Hindawi

Mathematical Problems in Engineering
Volume 2018, Article ID 9624938, 12 pages
https://doi.org/10.1155/2018/9624938

Hindawi

Research Article

Adaptive Fuzzy Output Feedback Control for Partial State
Constrained Nonlinear Pure Feedback Systems

Liping Wang ®,' Weiwei Sun®,"? and You Wu®'

!Institute of Automation, Qufu Normal University, Qufu 273165, China
2School of Engineering, Qufu Normal University, Rizhao 276826, China

Correspondence should be addressed to Weiwei Sun; wwsun@hotmail.com

Received 9 May 2018; Accepted 4 July 2018; Published 24 July 2018

Academic Editor: Weihai Zhang

Copyright © 2018 Liping Wang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The adaptive fuzzy output feedback control problem for a class of pure feedback systems with partial state constraints is addressed
in this paper. The fuzzy state observers are designed to estimate the unmeasured state while the fuzzy logic systems are used to
approximate the unknown nonlinear functions. The proposed adaptive fuzzy output feedback controller can guarantee that the
partial state constraints are not violated, and all closed-loop signals remain bounded by use of Barrier Lyapunov Functions (BLFs).
A numerical example is presented to illustrate the effectiveness of the results in this paper.

1. Introduction

During the last decades, control design of nonlinear sys-
tems has attracted increasing interests. All kinds of control
techniques have been proposed for both theoretical analysis
and practical applications [1-6]. Many practical systems are
inherently nonlinear and subject to many forms of constraints
such as saturation and physical stoppages. Violation of the
constraints may degrade the control performance and even
make the system unstable. Therefore, the constraints han-
dling in control design has attracted considerable attention
[6-15]. There exist various techniques to tackle the con-
straints for nonlinear systems like nonlinear reference gov-
ernor [7], invariance control [9], nonlinear model predictive
control [11], etc.

Backstepping methodology is more effective in synthesis
of robust and adaptive nonlinear controllers for various
systems with parametric or dynamic nonlinearities and
uncertainties [16-22]. The work in [20] constructs an adaptive
tracking controller by introducing an auxiliary integrator
subsystem and using the improved backstepping method
such that the closed-loop system has a unique solution that
is globally bounded in probability. The concept of Barrier
Lyapunov Function (BLF), which is developed via Con-
trol Lyapunov Function (CLF) [23] in backstepping design

method, was first proposed in [24]. The characteristic of
BLF is that it will approach infinity whenever its arguments
approach some limits. Transgression of constraints can be
prevented through keeping BLF bounded in the closed-loop
system. BLF-based backstepping control has been applied
to many constrained nonlinear systems control synthesis
[25-29]. Therein, [24, 30, 31] have solved the BLF-based
control problem of strict feedback nonlinear systems. The
work [27] investigates the output tracking control problem
of constrained nonlinear switch systems. The work [29] deals
with the problem of adaptive dynamic surface control of
nonlinear systems with unknown dead zone in pure feedback
form. And the problem with respect to full state constraints
is solved in [32, 33].

As we all know, the adaptive fuzzy control has an
automatic learning capability which can adjust the adap-
tive parameters to deal with the uncertainty. Using the
approximation property, fuzzy logic systems (FLSs) have
been employed to tackle unknown nonlinear systems [26,
28, 34-36]. A control for nonlinear sampled systems with
the guaranteed suboptimal performance achieved robust
tracking by using fuzzy disturbance observer approach
[26]. The work [34] studied an adaptive fuzzy dynamic
surface control for nonlinear systems with fuzzy dead
zone, unmodeled dynamics, dynamical disturbances, and
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unknown control gain functions. And the unknown system
functions are approximated by the Takagi-Sugeno-type fuzzy
logic systems. The work [36] addressed the adaptive control
problem for nonlinear pure feedback systems based on
fuzzy backstepping approach. Moreover, [28] constructed the
approximation-based adaptive fuzzy tracking controller for
non-strict-feedback stochastic nonlinear time-delay systems.
As for the adaptive fuzzy observer design, to the best of the
authors’ knowledge, the existing results consider only the
influence of full state constraints, and there is no further
discussion about partial state constraints. There is seldom
adaptive control method subject to partial state constraints
and unmeasured state.

