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This paper investigates the steady-state periodic motion in the excited and damped one-degree-of-freedom Duffing oscillator. The
oscillator is of the pure cubic type. The excitation is periodical and described by the product of two Jacobi elliptic functions. The
mathematicalmodel of the oscillator is a nonhomogeneous second-order strong nonlinear differential equation.The paper develops
a procedure for obtaining the steady-state solution of the equation. Conditions for the existence of the steady-state motion of the
oscillator are obtained. The influence of the excitation and of the damping on the steady-state motion is analyzed. The paper also
investigates the transient to the steady-state motion in the parameter perturbed systems. An analytical method based on the time
variable amplitude and the time variable phase is developed.The analysis of the obtained results shows that the damping parameter
is an adequate control parameter for the steady-state motion of the oscillator. Analytically obtained results are compared with
numerically obtained ones. The difference between solutions is negligible.

1. Introduction

Nowadays, there are a significant number of problems and
devices which require the application of nonlinear oscillators
withmultifrequency excitation. Let usmention someof them.

For several microelectromechanical systems (MEMS),
sensors, and actuators, the primary building blocks are
microbeam resonators [1] excited with a multifrequency
electrical source [2, 3] or different types of forces such as
piezoelectric [4], electromagnetic [5], thermal [6], and elec-
trostatic [7]. Based on piezoelectric multifrequency MEMS
resonator the single-chip, which is applicable for wireless
communications, is formed [8]. The multifrequency oscilla-
tor, with more than 600 summarized sine signals, is applied
for rapid and accurate dynamic testing of micromachined
gyroscope chips. Gyroscope chips are key components in
micromachined gyroscopes (a type of angular rate sensors)
widely used in military, automotive, consumer electronics,
and other fields [9].

For diagnosing a variety of cardiovascular diseases, the
ultrasound based velocimetry, termed echo particle image

velocimetry (echo PIV), is developed [10]. The device uses
ultrasonic multifrequency forcing (of the near rectangular
type). The imaging is created on the basis of the mechan-
ical response of tissue to multifrequency excitation [11].
Ultrasound radiation force is used to deform tissue, while
the multiple ultrasound frequencies simultaneously produce
multifrequency harmonic radiation force which is utilized for
motion detection in vibrometry.

The atomic forcemicroscope resonator also usesmultifre-
quency excitation to generate high-resolution imaging and to
extract the properties of the investigated surface [12, 13].

Generally, all of the abovementioned systems commonly
have multiharmonic excitation, and they represent strong
nonlinear oscillators. The multifrequency excitation force is
a sum of various harmonic functions. For computational
reasons and for the purpose of a more appropriate model
analysis, we propose simplifying excitation by applying the
product of the sine (sn) anddelta (dn) Jacobi elliptic functions
[14]. In addition, let us assume that the nonlinearity of the
oscillator is of a cubic type. In that case, the model which
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describes the previous devices is a periodically excited and
damped Duffing oscillator.

Significant investigations in solving the strong nonlinear
Duffing oscillator have been undertaken recently. For the free
strong nonlinearDuffing oscillator the closed-form analytical
solution is determined [15, 16]. Various approximate solving
methods are developed for the damped Duffing oscillator [17,
18]. For the harmonically excited strong nonlinear Duffing
oscillator the approximate steady states are determined [19,
20]. Vakakis and Blanchard [21] were the first to calculate the
exact steady states of the damped Duffing oscillator excited
with the periodical force of the cosine Jacobi elliptic function
form. Namely, they assumed that the excitation force and
the steady-state functions have the same form as the free
undamped Duffing oscillator, i.e., the form of the cosine (ca)
Jacobi elliptic function. The method was introduced by Hsu
[22] and extended by Rosenberg [23, 24] and recently by
Rakaric et al. [25].

However, our intention is to generalize the problem
by using another periodic excitation (not the mandatory
cn) of the damped Duffing oscillator. The excitation force
is assumed to be a multiperiodic function of the near-
rectangular type. A procedure for obtaining the exact steady-
state solution is developed. A constraint for the closed-form
analytic solution is obtained.The relation between the excita-
tion parameters and the damping coefficient (assumed as the
control parameter of the system) is defined. The influence of
the variation of the excitation, and of the damping coefficient
on the steady-state motion of the oscillator is investigated.
An analytical method for approximately solving the oscillator
perturbed with a small damping force is developed. Based on
the result, the prediction of the oscillator motion is available.

