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We apply a 3D adaptive refinement procedure using meshless generalized finite difference method for solving elliptic partial
differential equations.This adaptive refinement, based on an octree structure, allows adding nodes in a regularway in order to obtain
smooth transitions with different nodal densities in themodel. For this purpose, we define an error indicator as stop condition of the
refinement, a criterion for choosing nodes with the highest errors, and a limit for the number of nodes to be added in each adaptive
stage. This kind of equations often appears in engineering problems such as simulation of heat conduction, electrical potential,
seepage through porous media, or irrotational flow of fluids. The numerical results show the high accuracy obtained.

1. Introduction

The generalized finite difference method, hereafter GFDM, is
a meshless method that allows the linearization of the partial
derivatives in a partial differential equation. Among the first
works of the method, the works of Jensen [1], Perrone and
Kao [2], Liszka andOrkisz [3], andOrkisz [4] are highlighted.
Later, Benito et al. [5] provided explicit formulae of the
GFDM and Ureña et al. [6] provided a compact matrix for-
mulation of the method. Gavete et al. [7] reported improve-
ments of the GFDM and comparison with other meshless
methods. Various applications and implementations of the
GFDM have been developed for solving different inverse
problems by Fan et al. [8, 9]. Hosseini [10, 11] has applied
the GFDM for natural frequency analysis of nanocomposite
cylinders and for shock-induced two-dimensional coupled
non-Fickian diffusion-elasticity analysis.

Clark et al. [12] have investigated the problem of optimiz-
ing and adapting a surface mesh with high-order accurate
nodal positions using the GFDM. The GFDM has been
also used for solving 3D partial differential equations by
Izadian et al. [13], Gavete et al. [14], and Hua et al. [15].
The GFDM was also applied for different practical tasks as

in Chan et al. [16] for solving two-dimensional nonlinear
obstacle problems, in Zhang et al. [17, 18] for simulating
two-dimensional sloshing phenomena and for propagation of
nonlinear water waves, in Mochnacki and Majchrzak [19] for
modelling of casting solidification, and in Li and Fan [20] for
solving two-dimensional shallow water equations.

In 2D, two adaptive methods have been described in
Benito et al. [21–23] using a posteriori error indicator. In 3D,
an adaptive method has been described in Benito et al. [24].
These adaptive methods add nodes as midpoints between
the central node and the furthest nodes in the star or in the
barycentre of triangles formed in the star.

Both in 2D and in 3D, Ureña et al. [25] have developed an
improved adaptive method based on previous ones and with
the ability of moving and removing nodes. This improved
adaptive method allows greater reductions of the error using
even fewer nodes.

An advantage of increasing few nodes in a domain is
to avoid the increasing in the calculation time. However, if
the calculation time is not a problem and it is possible to
add much more nodes, then it is better to use an adaptive
method that places nodes in a more regular way than the
improved adaptive method given in [25]. With this in mind,
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Gavete et al. [26] developed an adaptive method using
a quadtree algorithm in 2D obtaining satisfactory results.
The improved adaptive method and the proposed adaptive
method using quadtree structure are not incompatible; in
fact, they complement each other.

It is more difficult to deal with adaptivity in 3D cases
because the appearing of degenerated solutions is possible
and it is also necessary to keep the number of nodes that are
added in the refinement stages limited.

In this paper, an octree data structure for avoiding
the possibility of obtaining degenerated solutions in the
adaptive process is shown. Because of the local behaviour
of the refinement procedure and after successive refinement
iterations, a cloud of nodes with different nodal densities is
obtained. The octree split is controlled by an error indicator
and a constraint that limit the possibility of adding too many
nodes in each refinement stage, in order to obtain smooth
transitions between the different nodal densities in themodel.

In the developed adaptive algorithm, the following char-
acteristics are included: the use of a background octree
structure, a criterion of selection of cells based on the
variations of the gradient, an error indicator that works as
a stop condition, and a limit for the addition of new nodes
in each refinement stage. Moreover, different 3D elliptic
partial differentials equations are solved for cases with sharp
gradients. A practical application to the electric potential
problem with unknown solution is also included.

The remainder of the paper is organized as follows. In
Section 2, the GFDM for solving 3D elliptic equations is
reviewed. Section 3 describes the use of the octree structure,
the error indicator, and the implemented 3D adaptive pro-
cedure. Several examples are given in Section 4 where the
application of the method to reduce the error is analyzed for
different elliptic PDEs including caseswith singularities in the
solution. Finally, conclusions are given in Section 5.

2. Generalized Finite Differences

Let 𝐷 ⊂ R3 and x ∈ 𝐷 be a domain and a point of such
domain and let us consider the following 3D elliptical partial
differential equation:

𝐿 (𝑈 (x)) = 𝑓 (x) , ∀𝑥 ∈ Ω = int (𝐷) (1)

with Dirichlet boundary condition

𝑈 (x) = 𝑔 (x) , ∀𝑥 ∈ Γ = fr (𝐷) , (2)

where 𝑈 is the unknown function and 𝑓 and 𝑔 are known
functions.

