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Abstract. 
Elastic stress analysis of rotating variable thickness annular disk made of functionally graded material (FGM) is presented. Elasticity modulus, density, and thickness of the disk are assumed to vary radially according to a power-law function. Radial stress, circumferential stress, and radial deformation of the rotating FG annular disk of variable thickness with clamped-clamped (C-C), clamped-free (C-F), and free-free (F-F) boundary conditions are obtained using the numerical finite difference method, and the effects of the graded index, thickness variation, and rotating speed on the stresses and deformation are evaluated. It is shown that using FG material could decrease the value of radial stress and increase the radial displacement in a rotating thin disk. It is also demonstrated that increasing the rotating speed can strongly increase the stress in the FG annular disk.



1. Introduction
Functionally graded materials (FGMs) are a type of composite materials that attracted considerable attention in recent years due to their thermomechanical properties. The first idea for producing FGMs was their application in high temperature environment and the improvement of their mechanical properties under complex thermal and mechanical loads. Rotating functionally graded disks find their application in ship propellers, aerospace structures, flywheels, and internal combustion engines. In many of these applications, the structure is under sever mechanical loading and the material can operate under such severe loadings [1–4].
Lamb and Southwell [5] for the first time investigated the vibrations of spinning disk. They obtained the natural frequencies of rotating, homogenous, constant thickness circular disk using exact solution. Southwell [6] extended the Lamb’s work and analyzed the effects of rotation on the vibrations of uniform homogeneous circular disk, more deeply. Deshpande and Mote [7] presented a model for in-plane vibration of rotating thin disk. Their model accounts for the stiffening of the disk due to the radial expansion resulting from its rotation. Asghari and Ghafoori [8] presented a 3D semianalytical solution for obtaining elasticity response of the rotating FG disks. They investigated effect of various parameters on the stresses and radial deformation.
Lee and Ng [9] used the assumed modes method to formulate the equations of motion of rotating homogeneous annular plates. They assumed the thickness of the plate to vary linearly and exponentially and they obtained the natural frequencies and critical speeds for vibration modes. Shahriari et al. [10] applied generalized differential quadrature method (GDQM) for studying free vibration of rotating disk with attached rigid blades. They obtained the natural frequencies and critical speeds of a rotating bladed disk that can be used in real aircraft gas turbine engine. Kermani et al. [11] used differential quadrature method (DQM) to solve the equations of motion of rotating FG annular plates. They obtained the natural frequencies and critical speeds of the plates and evaluated the effects of the graded index, angular velocity, and geometric parameters on the modal data. Jalali et al. [12] studied the free vibration of rotating FG disk of variable thickness using GDQ method. They evaluated the effects of geometrical and material properties of the rotating FG disk on the natural frequencies and critical speeds.
Nie and Batra [13] investigated the stress of the isotropic, linear thermoelastic, and incompressible FG rotating disks of variable thickness. They solved the ordinary differential equation analytically and also numerically by the DQ method. Zafarmand and Hassani [14] used graded finite element method to study the stress in rotating FG circular thick disks with variable thickness. They investigated the displacements and stress for four different thickness profiles. Bayat et al. [15] solved the equations of motion of rotating disks of variable thickness by a semianalytical method and also by an exact solution. In the semianalytical method, they assumed that the disk consists of some rings. The variation of the mechanical properties and thickness of the plate were graded by power-law function in their paper. Çallioǧlu et al. [16] analyzed the stress of uniform FG rotating disks, numerically and analytically. They used finite element method and Ansys software to obtain the radial and circumferential stress and radial displacement of rotating FG disks and compared the numerical results with the results obtained analytically. They also investigated the effects of the graded index on the stresses and displacements. Gutzwiller and Turner [17, 18] developed computer software for automated design optimization of rotating bladed disks. They used finite difference method for obtaining the stresses and displacements and they assumed various thickness variations of the plate in their research.
Carrera et al. [19] proposed a 1D FE method for 3D thermoelastic analysis of rotating disk with variable thickness. They considered four types of temperature variation along the radius of the disk and validated their results through comparing them with those of finite difference method and analytical method. Kouchakzadeh and Entezari [20] and Entezari and Kouchakzadeh [21] presented analytical solutions for the problem of generalized coupled thermoelasticity in rotating disks subjected to mechanical and thermal shock loads. Vivio et al. [22] carried out a stress analysis in rotating disk without singularities and with temperature distribution along the radial direction. They assumed the thickness variation of the disk to be hyperbolic and solved the equation analytically.
To the best of the author’s knowledge, elastic stress analysis of rotating functionally graded annular disks has not been performed in the literature. In this paper, finite difference method is used for solving the equations of motion of rotating FG annular plates with variable thickness. The variation of Young’s modulus, density, and thickness of the disk in radial direction are assumed to be graded by power-law function. The equations of motion are obtained considering the plane stress condition. The boundary conditions of the disk are assumed to be (C-C), (C-F), and (F-F). The effects of the graded index, thickness variation, and angular velocity on the radial and circumferential stress and radial displacement are evaluated.
2. Governing Equations
An annular FG plate with outer radius , inner radius , thickness , and outer surface thickness , which is rotating with angular velocity , is shown in Figure 1. As can be seen, thickness  is variable in the radial direction.




