Hindawi
Mathematical Problems in Engineering
Volume 2019, Article ID 1710270, 10 pages
https://doi.org/10.1155/2019/1710270

Research Article
The Cahn–Hilliard Equation with Generalized Mobilities in
Complex Geometries
Jaemin Shin,1 Yongho Choi ,2 and Junseok Kim

3

1

Institute of Mathematical Sciences, Ewha Womans University, Seoul 03760, Republic of Korea
Department of Mathematics and Big Data, Daegu University, Gyeongsan-si, Gyeongsangbuk-do 38453, Republic of Korea
3
Department of Mathematics, Korea University, Seoul 02841, Republic of Korea
2

Correspondence should be addressed to Junseok Kim; cfdkim@korea.ac.kr
Received 7 November 2019; Accepted 10 December 2019; Published 28 December 2019
Academic Editor: Chris Goodrich
Copyright © 2019 Jaemin Shin et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
In this study, we apply a ﬁnite diﬀerence scheme to solve the Cahn–Hilliard equation with generalized mobilities in complex
geometries. This method is conservative and unconditionally gradient stable for all positive variable mobility functions and
complex geometries. Herein, we present some numerical experiments to demonstrate the performance of this method. In
particular, using the fact that variable mobility changes the growth rate of the phases, we employ space-dependent mobility to
design a cylindrical biomedical scaﬀold with controlled porosity and pore size.

1. Introduction
The Cahn–Hilliard (CH) equation was derived for modeling
the phase separation of a binary alloy system [1, 2] and has
been utilized in applications in various ﬁelds [3]. The CH
equation is
zc
(1)
(x, t) � ∇ · (M(x)∇μ(x, t)), x ∈ Ω, t > 0,
zt
μ � F′ (c(x, t)) − ϵ2 Δc(x, t),

(2)

where Ω is a domain, c is a mass concentration of a binary
mixture, M is a mobility function, F(c) � c2 (c − 1)2 /4 is a
free energy function, and ϵ is a positive constant. The zero
Neumann or periodic boundary conditions are generally
applied to complete the system. The reader can refer to [4]
for more details on the CH equation. Furthermore, the CH
equation has been widely researched in complex domains
and on surfaces with complex geometries and topologies
using meshfree methods [5] and isogeometric analysis [6, 7].
Many studies on the CH equation have assumed that the
mobility is constant; however, the equation was originally
formulated with degenerate mobility [1]. Numerical
methods and simulations with variable mobility can be easily

found (for example [8–11]). Kim [12] showed the eﬀect of
space-dependent mobility (M(x, y) � 0.01 + 0.99y) on
phase separation through a numerical example, which is
shown in Figure 1.
Variable mobility changes the rate of phase separation
and the coarsening process. This observation motivated us to
employ space-dependent mobility to the manufacturing of a
biomedical scaﬀold because many researchers have recently
demonstrated that adaptive porosity and pore size are important requirements for a scaﬀold [13, 14]. A general
scaﬀold has been constructed with a uniform pattern [15–
17]. However, various types of biomedical scaﬀolds have also
been proposed to provide reinforcing features [18, 19].
To numerically design a biomedical scaﬀold, we require
an algorithm that can deal with complex geometry. Thus, we
consider a simple and eﬃcient method that was proposed in
[20]. In this paper, we completely prove the energy stability
of the proposed method with variable mobility. Applying
space-dependent mobility, we have a concrete result for a
cylindrical scaﬀold with control of both porosity and pore
size.
The remainder of this paper is organized as follows. In
Section 2, we describe our numerical method for the CH
equation with variable mobility in arbitrarily shaped
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Figure 1: Temporal evolution (a, b) of morphologies during spinodal phase separation of a ternary system. Reprinted from [12] with
permission from Elsevier.

domains. In Section 3, several numerical experiments are
reported. Finally, conclusions are presented in Section 4.

