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In this paper, we study the existence and multiplicity of nontrivial solutions for a class of biharmonic elliptic equation with Sobolev
critical exponent in a bounded domain. By using the idea of the previous paper, we generalize the results and prove the existence

and multiplicity of nontrivial solutions of the biharmonic elliptic equations.

1. Introduction and Main Results

In the present paper, we are concerned with the existence
of multiple solutions to the following biharmonic elliptic
equation with perturbation

Au= |u|P_2u+f, x € Q,
1)

u=Vu=0, xe€oQ,

where Q is a bounded domain in RY (N > 5), A% is the
biharmonic operator, and p = 2** = 2N/(N - 4) is the
Sobolev critical exponent.

The second-order semilinear and quasilinear problems
have been object of intensive research in the last years. Brezis
and Nirenberg [1] have studied the existence of positive
solutions of (1). Particularly, when f = Au, where A € R
is a constant, they have discovered the following remarkable
phenomenon: the qualitative behavior of the set of solutions
of (1) is highly sensitive to N, the dimension of the space.
Precisely, Brezis and Nirenberg [1] have shown that, in
dimension N > 4, there exists a positive solution of (1), if
and only if A € (0,A,); while, in dimension N = 3 and when
Q = B, is the unit ball, there exists a positive solution of (1), if
and only if A € (A,/4,A,), where A, > 0 is the first eigenvalue
of —A in Q. For more results on this direction we refer the
readers to [2-5] and the references therein.

During the last decades many works have been orientated
to the analysis of biharmonic nonlinear Schrédinger equation
(BHNSE)

ip, — Mo+ g(x]p)) e =0,
9 (0,x) = ¢, (x) € Hy (),

2)

Q ¢ R" is an open domain N > 5. For instance, paper
[6] proved that some of the properties and characteristics
for the second-order semilinear problems can be extended to
BHLSE. Paper [7] proved the existence of blow-up solutions.
In papers [8-10], the authors proved the existence of global
solutions, in particular, looking for standing wave solutions
for (2) of the form

9 tu)=eu (3)
such that u is a solution satisfying the equation
A2u+)m=§(x,u), ueHg(Q). (4)

If A = 0and glx,u) = |ul’*u, we know that (4) admits
no positive solutions if Q) is star shaped under the Navier or
Dirichlet boundary conditions (see [11, Theorem 3.3] and [12,
Corollary 1]). If A > 0 and Q is a ball, paper [13] proved the
existence of positive radially symmetric solutions. For more
general results on this direction one can refer to [14, 15,15-21]
and the references therein.

Motivated by the above results, we study the case that
A=0,g(xu) = [ulP2u + f(x),and Q ¢ RY is a bounded
domain. Precisely, we shall generalize the results of Tarantello
[22] to the biharmonic and critical exponent case. Our main
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tool here is the Nehari manifold method which is similar to
the fibering method of Pohozaev’s.

In order to state the main results, we shall give some
notation and assumptions. Let D = HS(Q), and IIMII}7 =
(IQ lu|Pdx)"? be the usual LP(Q) norm. Obviously, D is a
Hilbert space under the inner product (u,v) = IQ AulAvdx.
Correspondingly, the norm is denoted by | - [|; i.e., lul? =

Jo 18ul*dx. Assume that f € L(Q)(q = 2N/(N +4))(f # 0)
satisfies

If1, < ChS™HoP, 5)

where S is the best Sobolev embedding constant of D —
LP(Q)(p=2"" =2N/(N - 4)), and

>

8 N_4 (N+4)/8
- ()
N-4\N+14

Aul)?
o Aull;

1 7 -
ueD\{0} "u”p

(6)

Let

(NN - 4) (N2 = 4)) V7 g2
A (82 + lez)(N_W2 7

be an extremal function for the Sobolev inequality in RY. For
aeQ,letu,,(x) =ulx-a)and§, € C°(Q)with&, > 0and
&, = 1 near a. We point out that the embedding D — L?(Q)
is not compact. This leads to the lack of compactness for the
proved existence and multiplicity of nontrivial solutions of
(1). Motivated by [1, 22], we recover the local compactness by
dividing the Nehari manifold into three parts and give some
estimates for the least energy of (1)

It is easy to see that the energy functional of (1) is denoted

by

I(u)= % J;) |Au|2 dx — % JQ lu|? dx - L fudx, ©
8

ue€D.