Since generalized finite differences method is a meshless
method, a discretization of the domain,𝑀 ⊂ 𝐷, is performed.
Given a star 𝐸(x0) = {x0, x1, . . . , x𝑁}, the Taylor series is
developed for each node in the star and the𝑁 resulting Taylor
series are summed. Then the function given by the sum of
the weighted quadratics errors in Taylor series for terms up
to second order is defined:

𝐵 (D𝑢) = 𝑁∑
𝑖=1

(𝑢0 − 𝑢𝑖 + 𝜀𝑇𝑖 D𝑢)2 𝑤2𝑖 , (3)

where 𝑤𝑖 = 𝑤(x0, x𝑖) is the weighting function, 𝑢0 = 𝑢(x0)
and 𝑢𝑖 = 𝑢(x𝑖) are the approximations of 𝑈0 = 𝑈(x0) and𝑈𝑖 = 𝑈(x𝑖), respectively, and 𝑁 is the number of nodes of the
star without the central node. In 3D, the vectorsD𝑢 and 𝜀𝑖 are

D𝑢 = ( 𝜕𝑢0𝜕𝑥 , 𝜕𝑢0𝜕𝑦 , 𝜕𝑢0𝜕𝑧 , 𝜕2𝑢0𝜕𝑥2 , 𝜕2𝑢0𝜕𝑦2 , 𝜕2𝑢0𝜕𝑧2 , 𝜕2𝑢0𝜕𝑥𝜕𝑦 , 𝜕2𝑢0𝜕𝑥𝜕𝑧 ,
𝜕2𝑢0𝜕𝑦𝜕𝑧 )𝑇

𝜀𝑖 = (ℎ𝑖, 𝑘𝑖, 𝑙𝑖, ℎ2𝑖2 , 𝑘2𝑖2 , 𝑙2𝑖2 , ℎ𝑖𝑘𝑖, ℎ𝑖𝑙𝑖, 𝑘𝑖𝑙𝑖)
𝑇 .

(4)

In order to minimize the error, the function defined in (3) is
minimized and the following system is obtained:

A ⋅ D𝑢 = b, (5)

where

A = 𝑁∑
𝑖=1

𝑤2𝑖 𝜀𝑖𝜀𝑇𝑖
b = 𝑁∑
𝑖=1

𝑤2𝑖 (𝑢𝑖 − 𝑢0) 𝜀𝑖.
(6)

Solving (5) for D𝑢, the approximated values of the partial
derivatives are obtained and, substituting these values in the
original equation (1), the equation of the star is achieved:

−𝜆0𝑢0 + 𝑁∑
𝑖=1

𝜆𝑖𝑢𝑖 = 𝑓 (x0) . (7)

Thenumerical values in each inner node are obtained by solv-
ing the linear system of equations formed by each equation
of the star. For more details about this matrix formulation see
[6].

Theorem 1. A is a positive definite matrix if and only if the set{𝜀1, 𝜀2, . . . , 𝜀𝑁} contains a base of R9.
Proof. As V𝑇AV = V𝑇∑𝑁𝑖=1 𝑤2𝑖 𝜀𝑖𝜀𝑇𝑖 V = ∑𝑁𝑖=1 𝑤2𝑖 V𝑇𝜀𝑖𝜀𝑇𝑖 V =∑𝑁𝑖=1 𝑤2𝑖 (V𝑇𝜀𝑖)2, it is followed that A ∈ M9(R) is a positive
definite matrix if and only if, ∀v ∈ R9 − {0}, V𝑇AV > 0 ⇔∄v ∈ R9 − {0} satisfying V𝑇𝜀𝑖 = 0, ∀𝑖 = 1, 2, . . . , 𝑁 ⇔{𝜀1, 𝜀2, . . . , 𝜀𝑁}, contains a base of R9.
Consistency, Order, and Convergence. In order to obtain the
truncation error, Taylor series expansion including higher
order derivatives is used and therefore a higher order function𝐵∗(D𝑢) is obtained.The expression of𝐵∗(D𝑢) is similar to the
one given in (3). If 𝐵∗(D𝑢) is minimized with respect to the
partial derivatives down to the second order, the following
system is obtained:

A ⋅ D𝑢 = b∗ = b + b∗∗. (8)
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The new term b∗∗ corresponds to the new higher order
derivatives incorporated in the Taylor series expansion to
extend the function 𝐵(D𝑢) to 𝐵∗(D𝑢). Then

D𝑢 = A−1 ⋅ b∗ = A−1 ⋅ b + A−1 ⋅ b∗∗ (9)

and the truncation error of derivatives is

TED𝑢 = A−1 ⋅ b∗∗
TED𝑢 = Θ (ℎ2𝑖 , 𝑘2𝑖 , 𝑙2𝑖 ) ⇒ lim

(ℎ𝑖 ,𝑘𝑖 ,𝑙𝑖)→(0,0,0)
TED𝑢 → 0. (10)

By considering bounded derivatives, the truncation error
shows the consistency of the approximation for the equation
given in (1).

