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The theoretical study of continuous-time homogeneous Markov chains is usually based on a natural assumption of a known
transition rate matrix (TRM). However, the TRM of a Markov chain in realistic systems might be unknown and might even need
to be identified by partially observable data. Thus, an issue on how to identify the TRM of the underlying Markov chain by partially
observable information is derived from the great significance in applications. That is what we call the statistical identification of
Markov chain. The Markov chain inversion approach has been derived for basic Markov chains by partial observation at few states.
In the current letter, a more extensive class of Markov chain on trees is investigated. Firstly, a type of a more operable derivative
constraint is developed. Then, it is shown that all Markov chains on trees can be identified only by such derivative constraints of
univariate distributions of sojourn time and/or hitting time at a few states. A numerical example is included to demonstrate the

correctness of the proposed algorithms.

1. Introduction

The classic study of continuous-time homogeneous Markov
chains usually has a natural assumption that it has a known
transition probability matrix or a transition rate matrix
(TRM). However, the TRM of a Markov chain in realistic
systems might be unknown although it is an underlying
one (named as the underlying Markov chain), and that
is what needs to be identified by observable data. For a
Markov chain with a finite state space, it is determinative
provided that its TRM is identified. In some realistic systems,
moreover, one probably observes the partial motion of the
underlying Markov chain. For example, one can only observe
the sojourn sequences and hitting sequences on one of the
states. Subsequently, one can fit the PDF of sojourn (resp.,
hitting) time by statistical techniques. It is easy and trivial to
identify the TRM of this Markov chain if we know exactly the
PDFs of sojourn time and hitting time of every state.

A natural question arises as to whether it is possible to
identify the TRM by those few states. Due to the transition
relations of states which intercommunicate in the underlying

Markov chain, it is indeed possible. Thus, an issue on how to
identify the TRM of the underlying Markov chain by partially
observable information is derived from the great significance
in applications.

In fact, the continuous-time homogeneous Markov mod-
el which described the gating kinetics of single ion channel is
a good example to show the real application in biophysics and
neuroscience; for example, see [1, 2] and further publications.
In experiments, the transition between the various states can-
not be directly observed and only transitions between a small
number of open states are observable. It is straightforward
to derive the sojourn time and hitting time distributions
for a single state or a small number of states. The PDFs of
sojourn or hitting time generally take the form of a sum of
exponentials (e.g., [2-4]). And the best-fitting approach and
function can be found with a number of readily available
computer programs [5-7].

Unfortunately, once the fitting is completed, it is very dif-
ficult to use these PDFs to identify the TRM of the underlying
Markov chain. The most difficult challenge lies in finding
out the hidden solutions and algorithms to perform the
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reverse operation. Thus, the identification has always been
addressed directly using the maximum likelihood estimate
(MLE) (e.g., see [8-11] and further references) rather than
performing this inversion. Another series of publications
using canonical forms of reduced dimensions analyze finite
two-state trajectories, in which the system is aggregated into
only two states, defined as the on state and the off state
(irreversible transitions are also allowed); see [12, 13] and the
references therein for a review. All of them are powerful.
However, each approach has pros and cons. None of them can
perfectly identify all kinds of Markov chains. In general, for
example, the sojourn times f- and f, may not be sufficient
for parameterizing a given Markov model. This is shown
by [14] where, in general, f. and f, as well as bivariate
distributions of subsequent open and closed times, f,- and
fco» are necessary.

Note that those discarded the prior information from the
underlying topology. Thus, it is indeed possible to perform
the complicated inversion since the prior information from
the underlying architecture of Markov chain is very helpful
to accomplish it. This is what we call statistical identification
of Markov chain (SIMC). We developed a Markov chain
inversion approach (MCIA) to open the possibility of solving
the SIMC. This issue can be reduced to three steps for
applications. The first one is to obtain the necessary data at
the fewest possible states by preprocessing the observed data.
The second one is to accurately fit the corresponding PDFs of
states required by the next step. The final one is to find out
the algorithm to identify the TRM of the underlying Markov
chain by those PDFs. Throughout this paper, we focus our
attention on the final one since there are a number of readily
available approaches to fit those PDFs.

We explore a class of Markov models where reversibility
is maintained. Since some realistic systems obey the principle
of microscopic reversibility or detailed balance, this implied
the reversibility of the Markov chain. At least in applications
to ion channels, an assumption of reversibility is plausible
in many circumstances, corresponding to channels which
are not coupled to a free energy source such as an ion
concentration gradient; for discussion of this assumption,
see [15]. As an example, [16, 17] derived a criterion to
identify whether it is reversible or not in a three-state Markov
system based on the coarse-grained information of two-state
trajectories. Throughout the rest of this paper, the unqualified
term “Markov chain” usually refers to a reversible Markov
chain.

