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The issue of H, control for the coronary artery input time-delay system with external disturbance is of concern. To further
reduce conservation, we utilize the free-matrix-based integral inequality, Wirtinger-based integral inequality, and reciprocal convex
combination approach to construct Lyapunov-Krasovskii function (LKF). Then a sufficient condition for controller design which
can guarantee robust synchronization the coronary artery system is represented in terms of linear matrix inequality (LMI). Finally,
a numerical example is exploited to show the effectiveness of the proposed methods.

1. Introduction

As we all know, nonlinear dynamical systems have gotten
increasing attraction in various fields researches [1-4]. As
one of complex nonlinear dynamical systems, chaotic systems
have been widely investigated because of their potential
application in the model of chemical reaction, nervous sys-
tems, biological engineering systems, and so on [5-7]. Based
on the feature of extreme sensitivity to initial conditions
and the systems parameters for the chaotic systems, chaos
synchronization has become a much more important task.
The purpose of chaotic synchronization is to achieve syn-
chronization of the slave and master systems, which leads the
investigations of synchronization control to be a central topic.
Up to now, many developed synchronization control schemes
have been presented, such as feedback control [8], H,, control
[9], sliding mode control [10], and impulsive control [11].

Nonlinear systems combined with biological engineering
have become a hot issue. The intensive study of the coronary
artery system as a practical biomathematical case of chaotic
systems has significant meaning not only in clinic but also
in engineering areas. From the clinic point of view, the
purpose is to drive pathological vessel into the trajectory of
healthy vessel to treat many complex cardiovascular diseases.
From the engineering point of view, we demand a suitable

synchronization controller to reduce undesired chaotic
motion and achieve the synchronization of the two systems.
In [12], to further lower the effect of external uncertainties, a
chaos suppression controller was designed by sliding mode
control to drive chaotic coronary artery system into the
normal orbit, which can effectively reduce the probability
of angina disease. A new terminal sliding mode control
algorithm for synchronization of coronary artery system was
proposed [13], which can ensure that trajectories of the spastic
vessel asymptotically approach the ones of the normal vessel
in finite time.

Input time-delay is likely to exist in modeling practical
coronary artery system due to the speed of different patients
absorbing the drug. The presence of input time-delay could
degrade system performance and it may lead to vibration
or chaotic behavior [14]. Therefore, it is very reasonable
and necessary not only in practical applications but also in
theory to investigate chaotic systems with input time-delay.
In [15], the input time-delay was dealt by free matrix zero
equality approach to achieve synchronization for chaotic
Lure systems. The chaotic finance systems with input time-
delay were proposed based on Jensen inequality [16]. The
above-mentioned literature is still great exploring room in
practical application. It is well known that the stability
and synchronization of the considered systems with time


http://orcid.org/0000-0002-2177-3980
http://orcid.org/0000-0002-3074-6220
http://orcid.org/0000-0002-8949-5358
https://doi.org/10.1155/2018/4908459

delay are often studied by introducing the LKF method,
which can provide more useful state information and delay
information. In order to reduce the possible conservatism
of LKF method, many methods are proposed, such as the
Jensen inequality [17], Wirtinger inequality [18], and free-
matric-based integral inequality [19]. As a kind of earliest
inequality, Jensen inequality was widely applied [20]. Because
of avoiding the introduction of plentiful matrices, Jensen
inequality was proposed to decrease much computational
burden in [21]. In order to reduce Jensen’s gap, Wirtinger
inequality was regarded as an effective technique to improve
the performance of time-delay systems [22, 23]. Then, free-
matric-based integral inequality [24] had a wide application
in stability analysis of time-delay systems due to its less
conservatism than the above proposed inequality [21-23]. In
addition, reciprocally convex combination can derive a stabil-
ity condition with much less decision variables, which could
achieve performance behavior identical to above approaches
[25].