2. Numerical Methods
For simplicity, we describe the numerical algorithm in the
two-dimensional space, and then its three-dimensional
discretization is analogously deﬁned. To solve the given
equations in the complex domain, we use the boundary
control function G introduced in [20], which we have described below. The summation by parts formula is shown
with the proposed inner products. Owing to this formula, we
can simply prove the mass conservation and the decreasing
of the energy functional.

2.1. Boundary Control Function. Given an arbitrary domain
Ωin and its boundary Γ � zΩin , we take a rectangular domain
Ω � (0, Lx ) × (0, Ly ) embedding Ωin . Let Ωout � Ω/Ωin be
outside of Ωin (see Figure 2(a)).
Let Δx � Lx /Nx and Δy � Ly /Ny be the space step sizes
with even integers Nx and Ny , respectively; we consider a
uniform mesh h � Δx � Δy. We deﬁne a set of cell centers as
Ωh � (xi , yj ): 1 ≤ i ≤ Nx , 1 ≤ j ≤ Ny , where xi � (i − 0.5)h
and yj � (j − 0.5)h. Let cnij and μnij be approximations of
c(xi , yj , tn ) and μ(xi , yj , tn ), respectively, where tn � nΔt
and Δt is a time step size. We deﬁne the inner and outer grid
domains as Ωhin � Ωh ∩ Ωin and Ωhout � Ωh ∩ Ωout , respectively, see Figure 2(b). We denote Γh by the numerical interface, which is a staggered line between Ωhin and Ωhout . At
the cell center, the boundary control function G is deﬁned as

⎨ 1,
⎧
Gij � ⎩
0,

if xij ∈ Ωhin ,
otherwise.

(3)

At the edge, G is deﬁned as Gi+(1/2),j � Gij Gi+1,j and
Gi,j+(1/2) � Gij Gi,j+1 , see Figure 2(c). By deﬁning the
boundary control function G, we can reuse the multigrid
algorithm which is natural to the rectangular domain.
Here, we consider a zero Neumann boundary condition
on the staggered boundary Γh :
ni+(1/2),j · ∇d ci+(1/2),j � 0,
ni,j+(1/2) · ∇d ci,j+(1/2) � 0,

(4)

where n is the outward normal vector at the cell edge. In this
paper, we focus on the method with guaranteed mass
conservation and energy stability. Because the value of G at
the boundary Γh is deﬁned to be zero, G has the information
for the boundary condition. For example, if xi+(1/2),j or
xi,j+(1/2) is the edge point of the boundary, then
Gi+(1/2),j ∇d ci+(1/2),j � 0

or Gi,j+(1/2) ∇d ci,j+(1/2) � 0.

(5)

Figure 3 shows that Ωhin , which is an approximation of
the circular disk domain Ωin , converges to Ωin as we reﬁne
the mesh size.
We deﬁne the discrete diﬀerentiation of c as
ci+1,j − cij
Dx ci+(1/2),j �
,
h
(6)
ci,j+1 − cij
Dy ci,j+(1/2) �
.
h
The discrete divergence operator is denoted as
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Figure 2: (a) Ωin is a target geometry, (b) Ωhin is represented by the closed circles, and (c) boundary control function G is deﬁned as G � 1 at
closed circles and G � 0 at open circles.
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Figure 3: Convergence of Ωhin to Ωin as we reﬁne the mesh. Mesh sizes are shown below each ﬁgure. (a) 16 × 16, (b) 32 × 32, (c) 64 × 64, and
(d) 128 × 128.

∇d · M∇d cij �

Mi+(1/2),j ci+1,j − cij  − Mi− (1/2),j cij − ci− 1,j 
h2
+

Mi,j+(1/2) ci,j+1 − cij  − Mi,j− (1/2) cij − ci,j− 1 
h2

.

