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This paper studies the problemof fixed-time stability of hydraulic turbine governing systemwith the elasticwater hammer nonlinear
model. To control and improve the quality of hydraulic turbine governing system, a new fixed-time control strategy is proposed,
which can stabilize the water turbine governing system within a fixed time. Compared with the finite-time control strategy where
the convergence rate depends on the initial state, the settling time of the fixed-time control scheme can be adjusted to the required
value regardless of the initial conditions. Finally, we numerically show that the fixed-time control ismore effective than and superior
to the finite-time control.

1. Introduction

Hydropower, as a low-cost, zero-polluting, and renewable
energy source, has been deeply developed since the twentieth
century [1]. With the reserves of coal, natural gas, and
other nonrenewable energy sources decreasing gradually
and the serious environmental problems caused by power
generation, hydropower is becoming an increasingly large
proportion of the electricity structure. According to the
current projections provided by international hydropower
industries referring to the next thirty years, a significant
growth in the sector is expected [2]. As a typical nonlinear
complex system and an important part of hydraulic power
generation system, hydraulic turbine governing system is a
hydraulic, mechanical, electrical integrated control system
[3]. The normal operation of the water turbine governing
system is essential to the whole hydraulic power system,
and it even affects the safe and stable operation of the
related power grid, thus affecting the power quality and the
power consumption experience of the users. In view of the
high proportion of the hydropower system in the electricity
structure, the research of the hydraulic turbine governing
system is of great importance.

At present, the control method commonly used in
water turbine control system mainly includes the following:

nonlinear control [4–7], sliding mode control [8–10], PID
control [11–13], fuzzy control [14], fault tolerant control [15],
predictive control [16, 17], and finite-time control [18]. These
control methods have important theoretical and practical
significance for the control of hydraulic turbine governing
system, but they also have their own defects. For example,
feedback control has the time delay problem. The nonlinear
control is targeted, and each nonlinear control strategy is only
suitable for solving some special nonlinear system control
problems. PID control is difficult to balance the stability
time and overshoot. When the initial state of the system
deviates from the equilibrium point, it is difficult for the
control system to restore the system to the equilibrium point;
fuzzy control is difficult to adapt to the requirements of
large-scale adjustment, and it needs to constantly adjust the
control rules and parameters. The effect of fault tolerant
control is greatly influenced by the delay of fault detection
and separation, and the long time delay will cause serious
stability problem. Predictive control’s accuracy is not very
high, and the optimization process needs to be performed
online repeatedly; in finite-time control, the stability of the
system is affected by the initial state of the system. All the
above control strategies can ensure the exponential stability
of the system, while the adjustment time affected by the
initial state of the system is not always short enough. The
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fixed-time stability control not only ensures the exponential
stability and the shorter adjustment time but also has stronger
robustness and disturbance rejection ability than the above
control strategies.

The definition of the fixed-time stability was firstly pro-
posed by Polyakov in [19], and this definition was evolved
from the definition of finite-time stability. Finite-time control
theory has been widely used in Cucker-Smale systems [20],
complex dynamic network systems [21], PMSM [22], delay
neural networks systems [23], chaotic systems [24], and so
forth. Compared with the finite-time control, the fixed-time
control has the characteristic that the maximum adjustment
time is not affected by the initial conditions. In view of many
advantages of fixed-time control, the control method has
been widely used in multiagent systems [25], aircraft systems
[26], robot systems [27], neural network systems [28–31], and
chaotic systems [32, 33].

In [16], a six-dimensional nonlinear mathematical model
for the elastic water hammer of hydraulic turbine governing
system is presented. Based on the six-dimensional nonlinear
mathematical model, this paper analyzes the system running
state without controllers. Comparing the operation status
of the system under the fixed-time control strategy and the
finite-time control strategy, we find that the control strategy
used in this paper can directly calculate the system’s settling
time.The settling time is independent of the initial state of the
system. In conclusion, whether the initial state of the system
changes or not, we can use the fixed-time control strategy to
make the system achieve stable state quickly.

