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The fractional Fourier transform (FRFT) method has emerged in response to the demand for high-performance time-frequency
processing technology. Next, the weighted fractional Fourier transform (WFRFT) method was developed, especially the
single-parameter 4-weighted fractional Fourier transform (SP-4-WFRFT), which is most suitable for applications in digital
communication systems.Therefore, in receiving systems, research on the scanningmethod of transformation order has also become
the focus of research under the condition of unknown transformation order. However, in the process of inverse transformation,
there are many problems, such as long scanning times and slow scanning speed. Thus, to improve the characteristics of a digital
communication system based on SP-4-WFRFT, a cross-hierarchical scanning (CHS) method is established. A large number of test
results show that the CHS method can achieve fast recovery of data and estimation of transformation order.

1. Introduction

Fourier transform can be regarded as the relationship
between time domain and frequency domain, and the time-
frequency plane is rotated 𝜋/2. Fourier transform provides a
method of time domain and frequency domain conversion,
but it can only be carried out in one of the domains in
signal processing, and the change of the spectrum with time
cannot be obtained, which is very important for nonstation-
ary signals because the spectrum varies greatly with time.
Thus, a series of time-frequency analysis methods have been
proposed, such as short time Fourier transform, wavelet
transform, and the later fractional Fourier transform (FRFT).

The concept of FRFT was proposed by Wiener in 1929
[1]. The definition of FRFT is that the rotation angle is
not integer multiple of pi/2 in the time-frequency plane.
Its purpose is to modify the ordinary Fourier transform to
make the transform kernel’s eigenvalues more complete, so
FRFT is a generalization of the traditional Fourier transform.
Its basic characteristics can be understood as the fractional
transformation of the eigenvalues of Fourier transform.
That is to say, the signal rotates anticlockwise at any angle
in the time domain plane and maps onto the fractional

Fourier domain. Because of the different way of eigenvalue
fractionation and the broad nature of FRFT constraints,
FRFT has many different definitions. CFRFT (Chirp-type
fractional Fourier transform) is an earlier form of FRFT,
and there are mainly three forms. The first form is the
fractional Fourier transformation from the point of view
of the eigenvalues and characteristic functions of Fourier
transformation introduced in 1980, which is represented
mathematically as the form of “infinite series sum” [2]. The
next is the “integral form” [3] proposed by A. C.McBride and
F. H. Kerr based on Namias’s standard chirp-type fractional
Fourier transform introduced in 1987. The third form is the
fractional Fourier transform defined by A. W. Lohmann in
1993 from the angle of the phase space ofWigner distribution
function [4]. The three definitions are different in terms of
research, but they can be proved to be equivalent.

Classical FRFT has been widely applied in various scien-
tific research areas, such as differential equations, quantum
mechanics, and signal analysis and processing. Engineer-
ing technologies, such as optical communication systems,
optical image processing, and other optical related fields,
are the earliest scientific fields to use classic FRFT, and
they are also the most successful applications at present.
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However, constrained by the discrete problem of classical
FRFT, its application in the field of communication was
greatly restricted. Then C. C. Shih proposed the weighted
fractional Fourier transform (WFRFT) [5] from a new angle
in 1995. This transformation is composed of the weighted
superposition of the state functions, and it is also called
the four-term weighted fractional Fourier transform because
the number of state functions is 4. In 1997, M. H. Ozaktas
and M. A. Kutar proposed optimal filtering in the fractional
domain, which allowed the application of FRFT in signal
processing for the first time [6]. Then, J. Jiang, S. T. Liu,
and others studied FRFT theory more deeply, perfected the
definition ofWFRFT, and proposed amultiplier of FRFTwith
a weighted transformation period of 4; they gave the detailed
construction method of the weighted coefficient under this
definition [7]. In 2008, G. Cariolaro and Q. W. Ran unified
the above several forms of fractional Fourier transform and
then defined a generalizedmultiparameter Fourier transform
[8, 9].

