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,e top tension riser (TTR) is one of the most frequently used equipment in deep-sea petroleum engineering. At present, the
research methods of its vortex-induced vibration (VIV) are mainly focused on finite element analysis and experiment. ,e
understanding of its various nonlinear mechanical mechanisms would be inadequate via limited numerical or experimental
studies rather than nonlinear analysis of its rich dynamics. Based on the Van der Pol wake oscillator model, the nonlinear dynamic
model of the TTR subject to shear flow VIV is established.,e proposed model includes the fluid-structure interaction of the TTR
under shear flow. Dynamic behavior of the TTR in association with the variation of flow velocity is investigated. ,e dynamic
behavior is simulated by computing the local maximum displacement response via the fifth-order Galerkin discretization. ,e
Poincare map is then utilized to quantify the dynamic property of TTR under each individual flow velocity, which helps
identifying the bifurcation path of the nonlinear system. ,e time history, phase diagram, FFT spectrum, and envelope diagram
about the riser VIV at typical flow velocity in different regions of the bifurcation diagram are then given. It is found that the VIV
response of the TTR depicts the Hopf bifurcation phenomena with bistable characteristics. Together with the structural eigen-
analysis and the three-dimensional spectrum contour, the main dynamic features of the TTR in shear flow are more com-
prehensively understood. Such understandings may provide new ideas and references for the design and optimization of the riser
structural parameters.

1. Introduction

With the increasing demand for oil and gas resources
globally, the exploitation of marine oil and gas resources
gradually extend from shallow to deep water. As the deep-
sea risers are slender with large aspect ratio, the natural
frequency and structure stability of the riser are reduced, and
the vortex-induced vibration (VIV) of the deep-sea riser
depicts more complicated dynamics with increasing water
depth. Under this trend, a lot of new problems and new
phenomena are emerged [1]. At present, the dynamic studies
of the deep-sea riser are mainly concentrated on the field of
VIV. VIV is essentially a nonlinear, self-excited, and self-
limited multi-degree-of-freedom resonance response due to
the nonlinearities existed either in structure or fluid side, for

example, the lock-in response, hysteresis, displacement
jump, bifurcation, and chaos [2]. Vortex shedding occurs
when the sea current flows through the riser. When the
vortex shedding frequency is close to the natural frequency
of the riser, vortex-induced resonance will occur and may
cause serious damage to the riser. ,e natural frequency of
the riser directly affects the excitation of vortex-induced
vibration and parametric vibration. ,erefore, study of the
riser eigenvalues that vary with respect to structural pa-
rameters is helpful to determine the dynamic characters and
VIV responses of the riser.

In order to study the VIV phenomenon of slender
structures subject to nonuniform flow field such as shear
flow, researchers have conducted a series of large-scale riser
experiments [3, 4] and CFD simulations [5–7] since the
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1990s [8]. With the improvement of test conditions, large-
scale deep-water experiments have been greatly carried out
in recent years. Huarte observed multimode VIV experi-
mentally and measured the drag force coefficient [9]. Huse
derived the axial displacement function of the riser by modal
analysis [4]. After Lie and Kaasen analyzed the test data of
Huse by the modal method, the modal weighting coefficient
was obtained, and the weights of each mode contributing to
vibration response are analyzed, which provide valuable
experimental results for the study of multimode VIV [10].
Lucor et al. calculated that in the linear shear flow, the VIV
response of the flexible cylinder has locked regions in the
high flow velocity region [11]. Tang et al., Ghayesh et al.,
Modarres-Sadeghi, and Paı̈doussis et al. also studied the
dynamic phenomena of fluid-conveying pipes subjected to
internal axial flow [12–14]. ,is provides a lot of reference
and help for the nonlinear dynamic research of riser VIV
under working conditions in recent years [15–18].

From the analytical perspective, the most commonly used
empirical model for analyzing VIV is the wake oscillator model.
,e wake oscillator model does not consider the details of the
flow field and structure. It treats the oscillating structure and
fluid as a whole system, and considers the wake as a nonlinear
oscillator. ,e vibration of the wake oscillator induces the vi-
bration of the structure; in turn, the vibration of the structure
feeds back to affect the wake [2]. Based on the research of the
nonlinear oscillator model, Hartlen and Currie found out that
the Van der Pol equation can be used as the govern equation of
the lift coefficient of the wake. Fluid-structure interaction can be
solved jointly with the vibration equation of the structure in-
cluded [19]. Mathelin and co-workers summarized the previous
work and extended the Van der Pol wake oscillator model
[20–23]. Based on the Van der Pol wake oscillator model, Guo
and Lou had established the VIV model of TTR considering
internal flow; the validity of the model was verified by model
tests [24]. Tang studied the dynamic response for coupled
parametric vibration and VIV of TTR combined with the Van
der Pol wake oscillator model [25].