2. Fixed-Time Stability of Hydraulic Turbine
Governing System

2.1. System Modeling and Preliminaries. For the convenience
of analysis, we give some necessary definitions and lemmas
in advance.

Definition 1 (see [19]). Consider the following nonlinear
dynamic system:

�̇� = 𝑓 (𝑥) , (1)

where 𝑥 ∈ 𝑅𝑛 is the system state, 𝑓 is a smooth nonlinear
function. If, for any initial condition, there exists a fixed
settling time𝑇0, which is not connectedwith initial condition,
such that

lim
𝑡→𝑇0

‖𝑥 (𝑡)‖ = 0 (2)

and ‖𝑥(𝑡)‖ ≡ 0, if 𝑡 ≥ 𝑇0, then this nonlinear dynamic system
is said to be fixed-time stable.

Lemma 2 (see [34]). Suppose there exists a continuous func-
tion such that 𝑉(𝑡) : [0,∞) → [0,∞) such that

(1) 𝑉 is positive definite,
(2) there exist real numbers 𝑐 > 0 and 0 < 𝜌 < 1, such that

�̇� (𝑡) ≤ −𝑐𝑉𝜌 (𝑡) , 𝑡 ≥ 𝑡0 (3)

and then one has

𝑉1−𝜌 (𝑡) ≤ 𝑉1−𝜌 (𝑡0) − 𝑐 (1 − 𝜌) (𝑡 − 𝑡0) , 𝑡0 ≤ 𝑡 ≤ 𝑡∗,
𝑉 (𝑡) = 0, 𝑡 ≥ 𝑡∗, (4)

of which

𝑡∗ = 𝑡0 + 𝑉
1−𝜌 (𝑡0)𝑐 (1 − 𝜌) . (5)

Lemma 3 (see [19]). If there exists a continuous radically
unbounded function 𝑉 : 𝑅𝑛 → 𝑅+ ∪ |0|, such that

(1) 𝑉(𝑥) = 0 ⇔ 𝑥 = 0,
(2) any solution 𝑥(𝑡) satisfied the inequality 𝐷∗𝑉(𝑥(𝑡)) ≤−𝛼𝑉𝑝(𝑥(𝑡)) − 𝛽𝑉𝑞(𝑥(𝑡)) for some 𝛼, 𝛽, and 𝑝 = 1 −1/2𝛾, 𝑞 = 1 + 1/2𝛾, and 𝛾 > 1, where 𝐷∗𝑉(𝑥(𝑡))

denotes the upper right-hand derivative of the function𝑉(𝑥(𝑡)),
Then the origin is globally fixed-time stable and the

following estimate holds:

𝑇 (𝑥0) ≤ 𝑇max fl
𝜋𝛾
√𝛼𝛽, ∀𝑥0 ∈ 𝑅𝑁. (6)

Lemma 4 (see [35]). If 𝑥1, 𝑥2, . . . , 𝑥𝑁 ≥ 0, then
𝑁∑
𝑖=1

𝑥𝜂𝑖 ≥ (
𝑁∑
𝑖=1

𝑥𝑖)
𝜂

, 0 < 𝜂 ≤ 1,
𝑁∑
𝑖=1

𝑥𝜃𝑖 ≥ 𝑁1−𝜃(
𝑁∑
𝑖=1

𝑥𝑖)
𝜃

, 𝜃 > 1.
(7)

2.2. Main Results. Here, we use the nonlinear model of the
water turbine strike system proposed in [18]:

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3 + 𝑦
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [𝑚𝑡 − 𝐷𝜔 − 𝑃𝑒]
̇𝑦 = − 𝑦𝑇𝑦 ,