It is well known that classic architectures include star-
graph, linear, and cycle chains. Thus, some general constraints
and the corresponding algorithms for them were explored in
former publications [18-20]. There is no obvious strategy for
selecting the constraints to use for a general model. A key
task is to find out the feasible solutions and the corresponding
algorithms to different classes. Then, a subsequent question
is whether more complicated architectures are identified by
such approach. On this point, any one of them can be
viewed as a tree provided that it contains no cycles. This
implies that the tree is a very important extension of the
star graph and line graph and represents one of the two
classes of topologies (whether containing cycles or not). It
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is known that all Markov chains on trees are reversible [21].
Thus, SIMC on trees will be exploited in this letter, although
some of them are still not applied in real systems. It is
derived that all Markov chains on trees are identified by our
approach. It is mentioned that, for SIMC on trees, the greatest
contribution should be to discover the fundamental way and
the corresponding algorithm to identify the TRM due to
the challenge of performing the reverse operation as stated
earlier. Hence, the work further opens up the possibility of
carrying out the statistical identification for all reversible
Markov chains.

Such approach has obvious advantages over MLE in that
it can identify the most reversible Markov chain without the
requirement of bivariate distributions of subsequent sojourn
time and hitting time and in that the computation is accurate
based on the accurate sojourn time PDFs and the prior
information about the underlying topological structure of the
Markov chain.

This paper is organized as follows. After recalling the
sojourn time distribution, a type of a more operable derivative
constraint is developed in Section 2. In Section 3, the solution
to SIMC on trees is provided by such derivative constraints.
In addition, we address the solutions to three particular
and regular representatives of trees, including theoretical
conclusions, proofs, and algorithms. Finally, a numerical
example is included to demonstrate the correctness of the
proposed model.

2. Distributions of Hitting Time and
Its Derivative Relationships

Throughout this section, diag(: - - ) denotes a diagonal matrix
whose entries on the diagonal are those of them, and T
denotes transpose, 1 a column vector of ones, and 0 a matrix
(vector) of zeros, with the dimensions of these being clear
from their context. Furthermore, A;; and A; denote the
(i, j)th entry and the ith column vector of the matrix A,
respectively.

Let {X, : t > 0} be a reversible Markov chain with finite
state space S = {0, 1,..., M}, conservative TRM Q = (q,-]-)st
such that Q1 = 0(q; > 0, j # &5 q; = —¢q;; > 0), and
equilibrium distribution 7 = [y, 77, ..., 7,,]" such that
m2Qr V2 = (HI/ZQH—l/z)T

@)

7'1=1,

where IT = diag(my, 71y, . . ., ), and the first one (i.e., m;q;; =
m;q;; forany i, j € S) implies the reversibility.

Assume that the state space may be partitioned as S =
€ U0 UO,U---UQO, into r + s(> 1) classes, where
€ denotes the class of closed states (unobservable), O, =
{1,2,...,r} the class of open states being distinguishable (i.e.,
having r different open levels), and O; (i = 2,...,s) the class
of aggregated open states (i.e., having other common open
levels); for example, see [2].

A proper subset O of the open class ® = O, U0, U---U O
is observed such that either 6, € O or O, N O = @ for
k = 2,...,s (this condition allows one to obtain the sojourn
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time and hitting time sequences of O from experimental
recording). Let C = S — O. The state space is now partitioned
as S = O U C. The TRM Q may be partitioned as, by the

classes O and C,
QOO QOC
QCO QCC )

The corresponding partition is used for the equilibrium

distribution 7%; that is, 7' = [7,, 7] .

2.1. Distributions of Hitting Time. The sojourn time and
hitting time of O can be defined as ¢ = inf{t > 0, X, ¢ O}
and 7 = inf{t > 0, X, € O}, with the usual convention that
the infimum over an empty set is infinity, respectively. They
are also the hitting time and sojourn time of C, respectively.

For some basic results on aggregated continuous-time
Markov chains, refer to [1, 2, 20, 22]. Thus, just some of them,
required in the sequel, are now recalled.

For ease of exposition, let N be the number of C, and
C = {1,2,...,N}, I1, = diag(m,,m,,...,7my). Note that Q.
is nonsingular since {X(t)} is irreducible, and hence all the
eigenvalues of Q.. have strictly negative real parts. Assume
that —a;, —«,, ..., —ay are all real eigenvalues of Q.. such
that o; > 0. By symmetric reparameterization with respect
to (-, *)r.» Q. can be diagonalized with an orthogonal matrix

E and we can obtain a matrix W = H;l/ 2E and then set
D =W and A = diag(et;, &, . . ., &y). Then, one can get

Q. =-D'AD,
D'D =11,
3)
DQ,, = -AD,
11,Q., = -D" AD.

Theorem 1. The PDF of hitting time of O (resp., the sojourn
time of C) takes the following form:

fo(®)=(7]1)" (D1)” Aexp (-At) D1

(4)

y,exp (—o;t), t>0.

™=

Il
—

Note that the above is a sum of N-exponentials, y; exp(—o;t),
where —a; («; > 0) are the real eigenvalues of Q. and y; =
o;(D1)] (D1);(7[ 1) 7"

In particular, if O only contains a single state i, that is,
O = {i}, then the PDF of the sojourn time degenerates to an

exponential form.

Corollary 2. The PDF of the sojourn time o at a single state i
takes a form of an exponential

fo (t) = q;exp (—git), t>0. (5)

2.2. The Derivative Constraints. LetT = (y,,...,yy) and

N
d,=TA" 1= Zyioc;'_l, n>1,
i=1 (6)

¢, =(n/1)d,=(1-m1)d,.

Then, (-1)"d,, is the nth derivative of the hitting time PDF of
Oatt =0.

