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Oscillators and clocks are affected by physical mechanisms causing amplitude fluctuations, phase noise, and frequency instabilities.
The physical properties of the elements composing the oscillator as well as external environmental conditions play a role in the
characteristics of the oscillatory signal produced by the device. Such instabilities demonstrate frequency drifts and modulation and
spectrum broadening and are observed to be nonstationary processes in nature. Most of tools which are being used to measure and
characterize oscillator stability are based on signal processing techniques, assuming time invariance during a temporal window,
during which the signal is assumed to be stationary. This paper proposes a new time-frequency metric for the characterization of
frequency sources. Our technique is based on the Wigner-Ville distribution, which extends the spectral measures to consist of the
temporal nonstationary behavior of the processes affecting the accuracy of the clock. We demonstrate the use of the technique in
the characterization of phase errors, frequency offsets, and frequency drift of oscillators.

1. Introduction
In recent years, due to the high data rates required to be
transferred in communication networks, the demand for high
accuracy satellite navigation systems and the development of
high resolution radars and clocks with very high precision
are required. Stable oscillators, including atomic ones like
rubidium and even cesium atomic, are often used in communication and navigation facilities [1–6]. In addition to the
above applications, many other electronic systems require
frequency generators. In such systems, time synchronization
and an accurate clock frequency are required [7–12].
Every oscillator has its unique clock frequency consisting
of a nominal frequency ]0 in addition to a normalized
frequency difference of 𝑥 Parts Per Million (PPM) from the
nominal frequency multiplied by this nominal frequency. In
addition, every oscillator has a random jitter 𝜙. Therefore, the
master and the slave clocks may have different frequencies
and thus not be synchronized. For example, suppose that the
master’s frequency is (]0 + 𝑥]0 ) and the slave’s frequency is
(]0 − 𝑥]0 ); thus, their frequencies are not synchronized. In
that case, the clock offset generally keeps increasing and may
cause the communication link to fail [13]. Therefore, in such

systems, frequency synchronization and an accurate clock
frequency are required [14].
For example [13], communication networks such as Long
Term Evolution Advanced (LTE-A) based cellular networks
require base stations and backhaul equipment to maintain
time synchronization in order to provide several new features
like synchronized transmissions over frequencies from adjacent base stations and interference coordination. An example
of an emerging networked application is smart power grid
systems which are characterized by a two-way flow of energy
and end-to-end communications. The communications are
largely machine-to-machine (M2M) in nature [13, 15] and
need to share synchronized information in order to improve
efficiency and reliability of power delivery. Therefore, in
addition to frequency synchronization, time synchronization
is also required [16].
Oscillators and clocks are subjected to environmental
conditions, internal malfunctions, and inherent physical phenomena causing instabilities in the oscillatory signal being
produced [17]. These instabilities are expressed by amplitude and phase fluctuations causing frequency deviations,
drift, and spectrum broadening. Instead of being stationary,
single frequency, and temporal coherent, the clock signal is
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observed to be a stochastic process characterized by statistical
and spectral features, which are nonstationary time varying
[18–21]. Therefore, the design of a set of tools for time
domain analysis of a frequency source is therefore needed and
significant to investigate.
Several works [22–25] on the time-frequency (TF) analysis of oscillators and atomic clocks have been carried out
recently. In [22, 23], the authors presented methods for the
detection and identification of atomic clock anomalies via
simulation on experimental data. Those methods are based
on derivation of the frequency deviation and then sliding
Welchs periodogram on the clock noise data.
Another work [24] presents a time-frequency relationship
between the Langevin equation and the harmonic oscillator
by deriving relationship between the Wigner distribution of
the Green’s function of the Langevin equation and of the
harmonic oscillator. Their result paves the way for a simplification of the time-frequency representation of differential
equations, as well as for a better understanding and filtering
of the interference terms.
Most recently, a study of the important role of timefrequency signal representations was presented [25]. This
approach was used for enhancement of the performance
of global navigation satellite system (GNSS) receivers by
using short-time Fourier transform (STFT) and the Wigner
distribution as the TF representations.
In order to measure and characterize the oscillator
properties, time-frequency signal processing techniques are
required. Most often the Allan variance (or the Allan deviation) is employed [26–32]. It calculates the covariance of
two adjacent samples of the signal produced by the under
test oscillator. The Allan variance is widely used and recommended in international standards [28]. However, the
Allan variance does not give the possibility of identifying and
interpreting nonstationary effects.
Recently [18–21], an extended version of the Allan variance, the dynamic Allan variance (DAVAR), was proposed
for the characterization of atomic clock stability that can vary
with time. However, the DAVAR deals only with characterization of the stability of the frequency source and cannot detect
phase and frequency offsets relative to a reference source.
The Allan variance is a fundamental tool for characterizing frequency stability of oscillators since it measures
the size of frequency fluctuations at different observation
intervals, whereas the DAVAR describes the variations with
time of these fluctuations. Please note that in this paper we
concentrate in ideal oscillators, where no random frequency
fluctuations are considered.
In this paper we propose a time-frequency metric for
the characterization of oscillators and frequency generators,
considering also nonstationary variations. It is based on
the Wigner distribution [33, 34], proposed in 1932 for the
characterization of quantum fluctuations. In signal processing, it was used by Ville [35], so that it is often called
Wigner-Ville distribution [36]. The applications of Wigner
distribution are various: analysis of nonstationary signals
[37–40], radar signals [41, 42], biomedical signals [43–45],
analysis of time varying filters [46, 47], and image processing
[48–50]. However, the Wigner-Ville distribution was not yet
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used in the characterization of nonstationary oscillators such
as detection of the phase and frequency offsets relative to a
reference source. In this paper, we will introduce both the
discrete and continuous forms of the Wigner-Ville distribution for the characterization of a clock signal (nonstationary
oscillator) with respect to a reference source and show how
this technique is useful for the detection of the phase and
frequency offsets relative to a reference source.
A short review of the oscillator clock model and the
Wigner-Ville distribution are introduced in Section 2. The
proposed approach for the characterization of nonstationary
oscillators is presented in Sections 3-6. In Section 7 numerical
simulation results are presented including demonstration of
phase and frequency deviations. Section 8 summarizes the
paper.

2. Theoretical Background
In this section, we will introduce a short theoretical background of the clock model and the Wigner-Ville distribution.
In Section 2.1 we will describe briefly the clock model
and in Section 2.2 we will present briefly the Wigner-Ville
distribution [33].
2.1. The Clock Model. A model for a real clock which includes
variations in the amplitude and phase is given by [17, 26]
𝑟 (𝑡) = [𝐴 + 𝜖 (𝑡)] cos [2𝜋]0 𝑡 + 𝜑 (𝑡)]

(1)

where 𝐴 is the amplitude and ]0 is the frequency of the oscillation. 𝜖(𝑡) and 𝜑(𝑡) represent random fluctuations observed
in amplitude and phase, respectively.
The amplitude fluctuations can be neglected [17, 26], and
thus we can write the approximate model [17]:
𝑟 (𝑡) ≃ 𝐴 cos [2𝜋]0 𝑡 + 𝜑 (𝑡)]

(2)

The phase variations 𝜑(𝑡) result in an instantaneous frequency which is a time dependent process given by [17]
] (𝑡) = ]0 +

1 𝑑𝜑 (𝑡)
2𝜋 𝑑𝑡

(3)

In an ideal clock, the phase is constant and can be set to zero
[51]; thus, it generates a sinusoidal oscillation of the form [52,
53]:
𝑠 (𝑡) = 𝐴 0 cos (2𝜋]0 𝑡)

(4)

where 𝐴 0 is the amplitude of the ideal clock.
Physical signals are real, in which case the Wigner-Ville
distribution can be applied to either the (real) signal itself, or
a complex version of the signal known as the analytic signal
[54].
In the following, we define the analytic form of the clock
signal as
𝑟̃ (𝑡) ≃ 𝐴𝑒𝑖[2𝜋]0 𝑡+𝜑(𝑡)]

(5)

and for an ideal clock, the analytic signal will be
𝑠̃ (𝑡) = 𝐴 0 𝑒𝑖(2𝜋]0 𝑡)

