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This paper considers the problem of constrained path following control for an underactuated hovercraft subject to parametric
uncertainties and external disturbances. A four-degree-of-freedom hovercraft model with unknown curve-fitted coefficients is
first rewritten into a parameterized form. By introducing a barrier Lyapunov function into the line-of-sight guidance, the specific
transient tracking performance in terms of position error is guaranteed. A novel constrained yaw rate controller is proposed to
ensure time-varying yaw rate constraint satisfaction, inwhich the yaw rate barrier is required to varywith the speed of the hovercraft.
Moreover, a command filter is incorporated into the control design to generate the desired virtual controls and its time derivatives.
Theoretical analyses show that, under the proposed controller, the position tracking error constraints and the yaw rate constraint
can be strictly guaranteed. Finally, numerical simulations illustrate the effectiveness and advantages of the proposed control scheme.

1. Introduction

As a high-performance amphibious marine craft, a hover-
craft utilizes a flexible skirt system around its periphery
such that the hull is totally supported by a pressurized air
cushion. The hovercraft has attracted increasing attention
in both military and civil fields because of its superior
high speed and amphibious characteristics [1]. Due to its
complex wave-making resistance and skirt drag caused by
the cushion system, the dynamics of a hovercraft are very
uncertain, nonlinear, and coupled [2]. Moreover, a hovercraft
is underactuated because the actuators are equipped for
surge and yaw motion only [3]. In addition, a hovercraft is
essentially hovering over the water surface, which causes less
water friction drag than conventional displacement ships.
Therefore, a hovercraft can slip considerably and undergo
great heeling during fast turning, requiring the yaw rate of
a hovercraft to be regulated within specific safe ranges during
maneuvering. These requirements make controller design of
a hovercraft a challenging task.

Path following, which requires a hovercraft to follow a
geometric path that is time independent, is one of the typical
control scenarios for a marine surface vessel (MSV). In [4],
a global path following controller was designed for MSVs

based on a cascaded approach, and the stability was proved by
using the linear time-varying theory. Reference [5] utilized a
backstepping technique to develop a nonlinear path following
controller for MSVs, in which the control design was based
on feedback dominance instead of feedback linearization.
Reference [6, 7] presented a model predictive control scheme
with line-of-sight (LOS) guidance to improve the path follow-
ing performance. Reference [8] proposed an adaptive path
following controller to estimate the ocean currents, while
a new integral LOS guidance law was obtained based on
adaptive control. Neural network (NN) control is usually
used to deal with the uncertain nonlinear system [9], which
has also been widely introduced into path following control
to cope with the uncertain dynamics of surface vessels. In
[10, 11], the NN control approach together with the integral
LOS guidancewas proposed for underactuated surface vessels
with parameter uncertainties. Reference [12] developed a
saturated path following controller for surface vessels, and the
uncertainties and disturbances were approximated by using
NN.

One of the greatest challenges for hovercraft control
is the inexact dynamics, which are due to the intricate
interactions between the cushion system and the water
surface; these interactions lead to an unclear hydrodynamic
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structure and parametric uncertainties for control design. An
exceedingly simplified hovercraft model was derived in [13–
15], in which the hydrodynamic damping coefficients were
assumed to be zero. The same hovercraft model was adopted
in [16, 17]. However, because the hydrodynamic force and
moment are not included in this model, the proposedmodel-
based controllers might not achieve the desired control
objective in practical applications. Furthermore, a curve-
fitted hovercraft model was obtained in [1] by replacing the
complex hydrodynamic and aerodynamic force and moment
functionswith curve-fitted approximations; by neglecting the
heave and pitch motion, a four-degree-of-freedom (DOF)
control-oriented hovercraft model was obtained for control
design. However, the effects of parametric uncertainties
and external disturbances were not considered in [1]. The
uncertainties and disturbances always exist in a practical
control system, and some works have investigated the feed-
back control schemes for different form uncertain nonlinear
systems, such as triangular form systems [18, 19] and strict-
feedback systems [20]. In addition, the adaptive control
method is regarded as a powerful method to cope with
such system uncertainties [21]. For example, [22] presented
a backstepping-based adaptive control scheme to estimate
the unknown parameters, and the tuning-function based
approach was proposed to avoid the overparametrization in
backstepping design. The adaptive backstepping technique
has been widely applied in path following control of vessels
[23–25]. To improve the tracking performance of a hovercraft
under these system uncertainties, the above 4-DOF hover-
craft dynamics [1] are rewritten into a parameterized form
in this paper, and the adaptive control method is adopted to
estimate the uncertain parameters and external disturbances.