,e present experimental and finite element analysis
methods can measure and calculate the response charac-
teristics of risers at specific flow velocity. And Wanderley
and Navrose have found some bistable behaviors and bi-
furcation phenomenon of cylinder in experiments and CFD
simulations [26, 27]. However, it is difficult to investigate the
continuous change of VIV steady-state response of the riser
in larger flow velocity ranges. Moreover, the characteristics
of VIV response at specific flow velocity cannot be directly
judged from the traditional response diagram of flow ve-
locity and riser amplitude. ,e observation of such trend is
significant on the study of the multistable phenomenon and
natural vibration characteristics in shear flow. ,is paper
takes the top tension riser (TTR) of the spar platform as the
research object. ,e Van der Pol wake oscillator equation is
used to describe the fluid force of the TTR fluid-structure
coupled system. Based on the bending vibration theory of
the Euler–Bernoulli beam and the high-order Galerkin
discretization scheme, the influence of the sea flow velocity
on the nonlinear dynamic behavior of the riser system is
analyzed by Poincaré map method.

2. Dynamical Model

For flexible TTR with large aspect ratio, we usually assume
that the riser is vertically supported by the platform, and the
body has a uniform circular cross section along the axial
direction.,e lower end of the riser is hinged on the universal
joint, while the top end of the riser has top tension applied by
the tensioner. ,e mechanical layout can be regarded as a
simply supported beamwith top tension for theoretical model
development. Assuming the VIV is caused by the linear shear
flow, the physical model of the TTR is shown in Figure 1.

When the riser VIV appears , its amplitude in the cross-
flow direction (y direction) is generally much larger than the
amplitude in the in-line direction (x direction), especially
when the riser VIV “lock-in” phenomenon occurs. In this
paper, we mainly study the cross-flow vibration problem of
the riser VIV. Based on the bending vibration theory of the
Euler–Bernoulli beam [28], the motion equation of TTR
along the cross-flow direction (y direction) could be
expressed as

EI ·
z4y(z, t)

zz4 −
z

zz
T(z) ·

zy(z, t)

zz
􏼠 􏼡

+ mr + mf + ma􏼐 􏼑
z2y(z, t)

zt2
+ C ·

zy(z, t)

zt
� Fy,

(1)

where y(z, t) is the cross-flow displacement of the riser and
is a continuous function of the vertical displacement z and
the time t about the coordinate axis. EI is the bending
stiffness; T is the top tension force, which can be expressed as
T(z) � Asg(ρs − ρw)(ftopL − z), where As is the riser cross-
sectional area (As � π2(D2 − d2)/4; D is the outer diameter
and d is the inner diameter of the riser); ρs and ρw are the
riser material density and seawater density, respectively; ftop
is the top tension coefficient, and L is the length of the riser;
mr is the riser quality per unit length (mr � πρs(D2 − d2)/4);
and mf is the riser fluid quality per unit length (mf �

ρfπd2/4), ma is the additional quality per unit length (ma �

CaρwπD2/4 in which Ca is the addedmass coefficient), and C
is structural damping [25, 29].

In this paper, the Van der Pol equation is used to
represent the vibration characteristics of the wake vortex
shedding. At the same time, inertial coupling is used to
express the interaction between the riser structure and the
fluid. ,e equation is as follows [22]:

€q + εΩf q
2

− 1􏼐 􏼑 _q +Ω2fq �
A

D
€y. (2)

,e variable q represents the ratio of the instantaneous
lift coefficient CL of the local fluid to the structure to the static
lift coefficient CL0 of the structure, namely, q � 2CL/CL0. Ωf

is the vortex shedding frequency,Ωf � 2πStU/D, and St is the
Strouhal number. A and ε are the coupling coefficient de-
termined by the test, generally taking A� 12, ε� 0.3 [30].

,e fluid force which applies to the pipeline includes two
parts, the vortex lift and the damping force.