In recent years, WFRFT has been widely used in the
fields of signal detection, channel estimation, and synchro-
nization algorithms, and it is fully applicable to the existing
communication and receiving systems. It does not require
additional devices or system changes, so it is also applied
in many communication applications. In [10], the FRFT was
first introduced for satellite navigation signal processing to
obtain the time offset and Doppler shift directly through
the different angles of the fractional Fourier transform. In
[11], The FRFT is applied to the detection of high dynamic
targets. In [12], satellite signal is processed by MAP-WFRFT
to rotate and diverge the distribution of the signal constella-
tion, disguised as noise or another modulation mode, thus
realizing the concealment of the signal. In [13], WFRFT is
used to preprocess transmitted signals, and a new physical-
layer security communication method is proposed. In [14],
based on the analysis of the sample and hold system in the
fractional Fourier domain, a feasible engineering sampling
and reconstructing model is proposed. In [15], a newmethod
of central frequency estimation is proposed based on the
FRFT, which is based on the timewidth of the wideband LFM
pulse and the observation time width.

Obviously, WFRFT has become an important application
of digital communication systems, and the SP-4-WFRFT
(single-parameter 4-weighted fractional Fourier transform)
is the most widely used. However, because of the high
sensitivity of the transformation order, to restore the original
data correctly, the transformation order of the inverter is
more demanding, especially when there is error or influence
in the application of the communication system.Therefore, in
the process of fractional Fourier inverse transformation, the
scanning method of transformation order has also become
the focus of research. At present, most people use SP-4-
WFRFT method to transmit signals under the condition of
known parameter, but there are few scanning methods for
unknown parameters. And the conventional scanning (CS)
method [16, 17] is the most effective method at present.
Therefore, considering the characteristics of a digital commu-
nication system based on SP-4-WFRFT, an effective scanning
method is proposed.

2. The Problems in Scanning Progressing

In digital communication systems, the transmission base-
band signal is set to 𝑠(𝑛). The base-band signal is processed
by an 𝛼-order SP-4-WFRFT and is expressed as

𝐹𝛼 (𝑠 (𝑛)) = 𝜔0 (𝛼) 𝑠 (𝑛) + 𝜔1 (𝛼) 𝑆 (𝑛) + 𝜔2 (𝛼) 𝑠 (−𝑛)
+ 𝜔3 (𝛼) 𝑆 (−𝑛) . (1)

The 𝛼-order SP-4-WFRFT [16] processing is denoted by𝐹𝛼(⋅). In (1), the four “state functions” of 𝑠(𝑛), 𝑆(𝑛), 𝑠(−𝑛),
and 𝑆(−𝑛) are the results of 0, 1, 2, and 3 times Fourier
transformation of 𝑠(𝑛) respectively. The weighting coefficient𝜔𝑙(𝛼) is defined as

𝜔𝑙 (𝛼) = cos [(𝛼 − 𝑙) 𝜋4 ] cos [(𝛼 − 𝑙) 2𝜋4 ]
⋅ exp [𝑗 (𝛼 − 𝑙) 3𝜋4 ] .

(2)

In combination with the formula DFT (Discrete Fourier
transform), formula (1) can be equivalent to

𝐹𝛼 (𝑠 (𝑛)) = 𝜔0 (𝛼) 𝑠 (𝑛)
+ 𝜔1 (𝛼) 1√𝑁

𝑁−1∑
𝑛=0

𝑠 (𝑘) 𝑒−𝑗(2𝜋/𝑁)𝑘𝑛
+ 𝜔2 (𝛼) 𝑠 (−𝑛)
+ 𝜔3 (𝛼) 1√𝑁

𝑁−1∑
𝑛=0

𝑠 (𝑘) 𝑒𝑗(2𝜋/𝑁)𝑘𝑛.

(3)

In receiving, the base-band signal 𝑟(𝑛) after the frequency
downconversion, power amplifying, andADC and band-pass
filtering can be set to formula (4). Here, 𝜆0(𝑛) represents the
mixed noise item caused by the transmission process and
receiving pretreatment:

𝑟 (𝑛) = 𝐹𝛼 (𝑠 (𝑛)) + 𝜆0 (𝑛) . (4)

Because Fourier transform has a cycle of 4, with the
change of 𝛼, the weighting coefficient 𝜔𝑙(𝛼) also presents a
cycle of 4. Further, 𝐹𝛼(⋅) also meets the cycle characteristics,
where the period of 𝛼 is [0 4).