The paper has five sections. After the introduction, in
Section 2, the explanation of the excitation force is given.The
method for determination of the exact steady-state solution
of the forced Duffing oscillator is developed. Conditions for
steady-state periodicmotion are defined. In Section 3, an ana-
lytical procedure for obtaining the periodical solution of the
damped and excited strong nonlinear oscillator is developed.
The method is specified for the case when perturbation is
done with a viscous damping force. In Section 4, a numerical
example is calculated. The analytically obtained solution is
compared with a numerically obtained one.

2. Exact Steady-State Solution

Let us consider the steady-state motion of the excited Duffing
oscillator. The Duffing oscillator has the strong cubic nonlin-
earity and the linear viscous damping. The excitation force is
assumed to be a periodic function of almost rectangular type
given in the Jacobi elliptic form

𝐹 = 𝐹0𝑠𝑛 (Ω𝑡, 𝑘2) 𝑑𝑛 (Ω𝑡, 𝑘2) , (1)

where 𝐹0 is the amplitude of the excitation force and 𝑠𝑛 and𝑑𝑛 are Jacobi elliptic functions [14] with frequency Ω and
modulus 𝑘2. The excitation (1) is periodical with period

𝑇 = 4𝐾 (𝑘)Ω , (2)

Figure 1: 𝐹 − 𝑡 diagrams for Ω = 1 and Ω = 2.

where 𝐾(𝑘) is the complete elliptic integral of the first kind.
In Figure 1 the excitation force for 𝐹0 = 1, 𝑘2 = 1 and various
values ofΩ is plotted.

It can be seen that the period of vibration is longer for
smaller values of the frequency parameter Ω. The excitation
force (1) is often applied in signal processing but also in echo
particle image velocimetry [10]. For the excitation force (1)
the model of the damped Duffing oscillator is

�̈� + 𝑐3𝑥3 + 𝑏�̇� + 𝐹0𝑠𝑛 (Ω𝑡, 𝑘2) 𝑑𝑛 (Ω𝑡, 𝑘2) = 0, (3)

where 𝑐3 is the coefficient of rigidity and 𝑏 is the damping
coefficient. If the excitation and the damping are neglected
the model of the free Duffing oscillator simplifies to

�̈� + 𝑐3𝑥3 = 0. (4)

Equation (4) has the exact solution

𝑥 = 𝐴𝑐𝑛 (Ω𝑡, 𝑘2) , (5)

where 𝑐𝑛 is the cosine Jacobi elliptic function and 𝐴 is the
amplitude of vibration. Comparing the excitation force (1)
and the solution of the free Duffing oscillator (5) it is evident
that they are different functions and do not satisfy the criteria
of Vakakis and Blanchard [21]. Because of that, we develop
a new procedure for obtaining of the criteria for the exact
steady-state solution of (3).

We assume the solution of (3) in the form of the cosine
Jacobi elliptic function (5) which is the solution of the free
undamped oscillator (4). Substituting (5) and its derivatives

�̇� = −𝐴Ω𝑠𝑛 (Ω𝑡, 𝑘2) 𝑑𝑛 (Ω𝑡, 𝑘2) , (6)

and

�̈� = −𝐴Ω2𝑐𝑛 (Ω𝑡, 𝑘2) (1 − 2𝑘2 + 2𝑘2𝑐𝑛2 (Ω𝑡, 𝑘2)) , (7)
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into (3) and separating the terms with the same functions𝑐𝑛(Ω𝑡, 𝑘2), 𝑐𝑛3(Ω𝑡, 𝑘2), and 𝑠𝑛(Ω𝑡, 𝑘2)𝑑𝑛(Ω𝑡, 𝑘2) the follow-
ing algebraic equations are obtained:

−Ω2 + 𝑐3𝐴2 = 0,
1 − 2𝑘2 = 0,

−𝑏Ω𝐴 + 𝐹0 = 0.
(8)

For the known excitation parameters 𝐹0 andΩ and 𝑘2 = 1/2,
the amplitude of vibration and the damping coefficient for the
steady state are as follows:

𝐴 = Ω√𝑐3,
𝑏 = 𝐹0√𝑐3Ω2 .