(6)
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2.2. The Wigner-Ville Distribution. One of the most representative joint representations of time-frequency analysis is
the Wigner distribution (WD), which is a quadratic signal
representation introduced by Wigner (1932) [34] and later
applied by Ville (1948) [35] to signal analysis. A comprehensive discussion of the WD properties can be found in a series
of classical articles by Claasen and Mecklenbruker (1980)
[55–57]. Originally, the WD has been applied to continuous
variables as follows: consider an arbitrary 1D function 𝑟̃(𝑡) ∈
C, 𝑡 ∈ R. The WD of 𝑟̃(𝑡) is given by [33]
∞

𝜏
𝜏
𝑟̃ (𝑡 + ) 𝑟̃∗ (𝑡 − ) 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
2
2
−∞

𝑊𝑟̃ (𝑡, 𝑓) = ∫

(7)

where “∗” denotes complex conjugation. By considering the
shifting parameter 𝜏 as a variable, (7) represents the Fourier
transform (FT) of the product 𝑟̃(𝑡 + 𝜏/2)̃𝑟∗ (𝑡 − 𝜏/2), where
𝑓 denotes the spatial frequency variable and, hence, the WD
can be interpreted as the local spectrum of the signal 𝑟̃(𝑡).
The Wigner distribution satisfies many meaningful mathematical properties that are summarized in Appendix A.
The most powerful property is the “Time-Marginal”
property and is given by

r (t)

r (t) − s (t)

+

The Wigner-Ville
Distribution

Wr−s (t,f)

Received Signal
−
Reference Signal
s (t)

Figure 1: Block diagram of the proposed system. First we subtract
the reference signal 𝑠̃(𝑡) from the received one 𝑟̃(𝑡), and then the
Wigner-Ville distribution function is performed on the difference
𝑟̃(𝑡) − 𝑠̃(𝑡).

closed expression for the Time Marginal of 𝑊𝑟̃−̃𝑠(𝑡, 𝑓) for
three different cases.
Case A. In Section 4, we derive the analytic continuous and
discrete forms for the Wigner-Ville distribution and its TimeMarginal expression for a constant phase offset case.

(8)

Case B. In Section 5, we derive the analytic expressions
for the continuous Wigner-Ville distribution and its TimeMarginal expression for the case of constant phase and
frequency offsets.

where ‖̃𝑟(𝑡)‖ denotes the norm of the signal 𝑟̃(𝑡). Summing up
of the energy distribution for all frequencies at a particular
time would give the instantaneous energy of the signal. We
will use the “Time-Marginal” property in our development in
order to detect phase offset of a frequency source with respect
to a reference source.
Modern signal processing uses the discrete form of
physical signals. Therefore, the practical computation will
use the discrete Wigner-Ville distribution form. There are
several presentations in the literature for the discrete WignerVille distribution. In Appendix B we present and explain in
detail the discrete form of the Wigner-Ville Distribution and
some of the main presentations. In this paper we will use
the following discrete Wigner-Ville distribution, similar to
the one proposed by Eric Chassande-Mottin and Archana Pai
[58]:

Case C. In Section 6, we derive the analytic expressions
for the continuous Wigner-Ville distribution and its TimeMarginal expression for the case of frequency drift.
In this paper, we make use of an analytic signal which
is the complex form of the real clock signal. Our choice is
based on [54] because of the following reasons. All of the
transformations in Cohens class of distributions (of which the
Wigner-Ville is one) produce better results when applied to a
modified version of the waveform termed the analytic signal,
a complex version of the real signal. While the real signal can
be used, the analytic signal has several advantages. The most
important advantage is due to the fact that the analytic signal
does not contain negative frequencies, so its use will reduce
the number of cross products. If the real signal is used, then
both the positive and negative spectral terms produce cross
products.

∫

∞

−∞

𝑊𝑟̃ (𝑡, 𝑓) 𝑑𝑓 = ‖̃𝑟 (𝑡)‖2

Theorem 1. For the following assumptions:

𝑘

𝑛
𝑘
𝑘
𝑤𝑟̃ (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑟̃ [𝑛 + ] 𝑟̃∗ [𝑛 − ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
2
2
𝑘=−𝑘

(9)

𝑛

where 𝑘𝑛 = min[2𝑛, 2𝑁 − 1 − 2𝑛], 𝑁 denotes the number of
samples, and 𝑛, 𝑚 denotes the index numbers for the time and
frequency vectors, respectively.
This equation, designed for discrete time or space signals,
shows a great similarity with the original continuous version;
therefore, it has been selected for our development.

3. A New Metric for Frequency
Source Characterization
The system under consideration is presented in Figure 1.
At first we will derive a general expression for 𝑊𝑟̃−̃𝑠(𝑡, 𝑓)
as a function of 𝜑(𝑡); then we will develop simplified and

(1) without loss of generality, 𝐴 = 𝐴 0 = 1,
(2) ]0 is the nominal frequency,
(3) 𝑠̃(𝑡) denotes the continuous complex form of an ideal
clock signal,
(4) 𝑟̃(𝑡) denotes the continuous complex form of the real
clock signal.
The Wigner-Ville distribution of the difference 𝑟̃(𝑡) − 𝑠̃(𝑡)
is defined as
𝑊𝑟̃−̃𝑠 (𝑡, 𝑓) = 𝛿 (𝑓 − ]0 )
∞

+∫

−∞

𝑒𝑖𝜑(𝑡+𝜏/2) 𝑒−𝑖𝜑(𝑡−𝜏/2) 𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏

− 2𝑅𝑒 {∫

∞

−∞

𝑒𝑖[(2𝜋]0 𝜏)+𝜑(𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏}

(10)
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Proof of Theorem 1. The Wigner-Ville distribution (WD) of
𝑟̃ − 𝑠̃ is given by
𝑊𝑟̃−̃𝑠 (𝑡, 𝑓) = 𝑊𝐷 {𝑒𝑖[2𝜋]0 𝑡+𝜑(𝑡)] − 𝑒𝑖(2𝜋]0 𝑡) }

(11)

By using the “Summation Property” given in Appendix A
(A.2) we obtain
𝑊𝑟̃−̃𝑠 (𝑡, 𝑓) = 𝑊𝑟̃ (𝑡, 𝑓) + 𝑊−̃𝑠 (𝑡, 𝑓)
− 2𝑅𝑒 {𝑊𝑟̃,𝑠̃ (𝑡, 𝑓)}

(12)

Note that 𝑊−̃𝑠(𝑡, 𝑓) = 𝑊̃𝑠(𝑡, 𝑓) for 𝑠̃(𝑡) ∈ C. Then, by using
(12) we have
𝑊𝑟̃−̃𝑠 (𝑡, 𝑓) = 𝑊𝑟̃ (𝑡, 𝑓) + 𝑊̃𝑠 (𝑡, 𝑓) − 2𝑅𝑒 {𝑊𝑟̃,̃𝑠 (𝑡, 𝑓)} (13)
Let us get first a closed form expression for the second
component in the right side of (13)
∞

𝜏
𝜏
𝑠̃ (𝑡 + ) 𝑠̃∗ (𝑡 − ) 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
2
2
−∞

𝑊̃𝑠 (𝑡, 𝑓) = ∫
=∫

∞

−∞

=∫

∞

−∞

𝑒𝑖[2𝜋]0 (𝑡+𝜏/2)] 𝑒−𝑖[2𝜋]0 (𝑡−𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

(14)

−∞

𝑊𝐶̃ (𝑡, 𝑓 ) 𝑊𝐷̃ (𝑡, 𝑓 − 𝑓 ) 𝑑𝑓

(15)

(16)

̃ and 𝐷(𝑡),
̃
where 𝑊𝐶̃ (𝑡, 𝑓) and 𝑊𝐷̃(𝑡, 𝑓) are the WDs of 𝐶(𝑡)
respectively.
Note that the closed form expression for 𝑊𝐶̃ (𝑡, 𝑓 ) =
𝑊̃𝑠(𝑡, 𝑓 ), where 𝑊̃𝑠(𝑡, 𝑓 ) is given in (14) for 𝑓 = 𝑓.
By substituting (14) into (16) we obtain
𝑊𝑟̃ (𝑡, 𝑓) = ∫

∞

−∞

𝛿 (𝑓 − ]0 ) 𝑊𝐷 (𝑡, 𝑓 − 𝑓 ) 𝑑𝑓

= 𝑊𝐷 (𝑡, 𝑓 − ]0 )
∞

=∫

−∞

(17)

(18)

−∞

−∞

𝑒𝑖[(2𝜋]0 𝜏)+𝜑(𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

Using (13), (17), and (20), the WD of (12) is given by
𝑊𝑟̃−̃𝑠 (𝑡, 𝑓) = 𝛿 (𝑓 − ]0 )
+∫

∞

−∞

𝑒𝑖𝜑(𝑡+𝜏/2) 𝑒−𝑖𝜑(𝑡−𝜏/2) 𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏
∞

(21)

𝑒𝑖[(2𝜋]0 𝜏)+𝜑(𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏}

This completes our proof of Theorem 1.