Motivated by above discussion, the issue of H_, control
is further investigated for coronary artery input time-delay
system with disturbance. The main contributions of this
paper are presented as follows:

(1) An augmented LKF including double integral and
triple integral terms is constructed, which can provide more
valuable time-delay information. To get lower bound of
Lih Lj X(5)$; X (s)dsdu (S, > 0), the Wirtinger-based inte-
gral inequality is employed.

(2) Free-matric-based integral inequality and reciprocally
convex combination are applied to reduce the enlargement in
bounding the derivative of LKF as much as possible. Then,
a state feedback controller subjecting to input time-delay is
designed to guarantee asymptotical convergence to zero for
the error system and reduce the effect of external disturbance
to a prescribed H,, performance level. It means that the
abnormal chaotic behavior of a coronary artery system is
suppressed to a normal periodic orbit, which effectively
relieves or eliminates angina symptoms.

The feasibility of the above strategy is illustrated based on
a numerical example.

Main Structure. Section 2 describes the problem formulation
and preliminaries; Section 3 provides the main proof result
which could ensure orbit of chaotic coronary artery system
with external disturbance asymptotically approaching the
ones of normal system. Section 4 shows that the simulation
result of the error system is asymptotical to approach zero.
Section 5 reaches conclusion of chaotic synchronization.

Notation. R" denotes n-dimensional Euclid space. || - | is the
vector Euclid norm. = is a diagonal of a symmetric matric.

sym{Y} indicates Y + '

2. Problem Formulation and Preliminaries

The chaotic behavior of blood vessel more easily resists
external disturb than the sine periodic motion; thus the
chaotic state of physiology system is a protection mechanism
and is beneficial for normal blood vessel [26]. It is not
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always harmful and even is desired goal in some practical
applications. In this paper, the main goal is to make the
biomedical model of pathological blood vessel synchronize
with a prescribed chaotic system of the normal vessel [27].
From the biological point of view, the purpose is to achieve
synchronization between the chaotic states of pathological
blood vessel and normal one. Some chaotic conditions may
cause coronary artery obstruction and have an effect on
transport of nutrients and oxygen to the heart which could
result in coronary atherosclerosis and angina. In order to
decrease those diseases morbidity, the synchronization of
coronary artery system is investigated. Describe the mathe-
matical model of the coronary artery system as follows in [12]:

X, (t) = —cxq — dx,, "
1

X, (t) =—(T+cr)x; — (T+d7) x, +Tx? + E cos wt,

where x, and x, are state vector, which represent deviation
of inner radius and pressure of vein, ¢ is time variable, ¢, d,
and T are the coronary artery system parameters which satisty
ct — 7d > 0, and more information can be obtained from
[28]. The variation of the blood vessel radius and change of
blood pressure could be affected with different ¢ and d; chaos
can be characterized by the static rheological characteristics
of blood vessels caused with the change of 7 [12]. E cos wt
is disturbance term, which represents a period disturbance
acting on the blood vessel from biological significance [29].
To simplify form of system (1), the healthy coronary artery
system is presented as follows:

X (1) = Ax,, (1) + Cf (x,, 1)) + v (1), (2)

where matrices A and C depend on the value of ¢, d, and 7,
X, (1) = [x1, x,], f(x,(t) = [0, xf], v(t) = [0, E cos wt].

The blood vessel in chaotic states may induce vari-
ous complex diseases, for instance, myocardial infarction.
With the purpose of suppressing the chaotic phenomenon
of coronary artery system, we could design the feedback
controller u(t) to achieve the chaotic synchronization. The
controller u(t) is the dosage of the single and double nitrate
isosorbide nitrate used for treatment of angina and other
diseases [12]. We control the dosage of the single and double
nitrate isosorbide nitrate to change blood vessel inner radius
and pressure and achieve chaotic synchronization of normal
and abnormal blood vessel, which can improve transport of
nutrients and oxygen to the heart. The diseased system can be
defined as the follows:

X, (t) = Ax (1) + Cf (x, (1)) + v(t) + Do (1) o
+u(t—r(t),

where x(t) = [x,(t), x,(t)] is the state vector, f(x,(t)) =
[0, xi’l(t)] is nonlinear function vector, v(t) = [0, E cos wt]
represents period disturbance, o(t) = [g,(¢), 0,(t)] represents
uncertain external disturbance. Our intent is to synchronize
the healthy and pathological coronary artery system, which
means resulting tracking error need be driven to zero. Hence,
defining e(t) = x,(f) — x,,(t), the error system based on (2)
and (3) can be presented as follows:

é(t)=Ae(t)+ut—rt)+Cf () +Do(t), (4)
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where input time-delay r(t) € [r,,, )], its derivative #(f) <
14> T, Tap> and 14 are given positive integers, f(t) = f(x,(t))—
f(x,,(t)). Due to the time of drug absorption, we design
the state feedback controller u(t — r(t)) = K[x,(t — r(t)) -
x,,(t—r(t))] to achieve the synchronization of the normal and
pathological coronary artery system. The error system can be
obtained:

é(t)y=Ae(t)+Ke(t—-r(t)+Cf(t)+Do(t). (5

In the paper, a controller obtained by feasible sets of K is
designed to deal with the synchronization problem of chaotic
coronary artery system. In other words, our goal is to drive
pathological vessel into the trajectory of healthy vessel and
ensure asymptotically approaching zero for the error system.
To achieve the above proposed aim, we give the following
assumption and lemmas.

Assumption 1. A constant matrix L with appropriate dimen-
sion satisfies

If (s () = f (i O] < L (x,(8) = x,, D). (6)

From (4), the following inequality can be obtained:

O fE) <LLe" (t)e(®). )

Lemma 2 (see [24]). h is a continuously differentiable func-
tion: [9,,9,] — R". For symmetric matrices R € R™",
M,, M, € R and any matrices M, € R, N|,N, €
R>*" are satisfying

M, M, N,
* My N, |=>0. (8)
= % Q

1
min —L,(t)= )L, (t)+
[b:16>0,% b=1] be i) Z i

i

subject to {Ki,j :R™ — R, Ki; =K;; (), [

Lemma 5 (see [22]). Order matrix W = WT > 0. For
continuously differentiable function h € [b;,b,] — R", we can
obtain

j:z Jbz i’ () Wh (1) duds

N

S N I I

(b -t
+ ”z (b, b)) W, (bpbz)} >

3
We can obtain the following inequality:
'92 . .
- [ @) Ri )
9
< w1T (9,-9)) [Ml + %M3] wy ©)
+ sym {wlTle2 + wlTN2w3} ,
where
N !
w0, = | KT (9,), K7 (9,), —— J W wydu|
92 - 91 1
w; = K (9,) - H CHE (10)
3 2 % T T T
w; = h* (wydu-h (9,)-h (9,).
9, =9, Jy,

Lemma 3 (see [30]). Order matrix V. = V' > 0 and
continuously differentiable function h in [e, f] — R". The
following inequality holds:

f
J i () Vi (u) du > fl

— vn+nvpl. @

where

n=h(f)-h),

f (12)
Y, = V3(e) + V3(f) - ;—EJ h (u) du.

Lemma 4 (see [25]). In an open subset D of R™, order positive
value L; : R™ — R. The reciprocally convex combination of L,

is satisfying

max
[Ki,j(t)]i¢j
(13)
L) K;;()
Ky L; (0 ] : 0} |
where
by
vy (b by) = (by — b)) i (by) - L h(s)ds, (15)
- b,
v, (b, by) = Mk (b)) + \/EJ;J h(s)ds
1 (16)