LOS guidance, which has been widely explored for
surface vessels due to its simplicity and small computational
burden, is an effective guidance algorithm for path following
control. In [26, 27], it was shown that the equilibrium point
of the proportional LOS guidance law is uniformly and
exponentially semi-globally stable. To compensate for the
vehicle’s constant sideslip due to environmental disturbances,
an integral LOS (ILOS) approach was proposed in [28, 29]
by adding an additive integral action into the conventional
LOS guidance. In [10, 30], an adaptive LOS (ALOS)-based
controller was developed with a parameter adaption law to
eliminate the effects of system uncertainties. In [31], the
authors discussed the drawbacks of the ILOS and ALOS.
A modified extended state observer- (ESO-) based LOS
guidance approachwas proposed to identify the time-varying
sideslip angle. Reference [32] presented a compound LOS
guidance by combining the time delay control and ESO
technique to estimate the time-varying ocean currents. Note
that all the aforementioned LOS guidance algorithms only
regulate the steady state of position tracking errors to be
zero, while the transient tracking performance cannot be
guaranteed. However, it is important to ensure the prescribed
transient tracking performance of a hovercraft in practice.
Moreover, the yaw rate of a hovercraft should be limited to
below the stability boundary for safe navigation [33]. If the
maximum yaw rate of a hovercraft exceeds the corresponding
stability boundary for a period of time, the hovercraft will

become unstable, especially at high speeds, which can even
lead to a capsizing hazard. As shown in [33], the stability
boundary of the yaw rate varies with the surge speed of
a hovercraft. Thus, the yaw rate constraint should also be
time varying because the desired speed command for a
hovercraft can change in practice. To the author’s knowledge,
the problem of tracking error-constrained path following
control for an uncertain hovercraft with a time-varying yaw
rate constraint has rarely been considered.

To guarantee the state or output constraints of the
system, some control methods have been included in model
predictive control [34], nonovershooting control [35], and
prescribed performance control [36]. However, in these
methods, the state constraints remain difficult to guarantee
in practical applications. More recently, a barrier Lyapunov
function (BLF) has been proposed for nonlinear systems to
ensure the state and output constraints [37, 38], which has
been applied to strict-feedback systems with output con-
straints [39], pure-feedback systems [40], switched systems
[41], and practical applications for hypersonic flight vehicles
[42] or missile guidance [43]. In addition to the conventional
logarithmic function form, a modified tan-type BLF was
proposed in [44], which is a general method for systems with
state constraints because it works even if the state constraints
are removed. In [45], the authors utilized the tan-type BLF
to design an error-constrained LOS path following controller
for a 3-DOF conventional surface vessel. To break the static
constraint limitations in the abovementioned works, a time-
varying output constraint was handled in [46] by using a
time-varying BLF, which allowed the output constraints to
be both time varying and asymmetric. Moreover, to facilitate
the backstepping design for the attitude subsystem of a
hovercraft, a command filter was introduced to avoid the
analytical computation of the virtual control laws [47].

Motivated by the above considerations, a BLF-based
adaptive path following control scheme is developed for a 4-
DOF underactuated hovercraft subject to parametric uncer-
tainties and external disturbances.Themain contributions of
this paper can be summarized as follows:(1) A novel position-constrained LOS guidance algo-
rithm is proposed by introducing BLF into the classical LOS
guidance design procedure. The proposed LOS guidance can
guarantee the prescribed tracking performance in terms of
position tracking errors.(2) By virtue of the time-varying BLF, an attitude con-
troller is proposed to ensure the yaw rate time-varying
constraints of a hovercraft. The yaw rate of a hovercraft
will not exceed the stability boundary, which has practical
significance for the safe navigation of a hovercraft.(3) A command filter is integrated into the control
design to generate the amplitude-constrained virtual control
laws, which avoid the analytic computation of the virtual
control law derivative. In addition, a novel auxiliary system
is developed to compensate for the filtering error.

The remainder of this paper is organized as follows. The
problem formulation is introduced in Section 2. Section 3 is
devoted to the LOS guidance, altitude subsystem, and velocity
subsystem control design. Numerical simulation examples
are presented in Section 4. Section 5 concludes the paper.
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Figure 1: The hovercraft model in the body-fixed frame.

2. Problem Formulation and Preliminaries

2.1. Preliminaries

Notation. Throughout this paper, (⋅)T denotes the transpose
of a matrix (⋅); | ⋅ | represents the absolute value of a scalar;‖ ⋅ ‖ represents the Euclidean norm of a vector;

∧(⋅) denotes the
estimate of (⋅); the estimation error is defined as (̃⋅) = (⋅)− ∧(⋅);
and R+ denotes the set of nonnegative real numbers.