By (6), d, = (@ 1D)'IY (DD (DD =
(] 1)"(D1)"A*(D1). By (3), DQ,, = -AD, and then
D'A’D = -D"ADQ,, = (-1)’I1,Q%. One can apply such
operation repeatedly to conclude D" A"D = (-1)"T1.Q"..

A class of constraints commonly used can be derived from
the derivatives of the hitting time distribution at t = 0.

Theorem 3. The derivatives of the hitting time distribution of
O at t = 0 are related to the transition rates with the formula

¢, =(-1)" 1THCQZ‘CI =(-1)" Z m; Z (ch)ij. @)

ieC  jeC

It is noted that many other constraints are required to identify
the general Markov chains [20]. However, derivative con-
straints are the most common ones. Thus, we will more deeply
discover the intrinsic laws in derivative constraints. Further, we
will show that only by applying the derivative constraints is it
possible to solve most of the Markov chains such as the trees; see
the next section.

In particular, the most useful and commonly used con-
straints are the first three ones.

Corollary 4. The following equations hold:

0= 23

jeC  ieO
2
%=Zﬂj<2qﬁ> J (8)
jeC €0

o= Ty (T X,

seC jeC leO i€O

In particular, a single state i has a more simple and visual form
of ¢, and by far the most common and convenient are those for
a single state.

Corollary 5. Observing a single state i, one can get the
following equations for a tree:

& = )
j#

Q= Z”j (qﬁ)2>

JH

G = Z”j (qﬁ)z gj

J#i



G = Z T (qﬁ)z [Z qjsqu] )

J#i seC

Gst1 = Z”j (qji)z Z

J#i Ay 1 €C

q jay qalaz
“ba_za, e, a0, Dazay qﬂlj ’

Os+2 = Z T[j (‘1]‘1‘)2 Z qjol1 qalaz e qas,lusqusas,l

J#i ap,...,a,€C

*"Yaya,9a, j

)

The right-hand side of the first equation gives a sum over all exit
rate flows for state i because of 7t,q;; = m;q;;. Conditional upon
the first equation, the second and the third one are obvious. The
expression within the bracket of ¢y, (resp. c¢,s,,) is the sum
over rates of possible (2s — 1)-step (resp., 2s-step) transitions
departing from a state j, having a direct transition to i, and
returning to itself. Those possible transitions imply the intrinsic
relationships to Q. so that most transitions can be identified by
those hitting PDFs.

By the end of this section, we show that the above ¢, (1 >
1) are known from the required PDFs at O and follow from
Lemma 6. First of all, Corollary 2 shows that q; = 1/Eo,
where Eo is the expected sojourn time for state i. Corollary 5
shows that ¢, = ¥ ,,;7,q;; = Y., mq;; = m,q;- In addition,
¢ = (1 —m;)d,. It suthices to yield n; = d,/(q; + d,) = ¢ Eo,
which implies the following lemma.

Lemma 6. The PDFs of sojourn time and hitting time at a
single state i show that

L
q; = Eo’
d (10)
n, = —L— =¢Eo.
(q; +4dy) '

For observations at O, one can obtain the corresponding d,,.
Thus, (6) shows that ¢, (n > 1) is known, which is equal to d,,
times a known constant nt! 1 from the observation at O. The
reason is as follows. Lemma 6 shows that, based on statistics
for a single state i, one can obtain by its PDF m; for any i € O,
followed by ¢, = n/1d,, = (1 - ¥,.o m)d,, (n>1).

3. Solutions to Trees

As stated in the Introduction, the tree is a very important
extension of the star graph and line graph and represents one
of the two classes of topologies. It is known that all Markov
chains on trees are reversible [21]. Thus, SIMC on trees will be
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FIGURE I: Schematic plot of a subchain on atree.i,1;,...,1, areleaves
and all children of state j; j, j,,..., j,, are all children of state k.

exploited in this section, although some of them are still not
applied in real systems. In this letter, the term “tree” refers to
a connected tree. For a Markov chain on a tree with vertices
V> V..5 Yy, and with a TRM Q = (g;), its state space is
composed of the vertices {v,, ..., v,,}, an edge between vertex
v; and vertex v; implies the nonzero transition rates g;; and
g;i» and g;j/q; is the probability of a transition from v; to v;.

It is concluded that all Markov chains on trees are
identified by our approach. There are various kinds of trees, so
we cannot provide individual proofs and algorithms. Without
loss of generality, a complete binary tree is provided to show a
general proof and solution. According to the classification of
Wolfram MathWorld, there are many valid and specific trees:
Banana Tree, Cross Graph, E Graph, Fork Graph, Firecracker
Graph, H Graph, Spider Graph, and so forth. Cross Graph,
E Graph, Fork Graph, H Graph, and Spider Graph can be
conformationally viewed as a Star-Branch Graph (a special
tree) which can be identified by the algorithms in earlier
publications [19, 20]. Double-Star Graph, Banana Tree, and
Firecracker Graph are three particular and regular models of
them. For demonstration on solutions of specific trees, those
three trees will also be addressed as representatives of trees.

It is mentioned that, for SIMC on trees, the greatest
contribution should be to discover the fundamental way and
the corresponding algorithm to identify the TRM due to
the challenge of performing the reverse operation as stated
earlier.

3.1. General Conclusions on the Tree. At the start of this sub-
section, we present several useful conclusions from the
derivative constraints which are convenient to determine the
transition rates of Markov chain on trees as the first step.

