =0, (36)

where a,;,a, are arbitrary constants, A(x,t) denotes the
amplitude of the Rossby waves, x € R is the space variable
in the propagation of the field, and t € T(= [0,T}]) is the
time variable. The main steps are arranged as follows[62].

First of all, we introduce u(x,t) as a potential function.
Let A(x,t) = u,(x,1), so that (36) can be written as

2
Ugy + Ml + A U U + Aylhyyy = 0. (37)

The Lagrangian form of (36) can be defined using the semi-
inverse method. pA is considered as a fixed function. The
functional of the potential equation (37) can be represented
by

J(u) = J dxj dt{u(x,t)
R T (38)
2
! [Cluxt + CZAuxx T Ga U Uy, + C4a2uxxxx]} >
where ¢,¢,,¢, and ¢, are Lagrangian multipliers to be

determined later. Integrating (38) by parts and taking u,|, =
Uylr = Uyl = Uy lg = Uyyrlr = 0lead to

J(u) = J de dt {—cluxut - cz/\ui ! 3a1ui
R T 3
(39)

2
+ c4a2uxx} .

Secondly, by applying the variation of this functional
with respect to u(x,t), and integrating each term by parts,
optimizing the variation 6J(u) = 0, we have

20Uy + 20 0, + 4c3a1uiuxx + 200Uy = 0. (40)

Equation (40) is equivalent to (37), so we can get

C—l
1_2’
Oz—l
2 (41)
L1
3 4’
C_l
4_2‘
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A functional relation (39) is given to produce the direct
Lagrange form of the mKdV equation.

1 1

LS
L (ut’ux’ Upx>"* ) = _Euxut - EA x Ealux
. (42)
2
+ Eazuxx

Thirdly, according to the Lagrangian form of the integer
order, we can obtain the Lagrangian form of the space-time
fractional order similarly.

F (Df‘ * Dfu, Dfu, Diﬁu,---)

) - La (Dl) (w3

1, 1
= _EDtu * Dfu - EA(Dfu B

1 28 2
+ zaz (Dx u) N
a, 3 < 1. The fractional derivative Dfu(x, t) or

where 0 <

Dfu(x, t) in terms of the left Riemann-Liouville fractional
derivative is defined by

1 dF

DIf(¢) = Ty dck

[Jastc-9 s 0], (44)

k-1<y<k, ¢=¢(x).

Then, the STFmKdV-Burgers equation takes the follow-
ing form:

Jr (u)
(45)
- J (dx)P J (d)* F* (Df » Dfu, DPu, DXu).
R T
The variation of (45) with respect to u(x, t) leads to
OF* OF*
_ Jii a| O o
8T (1) L (dx) L (di) [ R
(46)

oF ——o6DPu + oF 6D25]
E)Dﬁ aD,fu

Adopting the fractional integration rule and the right
Riemann-Liouville fractional derivative, 8]« (1) is written as

oF
_D% —/—
t <8D;"u>
- DF B_F +D* oF Su.
* anu * anf;u

Optimizing the variation of the functional, i.e., 8 (1) =
0, the Euler-Lagrange form for the STFmKdV equation leads

to
2o ) ot o )
ou oD u oDLu oDy 'u/ (48)

=0.

8T (u) = L (dx)? jT (dn)® [g—i

Substituting (43) into (48), we have
DEDPu + ADF (DPu) + a, (DFu)’ D¥u
(49)
+ aQfo; (Diﬁu) =0

Substituting Dfu(x, t) = A(x,t) into (49), we have the
STFmKdV equation

DA+ ADPA+a A’DPA+a,DFA=0.  (50)

In this paper, in order to make the content more complete,
then we will study the conservation laws and the solutions of
the STFmKdAV equation.

4, Lie Symmetry Analysis and Conservation
Laws of the STFmKdV Equation

In this section, we employ Lie symmetry analysis to discuss
the conservation laws[64, 65] of STFmKdV equaiton which
does not contain dissipation item. The details are as follows.

4.1. Lie Symmetry Analysis. 'The STFPDE of a function f(x, t)
with two independent variables considered in the Riemann-
Liouville sense is defined as the following form:

1 a‘ﬂ ! n—o—1 (51)
r(n_“)ﬁjo(t_s) f(x,s)ds, n—-1<a<neN,
aj;if’t)’ a=n¢€N.