	
	
		
			
				
					
				
			
		
		
		
			
				
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
		
			
		
			
				
					
				
					
				
				
					
				
			
		
		
			
		
			
				
					
				
					
				
				
					
				
			
		
		
			
				
					
				
					
				
			
		
		
			
		
			
		
			
		
			
		
			
	


Figure 1: Rotating annular FG plate.


The plane stress equilibrium equation in the radial direction by considering the variation of the thickness iswhere  is the radial stress,  is the circumferential stress,  is the thickness,  is rotating speed of the plate, and  is the density. By considering that the plate is axisymmetric (), the Kirchhoff strain-displacement relations become as follows:where  is the radial displacement. The stress-strain relations are given by where  is Young’s modulus and  is Poisson ratio which is assumed to be constant. By substituting (2) in (3), stresses are obtained in terms of radial displacement:Also, we can rewrite (4) in the following form:where , ,  are the stiffness terms and can be found easily. By substituting (5) in to (1), the equilibrium equation is obtained in terms of radial displacement and the obtained equation should be solved by considering the boundary conditions. Equations (6)–(8) present the boundary condition equations for (C-C), (C-F), and (F-F) boundary conditions, respectively.
Clamped-Clamped (C-C)
Clamped-Free (C-F)
Free-Free (F-F)
3. Finite Difference Method
In the finite difference method, the disk is discretized along  radial stations. The method consists of developing an expression for radial stress using three consecutive points [18]. At the end of the process, there are  equations for the inner points and two known radial stress boundary equations for the inner and outer surface of the disk. The radial displacements are the unknown variables in the final  matrix equation [18]. In this paper, the stiffness terms (, , ), thickness (), stresses (), and displacement () are the functions of radius () because Young’s modulus is dependent on radius. Figure 2 shows the numbering scheme used in the method.




	
	
		
			
		
			
		
			
		
		
		
		
		
		
		
			
				
					
				
					
				
			
		
		
			
				
					
				
					
				
				
					
				
			
		
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
	


Figure 2: Numbering scheme in radial direction.