As we all know, modern signal processing uses the discrete
form of physical signals. Therefore, the practical computation
will use the discrete Wigner-Ville distribution form as is
introduced later in this subsection. Due to the simplicity of
the mathematical development of using the continuous form
of the WD upon its discrete one, we will use henceforth
in our development process only the continuous form. In
order to do so, we need to verify that there is a complete
match between the analytic continuous form and the discrete
one. Hence, in this subsection we will derive the analytic
discrete form for the Wigner-Ville distribution and its TimeMarginal expression for a constant phase offset. In the end of
the discrete form development, we will compare the discrete
expression against the continuous expression introduced in
the last subsection in order to verify a complete match and
hence use only the continuous form.
4.1. Continuous Form. In this subsection, we will apply the
analytic continuous form of the Wigner-Ville distribution on
𝑟̃ − 𝑠̃ and then we will derive its Time-Marginal expression for
a constant phase offset case.

(2) 𝑥0 is the constant phase offset from a reference clock
signal,
(4) 𝑠̃(𝑡) denotes the continuous complex form of an ideal
clock signal,

𝑊𝑟̃ (𝑡, 𝑓) = 𝑊𝐷 (𝑡, 𝑓 − ]0 )
𝑒−𝑖Δ𝜑(𝜏) 𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏

∞

(20)

(3) ]0 is the nominal frequency,

Thus, (17) can be written as
∞

=∫

𝑒𝑖[2𝜋]0 (𝑡+𝜏/2)+𝜑(𝑡+𝜏/2)] 𝑒−𝑖[2𝜋]0 (𝑡−𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

(1) without loss of generality, 𝐴 = 𝐴 0 = 1,

Let us define for simplicity the variable Δ𝜑(𝜏) as

=∫

−∞

Theorem 2. For the following assumptions:

𝑒𝑖𝜑(𝑡+𝜏/2) 𝑒−𝑖𝜑(𝑡−𝜏/2) 𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏

𝜏
𝜏
Δ𝜑 (𝜏) = 𝜑 (𝑡 − ) − 𝜑 (𝑡 + )
2
2

∞

4. Constant Phase Offset

̃ = 𝑒𝑖𝜑(𝑡) .
̃ = 𝑒𝑖(2𝜋]0 𝑡) and 𝐷(𝑡)
where 𝐶(𝑡)
By using the “Convolution Property” given in
Appendix A we obtain
∞

=∫

−∞

In order to get a closed form expression for the first component on the right side of (13) we will use the next definition:

𝑊𝑟̃ (𝑡, 𝑓) = ∫

𝑊𝑟̃,𝑠̃ (𝑡, 𝑓)

− 2𝑅𝑒 {∫

𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏 = 𝛿 (𝑓 − ]0 )

̃ (𝑡) 𝐷
̃ (𝑡)
𝑟̃ (𝑡) = 𝑒𝑖[2𝜋]0 𝑡+𝜑(𝑡)] = 𝐶

Now we turn to the “cross-term” component of 𝑊𝑟̃−̃𝑠(𝑡, 𝑓)
which is the third component on the right side of (13):

(19)

(5) 𝑟̃1 (𝑡) denotes the continuous complex form of the real
clock signal for the case of constant phase offset.
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The Time-Marginal expression of the Wigner-Ville distribution for 𝑟̃1 (𝑡) − 𝑠̃(𝑡) is defined as
̃
2
𝑟1 (𝑡) − 𝑠̃ (𝑡) = 2 {1 − cos [2𝜋]0 𝑥0 ]}

(22)

Proof of Theorem 2. For simplicity in the following we denote
𝑟̃(𝑡) as 𝑟̃1 (𝑡).
The complex form of a clock signal with constant phase
offset is given by
𝑖[2𝜋]0 𝑡+𝜑1 (𝑡)]

𝑟̃1 (𝑡) = 𝑒

(23)

where the phase variation considering the constant phase is
defined by
𝜑1 (𝑡) = 2𝜋]0 𝑥0

(24)

The terms presented in (18) are given by
𝜏
𝜏
𝜑1 (𝑡 + ) = 𝜑1 (𝑡 − ) = 2𝜋]0 𝑥0
2
2

(25)

By substituting (25) into (17) we obtain
∞

𝑊𝑟̃1 (𝑡, 𝑓) = ∫

−∞

𝑒−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏 = 𝛿 (𝑓 − ]0 )

(26)

4.2. Discrete Form
Theorem 3. For the following assumptions:
(1) without loss of generality, 𝐴 = 𝐴 0 = 1,
(2) 𝑥0 is the constant phase offset from a reference clock
signal,
(3) ]0 is the nominal frequency,
(4) 𝑠̃[𝑛] denotes the discrete complex form of an ideal clock
signal,
(5) 𝑟̃1 [𝑛] denotes the discrete complex form of the real clock
signal for the case of constant phase offset.
The discrete Time-Marginal expression of the WignerVille distribution for 𝑟̃1 [𝑛] − 𝑠̃[𝑛] is defined as
̃
2
𝑟1 [𝑛] − 𝑠̃ [𝑛] = 2 {1 − cos [2𝜋]0 𝑥0 ]}

(31)

Proof of Theorem 3. For discrete time and frequency variables
the Wigner distribution is defined as [58]
𝑘

𝑛
𝑘
𝑘
𝑤𝑟̃ (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑟̃ [𝑛 + ] 𝑟̃∗ [𝑛 − ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
2
2
𝑘=−𝑘

By substituting (25) into (20) we obtain
𝑊𝑟̃1 ,𝑠̃ (𝑡, 𝑓) = ∫

∞

−∞
∞

=∫

−∞

𝑒𝑖[(2𝜋]0 𝜏)+𝜑1 (𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
𝑒𝑖[(2𝜋]0 𝜏)+2𝜋]0 𝑥0 ] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

(27)

= 𝑒𝑖2𝜋]0 𝑥0 𝛿 (𝑓 − ]0 )
Then, the real part of 𝑊𝑟̃1 ,𝑠̃(𝑡, 𝑓) is

where 𝑘𝑛 = min[2𝑛, 2𝑁 − 1 − 2𝑛], 𝑁 denotes the number of
samples, and 𝑛, 𝑚 denotes the index numbers for the time and
frequency vectors, respectively.
Let us derive a closed form expression for the discrete
Wigner-Ville distribution (DWD) of 𝑟̃ − 𝑠̃:
𝑤𝑟̃−̃𝑠 (𝑛, 𝑚) = 𝐷𝑊𝐷 [𝑒𝑖(2𝜋]0 𝑛+𝜑[𝑛]) − 𝑒𝑖(2𝜋]0 𝑛) ]

𝑅𝑒 {𝑊𝑟̃1 ,̃𝑠 (𝑡, 𝑓)} = cos [2𝜋]0 𝑥0 ] 𝛿 (𝑓 − ]0 )

(28)

By substituting (14), (26), and (28) into (13) we obtain

𝑤𝑟̃−̃𝑠 (𝑛, 𝑚) = 𝑤𝑟̃ (𝑛, 𝑚) + 𝑤̃𝑠 (𝑛, 𝑚)

∞

̃
2
𝑟1 (𝑡) − 𝑠̃ (𝑡) = ∫ 𝑊𝑟̃1 −̃𝑠 (𝑡, 𝑓) 𝑑𝑓
−∞
= 2 {1 − cos [2𝜋]0 𝑥0 ]} ∫

−∞

𝛿 (𝑓 − ]0 ) 𝑑𝑓

= 2 {1 − cos [2𝜋]0 𝑥0 ]}
This completes our proof of Theorem 2.