Hence, I is well defined (under (5)) and of the class C*(Q).
Moreover, all the critical points of I are precisely the solutions
of (1). We define the Nehari manifold N associated with the
functional by

N={ueD|<1’(u),u>=o}. 9)

It is clear that all critical points lie in the Nehari manifold,
and it is usually effective to consider the existence of critical
points in this smaller subset of the Sobolev space. For fixed
u € D\ {0}, we set

¢ () =1(tu)

t* 5 tP
= —J |Au|” dx — —J [u)? dx—tj fudx,  (10)
2 Ja P Ja Q

t>0.
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The mapping is called fibering map. Such maps are often
used to investigate Nehari manifolds for various semilinear
problems. From the relationship between I and ¢(t), we can
divide N into three parts

N* = {ue N[ Aul; - (p- 1) Jul}, > o},
N’ = fueN|jaul}-(p-1)Iulf =0}, ()
N ={ueN|Aul} - (p-1)ul’ <0}

It turns out that under the assumption (5), we infer that N 0—
{0} (see Lemma 5 below). Now the main result in this paper
can be stated as follows.

Theorem 1. Assume that f + 0 satisfies (5). Then
1r1\1]f1=11{]1+f1=co 12)
is achieved at a pointu, € N. Furthermore, u, is a critical point
of I, and uy > 0 when f > 0.
In the following we study the second infimum problem

infI =¢,.
11{}, G (13)

In this case we have the following results.

Theorem 2. Assume that f # 0 satisfies (5). Then ¢; > ¢, and
the infimum in (13) is achieved at a point u, € N, which is a
critical point of I.

The proofs of Theorems 1-2 rely on the Ekeland’s varia-
tional principle and careful estimates (see [1]) of minimizing
sequence.

2. Some Preliminary Results

In this section we prove some preliminary results for the
proof of Theorems 1-2. The main ideas are coming from
[1, 22]. We begin with the following lemma which states the
purpose of assumption (5).

Lemma 3. Supposed that f + 0 satisfies (5). For every u €
D\{0}, there exists a unique t, = t,(u) > 0 such thatt,u € N™.
lAul

Particularly, we have
1/(p-2)
e > |2l —t (14)
[(P— 1) ||”||§] "

and I(t,u) = max,,, I(tu). Moreover, zf_"Q fudx > 0, then

there exists a unique t, = t,(u) > 0 such thatt,u € N™. In
particular, one has

lAul;
t,<| ———
’ [(p— 1) ful?
and I(tyu) < I(tu),Vt € [0,t,].

1/(p-2)
] (15)
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Proof. Recall that the fibering map is defined by
¢ (t) = I(tu)

e ) ¢P (16)
=— | |Aufdx-— | |ufdx-t| fudx.
2
Q P Ja Q
Then
(p' t) = tJ |Aul* dx — tP7! J [u|f dx — J Sfudx
Q Q Q
(17)
=g(t) - J fudx.
Q
We deduce from g'(t) = 0 that
,  1(p-2)
t:tm:[ﬂ'zp] . (18)
(p - 1) Iul

IfO < t < t,,,wehave ¢"(t) = g'(t) > 0,and if t > ¢,
one sees (/)”(t) = g’(t) < 0. A direct computation shows that
g(t) achieves its maximum at ¢ and

max>

38 (N _ 4)(N+4)/8 ||Au||(N+4)/4

g9 (tmax) NI

N-4\N+4 ||u||N/4
(19)
Aufy ™"
Y

We divide the following two cases to accomplish our results.

Casel. If IQ fudx < 0, then ¢' (t,,5.) = Gt max) — IQ Sfudx >

0. It is easy to see that if t — +c0, we have ¢'(t) < 0. So,
there exists unique t, > t,,,,, such that ¢'(,) = 0 and g(t,) =
tJQ fudx. We infer from the monotonicity of g(t) that, fort, >

‘/5” (t,) = 9’ (t,) <0,

19 “A tiu ”2

(20)
)l <o.

This shows that t,u € N™.

Case2. If _[Q fudx > 0, we infer from assumption (5) that
!