3\/5 b, (b
_WJ;,I J; h(u) duds.
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3. H_, Control for Synchronization of Theorem 6. Considering the states of error system (5) and
Coronary Artery System Assumption 1, the error system (5) is asymptotical convergence
to zero if there exist positive values t,,, Ty Tgr Kz K135 Kig
In this section, a novel synchronization criterion will be K5, positive symmetric matrices P, R}, Ry, R;, Q, Q,, Q;,
mentioned on chaotic coronary artery system, which can  Q,, symmetric matrices M,, M, and appropriate dimensions
ensure that the error system asymptotically converges to the  matric M,, N;, N,, S, S,, L, such that
zero. In other words, the synchronization will be achieved
between the normal and diseased blood vessels based on the

following theorem.
r— - - — —
Py kP x3Pyy k4 Py K5 Py
— — — —
* Py P Py, Py
P=|« « P, P, By |20 (Pe5nx5n), (17)
— -
* * * P,y Pys
N
L * * * * P55 ]
[ 1’3 r - - 1
4 rfan rvaT EmvT —A;m y' Py, P”LT
— e
x+ —P,Q'P,, 0 0 0 0 0
- a2
% * -P,Q, Py 0 0 0 0
S <0, (18)
* * * -P,Q; Py 0 0 0
- -
* * * * ~PuQ Py 0 0
* ES * ES * —I 0
| * % * % * * -1 |
(M, M, N,
. M, N,|>o0, (19)
L * * 61
'3, 3
P50, (d=12), (20)
L * 2
~ — —
where Y, =v=APn, + KP,n; +Cny; + Dny,,
5 —
T~ T~ -~  — 1 -5 —
V=Y [YVE+FY]+R+H+ro <M1 3 Y,=n-m,

Il
—_

1 —
Y; =n, —ny,,

3 T T
-M>w+rsm{wNw+wNw} =
3| Wy Y 1 N1y 1N Ws — _

m Y, =r,n —ns,

7
T= TS TST TS Y5 = Tppty = M,
+ Zwi Qu; — w, S1wg — wg S} Wy — Wy S,w,
& _
' Fy =mI +xkponsl + k3ngl + k4n,1 + kysmgl,

9 11
TeT 2 T 2 T = - - — — -
— w75, w5 — rmzwi Qs@; = T Zwi Quu;, F, =%, Py + Pyyng + Posng + Poyyng + Postig,
i=8 i=10

- — —T — — —

P, = Pl_ll, Fy = k3P 1y + Pysng + Pysng + Payyny + Pasng,
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T T
F4 = KMP 1hy + Pyyns + Pyng + P 44y + P45n8,

T T T
F = K15P11"1 + Pystis + Pygng + Pysng + Pss”s’

R = diag {ﬁl +R, +R;,-R,,—(1-1,)Ry,
- R;,0,0,0,0,0,0,0,0},

H=H, +H,={I+L"L0,0,0,0,0,0,0,0,0, I,
_ ﬂ21},

w, = {”1)”2’”5}T’

w, =Ny, — 1y,

w3 = 2ng5 — Ny — Ny,

W, =Ny — 1,

ws = \/§n2 + \/§n3 - 2\/5719,

We = N3 = My,

w; = \/§n3 + \/5?14 - 2\/§n10,

wg =T, — Ng,

2 3vV2
\/—Zrm ny + V2ng V2

w9 = - _n7,

m
W19 = "ymMa — Ne>

\/irM L
2

3
\/_n6 —\/— ng,
r

Mm

Wy =

"NMm = T™m — Tap

m (k=1,...,12) € R"*™" {eg.n,

=1[0,0,1,0,0,0,0,0,0,0,0,0]} .

Proof. LKF can be constructed as follows:

4
V) =YV,
i=1

where

V,=@" (t)Pa(t),

v,

= Jt el (s)Rye(s)ds + r el (s)Rye(s)ds
t—r(t) 7,

“'m

t
+ J el (s) Rze (s) ds,
t=rp

(21)

(22)

(23)

(24)