(34)

Let us get first a closed form expression for the second
component on the right side of (34)

Let us derive a closed form expression for the Time Marginal
of (29)

∞

− 2𝑅𝑒 {𝑤𝑟̃,𝑠̃ (𝑛, 𝑚)}

(29)

= 2𝛿 (𝑓 − ]0 ) {1 − cos [2𝜋]0 𝑥0 ]}

(33)

By using the “Summation Property” given in Appendix A
(A.2) we obtain

𝑊𝑟̃1 −̃𝑠 (𝑡, 𝑓) = 𝑊𝑟̃1 (𝑡, 𝑓) + 𝑊̃𝑠 (𝑡, 𝑓)
− 2𝑅𝑒 {𝑊𝑟̃1 ,̃𝑠 (𝑡, 𝑓)}

(32)

𝑛

𝑘

𝑛
𝑘
𝑘
𝑤̃𝑠 (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑠̃ [𝑛 + ] 𝑠̃∗ [𝑛 − ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
2
2
𝑘=−𝑘
𝑛

(30)

𝑘𝑛

= 𝑡𝑠 ∑ 𝑒𝑖[2𝜋]0 (𝑛+𝑘/2)] 𝑒−𝑖[2𝜋]0 (𝑛−𝑘/2)] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
𝑘=−𝑘𝑛
𝑘𝑛

= 𝑡𝑠 ∑ 𝑒−𝑖2𝜋(𝑚−2𝑁]0 )𝑘/(2𝑁) = 𝑡𝑠 𝛿 (𝑚 − 2𝑁]0 )
𝑘=−𝑘𝑛

(35)
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Let us derive the first component on the right side of (34)
𝑘

𝑛
𝑘
𝑘
𝑤𝑟̃1 (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑟̃2 [𝑛 + ] 𝑟̃2 [𝑛 − ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
2
2
𝑘=−𝑘

𝑓 2𝑁−1
2
̃
𝑟1 [𝑛] − 𝑠̃ [𝑛] = 𝑠 ∑ 𝑤𝑟̃1 −̃𝑠 (𝑛, 𝑚)
2𝑁 𝑚=0

𝑛

𝑘𝑛

= 𝑡𝑠 ∑ 𝑒𝑖[2𝜋]0 (𝑛+𝑘/2)+𝜑1 [𝑛+𝑘/2]] 𝑒−𝑖[2𝜋]0 (𝑛−𝑘/2)+𝜑1 [𝑛−𝑘/2]] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁) (36)
𝑘=−𝑘𝑛
𝑘𝑛

−𝑖2𝜋(𝑚−2𝑁]0 )𝑘/(2𝑁)

= 𝑡𝑠 ∑ 𝑒
𝑘=−𝑘𝑛

= 𝑡𝑠 𝛿 (𝑚 − 2𝑁]0 )

Now we turn to the “cross-term” component of 𝑤𝑟̃−̃𝑠(𝑛, 𝑚)
which is the third component on the right side of (34).
The complex form of a discrete clock signal with constant
phase offset is given by
𝑟̃1 [𝑛] = 𝑒

𝑖(2𝜋]0 𝑛+𝜑[𝑛])

(37)

where the constant phase is defined by
𝜑1 [𝑛] = 2𝜋]0 𝑥0

(38)

The term presented in (18) is given by
𝑘
𝜑1 [𝑛 + ] = 2𝜋]0 𝑥0
2

Finally, let us drive the closed form expression for the Time
Marginal of (43)

(39)

Then, the cross-term derivation is given by

=

2𝑁−1
𝑓𝑠
2𝑡𝑠 {1 − cos [2𝜋]0 𝑥0 ]} ∑ 𝛿 (𝑚 − 2𝑁]0 )
2𝑁
𝑚=0

=

𝑓𝑠
2𝑡 {1 − cos [2𝜋]0 𝑥0 ]} 2𝑁
2𝑁 𝑠

(44)

= 2 {1 − cos [2𝜋]0 𝑥0 ]}
This completes our proof of Theorem 3.
As can be seen clearly, the discrete expression is the
same as the continuous expression (22) introduced in the last
subsection. This means that henceforth we can use only the
continuous form and it will describe correctly the practical
discrete signal processing.

5. Constant Frequency Offset
In this section, we will derive the analytic continuous form
for the Wigner-Ville distribution and its Time-Marginal
expression for the frequency offset case in addition to the
phase offset case.
Theorem 4. For the following assumptions:
(1) without loss of generality, 𝐴 = 𝐴 0 = 1,

𝑤𝑟̃,𝑠̃ (𝑛, 𝑚)

(2) 𝑥0 is the constant phase offset from a reference clock
signal,

𝑘𝑛

= 𝑡𝑠 ∑ 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁) 𝑒𝑖[2𝜋]0 (𝑛+𝑘/2)+𝜑[𝑛+𝑘/2]] 𝑒−𝑖[2𝜋]0 (𝑛−𝑘/2)]
𝑘=−𝑘𝑛

(40)

𝑘𝑛

(4) ]0 is the nominal frequency,

= 𝑡𝑠 ∑ 𝑒𝑖[(2𝜋]0 𝑘)+𝜑[𝑛+𝑘/2]] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)

(5) 𝑠̃(𝑡) denotes the continuous complex form of an ideal
clock signal,

𝑘=−𝑘𝑛

(6) 𝑟̃2 (𝑡) denotes the continuous complex form of the real
clock signal for the case of constant phase and frequency
offsets.

By substituting (39) into (40) we obtain
𝑘𝑛

𝑤𝑟̃1 ,̃𝑠 (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑒𝑖[(2𝜋]0 𝑘)+𝜑[𝑛+𝑘/2]] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)
𝑘=−𝑘𝑛
𝑘𝑛

= 𝑡𝑠 ∑ 𝑒𝑖[(2𝜋]0 𝑘)+2𝜋]0 𝑥0 ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁)

(41)

𝑘=−𝑘𝑛

Then, the real part of 𝑤𝑟̃1 ,̃𝑠(𝑛, 𝑚) is
(42)

2
̃
𝑟2 (𝑡) − 𝑠̃ (𝑡) = 2 {1 − cos [2𝜋]0 (𝑥0 + 𝑦0 𝑡)]}

(45)

𝑟̃2 (𝑡) = 𝑒𝑖[2𝜋]0 𝑡+𝜑2 (𝑡)]

(46)

where the phase variation considering the constant phase and
frequency offsets is defined by

By substituting (35), (36), and (42) into (34) we obtain
𝑤𝑟̃1 −̃𝑠 (𝑛, 𝑚) = 2𝑡𝑠 𝛿 (𝑚 − 2𝑁]0 ) {1 − cos [2𝜋]0 𝑥0 ]}

The Time-Marginal expression of the Wigner-Ville distribution for 𝑟̃2 (𝑡) − 𝑠̃(𝑡) is defined as

Proof of Theorem 4. For simplicity in the following we denote
𝑟̃(𝑡) as 𝑟̃2 (𝑡).
The complex form of a clock signal with constant phase
and frequency offsets is given by

= 𝑒𝑖2𝜋]0 𝑥0 𝑡𝑠 𝛿 (𝑚 − 2𝑁]0 )

𝑅𝑒 {𝑤𝑟̃1 ,𝑠̃ (𝑛, 𝑚)} = cos [2𝜋]0 𝑥0 ] 𝑡𝑠 𝛿 (𝑚 − 2𝑁]0 )

(3) 𝑦0 is the constant fractional frequency offset from a
reference clock signal,

(43)

𝜑2 (𝑡) = 2𝜋]0 (𝑥0 + 𝑦0 𝑡)

(47)
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where we may define
𝜏
𝜏
𝜑2 (𝑡 ± ) = 2𝜋]0 [𝑥0 + 𝑦0 (𝑡 ± )]
(48)
2
2
By substituting (48) into (18) we obtain
𝜏
𝜏
Δ𝜑2 (𝜏) = 𝜑2 (𝑡 − ) − 𝜑2 (𝑡 + ) = 2𝜋]0 (−𝑦0 𝜏) (49)
2
2
In order to carry out the first term in the right side of (12), the
expression in (49) is substituted into (19):
𝑊𝑟̃2 (𝑡, 𝑓) = ∫

∞

−∞

=∫

∞

−∞

(50)

Next, in order to carry out the third term in the right side of
(12), the expression in (48) is substituted into (20):
∞

−∞

=∫

∞

−∞

𝑒𝑖[2𝜋]0 𝜏+𝜑2 (𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
𝑒𝑖{2𝜋]0 𝜏+2𝜋]0 [𝑥0 +𝑦0 (𝑡+𝜏/2)]} 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

= 𝑒𝑖2𝜋]0 (𝑥0 +𝑦0 𝑡) 𝛿 [𝑓 − ]0 (

Theorem 5. For the following assumptions:
(1) without loss of generality, 𝐴 = 𝐴 0 = 1,

(3) 𝑦0 is the constant fractional frequency offset from a
reference clock signal,
(4) ]0 is the nominal frequency,

= 𝛿 [𝑓 − ]0 (𝑦0 + 1)]

𝑊𝑟̃2 ,̃𝑠 (𝑡, 𝑓) = ∫

Now we derive the analytic continuous form for the WignerVille distribution and its Time-Marginal expression for the
case of frequency drift along with constant phase and frequency offsets.