IQ fudx < g(t,.)Vu € D.Then ¢ (t,,.) = G(ta) —

IQ fudx > 0. Since ¢'(0) = - IQ fudx < 0, there exists

a unique t, € [0,t,,,,] such that ¢'(t,) = 0 and g(t,) =

j fudx. A direct computation shows that t,u € N and
1(tyu) < I(tu), Vit € [0,t,]. O

Lemma 4. Assume that f #+ 0 satisfies (5). We infer that the
infimum

inf <CN A N4 —J fudx> = Uy 1)
llull =1 Q

is achieved, where p, > 0.

The proof of Lemma 4 is technical and the idea of the
proof is mainly motivated by paper [23]. We shall prove it in
the appendix. Next we study the property of the set N°.

Lemma 5. Let f # 0 satisfy (5). Then for everyu € N,u # 0,
we can get the conclusion that N° = {o}.

Proof. We use the contradiction arguments. Assume that, for
some u € N,u # 0, we have u € N°. That is,

lAul; - (p - 1) lull? = (22)
Since u € N, it follows that ||Au||§ - ||u||§ - IQ Sfudx = 0.
Hence, we get
Julf - | fudx 0. (23)
Q

By Sobolev inequality, we deduce that (p — 2)[lu|| p 2 (S/(p-

1))1/(P_2). For u # 0, we set

Al
A (I/l) = CN*N/‘I J fudx. (24)
ol o

Fort > 0 and |u|| p=1La direct computation shows that
Atu) = t | Cyy [ Au 97 j fudx].  @3)

We derive from Lemma 4 that, for y > 0,

”11”1>f A (u) = yuo. (26)
Lety = (S/(p — 1))"/*"? > 0. We infer from (26) that
" u"(N+4)/4
0<yuy<Au) = NN T J Sfudx
ol o
(p-1/(p-2)
lAul; (27)
= (p—-2) llull? [7 -1
P\ L(p-1)lulp
= O’
which is a contradiction. O

Lemma 6. Let f # 0 satisfy (5). For each u € N \ {0}, there
exist ¢ > 0 and a differentiable function t = t(w) > O,w €
D, |lw| < &, satisfying the following:

t(0)=1,
t(w)(u—w) eN, V|w|<e,
(' (0),w) (28)

_ 2 [ Aubwdx - p [ |ulP uwdx - || fwdx
Il = (p = 1) Iull




Proof. We define F: R x D — R by

F(t,w) =t A - w5 - 77 u - w]?,

(29)

- J f(u—w)dx.
Q

Since F(1,0) = 0 and F,(1,0) = [[Aul; - (p - Dlul} # 0
(Lemma 5), by using the implicit function theorem at the
point (1, 0) we know that the results of the lemma hold. [

3. Proof of Theorem 1

In this part we shall give the proof of Theorem 1.

Proof of Theorem 1. We first claim that the functional I is
bounded from below in N. For u € N, we have (I’ (1), u) = 0.
That is, IIAullg - ||u||§ - JQ fudx = 0. One deduces from (2)
and Holder inequality that

I(u):lj |Au|2dx—lj |ulpdx—J fudx
2 Ja pJa Q

(5 )1tz (1= ) |, s

w2 - (1 - %) 11, bl (30)

v 1]

Z |

Z |

1
2l - (1 - ;) CnS™E Aul,

N(1-1/p)’C3sN/*
. .

Hence, we know that the infimum ¢, is also bounded from
below. Second, we can get an upper bound for ¢;. Let v € D
be the solution for A*u = f. For f # 0, one obtains that

J Fvdax = [Av]E > 0. 3D
Q

Sett, = t,(v) > 0 as defined by Lemma 3. Thus, we have that
t,v € Nt and

P

< 1(tgy) = |A - 1 |, frax

(32)
2

2t
o IV < == Iavl <o.

t2
= a2+ 2
2 p

For any minimizing sequence {u,} C N, we can use Ekeland’s
variational principle (see [24]) to get following properties:

(1) I < ¢ + 1/,
(ii) I(w) = I(u,) — (1/m)|A(w — u,)|,, Yw € N.

Hence for n large enough, we obtain

1) = (55 )1l (1= 5 ) [ s

S I
<c+—<——|Av|;.
G+ N lAv;

(33)
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This implies
2

J e A
qun x_N+4

Since I(u,) < 0, we infer from Hélder’s inequality that

IAv)? >0, and u, # 0. (34)

aM > 0,
R (35)
lAw, |, < M
At the same time, we observe that
2
N 4 J fu,dx. (36)

One deduces from (5) and Holder’s and Sobolev’s inequalities
that

Jm > 0,
5 (37)
[Auw,|5 = m > 0.
So we derive from (35) and (37) that
0 <m< |Au,|s < M, (38)

where m and M only depend on f and Q.