Lemma 1 (see [44]). For any 𝛿 > 0 and 𝜂 ∈ R, the following
inequality always holds:

0 ≤ 𝜂 − 𝜂 tanh(𝜂𝛿) ≤ 0.2785𝛿 (1)

Lemma 2 (see [37]). For any positive constant 𝑘𝑏, positive
integer 𝑝, and 𝑧 ∈ R satisfying |𝑧| < 𝑘𝑏, there exists

log
𝑘2𝑝𝑏𝑘2𝑝𝑏 − 𝑧2𝑝 < 𝑧2𝑝𝑘2𝑝𝑏 − 𝑧2𝑝 (2)

Definition 3 (see [39]). A barrier Lyapunov function is a
scalar function 𝑉(𝑥) defined with respect to the system�̇� = 𝑓(𝑥) on an open region 𝐷 containing the origin.
It is continuous, is positive definite, has continuous first-
order partial derivatives at every point of𝐷, has the property𝑉(𝑥) → ∞ as 𝑥 approaches the boundary of𝐷, and satisfies𝑉(𝑥) ≤ 𝑏 ∀𝑡 ≥ 0 along the solution of �̇� = 𝑓(𝑥) for 𝑥(0) ∈ 𝐷
and some positive constant 𝑏.
2.2. Dynamic Model of a Hovercraft. The typical configura-
tion of the hovercraft is shown in Figure 1, in which two sets
of ducted air propellers are mounted at the stern and a pair
of rudders is mounted behind the duct flaps to create turning
moments.

For motion control of the hovercraft, we first define
the earth-fixed frame 𝑂𝐸𝑥𝐸𝑦𝐸𝑧𝐸 and the body-fixed frame𝑂b𝑥b𝑦b𝑧b. The origin of the body-fixed frame is located at
the center of gravity (CG). By neglecting the pitch and heave

motion and making some basic assumptions, the 4-DOF
curve-fitted hovercraft dynamics are derived in [1] and are
formulated as follows:

�̇� = V𝑟 + (𝐹𝑥𝑎 + 𝐹𝑥ℎ + 𝐹𝑥𝑛 + 𝐹𝑥𝑇)𝑚
V̇ = −𝑢𝑟 + (𝐹𝑦𝑎 + 𝐹𝑦ℎ + 𝐹𝑦𝑐 + 𝐹𝑦𝑛)𝑚
̇𝑟 = (𝑀𝑧𝑎 +𝑀𝑧ℎ +𝑀𝑧𝑐 +𝑀𝑧𝑛 +𝑀𝑧𝛿)𝐼𝑧

�̇� = (𝑀𝑥𝑎 +𝑀𝑥ℎ +𝑀𝑥𝑐 +𝑀𝑥𝑛 +𝑀𝑥𝐺)𝐼𝑥

(3)

where 𝑚 is the mass of the hovercraft; 𝐼𝑥 and 𝐼𝑧 are the
moments of inertia of the hovercraft about the 𝑥𝑏 axis and𝑧b axis, respectively; 𝑢 and V are the surge and sway linear
velocities, respectively; and 𝑝 and 𝑟 represent the roll and yaw
angular velocities, respectively. The right side of (3) consists
of various forces and moments acting on the hovercraft,
in which the suffix 𝑎 represents the aerodynamic force, ℎ
denotes the hydrodynamic force, 𝑐 denotes the cushion force,𝑛 denotes the air momentum force, 𝑇 denotes the thrust,𝛿 denotes the rudder moment, and 𝐺 denotes the restoring
moment during heeling of the hovercraft. The curve-fitted
aerodynamic forces and moments in (3) are written as

𝐹𝑥𝑎 = 0.5𝜌𝑎𝑉2𝑎 𝑆𝑥𝑎 (𝐶𝑥𝑎0 + 𝐶𝛿𝑟𝑥𝑎𝛿𝑟 + 𝐶𝛽𝑥𝑎𝛽 + 𝐶 ̇𝛽
𝑥𝑎

̇𝛽)
𝐹𝑦𝑎 = 0.5𝜌𝑎𝑉2𝑎 𝑆𝑦𝑎 (𝐶𝑦𝑎0 + 𝐶𝛿𝑟𝑦𝑎𝛿𝑟 + 𝐶𝛽𝑦𝑎𝛽 + 𝐶 ̇𝛽

𝑦𝑎
̇𝛽)