(7)

Now, we present the fully discrete scheme for the
CH equation with variable mobility in a complex domain, which is based on the convex splitting method
[21]. A semi-implicit time and centered diﬀerence
space discretization of equations (1) and (2) are as
follows:
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n
cn+1
ij − cij

Δt

� ∇d · GMn ∇d μn+1 ij,

(8)

Because of the way G is deﬁned, we can represent the
summation as

(9)

  Gij �  .

Nx Ny

2
n+1
n
� Fc′ cn+1
μn+1
ij + Fc′ cij ,
ij
ij  − ϵ ∇d · G∇d c

i�1 j�1

where Fc (c) and Fe (c) are convex functions. The boundary
conditions are included in the function G.

Furthermore, the summations in (·, ·)e can be rewritten
in a similar manner:
Nx Ny

2.2. Inner Products and Mass Conservation. The discrete l2
inner products are deﬁned as
2

(11)

Gij �1

  Gi+(1/2),j �
i�0 j�1

Nx Ny

 ,
Gi+(1/2),j �1

(12)

Nx Ny

(ϕ, ψ)h � h   Gij ϕij ψ ij ,

  Gi,j+(1/2) �

i�1 j�1

i�1 j�0



.

Gi,j+(1/2) �1

Nx Ny

⎝  G
∇d ϕ, ∇d ψ e � h2 ⎛
i+(1/2),j Dx ϕi+(1/2),j Dx ψ i+(1/2),j

From the deﬁnitions of the inner products and the
boundary control function G, the summation by parts is
satisﬁed:

i�0 j�1
Nx Ny

⎠.
+   Gi,j+(1/2) Dy ϕi,j+(1/2) Dy ψ i,j+(1/2) ⎞

ϕ, ∇d · G∇d ψ h � − ∇d ϕ, ∇d ψ e.

(13)

i�1 j�0

The detailed proof for the equality in equation (13) is as
follows:

(10)

ϕ, ∇d · G∇d ψ h �  ϕij ∇d · G∇d ψ ij
Gij �1

�  ϕij Gi+(1/2),j

ψ i+1,j − ψ ij
h2

Gij �1

+  ϕij Gi,j+(1/2)

ψ i,j+1 − ψ ij

Gij �1

�



ϕij Dx ψ i+(1/2),j
h

Gi+(1/2),j �1

+



h




−

Gi+(1/2),j �1

h

ψ ij − ψ i,j− 1
h2



ϕij Dy ψ i,j− (1/2)

(14)

h

ϕi+1,j Dx ψ i+(1/2),j
h


Gi,j+(1/2) �1

Dx ϕi+(1/2),j Dx ψ i+(1/2),j −

Gi+(1/2),j �1



h





−

h2

ϕij Dx ψ i− (1/2),j

Gi,j−(1/2) �1

ϕij Dy ψ i,j+(1/2)

Gi,j+(1/2) �1

�−



−

ψ ij − ψ i− 1,j

− ϕij Gi,j− (1/2)

Gi−(1/2),j �1

ϕij Dx ψ i+(1/2),j

Gi+(1/2),j �1

+

−

h

Gi,j+(1/2) �1

�

h2

ϕij Dy ψ i,j+(1/2)



− ϕij Gi− (1/2),j

ϕi,j+1 Dy ψ i,j+(1/2)
h


Dy ϕi,j+(1/2) Dy ψ i,j+(1/2)

Gi,j+(1/2) �1

� − ∇d ϕ, ∇d ψ e.
By using the equality in equation (13), the discrete mass
conservation is proved by
c

n+1

, 1h � cn , 1h + Δt∇d · GMn ∇d μn+1 , 1h
� cn , 1h − ΔtGMn ∇d μn+1 , ∇d 1e � cn , 1h ,
(15)

where 1 � (1, 1, · · · , 1).