Next we shall prove that ||I'(un)|| — 00, as n —>
0o. Applying Lemma 6 with u = u, and w = &8(I'(u,)/
II'(w,)IN(S > 0), we can find some t,(8) = t[6(I'(u,)/
III'(un)II)] such that

—t, (5)[ 5L () ] N. (39)

Tl

By condition (ii) we have

LA =)l =1 (n) -1 w)

= (1-1,(8) {I' (wy)u >

Ol (‘”< ||1' ") n>

+0(9).
Dividing by 6 and letting § — 0, we get

% (1+1,(0) |Au,],) = —t, (0) (I (u,) ,u,,)
# [ )] = el

where t;(O) = (t'(0), I'(un)/III’(un)II). So, we conclude that

(41)

|1 (w)| < i (1+ (42)

where C is a constant. In order to complete the proof we need
to prove that ¢/ (0) is bounded uniformly on 7. By Lemma 6
we can get

C
p=1) July]

t, (0)] <

43
2w, - “3)
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Thus, there exists subsequence {u,} (still denote by {u,,}) such
that

Jau,s = (p = 1) s o = 0 (1) (44)

We infer from {u,} c N that

[~ Bl = | n
(45)

JQ fu,dx = (p-2) ||un||§ +o(1).

By the estimate of || Au,, ||, from (38), we have that [lu,[, >y >
0and

N/4
p

(N+4)/4
2

5N /4

< Junll, A () < Coy [0

0 <oy
L\

)

a5 = (=2 ) = (p-2) e)

||Au "2 (p-2)/(p—1) -2/ (D)
p=2)/(p—

p

~(p=2) " = (p-2)

=o0(1).

This is impossible. So, [|Au,, ||§ —(p- 1)||un||§ is away from zero.
Thus, we conclude that

7" ()

Let u, € D be the weak limit in D of {u,}. From (47) we can
get that u, is a weak solution for (1). In fact, u, € N and

— 0 asn— oo. (47)

¢ <I(up) < lim I(u,)=c. (48)

So, we have that u, — u, strongly in D and I(u,) = ¢, =
inf . I(u). Moreover, u, € N'. By using standard method,
we can prove that i, is a global minimum for I in D (See [25]).

O

4. Proof of Theorem 2

In this section, we shall give the proof of Theorem 2. Since
the embedding D — LN N=9(()) is not compact, we need
to find some way to recover this compactness. Motivated by
previous works of [1, 22, 23], we will seek the level in which
(PS).-condition will recover. Then we shall use the Mountain-
Pass principle to get the second nontrivial solution of (1).
The related problems have been studied in [23], and such
an approach has been used. The threshold is found in the
following lemma to obtain the compactness.

Lemma 7. Assume that the sequence {u,} C D satisfying

(i) I(u,) — cwithc < c0+(2/N)SN/4, where ¢ is defined
in (12).

(ii) ||I'(un)|| — 0asn — oo.

Then {u,} has a convergent subsequence.

Proof. 1t is clear that ||AM,,||§ is uniformly bounded from
condition (i) and (ii). For a subsequence of u,, we can get a
w, € D such that

u, — w, in D. (49)
So, from (ii), we obtain that
<I' (wy) ,w> =0, forVw e D. (50)

Then wy is a weak solution of (1), w, # 0,and w, € N, I(w,) >
¢- Let u, = w, + v,,. So, v, — 0in D. By Brezis-Lieb lemma
(see [24]), we conclude that

leaally = o + vl = ol + [vall + 0 1) (5D
Thus, for n large enough, we get

o+ %SNM > I (wy+v,)

1 1
= 1)+ 3 Ian - I o) )

1 2 1
>¢+ 3 ||Av,,||2 - E an"i +o(l),
which means
1 2 1 2
FIanl =Sl < 58 ro. 6y

Moreover, we infer from condition (ii) that
o(1) =(I'(u,),u,)
= (1" (wy) ,wy ) + |[Av,[; - Wl +o( (59
= [av, 3 = ally + 0 ),
and then we obtain
[av, 5 = vally = 0 ). (55)

Next we shall prove that if (53) and (55) hold, then there exists
the subsequence of {v, } (still denoted by {v, }), which satisfies

||Avn||2 — 0, n— +00. (56)

We assume {v,} is bounded away from 0; that is

ac > o,
(57)
|av,|, = C, VneN.
So from (55) we can get
vl 2 s +0(1),
(58)

[vall2 = SN +0(1).