In this paper, we present an adaptive fuzzy backstepping
tracking controller for a class of pure feedback nonlinear sys-
tems subject to unmeasured states and unknown nonlinear
function. Firstly, the fuzzy state observers are designed to
estimate the unmeasured state while the fuzzy logic systems
are used to approximate the unknown nonlinear functions.
Secondly, the proposed adaptive fuzzy output feedback con-
troller can guarantee that the partial state constraints are not
exceeded, and all closed-loop signals remain bounded with
the using of BLF while the adaptive law for the estimations
on uncertain parameters is constructed. A new coordinate
transform is introduced during the process. Finally, a numer-
ical example is given to validate our results presented in this
paper.

The paper is organized as follows. Section 2 presents
the problem formulation and some preliminaries. The main
results are proposed in Section 3. Section 4 illustrates the
effectiveness of the results by a numerical example.

2. Problem Statement and Preliminaries

2.1. Systems Description. Consider the following nonlinear
pure feedback systems:

% = X + f; (Ko Xi1) s

xn:u"'fn(zn’u)’ (1)
V=X
where x; = [xl,xz,...,xi]T € R, i=1,2,...,n are the

state vectors of the systems, u and y are the input and output,
respectively. The partition of the full states is constrained,

. . T
ie., constrained states x, = [x},X,,...,x, ] and free states

T
x, = [x, »%, ,...»x,]". And the number sequences,
{1,2,...,n} and {ng,,n.,,...,n}, are both ascending. The
states x;(¢t), i = 1,...,n, are required to remain in the

set |x;| < k. with k. being positive constant, V¢ > 0.
The nonlinear functions f;(X;,x;,,), i = 1,2,...,n — 1
and f,(x,,u) are unknown nonlinear smooth functions,
supposing that only the output signal is measured and other
states are unmeasurable.

This paper is concerned with the problem of adaptive
fuzzy output feedback control for system (1). Because of
the existing unknown nonlinear functions, the fuzzy logic
systems are employed to approximate the unknown nonlinear
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functions, and the fuzzy state observers are designed to
handle the unmeasurable states. The following lemmas and
assumptions related to backstepping design are given which
will be used in the further analysis in the sequel.

Lemma 1 (see [24]). For any positive constants k,, let Z :=
{z € R': lz;] < kb,.) i=12,...,nfcR"and ¥ = Rx Z ¢

R™ be open sets. Consider the system
n="h(tn), )

where n == [w, z)" € W is the state, and the function h : R, x
N — R™ is piecewise continuous in t and locally Lipschitz
in u, uniformly int, on R, x #. Let Z; := {z; e R : |z}]| <
ky} ¢ R. Suppose that there exist positive definite functions U :
R' - R, andV;: Z; — R, (i=1,2,...,n), both of which
are also continuously differentiable on R and Z ,, respectively,
such that

v

i(z;) — 00 as z; — k. (3)

LetV(n) := Y., Vi(z;) + U(w) and z(0) € Z. If the inequality

.oV
V=—h<-pV+g
5 <PV e (4)
with constants p > 0, ¢ > 0, holds in the set z € Z, then
z(t) e &, Vt € [0,00).

Lemma 2 (see [30]). For any positive constants k;, positive
integer p, and any z € R satisfying |z| < k;, one has

iK2r 2P
1 b < : 5
08 kip _ 2 kip 2 (%)

Proof. We define
A
1= k2P _ 2 T8 K22 _ p2p
b b

(6)

= i log| 1 il
kzP _z2 k;P _z2 :