First, we define a Lie group of point transformations under
one parameter

x* :x+£€(x,t,A)+o(€2),
t" =t+er(xt,A) +o(sz), (52)
u” :u+sr](x,t,A)+o(€2),

where &, 7,7 are infinitesimal functions and ¢ is a small
continuous parameter. The associated Lie algebra is spanned
by

x—f(xtA)i+r(xtA)i+ (xtA)i (53)
TOTRR A G T G TR A5,
The prolonged generator can be defined

o

o 9
PrePIX — E(x,1, A t, A
T E(x,t,A) — 57 +1(x,t, A) — 3

0
+1(x,t, A) ta(D"‘A) (54)
B,x 0 Boxx 0
T (DEA) S (D¥A)



On the basis of the infinitesimal invariance criterion, one can
get

PrX[F)|,_, =0, (55)
where
F=D*A+ADPA+a A’DPA+a,DFA.  (56)

The operators 1", #**, 7#** are fractional extended symme-
try operators defined as follows[64]:

™ = Df (n) + €D (A,) - D (§A,)
+ D% (A(D,1)) - DX (zA) + tD*' A,
7 = D (n) + DE (A(D,£)) - D™ (£4) (57)
+EDE™ (A) +DE (4,) - DL (xA,),
= D () = 4, D5 ©) - A4,DL @),

where the symbols D,,D, represent the total derivative
operators defined by

D, =0,+A,0,+ AttaAt +Axtan +oee,
(58)
D,=0,+A,0, +Axxan +AxtBAt o

Second, the conserved vectors of the STFmKdV equation
are investigated as follows. Applying the second prolongation

PrioPA X we get
7+ P + 24, AnDP A + a, AP + P = 0 (59)

Substituting (57) and (58) into (59), and equating the coef-
ficients of alike partial derivatives of u, we can obtain the
determining equations

& =8a=T,=14=1Maa =0,

ar, -3¢, =0,

<a)a(x17 _< o )DnHT:O
t Ha t >
n n+1
<ﬁ>afm;—< F )D?“E=0,
n n+1

a;xrl - Aa;xrlA +A (a;xrl - A) a;xﬂA + aOAZrIx T A Msexx

(60)

=0.

Solving these equations, the infinitesimals can be derived in
the following form:

c
&= —1x+c2,
B
3¢q
T= 7t+c3, (61)
3 -1
a (B )A

TR
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where ¢, ¢, ¢; are arbitrary constants. Thus, the correspond-
ing infinitesimal generator can be written

3A(B-1) 9
— 5 oA

x 0 3tad
“Box wor (62)
4.2. Nonlinear Self-Adjointness. The concept of nonlinear self
adjoint is proposed in the application of new conservation
theorem to the conservation laws of equations. This concept
is extended to the space-time fractional partial differential
equations. The lagrangian form of nondissipative STFmKdV
equation is given by

% =v(x,t) [DfA+ADEA +a, A’DEA + a,DF A], (63)

where v(x,t) is a new dependent variable. The adjoint

equation of the STFmKdV equation is defined by

. 0Z
F=—=0, 64
A (64)
where §/8A is the Euler-Lagrange operator. According to (63)
and (64), the adjoint equation of STFmKdV equation can be
obtained as follows:
F* = (DY) v+ (alA2 - A) (Df)* v-a, (Diﬁ)* v
(65)
=0.

Here, (D;)", (Df)* are the adjoint operators of D, Df. For
the Riemann-Liouville fractional differential operators, the
corresponding adjoint operators[41] have the following form:

o\ * n n-a n o
(ODt) = (-1 Iy (Dt) = Ct‘DT’
. c (66)
(6DF)" = Y 7P (DY) = {Dp

where I7%, I;"_ﬁ are the right fractional integral operators of
order n — o, m — f3, defined by

I f (x,1) = r(nl_ m LT (T{ (;;;Q_n ’
n=[a]+1,
X (67)
B0 = g [ s
m=[B] +1.

For nonlinear self-adjointness, let us assume v = y/(x,t, A),
where y(x,t, A) # 0.
Substituting v = y(x, t, A) into (65)

(D) + (- 1) (D) v -, [(DF) v
+3 (Diﬁ)* l//AAx +3 (Df)* Yaa (Ax)2

: (68)

+3 (Df) 1//Axqux + 3'l//AA14x‘4xx + 1//A14xxx

*

+ V’AAAAx3] =F.
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By using the method of undetermined coefficients, we obtain
the following cases[64, 65]:

case I 0<fB<1,

vix,t)=C,

for DY = (DY,
(69)
case 2: 0<fB<1,

vix,t) =Cix+C,

o C &
for D} = (D
Here, C,,C,,C, are arbitrary constants. These solutions
of v(x,t) are introduced in the Lagrangian form for the
construction of conserved vectors in the next subsection.