We infer from (53) and (55) that

2 N/4 2 P
NS < N“Vn"p+0(1)
(59)

1 1 5
= E “Avnui - ; “Vn||§ +0(l) < NSNM

for n large. This is contradiction. So, we can get u,, — w,
strongly in D. O

Note that 1, # 0. Following [23], we set X C () to be a set
of positive measures such that 1, > 0 on X. Let us define

Upe ) =&, (01, (x), xeRY, (60)

where u, ,(x) and &, (x) are defined in Section 1. Without loss

of generality, we take u, ,(x) = eND2 (2 4 |x - alz)(N_4)/2.

Then we have the following estimates for U, ,

Lemma8. VR > Oanda.e. a € I, there exists &, > 0 such that
2 N/4
I(ug+RU,,) < ¢+ NS (61)
forevery 0 < € < g,.

Proof. Let B = I N |Au1(x)|2dx and A = _[ N |u1(x)|2dx. By
the definition of u,(x), we can get the Soboley embedding
exponent S = B/ AP A direct computation shows that

J, 188, OF e (O dx = 0 (),

JQ IVE, () [Vity, (O dx = O (874,

JQ |AE, ()| €, (O] [t4e.0 ()] | Athy ()| dx
“0(#),

L IAE, ()] [VE, (0| [Vitgs ()] |10 ()] dx

-0 (SN—4) ’

(62)

JQ IVE, (0] |E, ()] | Atk 0 ()] [ Vit o ()] dx
=0 (SN_4) ,

J €, (x)|2 |Au, (x)|2 dx=B+0O (sN_4) ,

Q

|Ueo )5 = A+0O (V).

Now we take the C;°(Q2) function &,(x) such that

£, (x)=1, when |x—a| <,
0<&,(x) <1, whenr,<|x—al<2r,
£,(x)=0, when |x—a|>2r,
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[VE, (x)] < E,
o

C
lAga (x)l s
o
(63)
where 7, > 0. On the other hand, we see that
S(N_4)/2
Uea (x) = (82 Flx— alz)(N—4)/2’
(N —4) eN2 (x — g)
Vu,, = — R
» 5 N\N-2)/2
(s +|x —al ) (64)
Au,,
(NN (N-4)(N-3) N2 |x g
(82 +|x - a|2)N/2
So, by direct computation we infer that
2 2
JQ |Afa (x)| |us,a (x)| dx
C N4
=1 J 5 N—4dx
Ty Jro<lx—al<2r, (82 +|x —al )
(65)

dr

CwN—l J~2r0/£ 847‘N_1
- 4 N-4
o e (1+72)

4 2r,/e

Cowy_i€ "% 7N N-4

S—N41 J r dr=O(s ),
To role

where wy_, is the measure of the unit sphere in R™.
Moreover, we have that

J |V€a (x)|2 quw (x)|2 dx < 92
Q re

Nt x —al? ~ Coyy

’ N2t T T2
Jroglx—u|§2r0 (82 + |.X' _ a|2) Ty

J»Zro/e 82rN+l

r <
e (1+72)N72

=0 (SN_4) ,

2 21,/
Cw &€ 0
N-1 5-N ]

2
7‘0 role

J IAE, ()] [E, (0] [t (0] Bty ()] dx < <
Q TO

N2 4 N x — af?

J N2 dx
ro<|x—al|<2r, (82 + |x_a| )
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_ Cwny
-

2ry/e 827‘N+1
+ j —ar

rofe (1 +712)

Coyy ([ 2 5N e s N
<—; J e dr +J erdr

=0 (sN_z) +0 (sN_4) =0 (sN_4) ,

dr

J~270/5 8ZTN—1

e (1+72)N7?