Let 𝑒0 = 𝑢0 − 𝑈0 be the error between the approximate
and exact solution at the node x0 and let us consider (1) for𝑈0 and 𝑢0:

𝐿𝑎 [𝑈] = −𝜆0𝑈0 + 𝑁∑
𝑖=1

𝜆𝑖𝑈𝑖 = 𝑓 (𝑥0, 𝑦0, 𝑧0)

𝐿𝑎 [𝑢] = −𝜆0𝑢0 + 𝑁∑
𝑖=1

𝜆𝑖𝑢𝑖 = 𝑓 (𝑥0, 𝑦0, 𝑧0)
(11)

Taking into account the fact that
𝐿𝑎 [𝑢] − 𝐿𝑎 [𝑈] ≤ TED𝑢 (12)

it is followed
𝐿𝑎 [𝑒] ≤ TED𝑢 (13)

and, appealing to the maximum principle [27], we find that

𝑒0 ≤ TED𝑢 = Θ (ℎ2𝑖 , 𝑘2𝑖 , 𝑙2𝑖 ) . (14)

Therefore both the local truncation error TED𝑢 and the error𝑒 are Θ(ℎ2𝑖 , 𝑘2𝑖 , 𝑙2𝑖 ) and the numerical solution converges to the
exact solution as (ℎ𝑖, 𝑘𝑖, 𝑙𝑖) → (0, 0, 0).

Further details about consistency, order, and convergence
are given in [28].

Numerical Convergence. In order to study the rate of conver-
gence numerically, a sequence of uniform discretizations is
considered. As in [29], the parameter 𝛿𝑘 = 𝐸𝑘+1/𝐸𝑘 is defined
and it was proven that 𝛿𝑘 ≈ (ℎ𝑘/ℎ𝑘+1)𝛾, where 𝑘 represents
the different discretizations, 𝛾 is the rate of convergence, and

𝐸𝑘 = √(∑NI
𝑖=1 (𝑈𝑖 − 𝑢𝑘𝑖 )2) /NI

max 𝑈𝑖 × 100%. (15)

The considered domain is the unit cube and the considered
partial differential equation is the following

𝜕2𝑈𝜕𝑥2 + 𝜕2𝑈𝜕𝑦2 + 𝜕2𝑈𝜕𝑧2 = 0 (16)

Table 1: Numerical convergence.

𝛿𝑘 ℎ𝑘/ℎ𝑘+1 𝛾

𝑘 = 1 1.46 1.25 1.70𝑘 = 2 2.32 1.60 1.79𝑘 = 3 1.51 1.25 1.85𝑘 = 4 3.74 2.00 1.90

with exact solution

𝑈 (𝑥, 𝑦, 𝑧) = 𝑒𝑥 sin (𝑦) + 𝑒𝑦 sin (𝑧) + 𝑒𝑧 sin (𝑥) . (17)

The considered sequence of discretizationswith the same step
in the three axes is

ℎ1 = 0.25,
ℎ2 = 0.2,
ℎ3 = 0.125,
ℎ4 = 0.1,
ℎ5 = 0.05.

(18)

Table 1 shows the values of 𝛿𝑘, ℎ𝑘/ℎ𝑘+1, and 𝛾. Figure 1 displays
the numerical convergence.

As it can be appreciated, the rate of convergence is close
to quadratic convergence.

3. An Adaptive Method Using
Octree Algorithm

With the aim of improving the accuracy of the obtained
approximation in a particular problem, it is possible to
increase the number of nodes in the considered cloud of
nodes. Since the GFDM allows using irregular clouds of
nodes, the position of the added nodes can be selective and
so it is possible to add more nodes in regions with higher
errors. An important case of regions with higher errors gives
rise when there are sharp variations of the gradient. In those
cases, it is important to account for an adaptive algorithm that
allows adding nodes as regular as possible.

An octree algorithm is a tree data structure based on a cell
with eight children. Each cell of an octree represents a cube
in the physical space and each child represents an octant of its
parent. In the first step, the octree algorithm uses the initial
nodes and, hereafter, the process is realized recursively; that
is, each cell in turn can be split into eight children that have
a higher level than their parent. Figures 2(a) and 2(b) display
both the initial structure and the first stage of the refinement.

In spite of the fact that the GFDM is a meshless method
and the application of the octree structure requires the
computation of a mesh, it is important to note that there is
not a loss of applicability in the method as the structure is
just needed for the discretization of the domain, but not for
the selection of the nodes of the star. Moreover, the use of the
octree structure in the adaptive refinement places nodes in a
favourable way in order to avoid ill-conditioned stars.
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Figure 1: Numerical convergence. Abscissas represent the step of each discretization and ordinates represent the corresponding global error.