(8)

where

𝑃𝑒 = 𝐸

𝑞𝑉𝑠𝑥
𝑑Σ

sin 𝛿 + 𝑉2𝑠2
𝑥𝑑Σ − 𝑥𝑞Σ𝑥
𝑑Σ
𝑥𝑞Σ sin 2𝛿

𝑚𝑡 = 𝑏3𝑦 + (𝑏0 − 𝑎0𝑏3) 𝑥1 + (𝑏1 − 𝑎1𝑏3) 𝑥2
+ (𝑏2 − 𝑎2𝑏3) 𝑥3
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𝑥𝑑Σ = 𝑥𝑑 + 𝑥𝑇 + 12𝑥𝐿
𝑥𝑞Σ = 𝑥𝑞 + 𝑥𝑇 + 12𝑥𝐿
𝑏0 = 24𝑒𝑦𝑒𝑞ℎℎ𝜔𝑇3𝑟 ,
𝑏1 = −24𝑒𝑒𝑦𝑒𝑞ℎ𝑇2𝑟 ,
𝑏2 = 3𝑒𝑦𝑒𝑞ℎℎ𝜔𝑇𝑟 ,
𝑏3 = −𝑒𝑒𝑦𝑒𝑞ℎ ,
𝑎0 = 24𝑒𝑞ℎℎ𝜔𝑇3𝑟 ,
𝑎1 = 24𝑇2𝑟 ,
𝑎2 = 3𝑒𝑞ℎℎ𝜔𝑇𝑟 .

(9)

𝑥1,𝑥2, and𝑥3 are state variables; 𝛿 is the generator rotor angle,𝜔 is the relative value of generator speed, 𝑦 is the incremental
deviation of the guide vane opening,𝐷 is generator damping
coefficient, 𝑒 is intermediate variable, 𝑒𝑞ℎ is the first-order
partial derivative value of flow rate with respect towater head,𝑒𝑦 is the first-order partial derivative value of torque with
respect to wicket gate, 𝐸𝑞 is the transient internal voltage
of the armature, ℎ𝜔 is characteristic coefficient of water
diversion system, 𝑚𝑡 is torque relative value of hydraulic
turbine, 𝑇𝑦 is relay reaction time constant, 𝑥𝑑 is the direct
axis transient reactance, 𝑥𝑞 is the quartered axis reactance,𝑥𝑇 is the short circuit reactance of the transformer, 𝑥𝐿 is the
reactance of the electric transmission line, and 𝑉𝑠 is the bus
voltage at infinity.

From system (8), we can see that 𝑃(0, 0, 0, 𝑚, 0, 0) is a
point of equilibrium of the system, where 𝑚 is a constant. In
order to make the system fast and stable to the equilibrium
point 𝑃, the fifth and sixth subsystems of model (8) are added
with the controllers 𝑢𝜔 and 𝑢𝑦, and the controlled system is
formed as follows:

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3 + 𝑦
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [𝑚𝑡 − 𝐷𝜔 − 𝑃𝑒] + 𝑢𝜔
̇𝑦 = 1𝑇𝑦 (−𝑦 + 𝑢𝑦) .

(10)

Theorem 5. The hydraulic turbine governing system (10) can
become stable in a fixed time, under the following controllers:

𝑢𝑦 = −𝑘1sign (𝑦) 𝑦𝛼 − 𝑘1sign (𝑦) 𝑦𝛽
𝑢𝜔 = −𝑚𝑡 − 𝑃𝑒 − 𝑏3 ⋅ 𝑦𝑇𝑎𝑏 − 𝑘2sign (𝜔) |𝜔|𝛼

− 𝑘2sign (𝜔) |𝜔|𝛽 ,
(11)

where the parameters 𝛼 and 𝛽 satisfy 0 < 𝛼 < 1 and 𝛽 > 1 and
the parameters 𝑘1 and 𝑘2 are tuning parameters of the terminal
attractor.