Lemma 7. For a subchain on a tree such as in Figure I, the
following conclusions hold.

(i) One can f)btain the quqntitz:es T s G = Gip 4 9ji ot
least from the sojourn and hitting time PDFs at state i; in other
words, 1;, i = Gij» 9> 9 ot least can be expressed in terms
of real functions of Eo, ¢, ¢,, and c;.

(ii) Further, one can obtain m, 7, q; = q;j,q;>9;i and Qi
Qjio Qijp and my at least from the sojourn and hitting time
PDFs at state i, provided that the transitions between j and
ilts 0the1" children iy, ..., i,, that is, q,; qnd s for any s €
{i;,....1,}, are all known or have been identified. That is to
a4y, 70, 70> q; = Gjj» 45> 9i 414 Qi Qo Qg and my at least can be
expressed in terms of real functions of Eo, ¢y, ..., cs and q j, q; s

(s € {if....i,}).
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Proof. (i) Firstly, m;,q; = q;; are easy to get by Lemma 6.
Secondly, by Corollary 5,

G = T4
2
Q =Tq; (11)
2
G =T1iq;i9j-
Thus,
)
q.. = )
i
2
c
;= a.a (12)
4ii G
_S
q; = a’

which imply the first assertion.
(ii) On the basis of (i), one needs only to find out the
algorithm to obtain gy, q i, gx;> and 7. For ease of exposition,

| S, dap and
Z = Z’S”:il 4;s959sj since q; = g ; and q;; are all known for

any s € {ij,...,i,}.
Firstly, one has

set the constants as X = Y, q;, ¥ =

B iVl B % CZ iYI
qjk_qj_qji_ijs_a_a_ijs
s=i; s=i; (13)
=5_%2_x
6 G

Secondly, by Corollary 5,

G = ”j‘ﬁi [Cﬁ T 9% + Z stqu] >

s=i;

o = 7 [cﬁ + 4 k) + 24;9x9%; (14)
iy
+ ) (2a59595 + qjsqsqu)] :
It follows that

Gl = q; = Xl 4isdsj
ik

dkj =

ale - C32/‘é2 - Zi”:il 9js9s;
Glog -6l - Z:":il djs

ale, —cle - Zi":il qs9s;
6lo-glq-X

>

i iy e Hny

FIGURE 2: Schematic plot of a subtree. i, i, . .., i}, areleavesandall
children of state iy; iy, 5, . . ., i, are all children of state i5; i, is the
root.

" e/o - a; - 2L (24945 + 4:995) ”
g 9ik9kj !

CS/CZ - C33/“23 - Z?:il (2 (03/02) q]sqSJ + qjsqsqu)
ale = XL, 45— 16

e

G
6lo-ale - (2(a/e)Y+2) o
Gl -dld-Y o

(15)
Finally, by reversibility, it easily follows that
i 2
(d/a)(ale - cla =X, ;)
Ukj ale =g - Y 4545

(Gle)(ale - ala - X)
ol —dld-Y

TTiq jk
7 = i4jk

(16)

>

which completes the proof. O

Lemma 8. A subtree such as that in Figure 2 is considered, in
which i,, is the root, i\, ...,i,,_, are the leftmost children, and
i},d115 .. 1y, areleaves as all children of statei,. Let D denote
the descendants of state iy for k = 1,...,m — 1. For example,
D, isempty and D, = {iyy, ..., iy, }.

One can obtain 7wy, 7y, 4> Qo> Qs (S = 11509, ..., 1,,) from
the sojourn and hitting time PDFs at state i,, provided that the
transitions between i, and its descendants in Dy, for any k(=
2,3,...,m— 1) are all known or have been identified.

Proof. Firstly, one can o'btain o T i Gy = iy iy
Qi,> Giiy> Gisiy> Gi i, 2CCOTding to (ii) of Lemma 7.
n.
Secondly, q; ; =q; —q;,;, — 21 4,,» 2and by Corollary 5,

2
C = 70,45, | DiyisDisiy biyois Dis i

17)

)

ay,a,€D;U{iz 1\ iy}

qiz 20, qal 20 qa2 NN Qal P



2
G =T, 0, | Diyis Dissi,g (‘li4 g, t %’2) i, i, 9is i,
(18)

D)

a1,05,03 D3 UL\ (i) }

qiz,al qal N qa3 quz N qul »iy

Obviously, only the bold part is unknown in (17). Thus,
one can determine g; ; by (17). Then, only the bold part
is unknown in (18), and g; can be determined by (18).
Furthermore, 7; = 7; q;. ;. /4;,.;,-

Finally, by induction, it is not difficult to verify that

T Qo Qop» Qs (S5t = isg,ig,...,1,,) can be identified by the
subsequent cg, Gy, - - + > G5 o1 -
The proof is completed. 0

Remark 9. The above conclusion is true by observation at
ig for any s = iy,i,,...,1, provided that the transitions
between i, and its other descendants are all known or have
been identified.

Lemmas 7 and 8 show that if a state j in a tree has n
children and the transitions between states j and n—1 of the n
children as well as the descendants of such n—1 children are all
known or have been identified, then the transitions between
state j, the nth child (say i), and the parent can be identified
by the PDFs of sojourn and hitting time at the nth child (i.e.,
state 7).