Since 𝑟(𝑛) is the signal after SP-4-WFRFT processing, to
restore the data signal or estimate the transformation order 𝛼,
the inverse transformation of the received signal is carried out
by using the rotational additive property of the SP-4-WFRFT
transform. The inverse transformation is also equivalent to
the SP-4-WFRFT transformation of the −𝛽 order, which is
expressed as

𝑟 (𝑛) = 𝐹−𝛽 (𝑟 (𝑛)) = 𝐹−𝛽 (𝐹𝛼 (𝑠 (𝑛)) + 𝜆0 (𝑛))
= 𝐹−𝛽 (𝐹𝛼 (𝑠 (𝑛))) + 𝐹−𝛽 (𝜆0 (𝑛))
= 𝐹𝛼−𝛽 (𝑠 (𝑛)) + 𝜆0 (𝑛)

(5)
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In (5), when𝛽 is equal to𝛼, the true signal of transmission
can be correctly received or restored. However, to meet the
requirements of the 𝛽 = 𝛼 equation under the condition that
the transformation order is unknown, the aim of 𝛼 scanning
is achieved by the way of 𝛽 scanning in the main period
of [0 4). The difference between the transformation order of
inverse transformation and positive transformation is Δ𝛽 =𝛼 − 𝛽. Combined with the relationship between the scan
interval and the bit error rate, the smaller Δ𝛽, the smaller
the bit error rate of the signal after the inverse transform,
that is, the smaller the error between 𝑟(𝑛) and real signal.
However, the smaller Δ𝛽 is, the more time it takes to scan in
the 0–4 interval. For example, whenΔ𝛽 = 0.01, the number of
scanning cycles is 400; when Δ𝛽 = 0.0078125, the number of
scanning cycles is 512.

3. A Cross-Hierarchical Scanning Method

In the process of inverse transformation, under the condition
of unknown transformation order 𝛼, there are many prob-
lems, such as long scanning times and slow scanning speed.
Thus, aiming at the characteristics of a digital communication
system based on SP-4-WFRFT, a cross-hierarchical scanning
(CHS) method is proposed to quickly recover data signals or
estimate transformation order.

The maximum hierarchical constant is defined as 𝑀,
which is the maximum hierarchical limit. Here, 𝑀 is a
positive integer defined by the user according to the accuracy
requirement, whose value is greater than or equal to 1. Then
the hierarchical variable is defined as𝑚,𝑚 ∈ [1, 2 ⋅ ⋅ ⋅𝑀], and𝑚 increases from 1 to𝑀. The scan variable is defined as 𝑖.

By using the hierarchical variable 𝑚, the scan number at
each level is shown in formula (6), which is written as 𝐿𝑚. For
example, when 𝑚 is equal to 1, it indicates that it is the first-
level scan, and its priority is the highest; the scan number is
calculated as 𝐿𝑚 = 22 = 4:

𝐿𝑚 = {{{
22, (1 ≤ 𝑚 ≤ 2)
2𝑚, (3 ≤ 𝑚 ≤ 𝑀) . (6)

According to the scan number result, the ergodic range
of the scan variable 𝑖 is limited. Furthermore, to calculate the
transformation order 𝛽, the hierarchical rule is set as follows.

When 𝑚 ≤ 2, the ergodic range of 𝑖 is 𝑖 ∈ [1 𝐿𝑚], and
the hierarchical rule is expressed by (7). When 3 ≤ 𝑚 ≤ 𝑀,
the ergodic range of 𝑖 is 𝑖 ∈ [1 𝐿𝑚−1], and the hierarchical
rule is expressed by (8). By using the hierarchical rules of
formulae (7) and (8), the transformation order 𝛽 is obtained.
Then, 𝛽 is used to scan the level 𝑚, which means that the
received signal 𝑟(𝑛) is processed by SP-4-WFRFT inverse
transform 𝐿𝑚 times, and the results of 𝐿𝑚 group processing
are obtained.

𝛽𝑚𝑖 = {{{
𝑗 − 1, (𝑚 = 1)
𝛽𝑚−1𝑖 + 21−𝑚, (𝑚 = 2) (7)

𝛽𝑚2𝑖−1 = 𝛽𝑚−1𝑖 − 21−𝑚
𝛽𝑚2𝑖 = 𝛽𝑚−1𝑖 + 21−𝑚. (8)

Then the SP-4-WFRFT inverse transform of the 𝛽 order
is expressed as

𝐹−𝛽 (𝑟 (𝑛)) = 𝜔0 (−𝛽) 𝑟 (𝑛) + 𝜔1 (−𝛽) 𝑅 (𝑛)
+ 𝜔2 (−𝛽) 𝑟 (−𝑛) + 𝜔3 (−𝛽) 𝑅 (−𝑛) . (9)