Proof. Here, we use the two-step method of two steps to
prove that the system is stable for the fixed time; for the
sixth subsystem of system (10), we put 𝑢𝑦 into the controlled
subsystem, and we can have the following relationship:

𝑑𝑦𝑑𝑡 = 1𝑇𝑦 (−𝑦 − 𝑘1sign (𝑦)
𝑦𝛼 − 𝑘1sign (𝑦) 𝑦𝛽) . (12)

The Lyapunov function is constructed as follows:

𝑉1 (𝑡) = 𝑦22 . (13)

The derivative along the trajectory of the sixth subsystem in
(10) can be obtained:

𝑑𝑉1 (𝑡)𝑑𝑡 = 𝑦𝑑𝑦𝑑𝑡 = 𝑦𝑇𝑦 [−𝑦 − 𝑘1sign (𝑦)
𝑦𝛼

− 𝑘1sign (𝑦) 𝑦𝛽] = − 1𝑇𝑦 (𝑦
2 + 𝑘1 𝑦𝛼+1

+ 𝑘1 𝑦𝛽+1) ≤ − 𝑘1𝑇𝑦 [(𝑦
2)(𝛼+1)/2 + (𝑦2)(𝛽+1)/2]

= − 𝑘1𝑇𝑦 [(
𝑦22 )
(𝛼+1)/2 ⋅ (12)

−(𝛼+1)/2 + (𝑦22 )
(𝛽+1)/2

⋅ (12)
−(𝛽+1)/2] = − 𝑘1𝑇𝑦 ⋅ 2

(𝛼+1)/2𝑉(𝛼+1)/21 (𝑡) − 𝑘1𝑇𝑦
⋅ 2(𝛽+1)/2𝑉(𝛽+1)/21 (𝑡) ,

(14)

where

𝑚 = 𝑘1𝑇𝑦 ⋅ 2
(𝛼+1)/2,

𝑛 = 𝑘1𝑇𝑦 ⋅ 2
(𝛽+1)/2,

𝑝 = 𝛼 + 12 ,
𝑞 = 𝛽 + 12 .

(15)
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According to Lemma 3, we know that the sixth subsystem in
model (10) is stable in fixed time:

𝑡1 = 𝜋𝑇𝑦𝑘1 (𝛽 − 𝛼) ⋅ 2(𝛼+𝛽−2)/4 (16)

which means that the system state variable 𝑦 satisfies the
following relation 𝑦 = 0 when 𝑡 ≥ 𝑡1. And

�̇�1 = 𝑥2
�̇�2 = 𝑥3
�̇�3 = −𝑎0𝑥1 − 𝑎1𝑥2 − 𝑎2𝑥3
̇𝛿 = 𝜔0𝜔
�̇� = 1𝑇𝑎𝑏 [(𝑏0 − 𝑎0𝑏3) 𝑥1 + (𝑏1 − 𝑎1𝑏3) 𝑥2
+ (𝑏2 − 𝑎2𝑏3) 𝑥3 − 𝐷𝜔 − 𝑃𝑒] + 𝑢𝜔.

(17)

To this end, we select the following Lyapunov function:

𝑉2 (𝑡) = 𝜔22 . (18)

Thus,

𝑑𝑉2 (𝑡)𝑑𝑡 = 𝜔𝑑𝜔𝑑𝑡 = 𝜔 [−𝐷𝜔𝑇𝑎𝑏 − 𝑘2sign (𝜔) |𝜔|
𝛼

− 𝑘2sign (𝜔) |𝜔|𝛽] = −𝐷𝜔2𝑇𝑎𝑏 − 𝑘2 |𝜔|
𝛼+1

− 𝑘2 |𝜔|𝛽+1 ≤ −𝑘2 |𝜔|𝛼+1 − 𝑘2 |𝜔|𝛽+1
= −𝑘2 [2(𝛼+1)/2 ⋅ (𝜔22 )

(𝛼+1)/2 + 2(𝛽+1)/2

⋅ (𝜔22 )
(𝛽+1)/2] = −𝑘2 ⋅ 2(𝛼+1)/2𝑉(𝛼+1)/22 (𝑡) − 𝑘2

⋅ 2(𝛽+1)/2𝑉(𝛽+1)/22 (𝑡) ,

(19)

where

𝑚 = 𝑘2 ⋅ 2(𝛼+1)/2,
𝑛 = 𝑘2 ⋅ 2(𝛽+1)/2,
𝑝 = 𝛼 + 12 ,
𝑞 = 𝛽 + 12 .