C
L 88, G0 V8, ()] Vit () 10 (0] i <
0
) J eVt x - al _ Cuwyny
ro<|x—al<2r, (82 +|x - a|2)N_3 rg

3N 3
2ry/e &Sr CwN—ls 2ry/e PN
. rdr

r =
le (1+72)"° o

-0 (SN—4) ’

role

L V8, (O] [, (O] |t ()] [V, (0] dix < =

0

N x—al+ eVt |x—al

N-1
(82 +|x - a|2)

dx

jroslx—u|§2r0
Coyy
To
2/ 8rN+2
+J ——xdr
rofe (1+712)

Cw 2ry/e B 2ry/e B
< 13\’_1 (J e Ndr + J e Ndr

"o ro/e role

2ry/e STN
J dr

rfe (1+72)N7

=0 (sN_z) +0 (sN_4) =0 (sN_4) ,

|Au,, (x)|2 dx

x—al<r,

J &, () |Aug, (0)] dx < J
Q |
+ J |Au£)u (x)l2 dx
ro<|x—al<2r,
2ry/e N-1 N+3
< CJ < 4 5+ 4 Ndr
/e \ (1+72)"  (1+7?)
N+1 2
(1+72) RN (1 + |yl )

+0(eM)+0 (") +0 (V) =B+0O(N).
(66)

Thus, we infer from [23] that
lug + RU4 |17 = Juolly + R [Ueally

+ pRJ |uolp_2 uoU, ,dx
Q
(67)
+ pRY™! J U tugdx
)

+0 (s(N_4)/2) .

From all of the above, noticing that u, € N, one has that
1 2 1
g+ RU) = 5 [ 18 G0+ RU dx -
£l 2 Q o P

. J |uo + RUS,ulp dx — J f (uy+RU,,)dx
Q Q

1

1
J |Au0|2+RJ AuyAU, ,dx + =
2 Ja Q > 2

R J |AU, | dx - 1 j |uo + RU, | dx
Q P Ja

_ Lf(uo +RU,,)dx = (l J;) |A’/‘0|2

2

) (68)

- — J |u0|P dx - J fuodx>
P Ja Q
+R <J AuyAU, ,dx — J |u0|p_2 uoU, ,dx
Q Q
R* RP
_ j fUpudx) + B4
o 7 2 p

- . . R’
- R J;) U ugdx + o(s(N 4)/2) =1 (u,) + >

R? _ _ -
B - ?A—Rp IJ Uguluodx+o(s(N 4)/2).
Q

By using an estimate obtained by G. Folland [26] and setting
u, = 0 outside (), one gets that

J Uf;luo dx = s(N_4)/2uO (a)E+o (s(N_4)/2) , (69)
0 %

where

E_J dx
- N+4)/2°
RN (1+|x|2)( +4)/

(70)
v eI} (RN)
(1+ lez)(I\M)/2 .



Consequently, we have
2
RP
=¢q+—B-—A
2 p

- Rp_luo (a) EeNY

I(uy+RU,,)
/2 (71)

+0 (s(N_4)/2) .

We set

B A _ _
h(s) = 552 — —sf —~uy(a) EeNV2g71 o5 0, (72)

and assume h(s) achieves its maximum at s; > 0, which
satisfies

siB= " A = (p— 1) uy (a) EeNTVsP2, (73)
We define

1/(p-2)
R

which is the maximum point of /,(s) = (B/2)s* - (A/p)s?.
We can conclude that 0 < s; < sy, and s; — s, (¢ — 0). Let
s; = s (1 = 6). It is easy to see that § — 0(¢ — 0). From
(73) we can get

so(1=8)B-st" (1-8)P" A

(75)
=(p-1)uy (@ EENPsE2((1 - 8)P7
and then expanding for §, we can get
BP-D/(p-2)
(P~ 2)< ) )8
(76)

(N-4)/2 +

=(p-1) guo (a) Ee o (S(N—4)/2).

So, one sees that

2 Rp

R
1 RU, ) = —B-—A
(uO + s,a) CO + 2 p

- Rp_luo (a) EeN-2

2 P

<o +dp-Ty
G > »

- sf lu (@) EeN% 4o (s(N_4)/2) (77)

so . sh
—c0+—°B— LA-s2BS +sEAS
p

u () ES(N_4)/2 (S(N—4)/2)

_SO

2 - _
=¢+ NSNM - sg luo (a) E€N 2

+0 (s(N_4)/2) .
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When we take small g, > 0, we arrive at

2
I(uy+RU,,) < ¢ + NsN/“, Vo<e<eg. (78)

This finishes the proof. O
Now we are ready to give the proof of Theorem 2.