(a) Initial structure (b) First step of the refinement.The cell in the corner
has been divided into eight octants

Figure 2

As error indicator, we use an algorithm based on the
computing of the variations of the gradient between the nodes
of an octree cell.

Firstly, the first-order derivatives are calculated by solving
(5) and the gradient in each node is calculated as follows:

∇𝑢𝑖 = √( 𝜕𝑢𝑖𝜕𝑥 )2 + ( 𝜕𝑢𝑖𝜕𝑦 )2 + ( 𝜕𝑢𝑖𝜕𝑧 )2. (19)

Secondly, for each cell, we calculate the mean value of the
absolute variations of the gradient in the nodes of the cell
divided by the distances and then this mean value is multi-
plied by the volume of the cell.

(∇𝑢)
𝑘

= Vol𝑘

⋅ (∑7𝑖=1∑8𝑗=𝑖+1 ∇𝑢𝑖 − ∇𝑢𝑗) /dist (x𝑖, x𝑗)28 .
(20)

Finally, the criterion of selection of cells is given by

(∇𝑢)
𝑘

> 𝛽𝑠 ⋅ ( 34max
𝑘

(∇𝑢)
𝑘

+ 14min
𝑘

(∇𝑢)
𝑘
) , (21)

where 𝑘 ∈ 𝐾, 𝐾 is the set of cells formed in the domain, and
𝛽0 = 0.4

𝛽𝑠+1 = 𝛽𝑠 + 120 𝑠 (22)

with 𝑠 = 1, 2, . . . , nas and nas is the number of adaptive stages.
As stop condition, we calculate the following error

between two successive adaptive stages:

𝑒𝑗+1 = √(∑NI
𝑖=1 (𝑢𝑗+1𝑖 − 𝑢𝑗𝑖 )2) /NI
max𝑖

𝑢𝑗+1𝑖  ⋅ 100%, (23)

where 𝑢𝑗𝑖 is the solution at the node 𝑖 at the adaptive stage 𝑗
and NI is the number of inner nodes at the adaptive stage 𝑗.

In order to achieve better results, the following considera-
tion should be taken into account.The refined cells should be
less than 15% of the number of cells in the domain in each
stage due to the amount of nodes generated by the octree
method, 8 new cells and 19 new nodes by cell. This situation
can provoke an unnecessary increase of nodes in the same
stage and because of that it is better to increase the number
of nodes in several stages.
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Figure 3: Initial cloud of nodes with 125 nodes.

Figure 4: Final cloud of nodes with 1776 nodes.

4. Numerical Results

We solve five elliptic problems corresponding to partial
differential equations with singularities or sharp variations of
the gradients. In addition, we solve a practical case of poten-
tial electric where the exact solution is unknown.

In the following examples, we use stars with 16 nodes
formed by the octant criterion and we use the potential
weighting function

𝑤𝑖 = 𝑥𝑖 − 𝑥0−32 , (24)

where ‖ ⋅ ‖2 is the Euclidean norm.
The global error is calculated in each stage as follows:

𝐸𝑗 = √∑NI
𝑖=1 (𝑈𝑖 − 𝑢𝑗𝑖 )2 /NI

max 𝑈𝑖 ⋅ 100%, (25)

where 𝑢𝑗𝑖 is the solution at the node 𝑖 at the adaptive stage 𝑗,𝑈𝑖 is the exact solution at the node 𝑖, and NI is the number of
inner nodes at the adaptive stage 𝑗.

In order to clarify the visualization of the figures, we
only show the background octree structure in the bound-
aries.

4.1. Example 1. Let us consider the following heat transmis-
sion problem:

𝜕2𝑈𝜕𝑥2 + 𝜕2𝑈𝜕𝑦2 + 𝜕2𝑈𝜕𝑧2 = 0 (26)
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Figure 5: Reduction of the global error in logarithmic scale.
Abscissa axis represents the number of inner nodes.

with exact solution

𝑈 (𝑥, 𝑦, 𝑧) = 1
√𝑥2 + 𝑦2 + 𝑧2 . (27)

Note that in (27) there is a singular point in (0,0,0), outside
the domain. Figures 3 and 4 show the initial and final discreti-
zation of the domain.The initial discretization has 125 nodes;
see Table 2. The final discretization has 1776 nodes (8 stages).
The initial global error is 18596% and the final global error
is 0.3% after applying the proposed adaptive refinement and
Figure 5 shows the successive reductions of the global error
in logarithmic scale.