2.3. Energy Dissipation. Next, we prove that the proposed
scheme is unconditionally gradient stable. Let us deﬁne a
discrete energy functional as
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Eh (c) � (F(c), 1)h +

5

ϵ2
∇ c, ∇ c .
2 d d e

(16)

It is suﬃcient to show that the energy dissipation
property Eh (cn+1 ) ≤ Eh (cn ). First, we consider the property
of convexity. Because of the convexity of Fc (c) and Fe (c), we
have
n+1

Fc

n
n+1
n
n+1
n
 − F c , 1h ≤ Fc′ c  − Fe′ c , c − c h.

(17)
For a detailed proof of the inequality in equation (17),
please refer to [22]. We now proceed to expand the righthand side of the inequality in equation (17). We assume that
M > 0, and then by summation by parts of equations (13)
and (9), we have
n+1
n
n+1
n
Fc′ c  − Fe′ c , c − c h

� μn+1 + ϵ2 ∇d · G∇d cn+1 , cn+1 − cn h
��
��2
� Δtμn+1 , ∇d · GMn ∇d μn+1 h − ϵ2 ��∇d cn+1 ��e + ϵ2
· ∇d cn+1 , ∇d cn e

(18)

��
��2
� − Δt∇d μn+1 , Mn ∇d μn+1 e − ϵ2 ��∇d cn+1 ��e + ϵ2
· ∇d cn+1 , ∇d cn e
��
��2
≤ − ϵ2 ��∇d cn+1 ��e + ϵ2 ∇d cn+1 , ∇d cn e.

Eh cn+1  − Eh cn 
ϵ2 ��� n+1 ���2 ϵ2 ��� n ���2
�∇ c �e − �∇d c �e
2 d
2

≤ Fc′ cn+1  − Fe′ cn , cn+1 − cn h +
−

n
cn+1
ij − cij

Δt

� ∇d · GMn ∇d μn+1 ij,

1 n+1
3 n 2
2
n+1
n 3
μn+1
ij + cij  − cij  .
ij � cij − ϵ ∇d · G∇d c
2
2
(20)
The system is solved via the multigrid method [23]. For
details on the restriction and prolongation operators in the
complex domain with the multigrid method, please refer to
[20].
3.1. Mass Conservation and Energy Dissipation. To demonstrate that the numerical scheme inherits the energy
decreasing property in a complex domain, we display the
evolution of the discrete total energy. The variable mobility is taken as M(c) � |c(1 − c)|. The initial state is taken
to be
c(x, y, 0) � 0.5 + 0.01 · rand(x, y),

Next, using the inequality in equation (18), we observe
that

� Fcn+1  − F cn , 1h +

we report the numerical experiments on spinodal decomposition in the spherical and cylindrical domains.
Prior to describing the numerical experiments, the
speciﬁc numerical method for the convex splitting in
equations (8) and (9) is introduced. Applying a possible
choice of the linear convex splitting as Fc (c) � (1/4)c2 and
Fe (c) � (1/4)c4 − (1/2)c3 , we can rewrite equations (8) and
(9) as

ϵ2 ��� n+1 ���2
�∇ c �e
2 d

ϵ2 ��� n ���2
�∇ c �
2 d e

�−

ϵ2 ��� n+1 ���2
ϵ2 �� n ��2
2
n+1
n
�∇d c �e + ϵ ∇d c , ∇d c e − ��∇d c ��e
2
2

�−

�
ϵ2 ��� n+1
n �2
�∇ c − ∇d c ��e ≤ 0.
2 d

(21)

in a domain Ω � (0, 1) × (0, 1). The interface Γ is a disk
whose radius is 0.45 and center is located at (0.5, 0.5). Other
numerical parameters are taken as h � 1/256, ϵ � 0.002, and
Δt � 0.05 h.
Figure 4 shows the evolution of the scaled energy
functional and average concentration, which implies that
the total discrete energy is nonincreasing and the mass is
preserved. The insets show the evolution of the concentration ﬁeld at the times marked by closed circles.
3.2. Rectangular Domain with a Space-Dependent Mobility.
We show an example of the phase separation to compare
the eﬀect of space-dependent mobility. Figure 5 shows
the temporal evolution of the spinodal decomposition
of a binary mixture with a constant mobility M(x, y) � 1
and space-dependent mobility M(x, y) � 0.25x2 . In these
simulations, the initial condition is

(19)
Therefore, we can conclude that the schemes of equations (8) and (9) are unconditionally gradient stable.