(2) 𝑥0 is the constant phase offset from a reference clock
signal,

𝑒−𝑖Δ𝜑2 (𝜏)−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏
𝑒−𝑖[2𝜋]0 (−𝑦0 𝜏)]−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏

6. Frequency Drift

(5) 𝑎 is the linear frequency drift coefficient (𝑎 ≠ 0),
(6) 𝑠̃(𝑡) denotes the continuous complex form of an ideal
clock signal,
(7) 𝑟̃3 (𝑡) denotes the continuous complex form of the real
clock signal for the case of frequency drift.

(51)

𝑦0
+ 1)]
2

The Time-Marginal expression of the Wigner-Ville distribution for [̃𝑟3 (𝑡) − 𝑠̃(𝑡)] is defined as
For 𝑎 < 0:

Then, the real part of (51) is

̃
2
𝑟3 (𝑡) − 𝑠̃ (𝑡) = 2

𝑅𝑒 {𝑊𝑟̃2 ,𝑠̃ (𝑡, 𝑓)}
𝑦
= cos [2𝜋]0 (𝑥0 + 𝑦0 𝑡)] 𝛿 [𝑓 − ]0 ( 0 + 1)]
2
By substituting (14), (50), and (52) into (13) we obtain

(52)

− 2√
−

𝑊𝑟̃2 −̃𝑠 (𝑡, 𝑓)
(53)
𝑦0
− 2 cos [2𝜋]0 (𝑥0 + 𝑦0 𝑡)] 𝛿 [𝑓 − ]0 ( + 1)]
2
Now we turn to derive the Time-Marginal expression of (53)

−∞

− 2√

+∫

∞

−∞

−

𝛿 [𝑓 − ]0 (𝑦0 + 1)] 𝑑𝑓
∞

𝛿 (𝑓 − ]0 ) 𝑑𝑓 − ∫

−∞

(54)

2

⋅ cos [2𝜋]0 (𝑥0 + 𝑦0 𝑡)] 𝛿 [𝑓 − ]0 (

𝑦0
+ 1)] 𝑑𝑓
2

= 2 {1 − cos [2𝜋]0 (𝑥0 + 𝑦0 𝑡)]}
This completes our proof of Theorem 4.
As we can see the result that we get is a periodic signal
with a linear period of 1/[]0 (𝑥0 + 𝑦0 𝑡)]. In Section 7, we
will examine the analytic expression versus the numerical
simulation results in order to verify our expression.

(55)

2
̃
𝑟3 (𝑡) − 𝑠̃ (𝑡) = 2

∞

2
̃
𝑟2 (𝑡) − 𝑠̃ (𝑡) = ∫ 𝑊𝑟̃2 −̃𝑠 (𝑡, 𝑓) 𝑑𝑓
−∞
∞

𝜋
𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )} 𝑑𝑓
4
2

For 𝑎 > 0:

= 𝛿 [𝑓 − ]0 (𝑦0 + 1)] + 𝛿 (𝑓 − ]0 )

=∫

∞
2
𝑦
4
4𝜋
𝑎
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
∫ cos {
]0 |𝑎| −∞
]0 |𝑎|
2
2

∞
2
𝑦
4
4𝜋
𝑎
∫ cos {−
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
]0 |𝑎| −∞
]0 |𝑎|
2
2

𝜋
𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )} 𝑑𝑓
4
2

Proof of Theorem 5. For simplicity in the following we denote
𝑟̃(𝑡) as 𝑟̃3 (𝑡).
The complex form of a clock signal with frequency drift
along with constant phase and frequency offsets is given by
𝑟̃3 (𝑡) = 𝑒𝑖[2𝜋]0 𝑡+𝜑3 (𝑡)]

(56)

where the phase 𝜑3 (𝑡) is defined by
𝑡2
𝜑3 (𝑡) = 𝜔0 [𝑥0 + 𝑦0 𝑡 + 𝑎 ]
2
𝑡2
= 2𝜋]0 [𝑥0 + 𝑦0 𝑡 + 𝑎 ]
2

(57)
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Based on (57), 𝜑3 (𝑡 ± 𝜏/2) can be written as

Based on (63), 𝐻(𝑓) can be defined as

𝜏
𝜏
𝑎
𝜏 2
𝜑3 (𝑡 ± ) = 2𝜋]0 [𝑥0 + 𝑦0 (𝑡 ± ) + (𝑡 ± ) ] (58)
2
2
2
2

𝐻 (𝑓) = ∫

∞

−∞

2

𝑒𝑖2𝜋]0 𝑎((𝜏 )/8) 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏

(66)

The Fourier transform of a complex Gaussian is given by [59]
Now, by substituting (58) into (18) we get

For 𝑘 > 0:

𝜏
𝜏
Δ𝜑3 (𝜏) = 𝜑3 (𝑡 − ) − 𝜑3 (𝑡 + )
2
2

2

(59)

= 2𝜋]0 (−𝑦0 𝜏 − 𝑎𝑡𝜏)

𝑊𝑟̃3 (𝑡, 𝑓) = ∫

−∞
∞

=∫

−∞

−𝑖𝑘𝜏2

𝐹 {𝑒
𝑒−𝑖Δ 𝜑3 (𝜏)−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏
(60)

𝑒−𝑖[2𝜋]0 (−𝑦0 𝜏−𝑎𝑡𝜏)]−𝑖2𝜋(𝑓−]0 )𝜏 𝑑𝜏

−∞

= −∫

∞

−∞

𝑒𝑖{𝜔0 𝜏+2𝜋]0 [𝑥0 +𝑦0 (𝑡+𝜏/2)+𝑎((𝑡+𝜏/2)

/2)]} −𝑖2𝜋𝑓𝜏

𝑒

𝐻 (𝑓) = ∫

−∞

(61)

𝑑𝜏

2

2

= −𝑒𝑖2𝜋]0 (𝑥0 +𝑦0 𝑡+𝑎(𝑡 /2)) 𝐹 {𝑒𝑖{𝜔0 𝜏+2𝜋]0 (𝑦0 𝜏/2+𝑎(𝑡𝜏/2))} 𝑒𝑖2𝜋]0 𝑎(𝜏 /8) }

𝑦0 𝜏
𝑡𝜏
+ 𝑎 )]}
2
2

𝜏2
ℎ (𝜏) = exp {𝑖2𝜋]0 𝑎 }
8

(62)
(63)

∞

−∞
∞

=∫

−∞

= 𝛿 [𝑓 − ]0 (

𝑦0 𝑎𝑡
+
+ 1)]
2
2

𝜋 2 𝑓2
𝜋
𝜋
𝐻 (𝑓) = √ 
exp
{−𝑖
(


 − )}
−𝜋]0 𝑎/4
−𝜋]0 𝑎/4 4
By substituting (65) and (68) into (64) we obtain

𝐹 {𝑔 (𝜏) ℎ (𝜏)} = 𝛿 [𝑓 − ]0 (

(64)

𝑦0 𝑎𝑡
+
+ 1)]
2
2

4𝜋𝑓2 𝜋
4
exp {𝑖 (
− )}
]0 |𝑎|
]0 |𝑎| 4

For 𝑎 > 0:
𝐹 {𝑔 (𝜏) ℎ (𝜏)} = 𝛿 [𝑓 − ]0 (

𝑒𝑖{𝜔0 𝜏+2𝜋]0 (𝑦0 𝜏/2+𝑎(𝑡𝜏/2))} 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
𝑒−𝑖2𝜋{𝑓+]0 (−𝑦0 /2−𝑎(𝑡/2)−1)}𝜏 𝑑𝜏

(68)

For 𝑎 > 0:

∗√

where ∗ denotes convolution.
Based on (62), 𝐺(𝑓) can be written as
𝐺 (𝑓) = ∫

4𝜋𝑓2 𝜋
4
exp {𝑖 (
− )}
−]0 𝑎
−]0 𝑎 4

For 𝑎 < 0:

The Fourier transform of a product is defined by [59]
𝐹 {𝑔 (𝜏) ℎ (𝜏)} = 𝐺 (𝑓) ∗ 𝐻 (𝑓)