As |z| < k;, we have |z < kip. Then, we can get the
inequalities 0 < 2P/(k}? — 2°F) < KF/(k?P - 2*F) =
1-22)(k;? - z%) and 0 < 2?/(k;? - 2°F) < 1/2. Let
c=2z%/ (kip —z°P) and then g = —log(1-¢) +¢. The derivative
of gis givenas g = (2 -¢)/(1 —¢) > 0. It shows that g is
continuously increasing and the minimum of g is g,,;, = 0.
Thus, we get log(k;”/(k;¥ - 2°P)) < 2*/(k}? - 2*F), and
log(k;? (kP ~2*P)) = 2*PJ(k;F —z*F) ifand only if z = 0. [J
Lemma 3 (see [37]). Let f(x) be a continuous function defined

on a compact set Q, and, for any constant € > 0, there exists
fuzzy logic system (12) such as

fx)=fx10+e(x), le@)l<e )
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Lemma 4 (see [31]). Forany 5 € R" and 9 > 0, the following
inequality holds:

0 < |B| - Btanh (g) <ud, u=0.2785. (8)

Assumption 5 (see [24]). For any kC1 > 0, there exist positive
constants A,Y,,Y,,...,Y, such that the desired trajectory
v,(t) and its time derivatives satisfy |y;(t)] < A, < kc1 and

Y| <Y, i=1,2,...,n forallt > 0.

1

Assumption 6. There exist known constants m1; > 0 such that

|fi(x1)_fi(x2)|Smi”xl_x2||> i=1L2...,n  (9)
Rewrite (1) as

X; = Xj t f, (iisfm,f) + Afi’
%=t Rty + A, 1o

Y =X
where Af; = fi(x;,x;,,) — fi(ii,fm)f), i=12..,n-
L af, = fux,u) - fu(x,,us). X; are the estimates of
x;, which will be obtained by the state observer designed
later; X;,, ; and u; are the filtered signals for X;,; and u,
respectively. There exist known constants 7;, i = 1,2,...,n,
such that [X;,; — X,y ¢| < 7,y (7 = 0). The filtered signals
are defined as follows:
5C\l',f = HL (S) 551',
(11)
ug=Hp (s)u,
where H; (s) is a Butterworth low-pass filter (LPF) [26, 36, 38]
with the cutoff frequency w, = 1 rad/s for different values of
n.

Remark 7. The filtered signals X;,, ; and u are employed to
avoid the so-called algebraic loop problem existing in [29, 39]
and to design the state observer and controller for nonlinear
pure feedback systems.

Remark 8. Based on the statements in [26, 36, 38], most
actuators have low-pass property and the replacements X; ; =
X; and u; = u are reasonable in the controller design.
Therefore, assume that |X; — X; ;| < 7; with 7; being known
constants.

Then (10) can be further rewritten into the following state
space form:

n—-1
x=Ax+Ky+ Y B (fi (R0 Xins) + A1)
i=1 (12)

+Bn(fn(§n,uf)+Afn+u),

x; —k, ky
=[5, Joe- [ -
Xy —k, 0 = 0 K,

: 0
i|,B,= [ : ] . The vector K is chosen to make matrix A to
: i

where x =

0

0

be a strict Hurwitz matrix; i.e., for given a matrix Q = QT >0
there exists a matrix P = PT > 0 satisfying

AP+ PA = -2Q. (13)

2.2. Design of FLSs and State Observer. To tackle the
unknown nonlinear functions, the fuzzy logic systems are
introduced as follows.

Rule j: if x; is N;, and x, is N; and --- and x,, is N, ,
then

y(x) isM;, j=12,...,m, (14)

where y is the output of the system, N i and M i denote fuzzy
sets, and m represents the number of fuzzy rules.

By using the singleton fuzzifier, center average defuzzifi-
cation and product inference [25, 28], the final output can be
expressed as follows:

Z;'nzl yjH?:lﬂNh (x1)
27:1 Her:Mle (x)

where y; = max cpiiy (1); Hn, (x;) and pp (y) stand for
membership functions with respect to fuzzy sets N; and M,

respectively.
Define

y(x) = (15)

My, ()
Z;'nzl H?:L“le (x1)

as the basis function vector. The ideal constant weight
vector is = [y, Fprevos Il = [0,,65,...,0,,1%, @(x) =

(16)

@ (x) =

[ (), @y (x), . .. ,(pm(x)]T, and ¢@;(x) is chosen as Gaussian
function; i.e., fori =1,2,...,m,
T
—\x — . X — .
o1(2) = exp [ ( #,32 ( uz)} ) )

where w; = [p; , ¢y 5 - - yin]T is the center vector, and #; is the
width of the Gaussian function.