The radial stress can be estimated over intervals  and  from (5) [18]:wherewhere  and . Similar expressions can be written for .
By integrating (1) and the second equation of (5) over intervals 1-2 and 0-1 and using the above expressions,where
Now, we can develop expressions for  in intervals 1-2 and 0-1. By omitting  from (10) and (12) and substituting (14) in the resulting equation, the following expression for  in terms of known quantities in the interval 1-2 is obtained:
Also, by omitting  from (9) and (13) and substituting (15) in the resulting equation, the following expression for  in the interval 0-1 is obtained [18]:
By equating the right side of (18) and (17) and substituting , , , an equation with unknowns , ,  can be obtained. The following equation leads to a system of () equations. The two remaining equations come from the discretization of the boundary conditions:
In order to obtain the two remaining equations, the boundary conditions should be discretized. For the clamped boundary condition in inner or outer surfaces, the radial displacement in boundary surfaces should be zero. Thus, the boundary equations for (C-C) boundary conditions are as follows. 
Clamped-Clamped (C-C)By applying the displacements of nodal points , ,  and the displacement of nodal points 1, 2, 3 to (5), the boundary equations are as follows.
Clamped-Free (C-F)
Free-Free (F-F)
The discussed discretization leads to system of  linear equations with the radial displacement () as the unknown variable. Once the radial displacement in nodal points is calculated, radial stress in each point can be obtained using (17) or (18).
The boundary values for tangential stress can be obtained by (25) which are similar to (22) and (23) for radial stress boundary values. Once the radial displacements in all the points are calculated, the boundary tangential stress values can be obtained using (25) and tangential stress values in the inner points of the disk can be obtained using (14) or (15).
Young’s modulus, density, and thickness of the disk are varied in radial direction using the following power-law functions:where  is the graded index and  is the parameter for the variation of the thickness in radial direction.
4. Numerical Results
For the numerical stress analysis, the inner and outer radii of the plate are m and m. The thickness in the outer surface is ;  and  are the assumed Young’s modulus and density in the outer surface, respectively. The angular velocity is assumed to be 15000 rpm.
Figure 3 shows the variation of radial stress () in the radial direction of rotating uniform disk with (F-F) boundary conditions for , , . As it should be,  in the inner and outer radii is zero. As it is obvious from the figure, there is a good agreement between the present results and results obtained in [16], in which the solution is obtained by numerical and analytical methods. It can be seen that using FG material can reduce the values of radial stress in rotating disks because radial stress has lower value for  and  when compared with the results for . Also, it can be observed that the location of maximum stress in the disk shifts toward the outer surface for the FG material with  and . Figure 4 shows the circumferential stress variation in the radial direction of rotating uniform disk and Figure 5 shows the radial displacement of the disk for various values of graded index. It also shows good agreement between the results in [16].


	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
		
			
		
		
			
		
			
		
		
		
			
		
		
			
		
			
		
		
		
			
		
		
			
		
			
		
		
	


Figure 3: Variation of radial stress versus radius with (F-F) boundary conditions ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	


Figure 4: Variation of circumferential stress versus radius with (F-F) boundary conditions ().






	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	


Figure 5: Variation of radial displacement versus radius with (F-F) boundary conditions ().


It can be seen that for , the radial displacement is larger than the radial displacement for  and the radial displacement for  is larger than the radial displacement for . It shows that, by using FG material, the radial displacement can increase.
Figures 6 and 7 show the variation of radial stress and circumferential stress in radial direction of uniform disk for (C-C) boundary conditions for , , and , respectively. As it can be seen from the figures,  and  decrease gradually with an increase in the graded index.




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 6: Variation of radial stress versus radius, (C-C) ().






	
	
		
		
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 7: Variation of circumferential stress versus radius, (C-C) ().


Figure 8 shows the radial displacement of rotating uniform disk for (C-C) boundary conditions for different values of graded index. The values of radial displacement increase gradually with an increase in the graded index.




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
		
			
		
	


Figure 8: Variation of radial displacement versus radius, (C-C) ().


In Figures 9–11, the same results are shown for (C-F) boundary conditions. It can be shown that the effect of the graded index on the stresses is independent of the type of the boundary conditions.




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 9: Variation of radial stress versus radius, (C-F) ().






	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 10: Variation of circumferential stress versus radius, (C-F) ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
		
			
		
	


Figure 11: Variation of radial displacement versus radius, (C-F) ().