Fy � fy + fy
′ . (3)
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,e vortex lift is

fy �
1
2
ρwU

2
fD

CL0

2
q. (4)

,e damping force is expressed by the Morison equation
as

fy
′ �

1
2
ρwDCD _yUf, (5)

where CD is the drag coefficient and Uf is the sea current
velocity as Uf � (1 − (z/L))U, in which U is the maximum
velocity occurring at the sea surface. It is assumed that the
minimum velocity at the seafloor is 0, and the velocity
decreases linearly from the sea surface to the seafloor.

Based on the various equations given above, the VIV
cross-flow govern equations of the TTR subject to shear flow
are obtained as
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(6)

Riser boundary conditions are as follows:

y(0, t) � y(L, t) � 0,

d2y

dz2 z�0,z�L

􏼌􏼌􏼌􏼌 � 0.

(7)

Letting y � y/D, z � z/L, M � mr + mf + ma, and
substituting these transformations into (6), the di-
mensionless model is as follows:

α5
z4y

zz4 + α1
zy

zz
− α1 ftop − z􏼐 􏼑

z2y

zz2 +
z2(y)

zt2
+ α2

zy

zt

� α3(1 − z)2U2q − α4
zy

zt
(1 − z)U,

d2q

dt2
+ εΩfq

2dq

dt
− εΩf

dq

dt
+Ω2fq � A

z2y

zt2
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

where α1 � Asg(ρs − ρw)/ML, α2 � C/M, α3 � ρwCL0/4M,
α4 � ρwDCD/2M, and α5 � EI/ML4.

In this paper, the Galerkin method is used to discretize
the partial differential equation. Assume the solution with
the following form [31]:
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(9)

where yi(t) and qi(t) are the generalized coordinates of the
riser and wake oscillator displacements, respectively. φi(z) is
the ith order mode function with φi(z) �

�
2

√
sin(iπz).

Substituting them into equation (8) andmultiplying themode
function φj(z) at both ends of the equations, the equations
from 0 to 1 are integrated. ,e nth order VIV differential
equations of the riser system can be obtained as follows:
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(10)

3. Bistable Phenomenon of Riser VIV in
Shear Flow

In this paper, the VIV of the 1000m long steel top tension
riser is taken as an example. ,e main parameters are shown
in the following Table 1 [7, 32]:

For the VIV govern equations of the riser system, the
higher the number of modes taken for discretization, the
more accurate the calculated response would be. On the
other hand, the computation is more costly. ,e main
purpose of this paper is to research the bifurcation and
bistable phenomena in the cross-flow response of the riser
VIV in shear flow and the nonlinear vibration response

U(z)

T y

x
z

q(t)

D

T

m

Figure 1: Schematic diagram of the riser VIV.
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characteristics of the riser at different flow velocities. Under
the condition that the vibration response accuracy is satisfied
within the range of the calculated flow velocities, the fifth-
order Galerkin discretization scheme is selected to calculate
the VIV response of the riser system in this section.

3.1. Bifurcation and Bistable Phenomena of the Riser.
Using the Poincaré map method and continuation method
[33, 34], two bifurcation diagrams of the local maximum
value of the VIV cross-flow dimensionless displacement at
the midpoint of the TTR (500m from the sea level) with
respect to the flow velocity increasing and decreasing are
shown in Figure 2. ,e local maximum value of vibration
displacement can be used to quantify the vibration
characteristics of the riser system when VIV reaches
steady state at various flow velocities. When the vibration
is periodic, the local maximum value of the vibration
displacement is a single point; when the vibration is al-
most periodic or other motion, the local maximum value
of the vibration displacement would be a series of points at
the corresponding flow velocity. It can be seen from
Figure 2 that when the shear flow velocity gradually in-
creases (red circle line) and gradually decreases (black dot
line), there are various vibration patterns in the bi-
furcation diagram.

From the overall view of Figure 2, when the flow velocity
is less than 0.2m/s, the system response between two ad-
jacent periodic solutions forms a torus of almost periodic
solutions. ,ere is an obvious jump and hysteresis phe-
nomenon in the transition process between the periodic
solution and the almost periodic solution. When the flow
velocity is in the range of 0.2m/s to 0.22m/s, the vibration
response of the riser system may appear large jump phe-
nomenon with the amplitude suddenly increasing or de-
creasing. In these regions, the vibration responses of the riser
system appear torus Hopf bifurcation and subcritical Hopf
bifurcation, respectively, and there is bistable behavior.