Then, the fuzzy output y in (15) is described as

y(x) =09 (x). (18)

Accordingly, assume that the unknown nonlinear func-
tions in (1) are approximated by the following fuzzy logic
systems:

ﬁ (;_C,», 3?,-+1,f | é,) = é',‘rﬁoi (;_Ci’fiﬂ,f) , l<isn, (19)

where X,,,, ¢ = u. The optimal weight vector 6; is defined as

[7: (% iy 18)

6 = arg min | sup
L KX, p)€Un XUy,

(20)

- fi (% R 167)] |



where Q; and U;; x U, are compact regions for 0; and
(Xi> X1, )5 respectively.
Define

fix) =69, (x) +& (x) =09, (x) + 8, (x), ()

where & and 67 (i = 1,2,...,n) are known constants
satisfying |¢;| < & and |6;] < ;. Lettingw; = & — &;, i =
1,2,...,n,itis clear that there is an unknown constant w;” > 0
such that lw;| < w =€ +6;.
Based on (12), design a fuzzy state observer as
X=Xt fi (xi”?m,f) +ki (y - X)),
?cn=u+ﬁ,(>:cn,uf)+kn(y—fl), (22)

Y =X

Lete; = x; — X; be an observer error vector. Then from (12)
and (22), we have

é=Ae+06+AF, (23)

where 8 = [8,,0,,...,0,]" and AF = [Af,Afy,...,Af,]".
Substituting (23) into (22), we have

é; = Ae + 0 + AF,

jfi =Xt fi (Ei’fiﬂ,f) + ke,

. o (24)
X,=u+f, (En,uf) + ke

y=x.

Consider the following Lyapunov function candidate:

1
Vy = EeTPe. (25)

Computing the time derivative of V;, one has
V,=e"Pé=e"P(Ae+6 +AF). (26)
According to Assumption 6, we get
Af; = 'fz (X xi) — f; (ii’ 551’+1,f)|

2 - o 2
< mllel” +m; 'Xi+1 - xi+1,f| <mlel” +my,,  (27)

2 !
=m [lel” + 7,

Mathematical Problems in Engineering

! .
where 7;,, = m;T;,,. It is clear that

n+l 2
IAFI? < nm flel® +{ Y7 |,

i=2

T 1
e"PAF < |IP|” |lell® + Enmz llel’* + 17 1PI* llell?

1 n+l 2
+ — ‘ri’ (28)
n\ i3

Using Young’s inequality and (28), we get

. 1 "
Vo < Aria (Q el + EIPIF e’ + 15 [0 I
(29)

2
2 1P el + el + L (3!
7] 411 4},’ i :

i=2

a

To simplify the notation, let V, 2 —pollel|* + E,, where —p, =
“Amin(Q) +15||PII2+271||PII2+ (1/4n)nm®, Eq = (1/48)[8"|* +
(174X )%

3. Main Results

In this section, we propose a generalised design to deal with
partial state constraint and the adaptive fuzzy output feed-
back controller which based on the backstepping technique
and fuzzy state observer will be proposed. To guarantee the
system performance, the virtual control signals and adaptive
laws are designed. A new design procedure is presented which
may cover some results related to the full state constraint
[37]. To ensure that x; remains in the constrained region,
we give the feasibility conditions with respect to the design
parameters and an initial state region, i.e., x(0) € €, ), where
Qo ={x €eR":—a; < x;< b, i =1,2,...,n} witha; <k,
and b, < k..
Let the tracking error

2= Y-y (30)
and the variables
Z‘:A'_“i—l’ 1=2,...,1, (31)

where «;_, is a virtual controller to be designed in Step i.
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Define K, = z/(k; —2}), ky =k, -Yyand Q, = {lz;]| <
kb,- , i = 1,2,...,n}. Consider the BLF candidate combined
with quadratic Lyapunov function as

ks,

V, = VO+Z logkz_z

i= 1
n
1 _
+ —_wlz + U,
i=2 Vi

where U = Z?:nsﬂ(l/Z)z?, j = n,+1,...,n and log(*)
stands for the natural logarithm of *. y;,y;,y,, and y, are
positive constants. It can be proved that V,, is continuously
differentiable and positive definite on Q,, .