4.2. Example 2. Let us consider the following Poisson prob-
lem:

𝜕2𝑈𝜕𝑥2 + 𝜕2𝑈𝜕𝑦2 + 𝜕2𝑈𝜕𝑧2 = 2 ⋅ 𝑦2𝑧2 + 𝑥2𝑧2 + 𝑥2𝑦2𝑥3𝑦3𝑧3 (28)

with exact solution

𝑈 (𝑥, 𝑦, 𝑧) = 1𝑥𝑦𝑧 . (29)

Note that in (29) there is a singular point in (0, 0, 0), outside
the domain. Figures 6 and 7 show the initial and final
discretization of the domain.The initial discretization has 125
nodes and is generated as follows:

𝑥 (𝑖) = 1√0.75 (𝑥𝑐 (𝑖) − 0.51) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 + 0.51
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𝑦 (𝑖) = 1√0.75 (𝑦𝑐 (𝑖) − 0.51) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 + 0.51
𝑧 (𝑖) = 1√0.75 (𝑧𝑐 (𝑖) − 0.51) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 + 0.51

0.01 ≤ 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 ≤ 1.01 with 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 = {0.01, 0.026, 0.051, 0.076, 1.01} .
(30)

The final discretization has 608 nodes (8 stages). The initial
global error is 69% and the final global error is 0.7% after
applying the proposed adaptive refinement and Figure 8
shows the successive reductions of the global error in loga-
rithmic scale.

4.3. Example 3. Let us consider the problem governed by the
following partial differential equation:

𝜕2𝑈𝜕𝑥2 + 𝜕2𝑈𝜕𝑦2 + 𝜕2𝑈𝜕𝑧2 = 6
(𝑥 + 𝑦 + 𝑧)3 (31)

with exact solution

𝑈 (𝑥, 𝑦, 𝑧) = 1𝑥 + 𝑦 + 𝑧 . (32)

Note that in (32) there is a singular point in (0, 0, 0), outside
the domain. Figures 9 and 10 show the initial and final
discretization of the domain.The initial discretization has 125
nodes and is generated as follows:

𝑥 (𝑖) = 1√0.75 𝑥𝑐 (𝑖) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2
𝑦 (𝑖) = 1√0.75 𝑦𝑐 (𝑖) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2
𝑧 (𝑖) = 1√0.75 𝑧𝑐 (𝑖) √(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2

0.01 ≤ 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 ≤ 1.01 with 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 = {0.01, 0.026, 0.051, 0.076, 1.01} .

(33)

The final discretization has 863 nodes (7 stages). The initial
global error is 78% and the final global error is 0.7% after
applying the proposed adaptive refinement and Figure 11
shows the successive reductions of the global error in loga-
rithmic scale.

4.4. Example 4. Let us consider the problem governed by the
following partial differential equation:

𝜕2𝑈𝜕𝑥2 + 𝜕2𝑈𝜕𝑦2 + 𝜕2𝑈𝜕𝑧2 = 𝑔 (𝑥, 𝑦, 𝑧) (34)

with exact solution

𝑈 (𝑥, 𝑦, 𝑧) = 12000 𝑥2 (1 − 𝑥)2 (𝑒10𝑥2 − 1) 𝑦2 (1 − 𝑦)2

⋅ (𝑒10𝑦2 − 1) 𝑧2 (1 − 𝑧)2 (𝑒10𝑧2 − 1)
(35)

and 𝑔(𝑥, 𝑦, 𝑧) is the function obtained by applying left hand
side in (34) to the exact function.

Figures 12 and 13 show the initial and final discretization
of the domain. The initial discretization has 125 nodes; see
Table 3. The final discretization has 1449 nodes (7 stages).
The initial global error is 188418% and the final global error
is 0.15% after applying the proposed adaptive refinement and
Figure 14 shows the successive reductions of the global error
in logarithmic scale.

4.5. Example 5. Let us consider the problem governed by the
partial differential equation (34) and with exact solution (35)
in a different domain. Figures 15 and 16 show the initial and
final discretization of the domain. The initial discretization
has 125 nodes and is generated as follows:

𝑥 (𝑖) = 1.3 (𝑥𝑐 (𝑖) − 0.51)
√(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 max (|𝑥𝑐 (𝑖) − 0.51| , 𝑦𝑐 (𝑖) − 0.51 , |𝑧𝑐 (𝑖) − 0.51|) + 0.51
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Figure 6: Initial cloud of nodes with 125 nodes.

Figure 7: Final cloud of nodes with 608 nodes.
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Figure 8: Reduction of the global error in logarithmic scale. Abscissa axis represents the number of inner nodes.

Figure 9: Initial cloud of nodes with 125 nodes.
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Figure 10: Final cloud of nodes with 863 nodes.
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Figure 11: Reduction of the global error in logarithmic scale. Abscissa axis represents the number of inner nodes.

Figure 12: Initial cloud of nodes with 125 nodes.

Figure 13: Final cloud of nodes with 1449 nodes.
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Figure 14: Reduction of the global error in logarithmic scale. Abscissa axis represents the number of inner nodes.

Figure 15: Initial cloud of nodes with 125 nodes.