3. Numerical Experiments
First, we report a two-dimensional simulation to numerically demonstrate the mass conservation and energy
dissipation. Next, we present the numerical results which
highlight diﬀerent evolutions with constant and spacedependent mobilities in a rectangular domain. Finally,

c(x, y, 0) � 0.5 + 0.01 · rand(x, y),

(22)

where rand(x, y) is a random number selected from a
random distribution between − 1 and 1. A 512 × 128 mesh
grid is used on the rectangular domain Ω � (0, 4) × (0, 1).
For the numerical parameters, Δt � 10− 5 and ϵ � 0.0025
are employed. For the phase separation, Figures 5(a) and
5(b) show the solutions at t � 0.01 and t � 0.5, respectively, with constant mobility M � 1. Figure 5(c) shows
the diﬀerent evolution after converting from constant
mobility M � 1 to space-dependent mobility M � 0.25x2
from t � 0.01. For the constant mobility case, uniform
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Figure 5: Phase coarsening and domain growth: (a) phase separation with constant mobility at an early stage t � 0.01 and snapshots at
t � 0.5 with (b) constant and (c) space-dependent mobilities.

3.3. Stability Test. To demonstrate the energy stability of the
proposed scheme, we calculate the numerical solution for
large time steps with the initial condition:
c(x, y, 0) � 0.5 + 0.01 · rand(x, y).

1
Scaled energy, εh(cn)/εh(c0)

coarsening and domain growth are observed. For the
space-dependent mobility case, nonuniform coarsening
and domain growth are observed, i.e., smaller- and
larger-scale coarsening occurs for small and large values
of mobility, respectively.

0.8

0.6

0.4

(23)

The domain Ωin is a disk whose radius is 0.45 and center is
(0.5, 0.5). Variable mobility M(x, y, cn ) � x2 |cn (1 − cn )| is
employed in the computational domain Ω � (0, 1) × (0, 1).
Other parameters are taken as h � 1/256, ϵ � 0.002, and T � 8.
Figure 6 shows the evolution of the scaled discrete energy
for various time steps. All the curves are nonincreasing and
imply that the numerical solutions are energy stable. We
note that a time delay occurs if we use a large time step, as
shown in Figure 7.
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Figure 6: Evolution of Eh (cn )/Eh (c0 ) for diﬀerent time steps Δt.

3.4. Spherical Domain with a Space-Dependent Mobility.
We now report a numerical experiment in a spherical
domain. The surface Γ is a sphere with radius 0.45 and
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Figure 7: Numerical solutions ϕ(x, y, t) with diﬀerent time step Δt at t � 8. (a) Δt � 1/32, (b) Δt � 1/16, (c) Δt � 1/8, and (d) Δt � 1/4.
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(c)

Figure 8: Isosurfaces of c at various times. (a) t � 1, (b) t � 4, and (c) t � 16.

center (0.5, 0.5, 0.5) on the computational domain Ω �
(0, 1)3 and Ωin is the inside of Γ. The initial condition is
taken to be
c(x, y, z, 0) � 0.5 + 0.01 · rand(x, y, z)

(24)

on Ωin . The mobility function is deﬁned as
M����������������������������
� |c(1 − c)|(32d5 + 0.01),
where
d(x, y, z) �
�

2
2
2
(x − 0.5) + (y − 0.5) + (z − 0.5) . For the computation,
we set h � 1/128, ϵ � 0.005, and Δt � h. Figure 8 shows the
isosurfaces of the evolution of c. For visibility, we plot the
longitude and latitude of the boundary of the domain Γ. The
typical phase separation and coarsening procedure is observable; however, the growth rates of the inner and outer
regions are quite diﬀerent.
Figure 9 shows the isosurfaces of internal domains with
various radii at t � 4. We can show that the phase domain is
getting thinner; however, the local average concentration is
almost completely preserved.