3.2. Main Results on Trees. Recall the statement in the Intro-
duction; it is trivial to identify the TRM of an underlying
Markov chain provided that every state of this chain is
observed. People hope that the number of states observed is as
few as possible. But there is no strict criterion for determining
how many states are observed to use for a general model other
than simplicity and ease of solution. However, there is no
doubt that it is also of questionable significance to finish it
if the number is more than half of the whole chain. Thus, we
impose a mild restriction on the number of observed states
such that it is smaller than or equal to half of the whole chain.

First of all, a solution is first provided to complete the
binary tree, in which all interior nodes have two children and
all leaves have the same depth or same level.

Theorem 10. If the initial distribution of a Markov chain on a
complete binary tree is the equilibrium distribution, then this
tree can be identified by the PDFs of the sojourn time and
hitting time for all leaves.

Proof. Consider a complete binary tree with a depth of A; it
has 2" leaves at the last level i and has 2" — 1 nonleaf nodes
(including one root).

Now, let us use mathematical induction to prove these
facts as follows.

Step 1. We prove the case with 2 levels. For the convenience
of expression, let 1-4 be the leaf from the left to the right
at the last level, 5-6 be the node from the left to the right

Mathematical Problems in Engineering

FIGURE 3: Schematic plot of a complete binary tree with two levels.
1 and 2 are leaves and two children of state 5; 3 and 4 are leaves and
two children of state 6; state 7 is the root.

at the former level, and 7 be the root (see Figure 3). Let ;
be the corresponding equilibrium distribution for state i for
i = 1,2,.... Firstly, according to Lemma 6, one can obtain
M. s 7y, and Gy = s, Gy = Gass 43 = Gse> and Gy = gy bY
observation at states 1-4. Secondly, (i) of Lemma 7 implies
that g5, 96> 951> 952> 963> ad gg4 can be solved. Thus, one has
957 = 45 = qs1 — 952 and de; = g6 ~ 3 ~ Gea-

By observation at state 1 (resp., state 3), according to

Corollary 5, one has ¢, = 75(451)°[45 + ds2da5 + 457975
(resp, ¢ = 76(463)°[q5 + deadas + ds7976) and cs =
75(q51)* (45292925 + 95292595 + 5797595+ 4579795 - Fimally, one
gets g, (resp. g;¢) and g, by (ii) of Lemma 7. Those complete
the proof of 2 levels.

Step 2. We suppose that this claim is true for any complete
binary tree with k (> 2) levels. For a complete binary tree
with k + 1 levels, we then show it is correct as follows. At
this point, a complete binary tree with k levels can be viewed
as a left or right child. This means that all transition rates in
two complete binary trees with k levels can be identified by
observation at all leaves between 1 and 2",

For conciseness of notation, let L, (resp. L,_,) be a
subtree belonging to the left child in the complete binary tree
with k + 1 (resp., k) levels, and let 0-(k + 1) be the number of
the leftmost nodes at each level from the bottom to the top in
such complete binary tree with k + 1 levels.

Firstly, by observation at state 0, according to Corollary 5,
one has

2
ka1 = 1 (q10) Z

Apsennstp1 FOEL

qla1 qalaz

2
by a9 a0, " Daya, 91 | = T (‘110)

(19)
Z ql“l q“l“z o q“k—z“k—l q“k—lq“k—luk—z

Qyseslf_1 F0EL

2
aadan | T (@0)" (412923 Do 1 kU Th-1 52

"'%2‘121]-

By inductive assumptions, there is only one unknown g
in (19). Thus, g, can be determined. Again by inductive
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assumptions, one can obtain gy x,; = g — g x_1 — Gx,s (Where
s denotes the right child of the node k).
Analagous to the above, one can get g, , by

910,900, """ Da_ 0, Daay_,

Oks2 =T (‘110)2 [ Z

Ay FOEL Y

qla1 qala,z

2
"'qaﬂlqall] =T (‘ho) z

Ay F0EL Y

(20)
2
oy g 9aa,, | T (910)" (412923 - Dreje+19Kk+1.k

"'%2‘121]-

Thus, gy, x can be determined by (20).

Those imply that all transition rates from the left subtree
(for the tree with k+1 levels) can be identified by observations
at the first 267! leaves.

Secondly, one can identify the rest (i.e., right part) of the
tree with k + 1 levels by duplicate method of the left part.

These have proved that the conclusions of induction are
true for a complete binary tree with k + 1 levels.

Asamatter of fact, this theorem can also be proved simply
by Lemma 8. O

Remark 11. This proof shows the corresponding algorithm to
determine all transition rates. The solution by observation at
all leaves is satisfied by the mild restriction on the number
of observed states, although the number of leaves is bigger
than the number of nonleaf nodes by one. Because it also
can be identified by observation at any 2" — 1 of those 2"
leaves, for example, without loss of generality, assume that
1-3 are observable for a tree in Figure 3; one can obtain
4 = D959 = 95952 95> 957> d7> D75 1> 2> W5, T DY
observations at 1 and 2 and q; = (34,963 96> T3> T DY
observations at 3 and then obtain g, g¢;, g by observation

9o 401 4902 " Yo,Mm-1
dGo 4 0 - 0
920 0 q - 0
Av-10 0 0 dnv-1
Q:
dmo 0 0 0
0 0 0 0
0 0 O 0
0 0 0 0

at1or2;thus, ggy = qs = ge7 = Ge3» 4 = 1 = 7y = 71y = 713 =
g — g — 70y, and que = Teqea/ 4. If the number of all leaves
is less than that of all nonleaf nodes for a tree, such as a tree
in which many nodes have only one child, then this solution
is very valid. These assertions are valid to n-tree later.