𝑦 (𝑖) = 1.3 (𝑦𝑐 (𝑖) − 0.51)
√(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 max (|𝑥𝑐 (𝑖) − 0.51| , 𝑦𝑐 (𝑖) − 0.51 , |𝑧𝑐 (𝑖) − 0.51|) + 0.51

𝑧 (𝑖) = 1.3 (𝑧𝑐 (𝑖) − 0.51)
√(𝑥𝑐 (𝑖) − 0.51)2 + (𝑦𝑐 (𝑖) − 0.51)2 + (𝑧𝑐 (𝑖) − 0.51)2 max (|𝑥𝑐 (𝑖) − 0.51| , 𝑦𝑐 (𝑖) − 0.51 , |𝑧𝑐 (𝑖) − 0.51|) + 0.51

0.01 ≤ 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 ≤ 1.01 with 𝑥𝑐, 𝑦𝑐, 𝑧𝑐 = {0.01, 0.026, 0.051, 0.076, 1.01} .
(36)

The final discretization has 3629 nodes (8 stages). The
initial global error is 188935% and the final global error
is 3% after applying the proposed adaptive refinement and
Figure 17 shows the successive reductions of the global error
in logarithmic scale.

The initial global errors in the examples are too high
because we have generated starting clouds of few nodes to
show the extreme conditions of the solutions involved. As it
can be seen, the refinement gets large reductions of the global
error in a few stages.

The efficiency of the algorithm adding progressively
new nodes shows the reduction in the solution error. The
refinement procedure creates newnodes in the neighborhood
of areas with higher gradients; furthermore these nodes have

a more balanced distribution and it is not necessary further
constraints to control ill-conditioned stars. Moreover, as the
number of new nodes is limited in each adaptive stage, the
transition between areas with different density of nodes is
smooth.

The method can be also applied to the case of Neumann
boundary conditions. In this case the procedure described in
[14] for the treatment of Neumann boundary conditions can
be used.

4.6. Example 6. Electric fields are used for designing high
voltage equipment. In these cases, it is necessary to know
the distribution of the electrical potential. In electrical power
distribution, a busbar is a metallic strip for local high current
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Table 2: Example 1.

Node 𝑋 𝑌 𝑍
1 .00001 .00001 .00001
2 .2600 .0001 .0001
3 .5100 .0001 .0001
4 .7600 .0001 .0001
5 0.900 .0001 .0001
6 .0100 .2600 .0001
7 .2600 .2600 .0001
8 .5100 .2600 .0001
9 .7600 .2600 .0001
10 1.0100 .2600 .0001
11 .0100 .5100 .0001
12 .2600 .5100 .0001
13 .5100 .5100 .0001
14 .7600 .5100 .0001
15 1.2000 .5100 .0001
16 .0100 .7600 .0001
17 .2600 .7600 .0001
18 .5100 .7600 .0001
19 .7600 .7600 .0001
20 1.0100 .7600 .0001
21 .0100 0.9000 .0001
22 .2600 1.0100 .0001
23 .5100 1.2000 .0001
24 .7600 1.0100 .0001
25 .9000 .9000 .0001
26 .0100 .0001 .2600
27 .2600 .0001 .2600
28 .5100 .0001 .2600
29 .7600 .0001 .2600
30 0.9000 .0001 .2600
31 .0100 .2600 .2600
32 .2600 .2600 .2600
33 .5100 .2600 .2600
34 .7600 .2600 .2600
35 1.0100 .2600 .2600
36 .0100 .5100 .2600
37 .2600 .5100 .2600
38 .5100 .5100 .2600
39 .7600 .5100 .2600
40 1.2000 .5100 .2600
41 .0100 .7600 .2600
42 .2600 .7600 .2600
43 .5100 .7600 .2600
44 .7600 .7600 .2600
45 1.0100 .7600 .2600
46 .0100 0.9000 .2600
47 .2600 1.0100 .2600
48 .5100 1.2000 .2600
49 .7600 1.0100 .2600
50 0.9000 0.9000 2600
51 .0100 .0001 .5100
52 .2600 .0001 .5100

Table 2: Continued.