3.5. Application to Design the Scaﬀold. In this section, we
consider manufacturing a cylindrically shaped biomedical
scaﬀold for the application of space-dependent mobility.
This is motivated by [13] which indicates that a proper
spatial gradient of concentration is required for eﬀective
regeneration of tissues and organs. Figure 10(a) shows the
PCL/F127 cylindrical scaﬀold, which has a gradient on the
concentrations along the longitudinal direction. As shown in
Figures 5 and 9, the space-dependent mobility in the CH
equation gives the ability to control both the porosity and
pore size of the scaﬀold.

Adaptively changing the pore size is not a new concept in
the ﬁeld of biomedical scaﬀold manufacturing [24–26]. For
example, we can consider the design in Figure 10(b) as the
PDLLA in [25]; however, they could not control the porosity
of the scaﬀold. Figure 10(b) is obtained by the isosurface of
ψ(x, y, z) � cos x sin y + cos y sin z + cos z sin x − 0.6
+ 0.05(z − 4π),
(25)
2

2

2

within the region of x + y ≤ 3.24π and 0 ≤ z ≤ 8π.
We now consider the design of a speciﬁc cylindrical
scaﬀold by applying the variable mobility M �
|c(1 − c)|Ms (x) with
1
5
(26)
Ms (x) � 1 + tanh2z − ,
2
2
which is gradually increasing along the longitudinal direction. We examine the evolution of a random perturbation
with a small magnitude about mean composition
c(x, 0) � 0.5 + 0.01 · rand(x, y)

(27)

on the domain Ω � (0, 1) × (0, 1) × (0, 2). For the simulation parameters, we take h � 1/128, ϵ � 0.003, and Δt � h.
To highlight the variation of pore size in Figure 10(c), we
also present cross-sectional images at various heights in
Figure 11. In this ﬁgure, the red, green, and blue regions
indicate c � 1, 0.5, and 0, respectively.
While Figure 11 shows the dynamical variation of the
pore size, Figure 12 shows that the porosity of all cross
sections is near 50%. Consequently, both the porosity and
pore size can be simultaneously controlled by applying phase
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Figure 9: Isosurfaces of c at t � 4 cut with diﬀerent radii (a) r � 0.4, (b) 0.35, and (c) 0.3.
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Figure 10: (a) Cylindrical scaﬀold in [13], (b) a scaﬀold such as PDLLA, and (c) our design by applying phase separation with spacedependent mobility. Reprinted from [13] with permission from Elsevier.
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Average of c (·, z)

Figure 11: Cross sections at the indicated heights. (a) z � 1.5 h, (b) z � 15.5 h, (c) z � 63.5 h, and (d) z � 127.5 h.
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Figure 12: Average concentration of c(·, z) with respect to the longitudinal direction z.
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separation with space-dependent mobility, as shown in
Figure 10(c).