(9)

The coefficient of damping 𝑏 depends directly on the ampli-
tude and indirectly on the frequency of the excitation.
Besides, the steady-state amplitude 𝐴 depends on the fre-
quency of the excitation function and does not depend on the
amplitude of the excitation.

Using this result, we suggest controlling the periodicity
of the system by changing of the damping coefficient. If the
amplitude of excitation force is increasing, the damping in
the system has to be increased according to (9) 2, while the
amplitude and frequency of vibration of the system remain
unchanged.

If the frequency of excitation is changed, it is necessary to
vary the damping coefficient according to (9) 2: decrease of
the frequency of excitation causes increase of the damping
coefficient. For that case, the motion is periodic, but the
amplitude of vibration is varying: decrease of frequency
causes decrease of the amplitude of vibration, too.

As an example, let us consider an oscillator describedwith

�̈� + 𝑥3 + �̇� + 𝑠𝑛 (𝑡, 12) 𝑑𝑛 (𝑡, 12) = 0, (10)

where 𝐹0 = 1, Ω = 1, and 𝑐3 = 1 and the coefficient of
damping is according to (9)2𝑏 = 1. (11)
The analytical solution for the steady-state motion is

𝑥 = 𝑐𝑛 (𝑡, 12) . (12)

Using the Runge–Kutta procedure (10) is solved numerically
for the initial conditions 𝑥(0) = 0 and �̇�(0) = 0. In Figure 2
the analytical solution (12) and the numerical solution of (10)
are compared.

It can be seen that the results agree.

3. Perturbed Steady-State Motion

Let us consider the weakly perturbed steady-state oscillator.
Mathematical model of the system is

�̈� + 𝑐3𝑥3 + 𝑏�̇� + 𝐹0𝑠𝑛 (Ω𝑡, 𝑘2) 𝑑𝑛 (Ω𝑡, 𝑘2)
= 𝜀𝑓 (𝑥, �̇�) , (13)

Figure 2: 𝑥𝑎−𝑡 analytically (full line) and 𝑥𝑛−𝑡 numerically (dotted
line) obtained diagram for 𝑏 = 1.

where 𝜀 << 1 is a small parameter and 𝑓(𝑥, �̇�) is the
perturbation function. A method for approximate solving of
(13) is developed. The method is based on the assumption
that the solution of the perturbed equation (13) has to be the
perturbed version of the nonperturbed solution (5) of (3).
Namely, the solution and its derivative are assumed in the
form of (5), but with time variable amplitude and phase

𝑥 = 𝐴 (𝑡) 𝑐𝑛 (𝜓 (𝑡) , 12) , (14)

and

�̇� = −𝐴 (𝑡) 𝜔𝑠𝑛 (𝜓 (𝑡) , 12) 𝑑𝑛 (𝜓 (𝑡) , 12) , (15)

where

�̇� (𝑡) = 𝜔 + ̇𝜃 (𝑡) , (16)

and 𝜔 is equal to Ω for 𝑓(𝑥, �̇�) = 0. Otherwise, the time
derivative of the solution (14) is

�̇� = −𝐴 (𝑡) (𝜔 + 𝜃 (𝑡)) 𝑠𝑛 (𝜓 (𝑡) , 12) 𝑑𝑛 (𝜓 (𝑡) , 12)
+ 𝐴 (𝑡) 𝑐𝑛 (𝜓 (𝑡) , 12) .

(17)

Comparing (15) and (17) and equating the expressions the
following constraint is obtained:

�̇�𝑐𝑛 − 𝐴 ̇𝜃𝑠𝑛𝑑𝑛 = 0, (18)

where (𝜓(𝑡), 1/2) = 𝑠𝑛, 𝑐𝑛(𝜓(𝑡), 1/2) = 𝑐𝑛, and𝑑𝑛(𝜓(𝑡), 1/2) = 𝑑𝑛. Substituting (14), (15), and its derivative
into (13) we have

− (�̇�𝜔 + 𝐴�̇�) 𝑠𝑛𝑑𝑛 − 𝐴𝜔 ̇𝜃𝑐𝑛3 = 𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) . (19)

Differentiating the relation (9) 1 for time variable amplitude
and frequency, we have