2

𝑒𝑖2𝜋]0 𝑎(𝜏 /8) 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏 =

For 𝑎 < 0:
𝐻 (𝑓) = √

where 𝐹{𝐴} denotes the Fourier transform of 𝐴.
In the following we derive the outcome of
𝑖{𝜔0 𝜏+2𝜋]0 (𝑦0 𝜏/2+𝑎(𝑡𝜏/2))} 𝑖2𝜋]0 𝑎(𝜏2 /8)
𝐹{𝑒
𝑒
}. For that purpose we
define
𝑔 (𝜏) = exp {𝑖 [𝜔0 𝜏 + 2𝜋]0 (

2

𝐹 {𝑒−𝑖𝑘𝜏 } = 𝛿 (𝑓)

∞

𝑒𝑖[𝜔0 𝜏+𝜑3 (𝑡+𝜏/2)] 𝑒−𝑖2𝜋𝑓𝜏 𝑑𝜏
2

(67)

Based on (66) and (67) the expression for 𝑘 is given by 𝑘 =
−𝜋]0 𝑎/4.
Thus, based on (66) and (67) and that 𝑘 = −𝜋]0 𝑎/4 we
have

Substituting (58) into (20) we obtain
∞

𝜋2 𝑓2 𝜋
𝜋
} = √ exp {−𝑖 (
− )}
4
|𝑘|
|𝑘|

For 𝑘 = 0:

= 𝛿 [𝑓 − ]0 (𝑦0 + 𝑎𝑡 + 1)]

𝑊𝑟̃3 ,̃𝑠 (𝑡, 𝑓) = − ∫

𝜋2 𝑓2 𝜋
𝜋
exp {𝑖 (
− )}
𝑘
𝑘
4

For 𝑘 < 0:

Next, by substituting (59) into (17) we obtain
∞

𝐹 {𝑒−𝑖𝑘𝜏 } = √

∗√
(65)

(69)

𝑦0 𝑎𝑡
+
+ 1)]
2
2

4𝜋𝑓2 𝜋
4
exp {−𝑖 (
− )}
]0 |𝑎|
]0 |𝑎| 4

We use the following property [59]:
∞

𝐺 (𝑓) ∗ 𝐻 (𝑓) = ∫

−∞

𝐺 (𝜌) 𝐻 (𝑓 − 𝜌) 𝑑𝜌

(70)
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Next, by substituting (69) into (70) we obtain
For 𝑎 < 0:
∞

𝐺 (𝑓) ∗ 𝐻 (𝑓) = ∫−∞ 𝛿 [𝜌 − ]0 (

𝑦0 𝑎𝑡
4𝜋
4
𝜋
2
exp {𝑖 [
(𝑓 − 𝜌) − ]} 𝑑𝜌
+
+ 1)] √
2
2
]0 |𝑎|
]0 |𝑎|
4

For 𝑎 > 0:
𝐺 (𝑓) ∗ 𝐻 (𝑓) = ∫

∞

−∞

𝛿 [𝜌 − ]0 (

𝑦0 𝑎𝑡
4
𝜋
4𝜋
2
+
+ 1)] √
exp {−𝑖 [
(𝑓 − 𝜌) − ]} 𝑑𝜌
2
2
]0 |𝑎|
]0 |𝑎|
4

𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )}
2

After carrying out the integration in (71) we have
For 𝑎 < 0:

For 𝑎 > 0:

4
𝐺 (𝑓) ∗ 𝐻 (𝑓) = √
]0 |𝑎|
⋅ exp {𝑖 {

2
𝑦
𝜋
4𝜋
𝑎𝑡
[𝑓 − ]0 ( 0 +
+ 1)] − }}
]0 |𝑎|
2
2
4

For 𝑎 > 0:

𝑅𝑒 {𝑊𝑟̃3 ,𝑠̃ (𝑡, 𝑓)} = −√
⋅ cos {−

(72)

(74)

𝑦
𝜋
4𝜋
𝑎𝑡
+ 1)] − }}
[𝑓 − ]0 ( 0 +
]0 |𝑎|
2
2
4

By substituting (14), (60), and (74) into (13) we obtain
For 𝑎 < 0:

For 𝑎 < 0:
𝑊𝑟̃3 ,̃𝑠 (𝑡, 𝑓) = −𝑒

𝑖2𝜋]0 (𝑥0 +𝑦0 𝑡+𝑎(𝑡2 /2))

For 𝑎 > 0:
2

𝑊𝑟̃3 ,̃𝑠 (𝑡, 𝑓) = −𝑒𝑖2𝜋]0 (𝑥0 +𝑦0 𝑡+𝑎(𝑡 /2)) √

4
]0 |𝑎|

2
𝑦
𝜋
4𝜋
𝑎𝑡
[𝑓 − ]0 ( 0 +
+ 1)] − }}
]0 |𝑎|
2
2
4

Then, the real part of 𝑊𝑟̃3 ,𝑠̃(𝑡, 𝑓) is
For 𝑎 < 0:
𝑅𝑒 {𝑊𝑟̃3 ,̃𝑠 (𝑡, 𝑓)} = −√
⋅ cos {

𝑊𝑟̃3 −̃𝑠 (𝑡, 𝑓) = 𝛿 [𝑓 − ]0 (𝑦0 + 𝑎𝑡 + 1)] + 𝛿 (𝑓 − ]0 )

4
√
]0 |𝑎|

2
𝑦
𝜋
4𝜋
𝑎𝑡
+ 1)] − }}
[𝑓 − ]0 ( 0 +
]0 |𝑎|
2
2
4

⋅ exp {−𝑖 {

2
𝑦
𝑎
𝜋
4𝜋
[𝑓 − ]0 ( 𝑡 + 0 + 1)] −
]0 |𝑎|
2
2
4

2

By substituting (72) into (61) we obtain

⋅ exp {𝑖 {

4
]0 |𝑎|

𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )}
2

4
𝐺 (𝑓) ∗ 𝐻 (𝑓) = √
]0 |𝑎|
⋅ exp {−𝑖 {

(71)

4
]0 |𝑎|

2
𝑦
𝑎
𝜋
4𝜋
[𝑓 − ]0 ( 𝑡 + 0 + 1)] −
]0 |𝑎|
2
2
4

− 2√

(73)

−

2
𝑦
4
𝑎
4𝜋
cos {
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
]0 |𝑎|
]0 |𝑎|
2
2

𝜋
𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )}
4
2

For 𝑎 > 0:
𝑊𝑟̃3 −̃𝑠 (𝑡, 𝑓) = 𝛿 [𝑓 − ]0 (𝑦0 + 𝑎𝑡 + 1)] + 𝛿 (𝑓 − ]0 )
− 2√
−

2
𝑦
4
𝑎
4𝜋
cos {−
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
]0 |𝑎|
]0 |𝑎|
2
2

𝜋
𝑡2
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )}
4
2

Based on (8) and (75) we obtain
For 𝑎 < 0:
̃
2
𝑟3 (𝑡) − 𝑠̃ (𝑡) = 2

(75)
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Figure 3: The Time-Marginal Wigner-Ville distribution ‖̃𝑟1 (𝑡)−̃𝑠(𝑡)‖
versus the constant phase offset 𝜑1 (𝑡) = 2𝜋]0 𝑥0 . The nominal
frequency ]0 is 10MHz and the sampling frequency is 40MHz.
4

2

Ｌ1 (Ｎ)−Ｍ(Ｎ)

∞
2
𝑦
4
4𝜋
𝑎
− 2√
∫ cos {
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
]0 |𝑎| −∞
]0 |𝑎|
2
2

−

2

𝜋
𝑡
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )} 𝑑𝑓
4
2

For 𝑎 > 0:
2
̃
𝑟3 (𝑡) − 𝑠̃ (𝑡) = 2
𝑦
4
4𝜋
𝑎
− 2√
∫ cos {−
[𝑓 − ]0 ( 𝑡 + 0 + 1)]
]0 |𝑎| −∞
]0 |𝑎|
2
2
−

3
2
1
0

∞

2

Simulation results
Analytic results

WD of 10MHz Signal

Figure 2: The contour plot of a reference 10MHz Wigner-Ville
distribution signal 𝑠̃(𝑡). The sampling frequency is 40MHz.