(20)

According to Lemma 3, we can show that the fourth and fifth
subsystems in model (10) are stable in fixed time:

𝑡2 = 𝜋𝑘2 (𝛽 − 𝛼) ⋅ 2(𝛼+𝛽−2)/4 (21)

whichmeans that when 𝑡 ≥ 𝑡2, then 𝜔 = 0 and ̇𝛿 = 0. In other
words, when 𝑡 ≥ 𝑡1 + 𝑡2, the value of 𝛿 tends to be stable.

To sum up, when 𝑡 ≥ 𝑡3, where 𝑡3 = 𝑡1 + 𝑡2 + Δ𝑡 and Δ𝑡 is
the time from 𝑦 = 0 to 𝑢𝜔 acting onmodel (10), the hydraulic
turbine governing system (10) is stable under the controllers𝑢𝑦 and 𝑢𝜔. That is, the system is stable in a fixed time, and the
theorem is proved.

3. Numerical Simulations

In this section, numerical results are provided to verify the
theoretical results. The system parameters and controller
parameters in this paper are 𝜔0 = 314, 𝑇𝑎𝑏 = 8.0, 𝐷 = 0.5,𝐸𝑞 = 1.35, 𝑥𝑑Σ = 1.15, 𝑥𝑞Σ = 1.474, 𝑇𝑦 = 0.1, 𝑉𝑠 = 1.0,𝑒𝑞ℎ = 0.5, 𝑒𝑦 = 1.0, 𝑇𝑟 = 1.0, ℎ𝜔 = 2.0, 𝑟 = 0, 𝑎0 = 24, 𝑎1 = 24,𝑎2 = 3, 𝑏0 = 24, 𝑏1 = 33.6, 𝑏2 = 3, and 𝑏3 = −1.4, respectively.
The simulation sampling time is 0.0001 s, and the initial states
are (𝑥1, 𝑥2, 𝑥3, 𝛿, 𝜔, 𝑦) = (0.1, 0.1, 0.1, 0.1, 0.1, 0.1).

Figures 1(a)–1(c) are the response curves of the system
variables 𝛿, 𝜔, and 𝑦 when the hydraulic turbine governing
system is not controlled. From Figure 1, it is clear that the
steady state of the system state variable 𝑦 is about 0.6 s before
being controlled.The state of the system variables 𝛿 and𝜔 are
aperiodic and are always in a state of instability.

Figures 2(a)–2(b) are the response curves of the fixed-
time controllers 𝑢𝜔 and 𝑢𝑦, respectively. In this simulation,𝑢𝑦 acts on the hydraulic turbine governing system in 0.3 s,
and 𝑢𝜔 acts on the hydraulic turbine governing system in
0.75 s. Figures 3(a)–3(c) are the response curves of the system
variables 𝛿, 𝜔, and 𝑦 after the fixed-time controllers 𝑢𝑦 and𝑢𝜔 are applied to the hydraulic turbine governing system,
respectively. From Figure 3, it is clear that when the system
is coupled with 𝑢𝑦 in 0.3 s and 𝑢𝜔 in 0.75 s, the system state
variable 𝑦 reaches a stable state at 0.326 s, and the system state
variables 𝛿 and 𝜔 achieve stable state at 2 s, simultaneously.
The simulation results show that the system can achieve a
stable state in a short time by fixed-time controllers, and the
control effect is achieved.

In order to make a fair comparison between fixed-
time control and finite-time control, the parameters, initial
conditions, and the tuning parameters of the terminal attrac-
tor are the same in this paper. Figures 4(a)–4(c) are the
comparison of response curves of system state variables 𝛿, 𝜔,
and 𝑦 with fixed-time controllers and finite-time controllers,
respectively. From Figure 4, it is obvious that the settling
time of system state variable 𝑦 under the action of fixed-time
controllers is mostly equal to the settling time of system state
variable 𝑦 under the action of the finite-time controllers. The
system state variables 𝛿 and 𝜔 achieve stable state at 2 s under
the action of fixed-time controllers, simultaneously. And the
system state variables 𝛿 and 𝜔 achieve stable state at 2.07 s
under the action of finite-time controllers, simultaneously.
The fixed-time controllers stabilize the nonlinear system
faster than finite-time controllers do. Thus, the fixed-time
method has the better capacity to handle a nonlinear system
in a short time.