The unified weighting coefficient 𝜔𝑙(𝛽) can be written as

𝜔𝑙 (−𝛽) = 14
3∑
𝑘=0

exp [2𝜋𝑗4 (𝑙 − 𝛽) 𝑘] (𝑙 = 0, 1, 2, 3) (10)

For example, when 𝑚 is equal to 2, it indicates that it is
the second-level scan, and its priority is the second highest.
The scan number is calculated as 𝐿𝑚 = 22 = 4, and the
ergodic range of 𝑖 is 𝑖 ∈ [1 4]. Then by using the hierarchical
rules of (7), the transformation order 𝛽2𝑖 = 𝛽𝑚−1𝑖 + 21−𝑚 =𝑖 − 1 + 2−1 = 𝑖 − 2−1 is obtained. Using 𝛽2𝑖 , the received signal𝑟(𝑛) is processed by SP-4-WFRFT inverse transform 4 times,
and then the results of 4 group processing are obtained. The
processing of group 𝑖 is carried out as follows:

𝑟2𝑖 (𝑛) = 𝐹−𝛽1𝑖 (𝑟 (𝑛)) = 𝐹−𝑖+2−1 (𝑟 (𝑛))
= 𝜔0 (2−1 − 𝑖) 𝑟 (𝑛) + 𝜔1 (2−1 − 𝑖) 𝑅 (𝑛)
+ 𝜔2 (2−1 − 𝑖) 𝑟 (−𝑛) + 𝜔3 (2−1 − 𝑖) 𝑅 (−𝑛)

(11)

With the increase of 𝑚, the priority decreases, and the
scan number at level 𝑚 is 𝐿𝑚 = 2𝑚, and 𝑖 ∈ [1 𝐿𝑚−1]. Then
the hierarchical rules of (8) are further utilized to get 𝛽𝑚2𝑖−1
and 𝛽𝑚2𝑖 . Using 𝛽2𝑖 , the received signal 𝑟(𝑛) is processed by SP-
4-WFRFT inverse transform 2𝑚 times, and then the results
of the 2𝑚 group processing are obtained. The processing is
conducted as follows:

𝑟𝑚2𝑖−1 (𝑛) = 𝐹−𝛽𝑚2𝑖−1 (𝑟 (𝑛)) = 𝐹−𝛽𝑚−1𝑖 +21−𝑚 (𝑟 (𝑛))
= 𝜔0 (−𝛽𝑚−1𝑖 + 21−𝑚) 𝑟 (𝑛)
+ 𝜔1 (−𝛽𝑚−1𝑖 + 21−𝑚) 𝑅 (𝑛)
+ 𝜔2 (−𝛽𝑚−1𝑖 + 21−𝑚) 𝑟 (−𝑛)
+ 𝜔3 (−𝛽𝑚−1𝑖 + 21−𝑚) 𝑅 (−𝑛)

(12)

𝑟𝑚2𝑖 (𝑛) = 𝐹−𝛽𝑚2𝑖 (𝑟 (𝑛)) = 𝐹−𝛽𝑚−1𝑖 −21−𝑚 (𝑟 (𝑛))
= 𝜔0 (−𝛽𝑚−1𝑖 − 21−𝑚) 𝑟 (𝑛)
+ 𝜔1 (−𝛽𝑚−1𝑖 − 21−𝑚) 𝑅 (𝑛)
+ 𝜔2 (−𝛽𝑚−1𝑖 − 21−𝑚) 𝑟 (−𝑛)
+ 𝜔3 (−𝛽𝑚−1𝑖 − 21−𝑚) 𝑅 (−𝑛)

(13)

Furthermore, the following processing can be done when
the scanned 𝛽𝑚2𝑖−1 or 𝛽𝑚2𝑖 is approximately equal to 𝛼. Here, let
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𝛽𝑚2𝑖 be approximately equal to 𝛼.Then 𝑟(𝑛) is put into (13), and
the processing is conducted as follows:

𝑟𝑚2𝑖 (𝑛) = 𝐹−𝛽𝑚2𝑖 (𝑟 (𝑛)) = 𝐹−𝛽𝑚2𝑖 (𝐹𝛼 (𝑠 (𝑛)) + 𝜆0 (𝑛))
= 𝐹−𝛽𝑚2𝑖 (𝐹𝛼 (𝑠 (𝑛))) + 𝐹−𝛽𝑚𝑖 (𝜆0 (𝑛))
= 𝐹𝛼−𝛽𝑚2𝑖 (𝑠 (𝑛)) + 𝜆0 (𝑛)

(14)

LetΔ𝛽 = 𝛼−𝛽𝑚2𝑖 ; formula (14) can be written as (15) whenΔ𝛽 is equal to 0:
𝑟𝑚2𝑖 (𝑛) ≈ 𝐹0 (𝑆 (𝑛)) + 𝜆0 (𝑛) ≈ 𝑆 (𝑛) + 𝜆0 (𝑛) (15)

Because of the norm of the SP-4-WFRFT transform, the
statistical characteristic of Gaussian white noise is constant
before and after transformation, so it is considered that 𝜆0(𝑛)
and 𝜆0(𝑛) have the same influence. Therefore, in addition to
the noise effect, the data signal 𝑠(𝑛) can be obtained from
signal 𝑟𝑚2𝑖 (𝑛), and then 𝑠(𝑛) can be demodulated or base-band
operation.

The transformation order is scanned from the first to
the 𝑀 level. The scan priority of each level is 𝑚, the scan
sensitivity of each level is expressed by (16), the total scan
sensitivity is 21−𝑀, and the overall scan number is expressed
in (17):

𝐺𝑚 = 21−𝑚 (16)

𝐿 𝑠 = 22 + 22 + 𝑀∑
𝑚=1

2𝑚 = 23 + 𝑀∑
𝑚=3

2𝑚 = 21+𝑀. (17)

4. The Research of Performance

For the convenience of computing, the signal after SP-4-
WFRFT processing is written as 𝑋. The statistical mean of
its arbitrary order result is 𝐸(𝑋). To quantitatively analyze
the SP-4-WFRFT processed signal statistical distribution,
the zero kurtosis [17] 𝐾 is defined to compare the degree
of convergence of the transformed signal and the Gauss
distribution. When 𝐾 reaches 0, the signal is more in accord
with Gaussian signal characteristics.Then the zero kurtosis𝐾
is calculated as

𝐾 = 𝐸 [𝑋 − 𝐸 (𝑋)]4𝐸2 [𝑋 − 𝐸 (𝑋)]2 − 3. (18)

Further, by using formula (1), |𝜔0|2 is calculated as

𝜔02 = 𝜔0 ⋅ 𝜔∗0 = cos2 (Δ𝛽𝜋4 ) cos2 (Δ𝛽𝜋2 ) . (19)

Then, in the scan process, because the rotational effect of
the SP-4-WFRFTwill affect the receiver and there is the direct
relationship between the effect and weighting coefficient, we
define the impact factor 𝜒 as

𝜒 = 𝜔02 cos2 (−3Δ𝛽𝜋4 ) = 𝜔0 cos(
−3Δ𝛽𝜋4 )

2

= cos(
Δ𝛽𝜋4 ) cos(Δ𝛽𝜋2 ) cos(−3Δ𝛽𝜋4 )

2
(20)

Here, 𝜒 denotes the response normalized success ampli-
tude in the scan process; 𝜒 is equal to 1 when the scan to Δ𝛽
equals 0, which indicates success.

Under the condition of unknown transformation order,
the signal processing by SP-4-WFRFT is equivalent to
increasing the noise energy superimposed on the signal,
which is equivalent to reducing the signal-to-noise ratio
of the receiver. According to the relationship between the
equivalent SNR of the receiver under the conditions of the
known transformation order and the unknown transforma-
tion order, the quantitative formula of the effect of the signal-
to-noise ratio of the receiver is defined.