At the same time, the bifurcation diagrams of the riser at
different positions (250m and 750m below sea level) are
plotted in Figures 3(a) and 3(b), respectively.

Comparing Figures 2 and 3, it can be observed that the
vibration responses of the riser at different positions of the
riser body are not exactly the same in shear flow. At each
position of the riser body, the bistable region where VIV

present periodic and almost periodic vibration is basically
the same, but the response characteristics are different.

3.2.6eModal Analysis of the Riser System. In this paper, the
top tension riser is regarded as a nonlinear fluid-structure
coupled system that interacts with the vortex induced by
wake. ,e natural frequency of the riser coupled system is
represented by the structural hydroelastic modal frequency.
And the vortex shedding frequency caused by the wake is
represented by the wake-induced modal frequency.

In order to analyze the VIV response conveniently and
explore the changing law of riser modal frequency, this
section calculates the eigenvalues of the Jacobian matrix at
the equilibrium point (yi, _yi, qi, _qi) � (0, 0, 0, 0) of the riser
system [35].,e varying trends of the structural hydroelastic
modal frequency and the wake-induced modal frequency of
the riser coupled system with respect to the flow velocity are
obtained.

Figure 4 shows the change of the imaginary part of the
eigenvalue of the riser system with the flow velocity in shear
flow. For the riser fluid-structure coupled system, the
imaginary part of eigenvalue can clearly show the trend of
the structural hydroelastic modal frequency and the wake-
induced modal frequency. In Figure 4, the relatively flat
curves are the structural hydroelastic modal frequency of the
first five orders of riser structure; the curves with inclinations
are the wake-induced modal frequencies for the first five
orders.

3.3. Equivalent Vortex Shedding Frequency. ,e external
excitation for the riser mainly comes from the vortex force
caused by the sea current, and the strength and frequency of
the vortex force are directly related to the flow velocity. Since
the force of the shear flow acting on the riser is nonuniform,
the strength and frequency of the excitation are not same
along the riser. In order to predict the vortex-induced
resonance, it is necessary to find the equivalent flow velocity
and acting force of the shear flow to the riser.

Figure 5 is a schematic diagram of the equivalent flow
velocity at the middle point of the riser in shear flow.
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Figure 2: ,e bifurcation diagram of VIV displacement local
maximum value at the midpoint.

Table 1: Parameters of TTR.

Parameter Symbol Values
Elastic modulus E 210GPa
Seawater density ρw 1025 kg/m3

Material density ρs 7850 kg/m3

Internal fluid density ρf 800 kg/m3

Outer diameter D 0.325m
Inner diameter d 0.305m
Riser length L 1000m
Top tension coefficient ftop 1.3
Additional mass coefficient Ca 1.0
Strouhal number St 0.2
Drag coefficient CD 1.2
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SupposingU is the maximum flow velocity of the sea surface,
Ue is the equivalent flow velocity acting at the midpoint of
the riser, and the seafloor flow velocity is zero. Because the
larger the flow velocity, the greater the acting force, and the
force can be treated proportional to flow velocity. For linear
shear flow, assume that the trapezoid ABCD and the triangle
CDE have equal area. ,e lengths of the line segments AB
and CD represent the sizes ofU andUe, respectively, and the
sum of L1 and L2 is the length L of the riser. Ue � (

�
2

√
/2)U

can be obtained by calculating the equivalent force of tri-
angular distributed load. And the equivalent vortex shed-
ding frequency of the linear shear flow is

Ωfe �
2πStUe

D
�

�
2

√
πStU

D
. (11)

4. VIV Response Characteristics and Spectrum
Analysis of the Riser System

4.1.VIVResponseCharacteristics of theRiser SystematTypical
Flow Velocities. ,e response of VIV at the midpoint of the
riser is calculated by choosing some typical flow velocities

from different shape regions shown in Figure 2. Combined
with displacement time history, phase diagram, Poincaré
section, FFT spectrum, and maximum displacement enve-
lope diagram, the response characteristics are illustrated.,e
blue dotted lines overlaid in the FFTspectrum shown in each
figure (c) are the structural hydroelastic modal frequencies
of the first five orders corresponding to the flow velocity as
per Figure 4.,e vertical line marked with black stars in each
figure (c) is the equivalent vortex shedding frequency at the
midpoint of the riser.
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Figure 3: ,e bifurcation diagram of VIV displacement local maximum value at different positions. (a) ,e position 250 meters from the
top. (b) ,e position 750 meters from the top.
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In addition, when the velocity corresponding to the first-
order mode after Galerkin discretization exists _y1 � 0, the
Poincaré section is intercepted and projected into the phase
diagram of displacement and velocity shown in figure (b) of
Sections 4.1.2 and 4.1.3. If the Poincaré section has only one
fixed point or a few discrete points, the system motion is
periodic. When the Poincaré section is a closed curve, the
system motion is almost periodic, and when the Poincaré
section has a group of irregular and dense points, the system
motion may be chaotic.