4.3. Conservation Laws. It is well known that C = (C',C*)
is called the conserved vector that satisfies the conservation
equation

D,(C")+D,(C*) =0, (70)

Noether’s theorem is widely adopted to construct the con-
served vectors. Using this method, the conserved vectors are
obtained by using the Noether operators for the Lagrangian
form. According to[40], the fractional Noether operator for
the variable x, t has been given.

Before constructing the conserved vectors, we should
consider the Lie characteristic function for the Lie symmetry
infinitesimal generator X = & (0P /0xP) + (0% /ot*) + 1(0/0A).
The Lie characteristic function is defined by
3A(B-1) «x 3t

3 ﬁAx " A, (71)

Then, the fractional Noether operator for ¢ of the

STFmKdV-Burgers equation is

W=n-8A,-7A, =

Ct—nf(—l)kD"“l‘k(W)Dk or (72)
) t "\o(Dra) )’

k=0

Similarly, the fractional Noether operator for x of the
STFmKdV-Burgers equation is

m—1 *

1 F

Cc* =Y (-)*DE*F w) D a—ﬁ , (73)
k=0 3 (DkA)

Substituting the Lagrangian form (65) and (71) into (72) with

case 1 in (69), let C, = 1; the t-component of the conserved

vectors can be obtained:

t 3([)) 1)10( la 31—0L
C=—Z A A I tA;),
Ca R VR CRE SR
as0<a<l,
Ct 3([)) 1) (xl(A) al(A)

B ﬁ

3
- &Dt ' (tAt) >

(75)

asl<a<2,

9
The x-component of the conserved vectors is
3 _ 1 5
C* = |: (ﬁ/g )Dfl(A)_EDfl(xAx)
(76)

- ﬁDf_l (At)] , asl<a<?,
«

In case 2 in (69), let C; = 1,C, = 0; the t-component of
the conserved vectors can be obtained as follows:

3([)) l)loc(A) la(Ax)

Cz”[ B gl

(77)
3 -
——Itl‘x(tAt)], as0<a<l,
o

3([)) 1) (xl(A)__Dotl(Ax)

Cz”[ B B

(78)

- 2Df‘_l (tAt)] L oasl<a<?,
«

The x-component of the conserved vectors is

%DE“ (4) - %Df‘l (xA,)

_ %Dﬁ‘l (At)] _ [3(137[;1)1;—13 (4) (79)
CYpsay 3ps ]
/3136 ( Ax) o Ix (At)

5. The Exact Solutions of
the STFmKdV Equation

Cx=x><[

In this part, we deal with the exact solutions [66-68] of (50).
Using exp(—®(£)) method, the main steps of this method to
solve the space time fractional partial equation can be given
as follows.

Firstly, we introduce the fractional complex transform:

A(xt)=U(),
P yt* (80)
$= r(1+p) T(l+a)’

where v is the wave speed. Substitute (80) into the STFmKdV
equation as follows:
DA+ ADPA+a, A’DPA+a,DFA=0 (8

Equation (81) transforms to an ordinary differential equation

"

U + AU +aUU" +a,U" =0. (82)

Integrating (82) with respect to £ and setting the integration
constant to zero, we have the following equation:

(=v+ AU+ %Us + azU” =0. (83)
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Secondly, balancing the highest order derivative term and
the highest order nonlinear term in (83), we get the balancing
number #n = 1. Thus the solution of (83) takes the form

U@©) = ko + ke ®®, (84)

where ko, k; are constants to be determined later. And ®(&)
satisfies the following auxiliary ordinary differential equation:

@' (§) = exp (- (§)) +nexp (P (§)) + 0. (85)

Substitute (84) and (81) into (83) and collect all terms
with the same degree of exp(—®(£))" together. Equating each
coeflicient of the same degree of exp(—®(&))" to zero, a set of
algebraic equations for ky, k;,1, 0, v can be obtained.