The detailed design procedures are glven below.

Step 1. According to (19), (21), (24), and (30), the derivative of
z, is calculated as follows:

2] :J.’_J.’dzzz‘“xl+0r‘P1+51(x)+AF1_).’d- (33)

The Lyapunov function is defined as

1~rx 1
Vv, = log S+ 2—(9'}91 +—&.  (34)

=V, +K, (22 +a, + Oqu)l +& (x) + AF, — )‘/d) (35)

é’r 0, - lglé‘l
Vl Y1

Design a virtual controller «,, adaptive law 6,, and , as

AT . K,
=-Az -0,¢ +y;-§ tanh<7>——Kzl,
é1 = _‘7151 +nK; 91 (36)

BY - I<z1
€ =-0,§ +7,K, tanh = )

where 8, is the estimation of 8] and éj =0 - éj, g =

€, —€&,0,,0,,and k are the positive constants to be designed,
respectively. Substituting (36) into (35), it yields

v, =V0+Kzl (Zz+“1 +9fT¢1 +& (x) + AF, _yd)

- ié{ (_Glél + Yle1§01)

N
1_( .  _ b K,
- ?—181 —0,& +7,K; tan T
. 1
=Vy+ K, <22 -Az - EKZI + AFI)
K ~ (37)
+¢ (x) K, - ¢ K, tanh <%> + ﬁé’fel
N
+ &8
Y1
<V +K, <22—A z, - =K +AF1>

* o n ~
+0.2785ke; + 1670, + Lz 5.
1

Stepi (i = 2,3,...
follows:

,n,). The derivative of z; is calculated as

=X T &

(38)
=zt o+ 0 9 +w; (x) + ke, — .

Choose the following Lyapunov function candidates:

ky 1~ 1,
+—0:0,+ —w; (39)

Vi=Vi+ 2 logkz 2 2}/'1 i 27, i

‘/i_‘/i_1+kii_12_)7ii61__iwiwl
115 1 _ . 40
=Vi - —0,0, - —ww, (40)
Yi Yi
+Kzi(l+1+‘x+6¢1+w(x)+kel 11)

The virtual controller ;, adaptive law 0,, and €; are designed
as

K
o =-Nz; — §ircp,~ — ke, + &;_; — W; tanh (f)

Zi—1

K, (41)

K, z

éi = _Giéi + VK., 95

. _ _ K,
@i = _oilT)i + YiKZ,- tanh (?) ,



where 0; and o; are positive constants. Substituting (41) into
(40), the following inequality can be obtained:

. 1 _ _ K,

V,=V,_, - —w, (—ai@ +7,K, tanh (?))
i

+K, (2is1 + 04+ 0] @; + w; (x) + ke, — 6;y)

lar, =

- ;91‘ (—Uiei + YiKzi‘Pi)

i (42)

1 .
LK, z, + EAFf +0.2785ke;
1

<V +K,ziy -

r

i i
* (o A
+0.2785k Y w) + Y 8,0, + &5
r=2 r=11r yl

i g, _
+ Z_—w,w,.
=2 Vr

Step n, + 1. The derivative of z,, ., is calculated as follows:

Zp+1 = X1 T Ky
*
= Zns+2 + ocns+1 + 6ns-f-lq)ns+l + wns+1 (x) (43)
+k, 6 —d,.

The Lyapunov function is chosen as

2 Al A
Vns+1 = Vns + Eznsﬂ + 2 ensﬂ ng+1
Vns 1
(44)
I
+ —w .
- ng+1
Zyn5+1
Then, we have
. . . 1 ~r = 1
Vn5+1 = ‘/nS + 2y 1%n 41 ~ 9n8+1 n+l T =
ng+1 ng+1
Wy Wy 11 = Vns + 241 (Zns+2 T, 4
1 (45)
+0° +w, . (xX)+k, e, —¢, )—
ns+1(Pns+1 ng+1 ng+1%1 g
yns+1
AT 5 I
YUn+1Yn+1 T = Wy 1 Wy 41
ng+1

s

Design a virtual controller «,, ., adaptive law 6, ,,, and g,
as

_ AT .
Xn+1 = _Ans+lzns+l - 0n5+1§0n5+1 - kn5+lel + X,

z
- W, ,; tanh <”T+l> -K,
(46)