4.1.1. Periodic Vibration. After analyzing Figure 2, it can be
found out that under several flow velocity ranges from
0.106m/s to 0.113m/s, 0.141m/s to 0.16m/s, and 0.188m/s
to 0.199m/s, there is only one local maximum for both
forward and inverse sweeping of flow velocity. Also, such
maxima are the same for both sweeping directions. ,is
implies that the VIV response of the riser system at these
flow velocities is periodic. Within these velocity ranges, two
typical velocities are selected to calculate the VIV response of
the riser as follows:

(1) U� 0.11m/s and Ωfe � 0.3 rad/s
When U� 0.11m/s, Ωfe is near the primary reso-
nance frequency of the 2nd-order structural
hydroelastic mode. It can be found out that the phase

diagram is elliptical. ,is shape indicates that the
system response is periodic, which can be further
confirmed from Figures 6(a) and 6(b). Note from
Figures 6(a) and 6(b) that there is only one frequency
component in the spectrumwhich is very close to the
2nd-order structural hydroelastic modal frequency.
,e maximum displacement envelope diagram is
also shown as the 2nd-order resonance mode shape.

(2) U� 0.15m/s and Ωfe � 0.41 rad/s
When U� 0.15m/s, the displacement time history
and phase diagram of the VIV response of the riser
system show the standard periodic vibration law (see
Figure 7). ,e FFT spectrum contains only the fre-
quency component close to the 3rd-order structural
hydroelastic modal frequency. ,e maximum dis-
placement envelope diagram also shows the 3rd-
order resonance mode shape, which implies that the
3rd-order vortex-induced resonance occurs in the
riser system.

4.1.2. Almost Periodic Vibration. From the g bifurcation
diagram shown in Figure 2, it can be found that the flow
velocity ranges in which almost periodic vibration occurs are
very wide.,e almost periodic vibration response of the riser
system also varies in different regions. ,ree typical flow
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Figure 6: ,e VIV response of the riser system at surface flow velocity U� 0.11m/s. (a) Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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velocities are selected to calculate the VIV response of the
riser system as follows:

(1) U� 0.08m/s and Ωfe � 0.218 rad/s
WhenU� 0.08m/s, combined with the displacement
time history response shown in Figure 8(a) and the
Poincaré section in Figure 8(b), the VIV response of
the riser system can be identified as the almost pe-
riodic motion. It can be seen from the FFT spectrum
that Ωfe appears between the first and second
structural hydroelastic modal frequencies. More-
over, the frequency components excited in
Figure 8(c) are the same as the first two order fre-
quencies of the structural hydroelastic mode, and the
line spectrum of the first order takes dominance.,e
maximum displacement shown in Figure 8(d) en-
velopes the transitional modes of the first two orders.

(2) U� 0.13m/s and Ωfe � 0.355 rad/s
When U� 0.13m/s, the displacement time history
and phase diagram of the VIV response of the riser
system are more complicated. ,e VIV response can
still be categorized as almost periodic motion by
looking at the Poincaré section in Figure 9(b). ,ere
are four main frequency components in the FFT
spectrum of Figure 9(c), which correspond to the
first four orders of the structural hydroelastic modal

frequencies. It can be shown that vortex shedding
excites the first four modes of the riser system si-
multaneously, and the second and third components
are more significant. SinceΩfe is between the second-
order and third-order frequencies of the structural
hydroelastic mode, the maximum displacement
shown in Figure 9(d) envelopes the transitional
mode shape of the 2nd and 3rd order.

4.1.3. Bistable Phenomenon of the Riser System. ,e tran-
sitional region between periodic to almost periodic motions
of the riser system shown in Figure 2 is characterized by
sudden jump and hysteresis of system response. Such dy-
namics corresponds to bi-stable phenomena of nonlinear
systems. ,e bistable state includes the coexistence of dif-
ferent almost periodic motions. Also, it may have periodic
motion and the coexistence of almost periodic motions.