The mean power of the signal is defined as 𝑃0, and
the mean power of the noise is defined as 𝑁0. When the
transformation order is known, the SNR of the receiver
written as

𝜇 = 10 ⋅ log( 𝑃0𝑁0) . (21)

For the receiver, when the transformation order is
unknown, the equivalent energy is changed to the following:

𝑃 = 𝜒 ⋅ 𝑃0
= cos(

Δ𝛽𝜋4 ) cos(Δ𝛽𝜋2 ) cos(−3Δ𝛽𝜋4 )
2 ⋅ 𝑃0

(22)

When the transformation order is unknown, the equiva-
lent SNR of the receiver is expressed as

𝜇1 = 10 ⋅ log[ 𝑃𝑃0 − 𝑃 + 𝑁0]
= 10 ⋅ log [ 𝜒

1 − 𝜒 + 𝑁0/𝑃]

= 10 ⋅ log[ 𝜔0 cos (−3Δ𝛽𝜋/4)21 − 𝜔0 cos (−3Δ𝛽𝜋/4)2 + 10−𝜇/10]
(23)

This formula shows that the SNR decreases when the
transformation order is unknown, which also shows that the
bit error rate will be reduced.

5. Test and Analysis

5.1. The Performance Analysis. The weighting coefficient is
an important parameter in the transformation process, the
transformation trend of the weighting coefficient in a main
period is shown in Figure 1. It can be seen that the modules
of 𝜔0, 𝜔1, 𝜔2, and 𝜔3 are periodically transformed in the
0–1 interval, and 𝜔𝑙(𝛼) presents a rotation change with the
increase or decrease of parameter 𝛼. Then the alternation
between the real and imaginary parts of the weighting
coefficient is shown in Figure 2, in which a closed smooth
curve can be formed when these four curves are combined.
The points on the curve move in a clockwise direction, and
the specific order of the change is the following: 𝜔0-> 𝜔3-> 𝜔2-> 𝜔1-> 𝜔0->. The intersection points of the curve are
(0,0), (0.25,0), and (1,0) respectively.



Mathematical Problems in Engineering 5

0 0.5 1 1.5 2 2.5 3 3.5 4

|W
| 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

W0
W1

W2

W3



Figure 1: Transformation trend of weighting coefficient.
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Figure 2: Alternation between the real and imaginary parts.

Because the CHS method uses hierarchical technology
to scan the transformation order, it was tested in various
hierarchical situations. With variation of the hierarchical
variable 𝑚, the changing trend of the scan number of each
level 𝐿𝑚 is shown in Figure 3. The larger the hierarchical
variable 𝑚 is, the greater the scan number 𝐿𝑚 is, which
increases exponentially.

Further, with variation of the hierarchical number𝑚, the
scan sensitivity 𝐺𝑚 of each level is shown in Figure 4. The
larger 𝑚 is, the smaller the scan sensitivity is; that is, the
smaller the scan error is, and it decreases exponentially.

Since 𝜒 reflects the normalized amplitude of the scan, the
approximate scan is successful when 𝜒 is approximately equal
to 1. Thus, in the scan area, with variation of Δ𝛽, the test

m
0 2 4 6 8 10 12 14 16

0

1

2

3

4

5

6

7

L
m

×104

Figure 3: Relationship between 𝐿𝑚 and𝑚.
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result of influence factor 𝜒 is shown in Figure 5. In the 0–4
main scan period, the requirements of 𝜒 ≈ 1 can only be
met when Δ𝛽 is approximately equal to 0 and 4, which is also
consistent with the characteristics of the cycle.The test results
of the zeroing kurtosis𝐾𝑝 of the communication signals after
SP-4-WFRFT transform are shown in Figure 6; the zeroing
kurtosis 𝐾𝑝 is approximately equal to zero. Therefore, the
signal is closer to the Gaussian signal, and its transmission
concealment has more advantages.

To further analyze the effectiveness of the CHS method,
BER (bit error rate) test analysis was carried out. Because
the scan value of the transformation order 𝛽 may have
error with the real value 𝛼 of the transmission signal, the
BER was assessed with variation of 𝐸𝑏/𝑁0 under variousΔ𝛽 conditions. The results are shown in Figure 7. The BER
decreases as 𝐸𝑏/𝑁0 increases, and, under the same BER
condition, the larger Δ𝛽 is, the greater the BER is. WhenΔ𝛽 ≤ 0.01, the BER is close to the ideal condition, which
also indicates that further reduction of Δ𝛽 will not improve
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Figure 5: Relationship between 𝜒 and Δ𝛽.
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Figure 6: Test results of the 𝐾𝑝.

the BER. For this reason, themaximum scan sensitivity of the
transformation order is recommended to be less than 0.01.