5
VS
0 t
_ .3 .T .
=Tm ~|-—rm J;H e (M) Qle (Ll) duds (25)
+ T Jm J: ¢" (u) Qué (u) duds,
V4
4 ot t ot
- r?m .|-t—rm J; Ju éT (V) Q3e (V) dv du ds (26)
4 t-r, rt—t, [t
* rMT’" J J J ¢ (V) Qe (v) dvduds,
@' (1) = [e®),d, (1), dy (1), d; (), dy (1)],
d, (t) = J el (s)ds,
d, (t) = J; ) el (s)ds, o
d; (t) = f J e’ (u)duds,

m

T (=T
d,(t) = J J el (1) duds.
t-ry Js

Based on the above condition, the derivative of V(t) can be
obtained:

4
Vi) =DV, (28)

i=1

where

V, (t) = 20" (t) P@ (t) = 26" (t) [P, e (t) + &}, P, d,
+K3Pdy + k4 Py ds + K4 Pydy] + 20¢1T ®)
[1Plie (£) + Pyydy () + Pysd, (£) + Pyyds (1)

+ Pysd, (1)) + 20, (8) [y3P) e (£) + Pydy (1)

+ Pyad, (£) + Payds (1) + Pysdy (£)] + 205 (1) (9)
[k14Pl e (t) + Pyyd, (£) + Piyd, () + Pyyds (£)

+ Pysdy (B)] + 205 (t) [k15Plie (1) + Prody ()

+ Pid, (t) + Pids (t) + Pssd, (0] = 7" (1)

5
: Zsym {YiTFi} n(),

i=1



3
Vy(t)=Ye (O Re(t) - (1-#(t)e’ (t—r(t)

i=1
‘Re(t-rt)—e (t-r,)Re(t-r,)—e (t

—ry) Rye(t—ry) < 11T (t) Ry (1),

3
V() =" (0 [raQ + Qe+ Y& =4 ()

i=1

3
AW () + Y&,
i=1
) ot teor
no=2] [ [Foen

4
—eT (u) Qsé (u)] duds + TMT'"

. LH'" JH'" [¢" () Que (1)

—Ty IS

— e’ (u) Qué (u)] duds =" (t)

5
AWy (8) + Y E,

i=4
with

0 () = {eT t),e" (t—r,),e" (t-r®),e" (t-ry),
d, (),d, (1), d; (£),dy (£),ds (1), dg (1), fT (1), 0" (D)},

a=et)-e(t-r,),

ow=e(t-r,)—e(t-ry),

oy =r1,e(t)—d, (1),

oy =ryme (t —1,,) —dy (1),

Y, = An; + A n3 + Cny; + Dny,,

Y, =n, —n,,

Y5 =1y —ny,

Y, =r,n —ns,

Y5 = Iyt = M

Fy = Pyny + 1, Pyyns + k3 Py ng + 10, Py n;
+ K5 1,

F, = K12P1T1”1 + Pytis + Pystig + Poyniy + Posrig,

F; = 1<13P1T1n1 + P2T3n5 + Py3ng + Pyyn, + Pssng,

F, = 1(14P1T1n1 + sz;nS + Pg;n6 + Pyyn, + Pysng,

F; = K15P1T1”1 + P2T5n5 + P3T5n6 + PZ;n7 + Pysng,

R =diag{R, + R, + Ry, —Ry, — (1 —r4) R,

(30)

(31)

(32)
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- R3)O)O)O)O)O)O>O>O})

4 2
Wy =71,,Q1 + 13, Q2>
6 6
r r
W, = Q, + M1,
27, % g

v = An, + Kny + Cny; + Dny,,

t
& = —rfn Li el (s) Qqé(s) ds,

t-r,,
& = —Taim J & (s) Q,é(s)ds,
t—r(t)
t—r(t) -
& = —Taim J é (s)Q,é(s)ds,
t—ry
r4 t t -
f--2[ [ waeewduds
t=r, Js
1,.4 t=r,, t-1,
fo= =2 [ ) Que ) duds,
t=rp Js
d(t) = ——— JHm ¢ (s)ds
W) -1 e '
1 t—r(t) T
d = ds.
«®) =1 () Jt—r(M)e (s)ds