In the range from 0.2m/s to 0.224m/s, from the point
discontinuity, it can be judged that subcritical Hopf bi-
furcation occurs in the riser system. ,ree typical flow
velocities are selected from the bistable regions to study the
VIV response of the riser system as follows:

(1) U� 0.138m/s and Ωfe � 0.377 rad/s
When U� 0.138m/s, two stable almost periodic
motions coexist in the VIV response of riser system,
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Figure 7: ,e VIV response of the riser system at surface flow velocity U� 0.15m/s. (a) Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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and their maximum displacement envelope are
similar as the 3rd-order mode shape. Figure 10(c)
shows that the dominated frequency components of
these twomotions are almost overlapped and close to
the 3rd-order structural hydroelastic modal fre-
quency. One subtle difference can be observed that
the red line also includes obvious frequency com-
ponents corresponding to both 1st- and 2nd-order
structural hydroelastic modes.

(2) U� 0.162m/s and Ωfe � 0.443 rad/s
When U� 0.162m/s, Ωfe is slightly larger than the
third-order structural hydroelastic modal frequency,
and the VIV response occurs bistable phenomenon.
For the red line case, it can be seen that the vibration
response of the riser system is still periodic. ,e
FFT spectrum contains only one frequency com-
ponent close to the 3rd-order structural hydroelastic
modal frequency. ,e maximum displacement en-
velope is identical with the 3rd-order resonance
mode shape.

,e motion pattern corresponding to the black curve in
Figure 11(a) is more complex compared with the previous
discussions. Its phase diagram is torus. By further viewing a
representative motion (see Figure 11(b)), the VIV response
can be identified as almost periodic. ,e first five orders of

the structural hydroelastic modal frequency of the riser
system appear in the FFT spectrum, and the maximum
displacement envelope of the riser shows transitional mode
shape from the 3rd-order to 4th-order vibration.

(3) U� 0.21m/s and Ωfe � 0.574 rad/s
When U � 0.21m/s, Ωfe is close to the fourth-order
structural hydroelastic modal frequency. Under this
flow velocity, the system enters the bistable region
from 4th-order resonance to 5th-order vibration.
,e VIV response of the riser system in this region
occur bistable phenomenon with large jump. ,e
riser system still shows the 4th-order mode as the
red curve in Figure 12(a) shows. Such highly pe-
riodic motion is reflected as the blue dot in the red
elliptical Poincare section in Figure 12(b). ,e
frequency component excited in the FFT spectrum
is close to the 4th-order structural hydroelastic
modal frequency, and the maximum displacement
envelope shows the 4th-order primary resonance
mode shape.

For the decomposed motion plotted as black curve in
Figure 12(a), the corresponding motion in the Poincaré
section is a green closed curve in the black elliptical ring.,is
implies that the VIV response is almost periodic. ,e fre-
quency components excited in the FFT spectrum are similar
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Figure 8: ,e VIV response of the riser system at surface flow velocity U� 0.08m/s. (a) Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.

8 Mathematical Problems in Engineering



to the 1st-order and 5th-order structural hydroelastic modal
frequencies, and the maximum displacement envelope
shows the 5th-order vibration mode shape.

4.2. Comparison between the 3D Spectrum and Eigenvalue
Changes. In order to better show the variation trend of the
FFT spectrum of the fluid-structure coupled riser system,
normalized three-dimensional spectrum contours with
increasing and decreasing flow velocity are discussed in
this section. ,e 3D spectrum contours are then being
mapped to the imaginary part of the eigenvalue of the riser
system, as shown in Figures 13(a) and 13(b). In Figure 13
the purple red line is the imaginary part of the eigenvalue.
,e contour plot shows the frequency component of the
riser system excited at each flow velocity. ,e black line is
the equivalent vortex shedding frequency Ωfe at the riser
midpoint.

It can be seen from Figure 13 that with increasing flow
velocity, modal frequencies are sequentially excited for each
order, and the amplitudes of each mode are positively
correlated with the structural hydroelastic modal fre-
quencies. Combined with the response phenomenon of the
riser system discussed in previous subsections, it can be
found that when Ωfe reaches to a structural hydroelastic
resonance frequency, the corresponding mode will

dominate the system VIV response. ,is further suggests
that the equivalent velocity Ue and the equivalent vortex
shedding frequency Ωfe are the key parameters when an-
alyzing the VIV response of riser in shear flow. In addition,
for the response frequency components of the riser
structure and the wake in the primary resonance region of
each order, there are obvious shifts in the position between
Figures 13(a) and 13(b) at the same flow velocity, which
also confirm that the VIV of the riser system will appear
bistable phenomenon.