2]0 Ｒ0 (２；＞)

12
×10−6
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2]0 Ｒ0 (２；＞)

2

2
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Analytic results

2

𝜋
𝑡
+ 2𝜋]0 (𝑥0 + 𝑦0 𝑡 + 𝑎 )} 𝑑𝑓
4
2

(76)

Figure 4: The Time-Marginal Wigner-Ville distribution ‖̃𝑟1 (𝑡)−̃𝑠(𝑡)‖
versus the constant phase offset 𝜑1 (𝑡) = 2𝜋]0 𝑥0 . The nominal
frequency ]0 is 5MHz and the sampling frequency is 20MHz.

This completes our proof of Theorem 5.

In this section, we will show the simulation results for
the continuous and discrete Time-Marginal Wigner-Ville
distribution of the differences [̃𝑟1 (𝑡) − 𝑠̃(𝑡)] and [̃𝑟1 [𝑛] − 𝑠̃[𝑛]]
compared to our analytical proposed expressions (22) and
(31), respectively. In order to demonstrate different nominal
frequencies, we simulate the Time-Marginal Wigner-Ville
distribution of the differences [̃𝑟1 (𝑡) − 𝑠̃(𝑡)] for three different
nominal frequencies.
Figure 2 shows the contour plot of the Wigner-Ville
distribution of a reference 10MHz signal 𝑠̃(𝑡), where the
sampling frequency is 40MHz.
Figures 3–5 show for three different values of ]0 the comparison between the outcomes of the following expressions,
(22) and (31), which were derived for the continuous and
discrete cases, respectively.
According to Figures 3–5, there are high correlation
between the outcomes of (22) and (31).
Figures 6 and 7 show the contour plot of (53), where the
upper, lower, and the middle frequencies lines match the first,
second, and the third terms of (53), respectively.

2

Ｌ1 (Ｎ)−Ｍ(Ｎ)

7. Numerical Simulations

4
3
2
1
0

0


2]0 Ｒ0 (２；＞)

2

Simulation results
Analytic results

Figure 5: The Time-Marginal Wigner-Ville distribution ‖̃𝑟1 (𝑡)−̃𝑠(𝑡)‖
versus the constant phase offset 𝜑1 (𝑡) = 2𝜋]0 𝑥0 . The nominal
frequency ]0 is 20MHz and the sampling frequency is 80MHz.

Figure 8 shows the contour plot of (75), for 𝑎 = −12𝐾𝐻𝑧,
𝑦0 = 0.15, ]0 = 10𝑀𝐻𝑧, and sampling frequency of 40MHz.
We can see clearly that the linear chirp line follows the first
term of (75). The constant frequency line matches the second
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(P1) 𝑊𝑠 (𝑡, 𝑓) = 𝑊𝑠∗ (𝑡, 𝑓) (the WD is a strictly real-valued
function).
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(P2) If 𝑠(𝑡) = 0 𝑡 < 𝑡𝑎 or 𝑡 > 𝑡𝑏 then 𝑊𝑠 (𝑡, 𝑓) = 0 𝑡 < 𝑡𝑎 or
𝑡 > 𝑡𝑏 .
(P3) For real 𝑠(𝑡) 𝑊𝑠 (𝑡, 𝑓) = 𝑊𝑠 (𝑡, −𝑓).
∞

(P4) ∫−∞ 𝑊𝑠 (𝑡, 𝑓)𝑑𝑓 = ‖𝑠(𝑡)‖2 (Time-Marginal property).
∞

2
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6

8

10

Time [s]

12
×10−6

Frequency [Hz]

Figure 6: The contour of the Wigner-Ville distribution of the
difference 𝑟̃2 (𝑡) − 𝑠̃(𝑡), where 𝑦0 = 0.2. The nominal frequency ]0
is 10MHz and the sampling frequency is 40MHz.
×10

((P4) and (P5) are customarily referred as marginals).
(P6) If 𝑔(𝑡) = 𝑠(𝑡 − 𝑡0 ), then 𝑊𝑔 (𝑡, 𝑓) = 𝑊𝑠 (𝑡 − 𝑡0 , 𝑓) (shift
property).

WD of 10MHz Signal, y(0)=0.2MHz
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0.2

(P5) ∫−∞ 𝑊𝑠 (𝑡, 𝑓)𝑑𝑡 = ‖𝑆(𝑓)‖2 (𝑆(𝑓) represents the FT of
the function 𝑠(𝑡)).

7

(P7) If 𝑔(𝑡) = 𝑠(𝑡)𝑒𝑖(𝑓0 𝑡) , then 𝑊𝑔 (𝑡, 𝑓) = 𝑊𝑠 (𝑡, 𝑓 − 𝑓0 )
(modulation property).
(P8) If 𝑔(𝑡) = 𝑠(𝑡)ℎ(𝑡), then 𝑊𝑔 (𝑡, 𝑓) = 𝑊𝑠 (𝑡, 𝑓) ∗ 𝑊ℎ (𝑡, 𝑓)
(convolution property).
∞

(P9) (1/2𝜋) ∫−∞ 𝑊𝑠 (𝑡/2, 𝑓)𝑒𝑖𝑓𝑡 𝑑𝑓 = 𝑠(𝑡)𝑠∗ (0) (inversion
property).
(P10) If [60, 61]: (summation property).
𝑔 (𝑡) = 𝑠 (𝑡) + ℎ (𝑡)

(A.1)

Then, the Wigner-Ville distribution of 𝑔(𝑡) is given by
2

4

6

8
Time [s]

10

12 −6
×10

WD of 10MHz Signal, y(0)=0.1MHz

Figure 7: The contour of the Wigner-Ville distribution of the
difference 𝑟̃2 (𝑡) − 𝑠̃(𝑡), where 𝑦0 = 0.1. The nominal frequency ]0
is 10MHz and the sampling frequency is 40MHz.

𝑊𝑔 (𝑡, 𝑓) = 𝑊𝑠 (𝑡, 𝑓) + 𝑊ℎ (𝑡, 𝑓) + 2𝑅𝑒 {𝑊𝑠 ,ℎ (𝑡, 𝑓)} (A.2)

where 𝑊𝑠 (𝑡, 𝑓) and 𝑊ℎ (𝑡, 𝑓) are the Wigner-Ville distributions of 𝑠(𝑡) and ℎ(𝑡), respectively, and refer to as “autoterms”.
The cross-term is given by [60, 61]
2𝑅𝑒 {𝑊𝑠 ,ℎ (𝑡, 𝑓)}
𝜏
𝜏
= 2𝑅𝑒 {𝐹 [𝑠 (𝑡 + ) ℎ∗ (𝑡 − )]}
2
2

term of (75) and the cross-term frequencies (in the middle)
correspond to the third term of (75).

8. Summary and Conclusion
In this paper, we have presented a new tool for frequency
source characterization based on the Wigner-Ville distribution, whose objective is to represent the variation of clock
noise when no stationarity assumption is made. This means
that the new tool can be used for a nonstationary phase
variation. We presented the analytic terms for the WignerVille distribution and its Time Marginal for constant phase
and frequency offsets and frequency drift from a reference
source. Simulation results indicate that our derivations hold.

Appendix
A.
In this appendix, we will present many meaningful mathematical properties of the Wigner distribution [33]. The
mathematical properties can be summarized as follows:

(A.3)

The WD has an obvious interpretation as defining a
local power spectrum at each point of time 𝑡 of the signal.
Remarkably, property (P1) implies that the phase of the WD
is implicit (phase remains hidden in the real-valued WD
function).
Also, (P9) indicates that the WD is a reversible transform
and the original signal can be recovered up to a constant
factor 𝑠∗ (0) (Claasen and Mecklenbrauker, 1980) [55–57].