01 = _an5+19ns+1 T Vo +1%0,41Pn 41>

s

_ — — h Znerl
Wy 41 = 70y Wy 41 T yns+lzns+1tan T .
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Substituting (46) into (45), the following inequality is
obtained:

Vns+1 = Vns + 2,41 (Zns+2 T &yt 9;S+1§0n5+1
1

Yns+1

+ Wy 41 () + kn5+lel - “ns) -

P — —~ — h zns+1
TWys1 | 7O, 1 Wy 41 + yns+lzn$+1tan k
Lo (0,0, + <V

ng+1 O-ns+1 ng+1 Yn5+lzns+lq)ns+l =70
Yns+1 (47)

nS
2 1 2
+ Zns+lzns+2 - ZAer,Zr - )”ns+lzns+1 + EAF1

r=1

ng+1 ng+1 ~ Fea
+0.2785ke; +0.2785k Y w) + Y 66, + =
=2 r=1 Yr 1

I|QI

P
w,W,.

ne+l1
Ea ),
r=2 I'r

-

Step j (j =n,+2,...,n—1). The derivative of z; is calculated
as follows:
Z.=X. —d.
AN A
(48)
= Zj+1 + (X] + 6] (P] + w] (.x) + kjel - (.Xj—l'

The Lyapunov function is defined as

1 1 ~ 1
Vi=Vi + —z? + —9;[6]» + ij.
2 2yj 2)/].

(49)

Then, one can have

w,w;

. . . 1"'1"':‘
Vi= Vi + 2= 0,0, - = @0,

1
Yi Y

v, -1 - Las, (50)

* .
+z; (zj+1 +o+ Gj(pj +w; (x) + kje1 —ocj_l).

Design a virtual controller «, |, adaptive law @s .»and €, as
o =-Az -0 ¢, —ke +d&, ,—w,tanh i}
jT AR TP T RS T & T W k

— Zj—l’

(51)

0;=-00; +v;z;9),

PSR — — h Z”j
w; =-0;w;+ y].zjtan )
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Substituting (51) into (50), the following inequality can be
obtained:

. . 1 ~T —~
Vi=Via- y_jej (~0,0; +v52,9;)

* .
+z; (z]-+1 +oj+ 9]. P;+w; (x) + kje1 - oc]-_l)

1/ _ _ _ h Zj
- V_jwj (—ijj+yjzjtan <?>>

Z )z +1AF 2

nS
<Vot+zizi, — Z’\errZr
r=1 r=ng+1
j o
+0.2785ke; +0.2785k Y w; + Y 6,6,
r=2 r=1 Yr

] —_—
o,
8 —w,
2,
Step n. The derivative of z,, is calculated as follows:
2, =X, — 0, =u+0.9, +w,(x)+k,e —d,;. (53)
Define the Lyapunov function as

gy . 12
6:6, + —i-.
PV + %, w, (54)

1,
V,=V,_ + EZ“ +
Then, one can have

S 1 1 .

Vi=Vi1+2,2,- _é’rl:en - —_ﬁjnwn

Yn Vn

=V, +z,(u+6,9, +w, (x)+ke —d,;) (55)
I
_—w w

Vn Yn

We choose the control law and the adaptive laws as

u=-21,z, - é:gon - k,e, + &, — W, tanh <%>

= Zp-1

en = _Gnén + VnZnPu>

= — — Z,
w, = —0,W, +7,%, tanh (f) .