Node 𝑋 𝑌 𝑍
53 .5100 .0001 .5100
54 .7600 .0001 .5100
55 0.9000 .0100 .5100
56 .0100 .2600 .5100
57 .2600 .2600 .5100
58 .5100 .2600 .5100
59 .7600 .2600 .5100
60 1.0100 .2600 .5100
61 .0100 .5100 .5100
62 .2600 .5100 .5100
63 .5100 .5100 .5100
64 .7600 .5100 .5100
65 1.2000 .5100 .5100
66 .0100 .7600 .5100
67 .2600 .7600 .5100
68 .5100 .7600 .5100
69 .7600 .7600 .5100
70 1.0100 .7600 .5100
71 .0100 0.9000 .5100
72 .2600 1.0100 .5100
73 .5100 1.2000 .5100
74 .7600 1.0100 .5100
75 0.9000 0.9000 .5100
76 .0100 .0001 .7600
77 .2600 .0001 .7600
78 .5100 .0001 .7600
79 .7600 .0001 .7600
80 0.9000 .0100 .7600
81 .0100 .2600 .7600
82 .2600 .2600 .7600
83 .5100 .2600 .7600
84 .7600 .2600 .7600
85 1.0100 .2600 .7600
86 .0100 .5100 .7600
87 .2600 .5100 .7600
88 .5100 .5100 .7600
89 .7600 .5100 .7600
90 1.2000 .5100 .7600
91 .0100 .7600 .7600
92 .2600 .7600 .7600
93 .5100 .7600 .7600
94 .7600 .7600 .7600
95 1.0100 .7600 .7600
96 .0100 0.9000 .7600
97 .2600 1.0100 .7600
98 .5100 1.2000 .7600
99 .7600 1.0100 .7600
100 0.9000 0.9000 .7600
101 .0100 .0001 1.0100
102 .2600 .0001 1.0100
103 .5100 .0001 1.0100
104 .7600 .0001 1.0100
105 0.9000 .0001 1.0100
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Table 2: Continued.

Node 𝑋 𝑌 𝑍
106 .0100 .2600 1.0100
107 .2600 .2600 1.0100
108 .5100 .2600 1.0100
109 .7600 .2600 1.0100
110 1.0100 .2600 1.0100
111 .0100 .5100 1.0100
112 .2600 .5100 1.0100
113 .5100 .5100 1.0100
114 .7600 .5100 1.0100
115 1.2000 .5100 1.0100
116 .0100 .7600 1.0100
117 .2600 .7600 1.0100
118 .5100 .7600 1.0100
119 .7600 .7600 1.0100
120 1.0100 .7600 1.0100
121 .0100 0.9000 1.0100
122 .2600 1.0100 1.0100
123 .5100 1.2000 1.0100
124 .7600 1.0100 1.0100
125 0.9000 0.9000 1.0100

Figure 16: Final cloud of nodes with 3629 nodes.

10
1

10
1

10
2

10
2

10
3

10
3

10
4

10
4

10
5

10
6

Figure 17: Reduction of the global error in logarithmic scale.
Abscissa axis represents the number of inner nodes.

Table 3: Example 4.

Node 𝑋 𝑌 𝑍
1 .1100 .0100 .0100
2 .2600 .0100 .0100
3 .5100 .0100 .0100
4 .7600 .0100 .0100
5 0.9000 .0100 .0100
6 .0100 .2600 .0100
7 .2600 .2600 .0100
8 .5100 .2600 .0100
9 .7600 .2600 .0100
10 1.0100 .2600 .0100
11 −.0500 .5100 .0100
12 .2600 .5100 .0100
13 .5100 .5100 .0100
14 .7600 .5100 .0100
15 1.0500 .5100 .0100
16 .0100 .7600 .0100
17 .2600 .7600 .0100
18 .5100 .7600 .0100
19 .7600 .7600 .0100
20 1.0100 .7600 .0100
21 .1100 0.9000 .0100
22 .2600 1.0100 .0100
23 .5100 1.0100 .0100
24 .7600 1.0100 .0100
25 0.9000 0.9000 .0100
26 .1100 .0100 .2600
27 .2600 .0100 .2600
28 .5100 .0100 .2600
29 .7600 .0100 .2600
30 0.9000 .0100 .2600
31 .0100 .2600 .2600
32 .2600 .2600 .2600
33 .5100 .2600 .2600
34 .7600 .2600 .2600
35 1.0100 .2600 .2600
36 −.0500 .5100 .2600
37 .2600 .5100 .2600
38 .5100 .5100 .2600
39 .7600 .5100 .2600
40 1.0500 .5100 .2600
41 .0100 .7600 .2600
42 .2600 .7600 .2600
43 .5100 .7600 .2600
44 .7600 .7600 .2600
45 1.0100 .7600 .2600
46 .1100 0.9000 .2600
47 .2600 1.0100 .2600
48 .5100 1.0100 .2600
49 .7600 1.0100 .2600
50 0.9000 0.9000 .2600
51 .1100 .0100 .5100
52 .2600 .0100 .5100
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Table 3: Continued.