According to Lemmas 2 and 3, we can get

M, M, N,
* My N, | =0,
% % Q1

1
E@®) < r;vf (t-r,t) [Ml + §M3] v (tt-r,,)
+7) sym {UIT (t=71,,t) Ny, (t —1,,,t)

+ vlT (t =1 t) Novy (t =1, t)} ,

1

& (1) < - [vf (D Qs (6) + 15 (D Qs (1]

iy

£0) < - [ (0 Qe 0+ 6] (0Qu, )],

where

ler(t)_rm,
rMm
ez_rM_r(t)’
"'Mm
T T 1 (" 7
vy = e (t),e (t—rm),—J e (s)ds],
rm tfrm

(33)

(34)

(35)
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v,=e (t)-e (t-r,),
N T T
V3= = e (s)ds—e (t)—e (t-r1,),
m tfrm
vy=e(t-r,)—elt-r(),
vs = V3e(t—r,)+ V3e(t—r(t) -2V3ds (1),
ve=e(t—r(t)—e(t—ry),

=\3e(t—r (1) + Ve (t —ry) - 2V3d4 (t).
(38)

From inequality (35), we have

&)< 11T(t)r {r w, [M1 + ;M3]
(39)
+ sym [wlTlez + wlTN2w3]} n(t).

The real numbers 0,, 0, satisfy 6, > 0,0, > 0,and 9, +0, = 1.
Then appropriate dimensions matrices S;, S, are introduced,

such that
.
>
* Q,

N
* Q, -

Applying Lemma 4 to inequalities (36) (37), we have

(40)

&) +& () < - <GLUZ (1) Quuy (t)
1
1 7 1 r
+ 9_05 () Q,ug (t)> - (6_1)5 () Quus5 (1)
2 1
1 T U4 (t) r
+ 6—207 (t) Qv (t)) < - [06 (t)]
[Qz S ] [U4 (f)]
* v (t)

[Us (t)]

vy (t)

Q, S t

[ 2 2][05() -y (t)I:Z(U Q,w;
vy (1)

(41)

T ToT T T T
+ w, S wg +w681w4+w582w7+w782w5] n(t).

Using Lemma 5, &,(¢), &5(t) can be transformed as follows:

1M1 7Q 07[7 (1)
5 o) 13 ol o)
U< r’"[mt) e &l lno

9
= —rIT (®) rfn ZwiTQ3wir] ),
= ) (42)
()] [Qs 0][m(®)
05 o) |3 ol [
s < P 74 (t) Qg L7y (1)
11
=" () Thgm ), @0 Qo (1),
i=10
where
T, () =r,e()—d, (),
7, (t) = \/Ezr,nz (t) + V2d, (t) - iﬁds (),
7, (t) = rygee(t —r,) —d, (t), (43)

\V2r = Mm

7, (t) = e(t—r,)+V2d, ()

— id (t)

"NMm

Next, we define a performance index J(e(t), o(t)) to study H,,
performance:

J(e(®),0(t))
oo (44)
= L [eT (u) e (u) — ﬁZQT (u)o (u)] du.

Under the zero initial conditions, we can obtain

J(e(®),o()

_ JOO e (he )
0

<[l Oem-petwew

- B e +V (©)]dt
- V (t)|t—>
+V (1)) dt = J:O 7 () {A+" (W + W) v}
- (t)dt,

where

5
A=Y [Y/F+FY,]+R+H, +H,
i=1

+rt @ <M1+ M3>w1



3 T T
+ 7, sym {wl N,w, + w; N2w3}

7
T T T T T
+ Za)i Quuw; — w, S;wg — wg S} wy — w5 Sw;
i=4

9
T T 2 T
—w; S, w5 = mzwi Qsw;

i=8

11
2 T
= "Mm Z w; Quu;,
i=10
s T
H, = diag{L"L,0,0,0,0,0,0,0,0,0,0,-1,0},

H, = diag {1,0,0,0,0,0,0,0,0,0,0,— I} .
(46)

Ordering disturbance attenuation parameter 3 > 0 and
matric ¥ = A + v/ (W, + W,)v, we can get

J(e®),o®)<n" (O)¥n(). (47)

To apply congruence transform, multiplying both sides of
¥ with diag(P;',..., P;;', I, I) and employing Schur comple-
10
ments, inequality (18) can be induced. Similarly, multiplying
both sides of matric (34) with diag(Pl_ll, cio Pl_ll) and matric
7

(40) with diag(Pﬂl,Pﬂl), we can get inequality (19) (20),
where

!
!