One can carry this line of argument a bit further to obtain
the following result.

Theorem 12. If the initial distribution of a Markov chain on
n-tree is the equilibrium distribution, then this tree can be
identified by the PDFs of the sojourn time and hitting time for
all leaves.

One may proceed as previously explained to obtain a
more general conclusion for the tree.

Theorem 13. If the initial distribution of a Markov chain on
a tree is the equilibrium distribution, then this tree can be
identified by the PDFs of the sojourn time and hitting time for
all leaves.

Theoretically, the transition rates about state i in a tree
can be calculated by PDFS at any leaf from the descendants.
However, the one from the shortest path should be optimal to
minimize the error propagation.

Furthermore, identification by observation at leaves is just
one of the solutions for Markov chains on trees. There are also
other solutions for particular trees; for example, the number
of leaves is bigger than the number of nonleaf nodes by
one.

3.3. Solutions to Special Trees. In this subsection, Double-Star
Graph, Banana Tree, and Firecracker Tree, as representatives
of trees, will be addressed for demonstration to solutions of
specific trees.

3.3.1. Double-Star Graph. Consider a Double-Star Graph
Markov chain {X,; t > 0} (see Figure 4), where the two
central states O, and O, are observable states. The transition
rate matrix is given as follows:

Go.r 0 0 e 0
0 0 0 e 0
0 0 0 o0
0 0 0 e 0
(21)
dMm  dvmm+1 AMmm+2 " AMN
dMm+1.M  dM+1 0 e 0
dMm+2,M 0 Amez 0
qN.M 0 0 qaN
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FIGURE 4: Schematic plot of Markov chain on a Double-Star Graph.

One can observe the two central states 0 = O, € 0, and
M =0, € 0,.

For the conciseness of notation, we denote i = C; (i =

»M-1),j=C; (j=M+1,...,N),and0 = O;, M = O,.
Thus, the state space is simple for S = {0, 1,...,M-1,M, M+

., N} and the transition rates g;; are nonzero only for i €
0,M or j € 0, M. Thus, one intends to derive g, q,; for all
i=1,....,M-1landq;y,qy;forall j=M+1,...,N,as well
as gonp Garo- We set

-1
M-1 N
duri
Gom Z Goi | Z j ,
Mo iz Do j=me1 DM

Ty =
TT, .
ﬂizﬂ, 1<i<M-1;
qio (22)
Todomdm; .
nj:w, M+1S]SN;
qim9nmo
7
Ty = OqOM.
nmo
Then, {7y, ..., Tp1> Tap Tagers---> TN} 18 the equilibrium

distribution and the reversibility in (1) is satisfied.
From now on, we investigate the algorithm of how to
identify such chain.

Firstly, we observe state 0 and let ‘¥ be its sojourn time.
It follows from Corollary 2 that

1

9 =+ 0
EO'(O) (23)

Y = c1 'Ed.

Secondly, we observe the state M and let ¢
time. It follows from Corollary 2 that

be its sojourn

1
I = Zoan
Ty = clM>EG(M)

Finally, we observe the two states 0 and M, that is, O =
{0,M} (C = S - O). Let 7OM (resp., o ®M) be the hitting
time (resp., sojourn time) of O. According to Theorem 1, one
can get the following lemma.

Mathematical Problems in Engineering

Lemma 14. The PDF of the hitting time ™ is, for t > 0, as

follows:
M-1
fr® =) yiexp(-ait) + Z yiexp(-ait),  (25)
i=1 j=M+1
where
& =qo=q, 1<i<M-1;
& =qinm =4 M+1<j<N;
_ o ; (26)
= ——————— (g, 1<i<M-1;
YI 1—(7T0+7TM)qOI
= M M+1<j<N
YJ - 1—(7T0+7TM)qMJ’ s)s .
Proof. Here, C={1,...,M -1,M +1,...,N}. So,
QCC
g 0 - 0 0 0 --- 0
0 g, 0 0 0 0
00 gy, 0O 0 -0 (27)
B 0 0 gy 0 0 .
00 - 0 0 quo, 0
0 0 --- 0 0 0 - qy

According to the proof of Theorem 1, —«t; = —¢q; (1 <i# M <
N) are all real eigenvalues of Q,,, and
D AC!

P (T(O)M) > t) = Z (TI.'O . 7TM) oy

cc’

i#O,M

Z m; exp (—ot)

1 (7‘[0 +my) | & (28)

N
+ Z njexp(—cxjt)

Jj=M+1

Performing the differential calculation in (28), by reversibil-
ity,

V= T _ Tidi0
Col-(mytmy)  1-(m+my)
= g l<i<M-1
Tl (mrm) ™ TR
(29)
v = % G
Tl (mytmy)  1-(m+my)
T\ )
= ———qy» M+1<j<N.
1= (g + 7mpp) Twj J
This completes the proof. O
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FIGURE 5: Schematic plot of banana trees (adapted from Wolfram MathWorld).