�̇�𝜔 = 𝐴�̇�. (20)
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Using (20), (19) transforms into

−2�̇�𝜔𝑠𝑛𝑑𝑛 − 𝐴𝜔 ̇𝜃𝑐𝑛3 = 𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) . (21)

Equations (18) and (21) correspond to (13). After some
modification the equations of motion of the oscillator are

�̇�𝜔 = −𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) 𝑠𝑛𝑑𝑛, (22)

𝐴𝜔 ̇𝜃 = −𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) 𝑐𝑛. (23)

These are two coupled first-order equations. To solve them
is not an easy task. It is at this point that the averaging is
introduced. The averaging is over the period of the Jacobi
elliptic functions. The averaged equations are

�̇�𝜔 = − ⟨𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) 𝑠𝑛𝑑𝑛⟩ , (24)

𝐴𝜔 ̇𝜃 = − ⟨𝜀𝑓 (𝐴𝑐𝑛, −𝐴𝜔𝑠𝑛𝑑𝑛) 𝑐𝑛⟩ , (25)

where ⟨∙⟩ = (1/𝑇) ∫𝑇
0
(∙)𝑑𝜓. Solving (24) and (25) the

approximate averaged solutions of equations are obtained.

4. Perturbation of the Damping Force

As the special case, the oscillator perturbed with linear vis-
cous damping force is considered. This phenomenon occurs
during steady-statemotion control by varying of the damping
coefficient. For that case the coefficient of damping is

𝑏1 = 𝑏 + 𝑏2, (26)

where 𝑏2 << 𝑏 is a small perturbation damping parameter.
The equation of motion is

�̈� + 𝑐3𝑥3 + 𝑏�̇� + 𝐹0𝑠𝑛 (Ω𝑡, 12) 𝑑𝑛 (Ω𝑡, 12) = −𝑏2�̇�. (27)

It is the perturbed version of (3). Using the suggested
procedure and the relation (9) 2 we transform (27) into

�̇� = − (𝐴𝑏1 − 𝐹0Ω ) 𝑠𝑛2𝑑𝑛2, (28)

𝐴 ̇𝜃 = − (𝐴𝑏1 − 𝐹0Ω ) 𝑠𝑛𝑐𝑛𝑑𝑛. (29)

For

1𝑇 ∫𝑇
0

𝑠𝑛𝑐𝑛𝑑𝑛𝑑𝜓 = 0,
⟨𝑠𝑛2𝑑𝑛2⟩ = 1𝑇 ∫𝑇

0

𝑠𝑛2𝑑𝑛2𝑑𝜓,
(30)

the averaged equations are

�̇� + 𝑏1𝐴⟨𝑠𝑛2𝑑𝑛2⟩ = 𝐹0Ω ⟨𝑠𝑛2𝑑𝑛2⟩ , (31)

̇𝜃 = 0. (32)

The solution of the uncoupled first-order differential equation
(31) is

𝐴 = 𝐹0𝜔𝑏1 + 𝐶 exp (−𝑏1 ⟨𝑠𝑛2𝑑𝑛2⟩ 𝑡) , (33)

where 𝐶 is the constant of integration which satisfies the
relation for initial amplitude (8) 3

𝐴0 = 𝐹0Ω𝑏. (34)

Finally,

𝐴 = 𝐹0𝜔𝑏1 + (𝐴0 −
𝐹0𝜔𝑏1) exp (−𝑏1 ⟨𝑠𝑛2𝑑𝑛2⟩ 𝑡) . (35)

For the steady-state case, when 𝑡 → ∞, the amplitude of
vibration tends to

𝐴→∞ = 𝐹0𝜔𝑏1 . (36)

The amplitude has an influence on the frequency of vibration.
Namely, substituting (36) into (9) it is

𝜔 = √𝑐3𝐴→∞. (37)

Solving (36) and (37) the steady-state amplitude and fre-
quency of the Jacobi elliptic function yield

𝐴→∞ = √ 𝐹0𝑏1√𝑐3 ,

𝜔 = √𝐹0√𝑐3𝑏1 .
(38)

Integrating the relation (32) and using (16) and (38) the
steady-state oscillatory motion is

𝑥 = √ 𝐹0𝑏1√𝑐3 𝑐𝑛(𝑡√
𝐹0√𝑐3𝑏1 , 12) . (39)

The properties of the oscillatory motion depend on the
intensity of excitation, coefficient of rigidity of the oscillator,
and the damping: parameter. For higher value of excitation
the amplitude and the frequency of vibration are higher. For
the oscillator with higher rigidity the amplitude of vibration
is smaller, while the frequency of vibration is higher. The
damping coefficient acts indirectly on the vibration amplitude
and frequency: the higher the damping, the smaller the
amplitude and also the frequency of oscillatoxin.