4

a
O (A=) a +noa? + ?0 =0,

e ®@. (A-v) a, + agal + (02 + 271) af =0,

A, (x,t) = \/§p+
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e 220, a062af + 3afa =0,
3

_ aya
20, —031 + Zaf =0.

(86)

Solving the algebraic equation system, we can get the solu-
tions. Let p = ++/0; the solutions of (86) are expressed by

a = \3p,

L 23

bop (87)
\3 (49 + o*

NSWRCICAT))

p

Different solutions of the auxiliary equation (85) have been
given in [68], so we get the solutions of (81). Different cases
are discussed as follows.

Case 1 (hyperbolic function solutions). When o - 4n >
0, n#0,

2n

n#0,

n=0, o#0,

0, o #0,

\Jo? — 4y tanh {( 0% - 471/2> [xﬁ/l“(l +B) - [A + V3 (45 + p*) /p] /T (1 +a) + c”» +o (88)
Case 2 (trigonometric function solutions). When o —4# < 0,
2
A, (x,t) = \/gp + — 1 ’ (89)
\/417 - o%tan {<\/417 - 02/2> [xﬁ/r (1+p)- [)L + V3 (4 + p*) /p] /T (1 + o) + c]} -0
Case 3 (hyperbolic function solutions). When o* — 41 > 0,
A, (x, 1) = V3p
+ (90)
cosh {o [xF/T (1+ B) = [A + V3 (4n+ p*) /p] t%/T (1 + @) + c]} + sinh {o [xF/T (1 + B) = [A + V3 (45 + p*) /p] t/T (1 + &) + ]} - 1
Case 4 (rational function solutions). When o — 41 = 0, 1 #
A {xPIT(1+B) = [A+V3(an+p*) /p| t*/T(1+a) + ¢
JURPTY: Nl G0 Bl LS ELC AT 1T } 1)

B 20 {xB/T(1+B) = [A+V3(4n+p*) /p| /T (L +a) +c} +4
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-100
(@) a=0255=025

(b) u=05B=025

(c) u=0.85,5=0.25

FIGURE 1: The effect of the variation of the dissipation coefficient on the amplitude if the space and time derivative are determined.

Case 5. Wheno® -4 =0, =0, o =0,

As (x,t)
_ 1 (92)
- xB/T(1+B)- [/\+ V3 (41 + p*) /p] tT(1+a)+c

We take the solution of Case 1 as an example to discuss
the influence of fractional derivatives « and 3 on the wave,
respectively.

Figure 1 shows that when the space and time derivative
are determined, the amplitude of the wave decreases as time
increases.

In Figures 2 and 3, we investigate how the parameters
a, [3 affect the nonlinear solitary waves; the corresponding
physical interpretations can be given as follows:

(1) From Figure 2, we can see that the amplitude of
solitary wave increases with increase of 8 value, while the
width of the wave decreases.

(2) Figure 3 shows that when the values of « increase, the
amplitude of solitary waves has an increasing tread; however,
the amplitude of the wave declines more and more quickly.

6. Conclusions

In this paper, using multiscale analysis and turbulence
method, from the basic dynamic multivariable equations
under the baroclinic atmosphere, the integer order mKdV
equation is derived. In Section 3, we use the semi-inverse
method and variational method to derive the STFmKdV
equation under the Riemann-Liouville definition. In Sec-
tion 4, we extend the symmetry analysis of the fractional
equation to obtain the corresponding infinitesimal gener-
ator of the equation. Then we discuss the nonlinear self-
adjointness of the STFmKdV equation and finally get the
conservation vectors of the equation. In Section 5, based on
the STFmKdAV equation, employing the exp(—®(£)) method,
and considering the different cases of the parameters (1, 0),
we obtain five different solutions of the equation.

Note 5. In this paper, we only study the space-time fractional
order equation under the Riemann-Liouville derivative defi-
nition. In future studies, we can also consider the fractional
equation under the Caputo derivative definition.

0.22

0.2t

0.18

0.16 |

0.14 |

0.12

A(x,5)

0.1

0.08 | ! .
0.06 | \ E

0.04 | N g

0.02 1 .
=20 -15 -10 =5 0 5 10 15 20

— B=0.25
-— p=035

— p=05
--- p=075

FIGURE 2: The amplitude of solitary wave A(x, 10) att = 10, 5 = 0.5,
for different value of a.

Note 6. In future studies, we can also consider the conserva-
tion laws of fractional equations under the Caputo derivative
definition.
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