Proof of Theorem 2. Tt is clear that the uniqueness of ¢, (u)
satisfies the following condition:

t,(M)ue N,
I(t; Wu) = max | (tu), (79)

for every u € D, |lu| = 1.

At the same time, t,(u) is a continuous function of u. And
N~ divides D into two components D, and D,, which are
disconnected from each other. Let

D, = {uzOoru:Hu" <t1<i>},
[l
D, = {uzOoru el >t1<|| ”>}

Obviously, D — N~ = D, U D,, and we can check N* ¢ D,
u, € D;. We can choose a constant C, which satisfies

0<t;(m)<Cy, Vull=1, (81)
and claim that

w=1uy+RyU,, € D,, (82)

where R, = ((I/B)ICé - ”u0||2|)1/2 + 1. In fact, a direct com-

putation shows that
Il = sl + R ULl + 2R [ 1|80,
, (63
w
= o + RBB+o(1) > C > [tl <” ")]

for € > 0 small enough. Thus, claim (82) holds.
We fix ¢ > 0 such that both (61) and (82) hold by the
choice of Ry and a € X. We set

= {Y € C([0,1],D): V(O) = ”o’)’(l) = Uy
+R0Us,a}’

(84)

and take h(t) = u, + tRyU,,, which belongs to I'. From
Lemma 7, we conclude that

= inf maxI (1() < 6+ 2 g4,
S m o) <o )
Since every h € I intersects N, we get that
q=infI<c<g+ 3SN/4. (86)
N- N
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Next we use Mountain-Pass lemma to prove Theorem 2. Let
{u,} ¢ N™ be such that

I(u,) — ¢,
I )] —o. )

We deduce from Lemma 7 that there exists a subsequence
(still denoted by {u,,}) of {u,,}, and u; € D such that

in D. (88)

U, — U
So, u; is a critical point for I, #; € N™ and I(u;) = ¢,. O

Remark 9. We point out that the results of Theorems 1-2 can
be generalized to polyharmonic problem. Precisely, we can
consider the semilinear polyharmonic problem

(=A)"u=[ulf2u+ f, xe€Q,

(89)

u=Du=---=D"'u=0, xedQ,

where Q is a smooth bounded domain in RN(N > 2m +
1).m € N*,p = 2N/(N - 2m) denotes the critical Sobolev
exponent for (-A)", and f € LY(Q)(g = 2N/(N +
2m))(f # 0) is small enough. We can define the energy
functional:

I(u) = 1 lull?, - 1 J lul? dx — J fudx, ueH, (90)
2 P Ja Q

where

H=H"(Q)
(1)

={v€Hm(Q)|Div=OonaQ, V0£i<m}.
H is Hilbert space and endowed with the scalar product

(u,v)

JQ ((—A)k u) ((—A)k V) )dx, if m=2kis even, (92)

J (V (—A)k u) (V (—A)k v) dx, if m=2k+1isodd
Q
and || - [|,,, is the corresponding norm. Let

s(N—Zm)/Z

(sz + |x|?

u, (x) = CN,m )(N—zm)/z (93)

be an extremal function for the Sobolev inequality in RN,
and the constant Cy,, be independent of e. By dividing the
Nehari manifold, we can prove (PS), condition when ¢ <
¢+ (m/N )Sm/ 2N where ¢ = I(uy) and uy, is the first solution.
By using the same idea of this article, one can obtain that (89)
has at least two nontrivial solutions.

Appendix

In this appendix we mainly focus on the proof of Lemma 4.

9
Proof of Lemma 4. For u € D, we define
G (u) = Cyy AN+ - L Fudsx. (A1)

Let {u,} be the minimizing sequence of (21) with [lu,,|| =1L
That is, we have that

G(un) =‘uo+o(1),

and u,, — uyin D, u, — uy a.ein Q and [uyll, < 1. If
[lua » = L then the conclusion holds. In the following we
consider the case ||| <1 by using contradiction argument.
Let u, = uy + w,. So, w, — 0in D. From Brezis-Lieb lemma
[27], we obtain that

(A.2)

1= Jug +w, [y = fuolly + [y +o (1),

, 2lp (A3)
lwally = (1=Tuollp)™ + 0 ().
By Sobolev’s inequality, we conclude that
Ho +o(1)
= Cla (e + ) = [ f o+,
(N+4)/8
= Cos (Jul} + o 2) ™ - | s
(A4)
+0(1)
/ (N+4)/8
> Cuy(Jawgl} + (1= Joll)™* +0 1)
—J Sfugdx +0(1).
Q
Hence we get
(N+4)/8
C<A 248(1- "2/”) —J d
w (auolly + 8 (1 = fluol;) LI