Node 𝑋 𝑌 𝑍
53 .5100 .0100 .5100
54 .7600 .0100 .5100
55 0.9000 .0100 .5100
56 .0100 .2600 .5100
57 .2600 .2600 .5100
58 .5100 .2600 .5100
59 .7600 .2600 .5100
60 1.0100 .2600 .5100
61 −.0500 .5100 .5100
62 .2600 .5100 .5100
63 .5100 .5100 .5100
64 .7600 .5100 .5100
65 1.0500 .5100 .5100
66 .0100 .7600 .5100
67 .2600 .7600 .5100
68 .5100 .7600 .5100
69 .7600 .7600 .5100
70 1.0100 .7600 .5100
71 .1100 0.9000 .5100
72 .2600 1.0100 .5100
73 .5100 1.0100 .5100
74 .7600 1.0100 .5100
75 0.9000 0.9000 .5100
76 .0100 .0100 .7600
77 .2600 .0100 .7600
78 .5100 .0100 .7600
79 .7600 .0100 .7600
80 0.9000 .0100 .7600
81 .0100 .2600 .7600
82 .2600 .2600 .7600
83 .5100 .2600 .7600
84 .7600 .2600 .7600
85 1.0500 .2600 .7600
86 .0100 .5100 .7600
87 .2600 .5100 .7600
88 .5100 .5100 .7600
89 .7600 .5100 .7600
90 1.1000 .5100 .7600
91 .0100 .7600 .7600
92 .2600 .7600 .7600
93 .5100 .7600 .7600
94 .7600 .7600 .7600
95 1.0100 .7600 .7600
96 .0100 0.9000 .7600
97 .2600 1.0100 .7600
98 .5100 1.0100 .7600
99 .7600 1.0100 .7600
100 1.0100 1.0100 .7600
101 .0100 .0100 1.0100
102 .2600 .0100 1.0100
103 .5100 .0100 1.0100
104 .7600 .0100 1.0100
105 0.9000 .0100 1.0100
106 .0100 .2600 1.0100

Table 3: Continued.

Node 𝑋 𝑌 𝑍
107 .2600 .2600 1.0100
108 .5100 .2600 1.0100
109 .7600 .2600 1.0100
110 1.0100 .2600 1.0100
111 .0100 .5100 1.0100
112 .2600 .5100 1.0100
113 .5100 .5100 1.0100
114 .7600 .5100 1.0100
115 1.0100 .5100 1.0100
116 .0100 .7600 1.0100
117 .2600 .7600 1.0100
118 .5100 .7600 1.0100
119 .7600 .7600 1.0100
120 1.0100 .7600 1.0100
121 .0100 0.9000 1.0100
122 .2600 1.0100 1.0100
123 .5100 1.0100 1.0100
124 .7600 1.0100 1.0100
125 1.0100 1.0100 1.0100

Figure 18: Initial discretization of the domain.

power distribution. We consider the case of a busbar box
at potential 220 volts. The considered domain is [0, 1] ×[0, 1] × [0, 1] and the busbar is located at [0.25, 0.5] ×[0, 0.25]×[0, 0.25].The boundary of the domain has potential
0 volts except on the busbar where potential is 220 volts.
The problem is governed by the Laplace equation and the
exact solution is unknown.Note that this case is very different
regarding the previous ones. The solution is smooth and the
variations of the gradient aremorewidespread in the domain.

Figures 18 and 19 show the initial and final discretization
of the domain.The initial discretization has 125 nodes and the
final discretization has 399 nodes (8 refinement stages).

In the octree refinement, the new interior nodes of each
stage are incorporated in the next adaptive stages as nodes
with unknown potential. As the exact error is unknown, the
results obtained in the last adaptive step have been considered
as the best approximation to the solution; then formula (25)
has been used to compute the global error approximation
in the initial and successive adaptive stages by comparing
the obtained values with that best approximation. The initial
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Figure 19: Final discretization of the domain.
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Figure 20: Reduction of the approximated global error in logarith-
mic scale. Abscissa axis represents the number of inner nodes.

global error approximation obtained by using (25) is 29.09%
and the final global error approximation is 1.91%. Note that
the global error (23) between two successive adaptive stages
has been also used as stop condition of the refinement
procedure with limit 2% in this case.

Figure 20 shows the successive reductions of the global
error approximation in logarithmic scale.

5. Conclusions

A fully automatic 3D adaptive refinement procedure using
GFDM for solving elliptic equations has been developed and
implemented. An octree background structure has been used
to guide the refinement of the clouds of nodes.

An error indicator has been used as a stop condition.This
indicator is based on the differences between the gradients
of the nodes in the same cell. In each adaptive stage, the
number of new nodes is limited in order to obtain smooth
transition areas between regions with different gradients.
The efficiency of the algorithm is shown by means of the
progressive decrease of the error. It is important to note that
this adaptive method allows considering a coarse starting
cloud of nodes and making it finer in several stages. This
allows having a more suitable cloud of nodes adapted to the
considered problem.

Simulation of heat conduction, electric potential, seepage
through porous media, and irrotational flow of fluids are
some problems where it is necessary to solve elliptical partial
differential equations. The adaptive procedure refines the
regions with high gradients and obtains very accurate results
in different types of domain. All has been shown in the con-
sidered examples which is why the proposed refinement pro-
cedure will help to improve future applications of the GFDM
for solving three-dimensional problems in complex domains.
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