It can be seen from Figure 13 that when the flow
velocity is small, the wake action dominates the coupled
motion of the riser system. ,e main frequency compo-
nent of the VIV is consistent with the frequency of each
order wake-induced mode. With increasing flow velocity,
structural motion begins to dominate the overall VIV
response, and the primary resonant modes of the riser
structure are excited in turn. When the flow velocity
continues to increase, the wake frequency components
become obvious again.

After analyzing Figures 13(a) and 13(b), we can find that
under one flow velocity, the flow force may excite different
structural response frequencies of the riser system. ,is is
especially pronounced that the bistable phenomenon occurs
easily at the critical point between adjacent resonant fre-
quencies. Such finding accords with the condition in
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Figure 9: ,e VIV response of the riser system at surface flow velocity U� 0.13m/s. (a) Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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Figure 11: Continued.
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Figure 10: ,e VIV response of the riser system at surface flow velocity U� 0.138m/s. (a) Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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Figure 2 that the bistable phenomena occur at both ends of
periodic solution. For nonlinear slender riser structure, the
1st-order structural hydroelastic modal frequency of the riser
system gradually decreases to zero as the flow velocity keeps
increasing in Figure 13. ,is is due to the buckling of strut

caused by the axial force. It is worthy to mention that as the
calculated results are based on the 5th-order Galerkin dis-
cretization in this paper, the 5th-order VIV response of the
riser system is less accurate due to discretization error in the
numerical scheme.
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Figure 11: ,e VIV response of the riser system at surface flow velocity U� 0.162m/s. (a)Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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Figure 12: ,e VIV response of the riser system at surface flow velocity U� 0.21m/s. (a)Displacement time history. (b) Phase diagram of
displacement and velocity. (c) FFT spectrum. (d) Maximum displacement envelope.
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5. Conclusion

Based on the Van der Pol wake oscillator model, the non-
linear dynamic characteristics of the vortex-induced vi-
bration of the top tension riser in linear shear flow are
studied. ,e conclusions are as follows:

(1) ,e bifurcation diagram of the local maximum value
of the VIV cross-flow dimensionless displacement of
the riser with respect to the flow velocities is obtained.
Compared with the amplitude response diagram, the
bifurcation diagram can more clearly judge the
nonlinear dynamic behavior of the system. It can be
seen from the bifurcation diagram that with the flow
velocity increasing, the almost periodical vibration
and periodical vibration of the riser systemwill appear
alternately. ,e bistable behavior and Hopf bi-
furcation phenomenon such as hysteresis and jump
will occur in the transition region between periodic
and almost periodic vibrations. In the bistable region,
the steady-state response of the riser VIV will be
different under different initial conditions.

(2) It is found out that when flow velocity is less than
0.2m/s, the riser system response will form the to-
rus-like almost periodic motion with multimode
interaction between adjacent periodic motions along
the bifurcation path.,e torus Hopf bifurcation may
appear during the transition process between peri-
odic and almost periodic motions. When the flow
velocity is within the range of 0.2m/s to 0.22m/s, the
vibration response of the riser system have two large
jumps with sudden increasing or decreasing of
amplitude.,e vibration response of the riser system
in this region is subcritical Hopf bifurcation. ,ere
are bistable behaviors in all these regions.

(3) Due to the influence of nonlinear factors and
damping, the structural hydroelastic modal fre-
quency of the riser fluid-structure coupled system
may vary with respect to flow velocity. Combined
with the analysis of the 3D frequency spectrogram, it

can be deduced that with increasing flow velocity, the
riser system will have vortex-induced resonance
frequency lock-in bands near the natural frequencies
of each mode. Overlapping between adjacent modes
may occur for the critical velocity range, which re-
sults in bistable regions. In some bistable regions,
VIV responses would be quite different. ,is offers
useful insight for fatigue analysis of risers. For
practical engineering problems, improved simula-
tions that enable the capture of richer nonlinear
dynamics can be carried out with proper choice of
Galerkin discretization order.
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