In Figures 12 and 13, the variation of radial stress and circumferential stress in rotating disk with (F-F) boundary conditions and with different thickness profiles are shown. In these figures, the disk is assumed to be homogeneous (). According to (28), when , the disk has constant thickness; when , it resembles a disk whose thickness decreases parabolically with increase in radius; and when , it resembles a disk whose thickness varies linearly in radial direction. As can be observed, the values of stresses for  are larger than the values of stresses for  and the values of stresses for  are larger than the values of stresses for . It shows that, by using a disk whose thickness decreases toward the outer surface, we can have lower values of stress in the rotating disk.


	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 12: Variation of radial stress versus radius with different thickness profiles, (F-F) ().






	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 13: Variation of circumferential stress versus radius with different thickness profiles, (F-F) ().


Figure 14 shows the variation of radial displacement in the same disk. It can be observed that the values of radial displacement increase gradually with the increase in . It means that, by using a linearly variable thickness disk, the radial displacement is larger than the radial displacement in the other two cases.


	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
		
			
		
	


Figure 14: Variation of radial displacement versus radius with different thickness profiles, (F-F) ().


Figures 15–17 and Figures 18–20 show the radial stress, circumferential stress, and radial displacement for rotating homogeneous disk with (C-F) and (C-C) boundary conditions, respectively. As can be seen from these figures, the stresses and radial displacement in the disk whose thickness decreases toward the outer surface are lower than the other two cases of thickness variations.


	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 15: Variation of radial stress versus radius, (C-F) ().






	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 16: Variation of tangential stress versus radius, (C-F) ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
			
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 17: Variation of radial displacement versus radius, (C-F) ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 18: Variation of radial stress versus radius, (C-C) ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
		
		
		
			
		
		
			
		
		
			
		
		
		
		
	


Figure 19: Variation of circumferential stress versus radius, (C-C) ().




	
	
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
		
			
		
		
			
		
	


Figure 20: Variation of radial displacement versus radius, (C-C) ().


Figures 21–23 show the variation of stresses and displacement in radial direction for (F-F), (C-F), and (C-C) boundary conditions, respectively. In these figures, the graded index () is assumed to be . It can be seen from the figures that, by using linear variable thickness disk, we have the largest radial displacement and stresses.
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(c)
Figure 21: Variation of (a) radial stress, (b) radial displacement, (c) tangential stress of rotating FG plate with (F-F) boundary conditions ().
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(c)
Figure 22: Variation of (a) radial stress, (b) radial displacement, (c) tangential stress of rotating FG plate with (C-F) boundary conditions ().
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(c)
Figure 23: Variation of (a) Radial stress (b) Radial Displacement (c) Tangential stress of rotating FG plate with (C-C) boundary conditions ().


The results for the effect of the thickness variation on stresses and displacement for disks with  and  are the same as each other. It can be concluded that these results are independent of the value of the graded index.
In Figure 24, the variation of radial stress of a rotating FG disk for different values of rotating speed is shown. As it is expected, the radial stress increases significantly with the increase in the rotating speed.




	
	
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
			
		
			
		
			
		
			
	


Figure 24: Variation of radial stress versus radius, (F-F) (, ).


5. Conclusions
In this paper, the numerical finite difference method is used to solve the equations of motion of rotating annular variable thickness disk made of functionally graded materials. Radial and circumferential stresses and radial displacement for both edges clamped (C-C), inner edge clamped, outer edge free (C-F), and both edges free (F-F) boundary conditions were obtained. The effects of various geometric and material properties on the stresses and radial deflection were investigated. The following results are the summary of the most important results of the paper.(1)It was demonstrated that using FG material could decrease the value of radial and circumferential stress and increase the radial displacement in a rotating thin disk.(2)The effects of the thickness variation on the stresses and radial displacement were evaluated. It was shown that, by using linear variable thickness disk, we have the largest radial displacement and stresses.
It was also demonstrated that increasing the rotating speed can strongly increase the stress in a FG annular disk.
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