The following theorem is an immediate consequence of
Lemma 14.

Theorem 15. If the initial distribution of the Markov chain
with Double-Star Graph in Figure 4 is the equilibrium distri-
bution, then it can be identified by the PDFs of the sojourn time
and hitting time for the two central states O, and O,.

Proof. Firstly, qo, 1, and g, 71, can be obtained by (23) and
(24). Secondly, according to Lemma 14, g;, (1 <i < M — 1)
and g, (M + 1 < j < N) can be obtained by the first two
assertions of (26), because all «; and y; are known from the
PDF in Lemma 14 by observation of states 0 and M. Finally,
goi (1 <i<M-1)andqy; (M+1< j<N) canbe followed
by the final two assertions of (26). O

Note that this proof shows the corresponding algorithm
to determine all transition rates of such Double-Star Graph
chain. In the course of calculation, one can easily derive real
roots from comparatively accurate PDFs.

3.3.2. Banana Tree Graph. An (n,k)-banana tree, say B, ;, as
defined by Chen et al. [23], is a graph obtained by connecting
one leaf of each of n copies of a k-star graph with a single root
vertex that is distinct from all the stars. Thus, there are n(k—2)
leaves, 2n nodes, and 1 root. This is one of the regular trees.

Consider a Markov chain {X,; ¢ > 0} with Banana Tree
Graph B, (see Figure 5).

For k = 2 or k = 3, it is degenerated into the special case
of Star-Branch Graph.

For k = 4, there are two leaves for each k-star graph.
It is implied that the number 2 of all leaves is less than 1,
compared with 2n + 1 of all nonleaf nodes. So, observation at
all leaves is valid. According to Theorem 13, a normal solution
is as follows.

Theorem 16. If the initial distribution of a Markov chain
with Banana Tree Graph B, ; (k < 4) is the equilibrium
distribution, then it can be identified by the PDFs of the sojourn
time and hitting time for all leaves.

For k > 5, the number of all leaves is bigger than that of
nonleaf nodes. An optional solution is as follows.

Theorem 17. If the initial distribution of a Markov chain
with Banana Tree Graph B, (k > 5) is the equilibrium
distribution, then it can be identified by the PDFs of the sojourn
time and hitting time for the root state and all node states, that
is, all nonleaf states.

Proof. For ease of exposition, suppose that r is the root (see
the previous introduction of banana tree in this subsection)
of this tree and that o is the central state, [ is the leaf, and
s are the others at each k-star graph, respectively. Firstly,
the corresponding q,, 7,, q,, 71,, 4> and 7, can be obtained
by each nonleaf state. Secondly, according to the proof of
Double-Star Graph, all g = ¢, g, can be obtained by
observation at all nonleaf states, because their Q_, is similar to
that of observation at {O;, O,} for Double-Star Graph. Finally,

for each k-star graph’ dos = Yo ~ Zl Qo> ds0 = ﬂoqos/ns’
9sr = 49s ~ o> and rs = sqsr/ﬂr'

3.3.3. Firecracker Graph. An (n, k)- firecracker, say F, ;, is a
graph obtained by the concatenation of n k-stars by linking
one leaf from each [23].

A Markov chain {X,; t > 0} with Firecracker Graph F,,
(see Figure 6) is provided.

For k = 2 or k = 3, it is degenerated into the special

tree which is similar, but not completely equivalent, to a Star-
Branch Graph.
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FIGURE 6: Schematic plot of firecracker graphs (adapted from Wolfram MathWorld).

For k < 4, there are two leaves for each k-star graph.
It is implied that the number 2n of all leaves is identical to
that of all nonleaf nodes. So, observation at all leaves is valid.
According to Theorem 13, a normal solution for k < 4 is as
follows.

Theorem 18. If the initial distribution of a Markov chain with
Firecracker Graph F, ;. (k < 4) is the equilibrium distribution,
then it can be identified by the PDFs of the sojourn time and
hitting time for all leaves.

For k > 5, the number of all leaves is bigger than that
of nonleaf nodes. Following the technique of proof in
Theorem 17, it is easy to verify such optional solution.

Theorem 19. If the initial distribution of a Markov chain with
Firecracker Graph F, ;. (k = 5) is the equilibrium distribution,
then it can be identified by the PDFs of the sojourn time and
hitting time for all nonleaf states.

3.4. Numerical Example. To demonstrate how to apply our
algorithms to real data, we present a numerical example here.
As we mentioned before, we focus on the final step and then
we omit the preprocessing of data. Thus, the data we have is
the observed PDFs of sojourn time and hitting time at each
leaf. Based upon these data, we could find all the transition
rates of this tree.

Example 1. The model of a Markov chain is a binary tree in

Figure 3 with the true transition rates matrix Q = (g;j)sxs
given by

-10 O 0 0 10 0

0 -25 0 0 25 0

0 -30 O 0 30

0 0 -15 0 15

0
0
0 0
0 0
5 15 0 0 -5 0 30
0

0

(30)

0 30 50 0 -100 20

0 0 0 9 60 -150

We can divide the calculation into two steps: fitting sojourn
time and hitting time histogram and transition rates estima-
tion.