— —
.= PQ. Py, (x=1,2,3,4),
— - . =
Ry = PllRyPH,
— - . —
y =Py M,Py, (y=1,2,3),
—_ —_ . —
a =P NPy,
(48)
~ R —
Sq=PySaP1ys
—_ —_ -
Hy =P H P, (d=1,2),
- - — o
P,;=P,P;Py, (i,j=1,234,5),
N
F=KP,,.
This completes the proof. O

Due to presence of nonlinear terms in the form of
— -
P,Q.P, (x = 1,2,3,4), we cannot obtain a feasible

solution by LMI tool box. To solve this problem, the cone
complementary linearization algorithm (CCLA) is proposed
[23]. Define new variable T, (x = 1,2, 3, 4) satisfying

- - =

PQ P 2T, (x=1,23,4). (49)
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Applying Schur complements, expression (49) can be in-
duced as follows:

~, =371
Qc Pu| g 0, (x=1,2,3,4). (50)
* —T;l
~ —-1 1
SetY, =Q.,P,=P,,,U, =T, . From (50), we have
_Yx Pn
<0, (x=1,2,3,4). (51)
*  =U,

Then, the nonlinear optimization problem can be repre-
sented:

4
min tr (T’)HP,, + Z (Y, Q, + UxTx)> , (52)
x=1

subject to formulas (18)-(20) and (51):

- . . -
v r,ivT FagmV” ?’"VT —A;’”VT 7))11 T))HLT
* -G 0 0 0 0 0
* % -G, 0 0 0 0
* % * -G, 0 0 0 > (53)
* * * * -G, 0 0
* * * * * -1 0
| * % % % % * -1 |
B, I
11 ] >0,
* Pn
Y, I
—_— > 0)
* Qy (54)
U, I
* Tx
(x=1,2,3,4).

Thus, the minimization problem (53) (54) can be solved by
the following iterative algorithm.

Algorithm 7. (i) For given scalars 7,7y, 74K (j

0 —
2,3,4,5), find a feasible set (B, P’,Y,, Q% U, T F°) of
LMI in (54). If there is none, exit. Set b = 0. (ii) Solve
minimization problem with a feasible set:

(B By, QUL T F). -
Minimize
tr (T))?lpn + P:?u
4 (56)
(VG B, U TfiUx)>

x=1
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FIGURE : The trajectory of chaotic coronary artery system without
disturbance and controller.

i =+ - b+1 b+1
s~ubject t0~LMI (54).Set P,, = P,,P" =P,Y)" =Y,
Qb = QU = U, T8 = T, F**' = F. (iii) If linear

X
-1
matrix inequalities (18)-(20) are feasible for K = FTJ)M , then
drop out. Otherwise, setb = b + 1 and go to item (ii).

4. Simulation

The simulation will be exploited to express the effectiveness
of the above theoretical results. To simulate normal states of
blood vessel, give the parameters ¢ = 0.15,d = —1.7, E = 0.3,
w = 1 [12]. The chaotic response can be diversiform with
the change of 7. It means that the changes of pathological
blood vessels may be induced by different parameter 7. As
T = —0.5, coronary artery system (1) will show the very
complex dynamic behavior. The bifurcation diagram of sys-
tem (1) is shown in Figure 1 without external disturbance and
controller. The single and double nitrate isosorbide nitrate
(controller u) is quickly absorbed by patients; blood vessels
will dilate and increase blood supply to the heart muscle,
which effectively relieves angina symptoms. To demonstrate
the fact, order initial matrices A, C, D, L and the initial state
vectors x,,(0), x,(0) as follows:

—-0.15 1.7
A= ,
10.575 —0.35
5 0
C= )
0 5
10
D= )
0 1
00
L= )
[0 0.36

Synchronization errors

0 20 40 60 80 100
Time (sec)

— €
— €

FIGURE 2: State responses of error system (5) without controller.

x,, (0) = [0.5,0],

x,(0) = [-1,1.5].
(57)

Then, to solute chaotic behavior and investigate external
disturbance on the system performance, the control signal
u(t) and the external disturbance signal o(¢) are imposed on
system (3), where o(t) = [sin(40¢), sin(30¢)]. For simplicity
of calculation, order «,,%,5,%,4,%5 = 0. Based on the
above condition, Figure 2 shows the trajectories and error
states of error system without controller u(t), which illustrates
synchronization error is not asymptotical to approach zero,
where ¢;(t) = x; — x,,; (i = 1,2) represent the inner radius
deviation and the pressure changes between healthy and
pathological system; thus the states of abnormal system are
not gradually tracking the normal states without controller
u(t). In order to synchronize the above systems, we formulate
H_, control strategy with the conditions of r,,, = 0.05, r,; =
0.25,7, = 0.2 and obtain the three situations of controller gain
matrices. (i) When input time-delay #(t) = 0.02 + 0.1s sin(¢)
and disturbance attenuation parameter § = 0.38 applying
Theorem 6, we can get

0.6959 0.1733
| = . (58)

0.1715 0.6175

The response of system (5) with u(t) is revealed in Figure 3.
(ii) When input time-delay r(tf) = 0.095 + 0.09sin(t)
and disturbance attenuation parameter § = 0.39 applying
Theorem 6, we can get

0.7510 0.2096
, = . (59)

0.2075 0.6550
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FIGURE 3: State responses of error system (5) with controller gain
matrix K.
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FIGURE 4: State responses of error system (5) with controller gain
matrix K.

The response of system (5) with u(t) is revealed in Figure 4.
(iii) When input time-delay r(f) = 0.1 + 0.1sin(¢) and
disturbance attenuation parameter § = 0.40 applying
Theorem 6, we can get

0.7563 0.2038
3= (60)

0.2017 0.6620

The response of system (5) with u(t) is revealed in Figure 5.
Under the effect of the aforementioned controller, we can see
that the error system asymptotically converges to the zero
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FIGURE 5: State responses of error system (5) with controller gain
matrix Kj.

in Figures 3-5, which shows that the states of pathological
system are gradually tracking the healthy states. As we can
see from Figure 5, H,, control can reduce the effect of the
disturbance signal o(¢) and drive unhealthy vessel into the
normal orbit in the shortest time, when given input time-
delay r(t) = 0.1 + 0.1sin(¢) and disturbance attenuation
parameter 8 = 0.40. It is seen that the strategy of H,
control is efficient for the synchronization of coronary artery
input time-delay system with external disturbance. Hence,
the method has some theory and practice value for the
treatment of angina symptoms. In addition, our approaches
are advantageous in many input time-delay circumstances
and it is worthless to elaborate in all aspects for brevity.

5. Conclusions

This paper has studied the problem of H , control for syn-
chronization of the coronary artery input time-delay system
with disturbance. Based on triple integral form of Lyapunov-
Krasovskii functionals, a sufficient condition has been estab-
lished to ensure asymptotical convergence to zero for the
error system under a given H_, performance level. More-
over, the free-matrix-based integral inequality, Wirtinger-
based integral inequality, and reciprocal convex combination
approach are used to obtain less conservatism. Furthermore,
a novel H_, controller guaranteeing synchronization for
master-slave system is designed under the above proposed
conditions, which means the states of pathological vessel
are gradually tracking the healthy states. Finally, simulation
result demonstrates the effectiveness and feasibility of the
presented strategies. Meanwhile, the research is especially
significant to cure angina symptoms. In the future, we hope
those methods can be further utilized for other time-delay
systems.
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