4. Conclusions
We proposed a conservative and stable ﬁnite diﬀerence
method to solve the CH equation with variable mobility in
complex geometries. We proved that the numerical scheme
is conservative and energy dissipative for any time step size.
In addition, the CH equation with space-dependent mobility
was considered. The two- and three-dimensional numerical
results show that local length scale in phase separations can
be controlled by using space-dependent mobilities. We
expect that space-dependent mobility can be applied to the
fabrication of scaﬀolds to control both local pore size scale
and porosity.
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PCL/carbon material scaﬀolds for bone regeneration,” Journal
of the Mechanical Behavior of Biomedical Materials, vol. 93,
pp. 52–60, 2019.
[17] Y. Zhang, Y. Xu, Y. Liu et al., “Porous decellularized trachea
scaﬀold prepared by a laser micropore technique,” Journal of
the Mechanical Behavior of Biomedical Materials, vol. 90,
pp. 96–103, 2019.
[18] N. Iwasaki, Y. Kasahara, S. Yamane, T. Igarashi, A. Minami,
and S.-I. Nisimura, “Chitosan-based hyaluronic acid hybrid
polymer ﬁbers as a scaﬀold biomaterial for cartilage tissue
engineering,” Polymers, vol. 3, no. 1, pp. 100–113, 2010.
[19] S. Kim, S. Ha, S. Lee et al., “Scaﬀold-type microrobots for
targeted cell delivery,” in Proceedings of the 2015 12th International Conference on IEEE Ubiquitous Robots and Ambient Intelligence (URAI), pp. 526-527, Goyang, Korea,
October 2015.
[20] J. Shin, D. Jeong, and J. Kim, “A conservative numerical
method for the Cahn-Hilliard equation in complex domains,”
Journal of Computational Physics, vol. 230, no. 19, pp. 7441–
7455, 2011.
[21] D. J. Eyre, An Unconditionally Stable One-Step Scheme for
Gradient Systems, Unpublished article, 1998, pp. 1-15.
[22] S. M. Wise, C. Wang, and J. S. Lowengrub, “An energy-stable
and convergent ﬁnite-diﬀerence scheme for the phase ﬁeld
crystal equation,” SIAM Journal on Numerical Analysis,
vol. 47, no. 3, pp. 2269–2288, 2009.
[23] U. Trottenberg, C. W. Oosterlee, and A. Schuller, Multigrid,
Academic Press, Cambridge, MA, USA, 2000.
[24] O. A. Abdelaal and S. M. Darwish, “Review of rapid prototyping techniques for tissue engineering scaﬀolds fabrication,”
in Characterization and Development of Biosystems and
Biomaterials, Springer, Berlin, Heidelberg, Germany, 2013.
[25] F. P. W. Melchels, K. Bertoldi, R. Gabbrielli, A. H. Velders,
J. Feijen, and D. W. Grijpma, “Mathematically deﬁned tissue

10
engineering scaﬀold architectures prepared by stereolithography,” Biomaterials, vol. 31, no. 27, pp. 6909–6916,
2010.
[26] D. Yoo, “Heterogeneous minimal surface porous scaﬀold
design using the distance ﬁeld and radial basis functions,”
Medical Engineering & Physics, vol. 34, no. 5, pp. 625–639,
2012.

Mathematical Problems in Engineering

Advances in

Operations Research
Hindawi
www.hindawi.com

Volume 2018

Advances in

Decision Sciences
Hindawi
www.hindawi.com

Volume 2018

Journal of

Applied Mathematics
Hindawi
www.hindawi.com

Volume 2018

The Scientific
World Journal
Hindawi Publishing Corporation
http://www.hindawi.com
www.hindawi.com

Volume 2018
2013

Journal of

Probability and Statistics
Hindawi
www.hindawi.com

Volume 2018

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Submit your manuscripts at
www.hindawi.com
International Journal of

Engineering
Mathematics
Hindawi
www.hindawi.com

International Journal of

Analysis

Journal of

Complex Analysis
Hindawi
www.hindawi.com

Volume 2018

International Journal of

Stochastic Analysis
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Advances in

Numerical Analysis
Hindawi
www.hindawi.com

Volume 2018

Journal of

Hindawi
www.hindawi.com

Volume 2018

Journal of

Mathematics
Hindawi
www.hindawi.com

Mathematical Problems
in Engineering

Function Spaces
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

International Journal of

Differential Equations
Hindawi
www.hindawi.com

Volume 2018

Abstract and
Applied Analysis
Hindawi
www.hindawi.com

Volume 2018

Discrete Dynamics in
Nature and Society
Hindawi
www.hindawi.com

Volume 2018

Advances in

Mathematical Physics
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