Substituting (56) into (55), the following equality can be
obtained:

V, =V, +2,(u+0 ¢, +w,(x)+k,e

_dnfl)
1 _ /7 - - _ z,
- ?—nwn <—0nwn +7,2, tanh <?>>

- yiélf (=08, + Yuza)

nS
- Z’\TKZ,Zr -
r=1

n
1
Y A2+ aR 57)

r=ns+1

n
+0.2785ke; +0.2785k Y w; +
r=2 r=1 y”

+ —s &+ Z—
r=2Vr
According to Young’s inequality, we have

OiaTy _OiaT(p+ 3 Oi (4xTp*x AT
—0:0,=—0, (0. -0,)<— (6.0, -6.0,).
Vi i Vi Vi i ( i t) < 2'%'( i i i t) (58)

Then, the derivative of V,, is given by

n, n
- 1
<V, - Z)L,szz, - z /\,zf + EAFIZ
r=1

r=ng+1

+0.2785ke; + 0.2785kiw;‘
r=2
- O, AT o T
22—(9 67 -6 9) 2)}1 (51 & —5151>
-
+ Z;;—?: (w:Tw: - w}wr) .

Combined with the above analysis, we have come to the
following conclusions.

(59)

Theorem 9. Consider system (1). Assumptions 5 and 6 hold
on the sets Q) . For the virtual controller o, i =1,2,...,n—1,
in (36), (41), and (51) and the actual controller u in (56) and
the adaptive laws in (36), (41), (51), and (56), the following
properties hold:

(i) The proposed adaptive control scheme can guarantee
that the tracking error converges to a bounded compact set
Qp = {lz,| < D}.

(ii) All the signals in the closed-loop systems are bounded.

(iii) The partial state constraints are not violated.

Proof. (i) From Lemma 1, (59) can be rearranged into the
form

V< —pV+c, (60)

where p = min{(477 + (1/n)IPI*)/8(A i (Q) = (€ + 21| PII* -
(1/4mnm* - (1/2)m3),1/24;,1/0;,1/5,,1/5}, ¢ = E, +



Y (03170716 + (@, /7)e + Y1, @y )wi?, E, = B+

(1/2)1 + K'ef + Z;':l k'w;.‘z, and k' = 0.2785k. Adding e”*

to both sides of the above inequality and integrating it over
[0,¢], it has

V(t) < [V(O) - 5] e S v+ &

P P p (61)

2V (0)+C.

From the preceding inequality and V/(t), we can conclude
that log(k2 /(kb - zj ), e;, 0 5 &, W; and z; are bounded, and
K, is bounded. Due to the boundedness of 67, ¢/, w; and
gj = 0; —éj,il =& —§,W; = w] w;, then@ , &, and w; are
bounded. It is easy to see that the tracking error converges to
a bounded compact set.

(ii) According to (61), we define B =
A2(V(0) + C)/A,,;,(P). From the form of V(t), we have
le;] < llell < B. Since x; = z; + y (t) and |y (t)| < Y,, it
can be shown that |x,| < |z,] + |y;(t)] < kbl +Y,. Suppose
k. =k, +Y,,and then |x,| < k . To show |x,| < k_, it needs
to confirm that there exists a positive constant «,; such that
lay| < @,. The boundedness of X, ¥z, ¥4 0, &> K, canbe

guaranteed because o, = «;(x}, ¥z, V> 51,51, K, ).ltiseasyto
know from the definition of «, that the supremum of «; exists.
Inviewof |z,| < k; and X, = z,+ay, ithas|%,| < k; +&;.Due
to X, = X, + €,, the inequality |x,| < |X,| +]e,| <k, +a; + B
holds. Let k. = k; +a; + B, and then |x2| < k. Similarly, it
can show that [x; ;| <k, i1=2,3,. -1, after verifying
le;| < @;. Since (41), (51), and oty | < ox;_ 1,then the controller
uis bounded From the above analysis, we conclude that all
the signals of the closed-loop system x, «;, u, z, éj, &, W,
are bounded.

(iii) From the construction of (61), we get
k2
Cle” +2C. (62)

log —— <2[V(0) -

k2 -
Taking exponentials on both sides, one has

k2 o
by ez[v<o>—c1e P +2C (63)

Define

D = k, V1 - ¢ 2VOCle 7 xC. (64)
1

Because kﬁl - zf > 0, it is easy to get |z,| < D.IfV(0) = C
then |z,] < k, V1~ e 2C = D holds. If V(0) # C, it can be
concluded that, given any D > k, V1 - e *C, there exists T
such that, for any t > T, it has |z1| < D. This implies that

|z,| < kb1 V1 —e?¢ast — oo. That means z, can be made
arbitrarily small. From above analysis, we can get that [x;, | <

(z = 2,3,. - 1), o, 1| a,_;, and the controller
u is bounded. The Varlables z; = X; —a;_y, so that z; (i =
1,2,...,n) is bound, and the systems states are not violated.