To explore the relationship between the settling time and
the values of the parameters 𝛼 and 𝛽 experimentally, we
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Figure 1: The response of the system without controller.
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Figure 3: The response of the system with fixed-time controllers.

select system state variables 𝛿, 𝜔, and 𝑦 to demonstrate the
settling time. Figures 5(a)–5(c) and Figures 6(a)–6(c) are,
respectively, the effects of different control parameters 𝛼 and𝛽 on the state variables 𝛿, 𝜔, and 𝑦 under the fixed-time
controllers. In Figure 5, the parameter values are 𝛽 = 1.5
and𝛼 = 0.3, 0.4, 0.5, 0.6, 0.7. In Figure 6, the parameter values
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Figure 4: Comparison of converging speed of fixed-time and finite-
time controllers.
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Figure 5: Response of 𝛼 of the system controlled by fixed-time controllers.

are 𝛼 = 0.5 and 𝛽 = 1.1, 1.3, 1.5, 1.7, 1.9. In Figures 5 and 6,
the system parameters and other controller parameters and
tuning parameters of the terminal attractor are consistent
with the previous sections. The simulation results clearly
show that changing the controller parameters 𝛼 and 𝛽 can
change the time of the system state variables 𝛿 and 𝜔 to reach
the steady state. But the time of the system state variable 𝑦 to
reach the steady state is almost the same. And the smaller the𝛼 and 𝛽 value of the system are, the faster the settling time
will be. Moreover, the influence of 𝛽 on the settling time of
the system state variables 𝛿 and 𝜔 is less than the influence
of 𝛼 on the settling time of the system state variables 𝛿 and𝜔. The simulation results are consistent with the theoretical
analysis of the maximum stable time 𝑡3 of the system in the
previous section. Moreover, the values of 𝛼 and 𝛽 also affect
the stability value of the system state variable 𝛿. That is to

say, we can get the size of the system state variable 𝛿 to the
numerical value we need by controlling the size of 𝛼 and 𝛽.

In order to explore the effect of the initial state of
hydropower system with fixed-time controllers, we com-
pared the response of three different initial conditions
of the hydropower system. Figures 7(a)–7(c) show the
response of the system state variables 𝛿, 𝜔, and 𝑦 at
different initial conditions with the fixed-time controllers𝑢𝜔 and 𝑢𝑦, respectively. From Figures 7(a)–7(c), it is
clear that when the initial states of system are 𝑆1 =(0.08, 0.08, 0.08, 0.08, 0.08, 0.08), 𝑆2 = (0.1, 0.1, 0.1, 0.1, 0.1,0.1), and 𝑆3 = (0.12, 0.12, 0.12, 0.12, 0.12, 0.12) and the
system is coupled with 𝑢𝑦 at 0.3 s and 𝑢𝜔 at 0.75 s, the system
state variables 𝛿 are stable at 1.92 s, 2 s, and 2.22 s, respectively.
The system states variables 𝜔 are also stable at 1.92 s, 2 s, and
2.22 s, respectively. The system state variables 𝑦 are all stable
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Figure 6: Response of 𝛽 of the system controlled by fixed-time controllers.

at 0.326 s. These simulation results show that when the initial
state of the system changes, the settling times of the system
state variables have changed, but they are not more than
theoretical deduction time 𝑡3. That is to say, the simulation
results are consistent with the theoretical derivation.

4. Conclusions

In this paper, to ensure the safe and stable operation of
hydraulic turbine governing system, a new control method
based on the fixed-time theory is proposed. Compared
with the finite-time control method, the hydraulic turbine
governing system under the fixed-time controllers has more
advantages: better robustness, fast response ability, and the
setting time to reach the stable state being regardless of
the initial state. Finally, the effectiveness and superiority of

the proposed control method are verified by the simulation
results. Note that time delay may influence the dynamic
behavior of the system; the fixed-time control of hydraulic
turbine governing system with time delay is our future
direction.
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