Further, under the minimum Δ𝛽 conditions of various𝑚
values, with variation of 𝐸𝑏/𝑁0, the BER calculation results
are shown in Figure 8. As seen in the figure, with the increase
of 𝐸𝑏/𝑁0, the BER gradually decreases. Under the same𝐸𝑏/𝑁0 condition, the larger the series 𝑚 is, the smaller the
BER is. When 𝑚 ≥ 8, the BER is close to ideal, which also
indicates that as𝑚 further increases, theBERwill not improve
significantly. To this end, the recommended hierarchical
series𝑚 value is 8.

5.2. Comparative Analysis. A comparative analysis of the
CHS method and the conventional scanning (CS) method
was carried out to verify the superiority of the CHS method.
First, the comparison test was conducted with the following
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Figure 7: BER results with variation of Δ𝛽.
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Figure 8: BER with variation of𝑚.

parameters: the maximum scan number 𝐿 𝑠 of 512 times, the
scan sensitivity of the transformation order of 0.0078125,
and the real order 𝛼 of the transmission signal of 2.2 and
3.35. With increased 𝐿 𝑠, the coverage results of the influence
factors are shown in Figures 9 and 10. As seen in the figures,
the CS method can only be successful once the scan order
is very close to the true value. Because the CHS method
performs an overlay scan rather than linear classification,
the successful scan area covers more, the probability of
success is higher, and the speed of the successful scan is
faster. Further statistical analysis shows that the coverage
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Figure 9: Coverage results of the influence factors with 𝛼 = 2.2.
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Figure 10: Coverage results of the influence factors with 𝛼 = 3.35.

comparison results of influencing factors also satisfy this rule
under other parameters.

When the overall scan number 𝐿 𝑠 values are 4, 16, and 128
times, respectively, the BER results of the two methods with
variation of 𝐸𝑏/𝑁0 are shown in Figure 11. When the overall
scan number 𝐿 𝑠 values are 8, 32, and 256 times, respectively,
the BER results of the two methods with variation of 𝐸𝑏/𝑁0
are shown in Figure 12. They can be seen that the BER of
the CS method is relatively large when the scan times are
small, while the BER of the CHS method is much smaller.
When the scan number is large, the BER of the CS method
is improved, but it is still larger than that of the CHSmethod,
which indicates that the BER of the CHS method can meet
the requirements better. Further statistical analysis shows that
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Figure 11: The BER results in 𝐿 𝑠 =4, 16, and 128.
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Figure 12: The BER results in 𝐿 𝑠 = 8, 32, and 256.

the BER comparison results also satisfy this rule under other
parameters.

With variation of the hierarchical variable 𝑚, the chang-
ing trends of the scan number 𝐿 𝑠 are shown in Figure 13.
The larger the hierarchical variable 𝑚 is, the greater the scan
number 𝐿 𝑠 is, which increases exponentially, and it can be
seen that the CHS method has more scanning times than the
CS one. Further, with variation of the hierarchical number𝑚,
the scan sensitivity 𝐺𝑚 is shown in Figure 14. The larger𝑚 is,
the smaller the scan sensitivity is, that is, the smaller the scan
error is, and it decreases exponentially, and the sensitivity of
the CHS method is higher than that of the CS method. The
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results show that the scanning precision of the CHS method
is higher.

6. Conclusion

Aiming at the characteristics of a digital communication
system based on SP-4-WFRFT, a cross-hierarchical scanning
(CHS) method was proposed. The test results show that the
larger the hierarchical variable 𝑚 is, the greater the scan
number 𝐿𝑚 is, the smaller the scan sensitivity is, and the
smaller the scan error is, which is in accordance with the
theory. Then the larger Δ𝛽 is, the greater the BER, and the
BER is close to the ideal condition when Δ𝛽 ≤ 0.01. The

larger the series 𝑚 is, the smaller the BER is, and the BER
is close to ideal when 𝑚 ≥ 8. Thus, the maximum scan
sensitivity of the transformation order is recommended to
be less than 0.01, and the recommended hierarchical series𝑚 value is 8. Further, a comparative analysis of the CHS
method and CS method was carried out. The result shows
that CHSmethod has a larger successful scan area and higher
success probability. Moreover, the BER of the CHSmethod is
smaller than that of the CS method, which indicates that the
BER of the CHS method can meet the requirements better.
Further statistical analysis shows that the comparison results
also satisfy this rule under other parameters. Furthermore,
the sensitivity of the CHS method is higher than that of the
CS method. The results show that the scanning precision of
the CHS method is higher.
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