< Hp-

From paper [23], we know that for every u € D, ||u||p < 1,and

a € Q, there exists C, = C,(a) > 0 such that
o+ C.U, = 1 (A6)

where U, , is defined in (60). We infer from (A.6) that
1=|u+ Cer“i

= lul? +CPA+0(1),

, (- )™

Cs :T+O(1)’

(A7)

&+ U, = IAul; + C2B+o0 (1)
— Al + S (1-ul?)”? (AB)

+o0(l).
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Thus, for each u € D and ||u| p <1 we obtain that

”O < G (u + CsUs,a)

= Cy A (u+ CU)|
- J fu+CU,,)dx
Q
2/p (N+4)/8
w (18l 5 (1= i)™
- J fudx +o0(1).
Q
Combining (A.5) and (A.9), we get
N+4)/8

2/p\{
Cn (ool +5 (1 - Jolf)™)

- J Juodx = po.
Q

Moreover, for each w € D one has

d
= Lo (18 6a + )l

(N+4)/8

+8(1-|lug + tw||§)2/P>

- Jﬂf(uo +tw) dx] =0.

t=0

That is,

N: “Cy [“Auollz +5(1- ||u0“p)2/P ](N—4)/8

X H AugAwdx
Q
(2-p)/ -
N (1 - ||u0||§) pip L [t ? uowdx]

- wadx =0

Letk = (N +4)/4)Cy [ Augll3 + S(1 — lugl|5)?/#)] =478
and A = S(1 - [luy|5)*"?/? . Then (A.12) implies that i, is the

weak solution of

Azu:A|u|P_2u+%f.

Since f # 0, we can conclude that u, # 0. Recall that u,(a) >
0,Va € X,and X ¢ Q. Replace u, with —u, and f with —f if

necessarily. For a € X, we take ¢, = ¢,(a) such that
flug + cSUS)qu =

We obtain the contradiction if we prove that
G (ug +cUy,) < ty

for a suitable choice of a € ¥ and small ¢.

Mathematical Problems in Engineering

From (A.7), we infer that ¢, /" ¢, as e — 0, where ¢, =
(1 = lupl5) /2 /AYP. Let ¢, = ¢,(1 - 8,), where 8, — 0 as
& — 0. A direct computation shows that

f AS,

(A.9)

(N-9)/2 [uol”™” ok,
=g COJ —dx+c0 uo (a)E| (A.16)
Q

lx - a™

+o0

>

(S(N_4)/2)

where E = IRN(alx/(s2 + |x|2)(N+4)/2). We deduce from (A.10)
and (A.16) and the definition of ¢, that

“ (N+4)/

G (uy +¢Uy,) = Cy ||A (g + Uy,

(A.10)
- L f(ug+cU,,)dx =Cy [”Auoni

+2¢, J;) AugAU, ,dx +¢; (1-28,) B
](N+4)/8

+0 (s(N_4)/2)

- J f (MO + CsUs,a) dx
Q

(A1) (N+4)/
=Cy [||Au0||2 + COB] J fuydx

“ (A7)

N +4

Cy [||Auo||2 + cOB]
. [260 J AuyAU, dx — 263583]
Q

) ,[Q st,udx +o (S(N_4)/2) =W

(A12) + ke, j luo|? 2 ugU, dx — kc2BO,
Q

+0 (s(N_4)/2)

and, furthermore, we infer from (A.16) that
>0

o J;) |uolp_2 uoU, ,dx

(A.13) _ (N2 J |”o|P ”ofa dx +0 ((N—4)/2) (A.18)
Q

x —al™"

A8~y (@ BN 4 (V)

(A14) Also, we notice that

Al A =S (1= ug2) """ (1 Juo2)

A9
B ) - (A.19)
Az/p (1 - " 0" ) =Gb-

(A.15)
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Hence it follows that
G (uO + CsUs,a)

= Uy + kA (cé’A(?8 - cg_luo (a) Es(N_4)/2)

— ke BS, + 0 (eNY72) (A20)
= Uy — k/\cg’—luo (@) EEN 92 4 (€<N_4)/2)
< Ho-
This finishes the proof. O
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