This completes the proof. O
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4, Ilustrative Example

In this section, we give an example to show how to apply the
results proposed in this paper to investigate the stabilization
of nonlinear pure feedback systems subject to partial state
constraints.

Let us consider the following nonlinear systems:

X = xp cos (x;) + (2xf + 0.6) X5
Xy = X%, + u+ 0.4sin (u), (65)

Y =Xp

where the state constraints are |x;| < 0.5; the reference signal
is given as y; = 0.1sin(mt/3) + 0.1 cos(¢/3) for the tracking
problem. It is unnecessary to give precise knowledge of the
initial state x(0). In this simulation, the figures are specific
cases. Let x; = 0.05, x, = 0.2, X; = 0, X, = 0. Fuzzy
membership functions for the variables X, X,, X,, and u;
are given as follows:

~ [ (%, -5+2])
pe (%)) = exp | -————— |,
! | 2
- [ (3?2_3‘”)2
i (#2) = exp | 2 |,
r 2
_ (%2 -3+1) (66)
Mpg(xzf)zexp 5 |
r 2
B _(uf—5+3l)
MF;(uf)_eXp 7 ’
(1=1,2,...,5).

From [35], the fuzzy logic systems can be represented as

fi (2% 16)) =09 (21, %)

J?z (21)f2>”f | 92) = ezT‘P (561’22’7’11')'

(67)

Letting k; = 5 and k, = 5, then the state observer can be
constructed as

3*‘1 222*'.7?1(3?1’22]( | 61)4'5()’_551)»
. R (68)
Xy=u+ fo (%, %,up160,)+5(y-%).
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The virtual control function «; and controller u as well as the
adaptive laws 0,, 0,, € and w, are as follows:

K 1
oy = —Alzl - é'lr(Pl + )./d - §1 tanh <%> - EKZI’

u=-21,z, —é;r(pz —kye; +ay — W, tanh(%)

<P
|
2
S
+
=
e
RS

(69)

=-0,0, +1,2,¢,,

)
o
|

§
[

= —0,W, +Y,z, tanh <%> .

Set the design parameters in the above control scheme as

A =1,
A, =2,
n=1,
=1
=1
y,=1 (70)
o =1,
o, =1,
G, =15,
G, =05,
k=0.2.
Let k;, = 0.2, and from calculation we know it is valid.

Choose the initial conditions of adaptive parameters as §, =
(1,1,1,1,1), § =1, 6, = (1,1,1,1,1), @, = 1.

The simulation is given in Figures 1-8. Figure 1 shows the
trajectory of the state x. Figure 2 is the swing curve of the
control signal u. Figure 3 is the state x; which remains in
the constraint region; it shows the trajectory of the state x.
Figure 4 stands for the variables of z, and z,, and these error
variables can not violate their bounds. Figures 5 and 6 are
used to illustrate the trajectories of the system states x,, x,
and the observer states X, X,. Figures 7 and 8 show that all
the signals in the closed-loop system are bounded. It is clear
that the nonlinear pure feedback system subject to partial
constraints under the output feedback law is bounded. From
the simulation, we can conclude that the results proposed
in Theorem 9 are very practicable in stability of nonlinear
pure feedback systems with partial constraints. Meanwhile,
it is a good tool in analyzing the stability problems of some

output tracking
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classes of nonlinear pure feedback systems in the presence of
constraint.

5. Conclusions

In this paper, the tracking control problem of a class of
nonlinear pure feedback systems subject to partial state con-
straints and adaptive fuzzy output feedback controls has been
investigated by use of BLFs and backstepping. The output
feedback control law, by which the stability of the closed-
loop system is guaranteed, is determined by constraints.
Simulations show that the results obtained in this paper are
very practicable in analyzing the stability of some classes of
nonlinear pure feedback systems.
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