B.
In this Appendix, we present and explain in detail the discrete
form of the Wigner distribution. Although the WD was
initially defined for continuous variable functions, Claasen
and Mecklenbrauker (1980) [55] proposed a first definition
for discrete variable functions. However, some attempts to
extend definitions of the WD to discrete signals have not yet
been completely successful (O’Neill, Flandrin, and Williams,
1998) [62]. For the applications in this paper, the following
discrete Wigner distribution, similar to the one proposed
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Wigner distribution contour of a linear chirp minus a 10MHz sinusoid. a=-12KHz, y(0)=0.15, x(0)=0

Figure 8: The contour of the Wigner-Ville distribution of the difference 𝑟̃3 (𝑡) − 𝑠̃(𝑡), where 𝑎 = −12𝐾𝐻𝑧, 𝑦0 = 0.15, and 𝑥0 = 0. The nominal
frequency ]0 is 10MHz and the sampling frequency is 40MHz.

by Eric Chassande-Mottin and Archana Pai [58], has been
selected:
𝑘

𝑛
𝑘
𝑘
𝑤𝑟̃ (𝑛, 𝑚) = 𝑡𝑠 ∑ 𝑟̃ [𝑛 + ] 𝑟̃∗ [𝑛 − ] 𝑒−𝑖2𝜋𝑚𝑘/(2𝑁) (B.1)
2
2
𝑘=−𝑘
𝑛

where 𝑘𝑛 = min[2𝑛, 2𝑁 − 1 − 2𝑛].
This equation, designed for discrete time or space signals,
shows a great similarity with the original continuous version,
but it also presents some differences and therefore has
been referred to as a pseudo-Wigner distribution (PWD).
Simply considered, the PWD involves using finite bounds of
integration (i.e., a sliding analysis window). This originates
a function which, relative to the true WD, is smoothed
with respect to the frequency domain only. One important
property preserved within the definition given by (B.1) is the
inversion property (P9), which is a greatly desirable feature
for the recovering of the original signal. Then, local filtering
operations are also possible.
Equation (B.1) represents a PWD limited to a spatial
interval [−𝑁/2, 𝑁/2]. Here 𝑛 and 𝑘 represent the spatial and
space-frequency discrete variables, respectively, and 𝑚 is the
shifting parameter, which is also discrete. The values of 𝑛
represent the sampling positions in the signal considered
as a digital replica of an original continuous representation.
In this case, the numerical value of the 𝑛𝑡ℎ position in the
sequence is equal to the value of the analogical signal at
position 𝑥 = 𝑛𝑇. Here 𝑇 is recognized as the sampling period
and it is the inverse of the sampling frequency. Equation
(B.1) originates an 𝑁-component vector at each position 𝑛.
Furthermore, (B.1) must be interpreted as the discrete Fourier
transform (DFT) of product 𝑟̃[𝑛, 𝑚] = 𝑟̃[𝑛 + 𝑚]̃𝑟∗ [𝑛 − 𝑚] in
this interval or window.
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by Wigner analysis and instant-wise Rényi entropy,” in Proceedings of the 14th European Signal Processing Conference, EUSIPCO
2006, pp. 1–5, September 2006.
F. Akdeniz, I. Kayikiolu, and I. Kaya, “Using Wigner-Ville
distribution in ECG arrhythmia detection for telemedicine
applications,” in Proceedings of the 2016 39th International
Conference on Telecommunications and Signal Processing (TSP),
pp. 409–412, Vienna, Austria, June 2016.

14
[45] F. Akdeniz and T. Kayikcioglu, “Wigner-Ville distribution based
ECG arrhythmia detection for telemedicine applications,” in
Proceedings of the 2016 24th Signal Processing and Communication Application Conference (SIU), pp. 2045–2048, Zonguldak,
Turkey, May 2016.
[46] S. C. Pei and J. J. Ding, “Fractional Fourier transform, Wigner
distribution, and filter design for stationary and nonstationary
random processes,” IEEE Transactions on Signal Processing, vol.
58, no. 8, pp. 4079–4092, 2010.
[47] G. F. Boudreaux-Bartels and T. W. Parks, “Time-varying filtering and signal estimation using Wigner distribution synthesis
techniques,” Institute of Electrical and Electronics Engineers
Transactions on Acoustics, Speech and Signal Processing, vol.
ASSP-34, no. 3, pp. 442–451, 1986.
[48] L. Yang, L. Zhao, S. Zhou, and G. Bi, “Sparsity-Driven SAR
Imaging for Highly Maneuvering Ground Target by the Combination of Time-Frequency Analysis and Parametric Bayesian
Learning,” IEEE Journal of Selected Topics in Applied Earth
Observations and Remote Sensing, vol. 10, no. 4, pp. 1453–1465,
2017.
[49] P. S. Bidari, J. Alirezaie, and J. Tavakkoli, “Shear wave elastography using Wigner-Ville distribution: A simulated multilayer
media study,” in Proceedings of the 38th Annual International
Conference of the IEEE Engineering in Medicine and Biology
Society, EMBC 2016, pp. 2873–2876, USA, August 2016.
[50] D. Pang, P. Zhao, and B. Deng, “Cross-terms suppression
in Wigner-Ville distribution based on image processing,” in
Proceedings of the 2010 IEEE International Conference on Information and Automation, ICIA 2010, pp. 2168–2171, China, June
2010.
[51] P. Kartaschoff and H. Brandenberger, Frequency and Time,
Burlington, MA: Academic Press, New Jersey, NJ, USA, 1978.
[52] D. W. Allan, N. Ashby, and C. C. Hodge, “The science of
timekeeping” Hewlett Packard Application Note 1289, Palo Alto,
Santa Clara, Calif, USA, 1997.
[53] P. Tavella, “Statistical and mathematical tools for atomic clocks,”
Metrologia, vol. 45, no. 6, pp. S183–S192, 2008.
[54] J. L. Semmlow, Biosignal and Biomedical Image Processing
MATLAB based Applications, Robert Wood Johnson Medical
School New Brunswick, New Jersey, NJ, USA, 2004.
[55] T. A. C. M. Claasen and W. F. G. Mecklenbruker, “The
Wigner distributiona tool for time-frequency signal analysis. I.
Continuous-time signals,” Philips Journal of Research, vol. 35,
no. 3, pp. 217–250, 1980.
[56] T. A. C. M. Claasen and W. F. Mecklenbruker, “The Wigner
distributiona tool for time-frequency signal analysis Part II.
Discrete-time signals,” Philips Journal of Research, vol. 35, no.
4/5, pp. 276–300, 1980.
[57] T. A. C. M. Claasen and W. F. G. Mecklenbruker, “The Wigner
distribution A tool for time-frequency analysis, Parts I-III,”
Philips Journal of Research, vol. 35, pp. 276–300, 1980.
[58] E. Chassande-Mottin and A. Pai, “Discrete time and frequency
Wigner-Ville distribution: Moyal’s formula and aliasing,” IEEE
Signal Processing Letters, vol. 12, no. 7, pp. 508–511, 2005.
[59] http://www.thefouriertransform.com/pairs/complexGaussian
.php.
[60] M. Amirmazlaghani and H. Amindavar, “Modeling and
Denoising Wigner-Ville Distribution,” in Proceedings of the 2009
IEEE 13th Digital Signal Processing Workshop and 5th IEEE
Signal Processing Education Workshop, pp. 530–534, Amirkabir
University of Technology, Tehran, Iran, January 2009.

Mathematical Problems in Engineering
[61] M. Sandsten, “Time-frequency analysis of non-stationary
processes-an introduction”, Centre for Mathematical Sciences,
2013.
[62] P. Flandrin, R. Baraniuk, and O. Michel, “Time-frequency
complexity and information,” in Proceedings of the ICASSP ’94.
IEEE International Conference on Acoustics, Speech and Signal
Processing, pp. 329–332, Adelaide, SA, Australia, 1994.

Advances in

Operations Research
Hindawi
www.hindawi.com

Volume 2018

Advances in

Decision Sciences
Hindawi
www.hindawi.com

Volume 2018

Journal of

Applied Mathematics
Hindawi
www.hindawi.com

Volume 2018

The Scientific
World Journal
Hindawi Publishing Corporation
http://www.hindawi.com
www.hindawi.com

Volume 2018
2013

Journal of

Probability and Statistics
Hindawi
www.hindawi.com

Volume 2018

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Submit your manuscripts at
www.hindawi.com
International Journal of

Engineering
Mathematics
Hindawi
www.hindawi.com

International Journal of

Analysis

Journal of

Complex Analysis
Hindawi
www.hindawi.com

Volume 2018

International Journal of

Stochastic Analysis
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Advances in

Numerical Analysis
Hindawi
www.hindawi.com

Volume 2018

Journal of

Hindawi
www.hindawi.com

Volume 2018

Journal of

Mathematics
Hindawi
www.hindawi.com

Mathematical Problems
in Engineering

Function Spaces
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

International Journal of

Differential Equations
Hindawi
www.hindawi.com

Volume 2018

Abstract and
Applied Analysis
Hindawi
www.hindawi.com

Volume 2018

Discrete Dynamics in
Nature and Society
Hindawi
www.hindawi.com

Volume 2018

Advances in

Mathematical Physics
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