Comparing the amplitude and frequency (38) with the
initial amplitude (34) and frequency

𝐴0 = 1
4√𝑐3 (

𝐹0𝑏 )
1/2 ,

Ω = 4√𝑐3 (𝐹0𝑏 )
1/2 ,

(40)

it can be concluded that the amplitude and the frequency
have the tendency of decrease with increasing of the damping
coefficient, and the period of vibration increases.
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5. Example

Let us consider the perturbed steady-state oscillator

�̈� + 𝑥3 + 1.1�̇� = −𝑠𝑛 (𝑡, 12) 𝑑𝑛 (𝑡, 12) . (41)

Namely, rewriting (41) we have

�̈� + 𝑥3 + �̇� + 𝑠𝑛 (𝑡, 12) 𝑑𝑛 (𝑡, 12) = −0.1�̇�, (42)

where the term on the right side represents the perturbation
for the steady-state oscillator described with the equation

�̈� + 𝑥3 + �̇� + 𝑠𝑛 (𝑡, 12) 𝑑𝑛 (𝑡, 12) = 0. (43)

The analytical solution of (43) is already given (12) and
plotted.

Using the procedure, given in the previous section, the
analytical solution of (41) is obtained as

𝑥𝑎 = (0.9 + (1 − 0.9) exp(−1.1𝑡6 )) 𝑐𝑛 (0.985𝑡, 12) , (44)

while the steady-state solution is

𝑥𝑎 = 0.9𝑐𝑛 (0.985𝑡, 12) . (45)

For initial conditions 𝑥(0) = 0 and �̇�(0) = 0 (41) is solved
also numerically. In Figure 3 the analytically and numerically
obtained results are compared. From Figure 3 it is obvious
that the analytical solution is in a good agreement with
numerical one. In Figure 4 the 𝑥 − 𝑡 diagrams obtained for𝑏 = 1 and 𝑏1 = 1.1 are compared. It is seen that the amplitude
of vibration is lower for the case when 𝑏1 > 𝑏while the period
of vibration is longer.

6. Conclusion

This paper investigates the exact steady-state solution for
the forced and damped Duffing oscillator. The steady-state
solution is assumed in the form which corresponds to the
steady-state motion of the free undamped Duffing oscillator.
Mathematically, it is described with the cosine Jacobi elliptic
function. The condition for the existence of the exact steady-
state solution is determined. The analysis concludes that for
a certain relation between the damping coefficient and the
excitation parameters the steady-state motion of the system
is permanent. However, if excitation parameters are varied,
the steady-state motion is perturbed. To force the system to
move periodically after perturbation, the damping coefficient
of the oscillator has to be varied. Thus, if the amplitude of
the excitation force is increased, the damping coefficient of
the system has to be increased as well. If the frequency of
excitation is varied, the damping coefficient has to be changed
up to the value which gives the steady-state motion.

The position of the steady-state solution can be controlled
by changing the damping coefficient. Varying the damping

Figure 3: 𝑥𝑎−𝑡 analytically (full line) and 𝑥𝑛−𝑡 numerically (dotted
line) obtained diagrams for 𝑏 = 1.1.

Figure 4: 𝑥𝑛1 −𝑡 diagram for 𝑏 = 1 (dotted line) and 𝑥𝑛2 −𝑡 diagram
for 𝑏1 = 1.1 (full line).

coefficient, we force the system to have the periodical steady-
state motion which corresponds to the free undamped Duff-
ing oscillator. If the variation of the damping coefficient is
small, the transient motion of the oscillator lasts for a short
time and the stable steady-state motion follows. Based on
this result, we conclude that the damping coefficient is an
appropriate control parameter for the steady-state motion for
the forced and damped Duffing oscillator. We recommend
the application of the result for a new control technique in
nonlinear oscillators.
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