Step 1 (sojourn time and hitting time histogram estimate).
Suppose that we have obtained the PDFs by fitting (simulat-
ing) as follows:

Fan (£) = 0.002032¢ 180015025 | 9928011 07093861¢

+0 0317486743.23965%

+0.530183¢ 337764 (31)

+0.121303¢ 103660

—24.010036¢

+0.000006¢ (t>0),

fT(Z) (t) — 0.01813367185.79281% + 0'02396567106.75142&

+ 1.024495¢ 1089438

+0.265559¢ 5032879 (32)

+0 6697676730.0000001‘

—23.333445t

+0.091104e (t>0),

fror (£) = 0.098146¢™ 21319 1 100475007

+0 0638786743.0822311‘

+2.304378¢ 2701274 (33)

+0.960962¢ 138694

—13.360211¢

+0.001383¢ (t>0),

Few (£) = 0.425895¢™ 194993 1 390700814177

+0 1177306743.6399961‘

+2.473349¢ 48045



Mathematical Problems in Engineering

+ 3.456848¢ 183548481 we have

+0.897366¢ 1240 (1 > ),

(34)
fam (t) = 256_25t,
fg<z> (t) = 106_1(”,
foo (t) = 158_50t, (35)

fg<4> (t) = 306_50t

(t=0),

where f o (t) (resp., f,a(t)) is the PDF of sojourn time (resp.,
hitting time) at the state i fori = 1,2, 3, 4.

Step 2 (transition rate calculations). Firstly, by (35) and (10),
we have

q1 = q;5 = 10,
4y = G5 = 25,

(36)
q3 = qs¢ = 30,

qs = Gue = 15.
For state 1, let

a, = 186.015025,
a, = 107.093861,
oy = 43.239654,
o, = 0.537764,
as = 9.103660,
ag = 24.010036,

(37)
71 = 0.002032,
¥, = 0.002801, that
ys = 0.031748,

q51 =

¥a = 0530183,
ys = 0.121303,

963 =
¢ = 0.000006.

Because dﬁl) = Z?:I y; = 0.688073, hence m; = d?U(q1 + 452 =
dV) = 0.064378, 1 — 7, = 0.935622. Since

6 o4 =

i=1 (38)

M= (1-m)dV =0935622d,, B

n

O]
)

D

©
2

o
(2)
G

)
G

@
2

(4)
G

(1)
G
(1

¢V = 0.643777,

AV = 3218884,

¢V = 160.944206,
D = 17945.278970.

Similarly, we can get for states 2, 3, and 4, respectively,

7, = 0.077253,
7y = 0.128755,
m, = 0.429185,

¢? = 1.931330,

¢? = 28.969957,

¢ = 1448.497854,

¢? = 152092.274678,

¢ = 3.862661,

Y = 115.879828,
¥ = 11587.982833,

¥ = 1384763.948498,

W = 6.437768,

AV = 321.888412,
AV = 32188.841202,

iV = 3894849.785408.

= 5.000000,

= 29.999999,

= 15.000000,

= 50.000000,

= 50.000000,

1

(39)

(40)

Thus, we can obtain by the algorithm (proof) of Theorem 10
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(3)

-5
s = o 100.000000,

("]
&

Gull
&

ds7 = 495 — 951 — g5, = 30.000000,

75 = = 0.128755,

Mg = = 0.128755,

ds7 = 96 — 963 — dea = 20.000000,

-10 0 0 0
0 -25 0 0
0 0 -30 0
Q= 0 0 0 -15
5 15 0 0
0 0 29.999999 50
0 0 0

Comparing matrix (42) with the original Q-matrix (30), it is
not difficult to find that our approach is very efficient under
the condition that we obtain an accurate PDF of the hitting
time and sojourn time at each leaf.

Note that if Q is symmetric, then the corresponding
algorithms are also valid. As a matter of fact, the calculation
can be more concise due to the identical equilibrium distri-
butions. In addition, it also can be identified by observations
at any three states of four leaves as stated in Remark 11 of
Theorem 10.

4. Discussion

In the current paper, we have focused on the statistical
identification of Markov chains on trees. As stated earlier, all
of them are identified only by the derivative constraints. For
example, a complete binary tree is identified by observations
at all leaves (see Theorem 10). Many of them are from current
applications and others are still not (e.g., in ion channels).
However, it is necessary for the theoretical point of view to be
extended to the more general one-tree model. It is mentioned
that the states of each subset observed should be distinguish-
able on the experimental recording of applications.

In the future, we might shed light on the statistical
identification of reversible Markov chains with cyclic graphs,
as another important class analogous to trees such as Tadpole
Graph, Pan Graph, and even the more general one-Markov
chain. Once reversible Markov chains with cyclic graphs
are solved, our approach is then feasible to most of the
reversible Markov chains, except those with very complicated
network architectures. Hence, the work further opens up the

0 90.000007 59.999999
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54(1)/52(1) — q52925 — ‘ﬁ

G5 = = 90.000007,
a1q" =" 1" - as,
(3) /(3 2
69 ~qeuus — s
= s = 59.999999,
G 1q" =67 g ~qa
6
M, =1-) m; = 0.042919.
i=1
(41)
Thus, the TRM of {X,, : t > 0} is identified as follows:
10 0 0
25 0 0
0 30 0
0 15 0 (42)
=50 0 30
0 -99.999999 20

—-150.000006

possibility of carrying out the statistical identification for
general Markov chains with reversibility.
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