𝑀𝑧𝑎 = 0.5𝜌𝑎𝑉2𝑎 𝑆𝑧𝑎𝑙𝑎 (𝐶𝑚𝑧𝑎0 + 𝐶𝛿𝑟𝑚𝑧𝑎𝛿𝑟 + 𝐶𝛽𝑚𝑧𝑎𝛽 + 𝐶 ̇𝛽
𝑚𝑧𝑎

̇𝛽)
𝑀𝑥𝑎 = 𝐹𝑦𝑎𝑧𝑎

(4)

In addition, the curve-fitted hydrodynamic forces and
moments in (3) are written as

𝐹𝑥ℎ = 0.5𝜌𝑤𝑈2𝑆ℎ (𝐶𝑥ℎ0 + 𝐶𝜙𝑥ℎ𝜙 + 𝐶𝛽𝑥ℎ𝛽)
𝐹𝑦ℎ = 0.5𝜌𝑤𝑈2𝑆ℎ (𝐶𝑦ℎ0 + 𝐶𝜙𝑦ℎ𝜙 + 𝐶𝛽𝑦ℎ𝛽)
𝑀𝑧ℎ = 0.5𝜌𝑤𝑈2𝑆ℎ𝑙𝑐 (𝐶𝜙𝑚𝑧ℎ𝜙 + 𝐶𝛽𝑚𝑧ℎ𝛽)𝑀𝑥ℎ = 𝐹𝑦ℎ𝑧𝑔

(5)

where𝑉𝑎 denotes the relative wind speed. 𝑆𝑥𝑎, 𝑆𝑦𝑎, and 𝑆𝑧𝑎 are
the projection areas of the hovercraft along the three axes.The
average length of the hovercraft is denoted by 𝑙𝑎, the vertical
distance from the center of the lateral area is denoted by 𝑧𝑎,
the velocity of the hovercraft is denoted by 𝑈 = √𝑢2 + V2,
the lateral area of the skirts in contact with the water surface
is denoted by 𝑆ℎ, the cushion length is denoted by 𝑙𝑐, and the
height of CG is defined as 𝑧𝑔. 𝛿𝑟,𝜙, and𝛽 represent the rudder
angle, heeling angle, and sideslip angle of the hovercraft,
respectively. 𝐶#

∗ represents the curve-fitted coefficient. The
expressions of other component forces and moments can be
found in [1] (Chapter 6).
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In this paper, we assume that 𝑆𝑥𝑎, 𝑆𝑦𝑎, 𝑆𝑧𝑎, 𝑆ℎ, and 𝐶#
∗ in

(4) and (5) are unknown constants. Thus, (4) and (5) can be
parameterized into the following form:

𝐹𝑥𝑎𝑚 = 𝜗T𝑢,1𝜑𝑢,1
𝐹𝑦𝑎𝑚 = 𝜗TV,1𝜑V,1𝑀𝑧𝑎𝐼𝑧 = 𝜗T𝑟,1𝜑𝑟,1
𝑀𝑥𝑎𝐼𝑥 = 𝜗T𝑝,1𝜑𝑝,1,
𝐹𝑥ℎ𝑚 = 𝜗T𝑢,2𝜑𝑢,2
𝐹𝑦ℎ𝑚 = 𝜗TV,2𝜑V,2
𝑀𝑧ℎ𝐼𝑧 = 𝜗T𝑟,2𝜑𝑟,2
𝑀𝑥ℎ𝐼𝑥 = 𝜗T𝑝,2𝜑𝑝,2

(6)

By substituting (6) and other component forces andmoments
into (3), a 4-DOF parameterized hovercraft model can be
given as

�̇� = V𝑟 + 𝑓𝑢 + 𝜗T𝑢,1𝜑𝑢,1 + 𝜗T𝑢,2𝜑𝑢,2 + 𝜏𝑢 + 𝑑𝑢
V̇ = −𝑢𝑟 + 𝑓V + 𝜗TV,1𝜑V,1 + 𝜗TV,2𝜑V,2 + 𝑑V̇𝑟 = 𝑓𝑟 + 𝜗T𝑟,1𝜑𝑟,1 + 𝜗T𝑟,2𝜑𝑟,2 + 𝜏𝑟 + 𝑑𝑟�̇� = 𝑓𝑝 + 𝜗T𝑝,1𝜑𝑝,1 + 𝜗T𝑝,2𝜑𝑝,2 + 𝑑𝑝

(7)

where the control inputs in (7) are 𝜏𝑢 = 𝐹𝑥𝑇/𝑚 and𝜏𝑟 = 𝑀𝑧𝛿/𝐼𝑧. The dynamics 𝑓𝑢, 𝑓V, 𝑓𝑝, and 𝑓𝑟 are the
integration of other known component forces and moments
in (3), which are defined as 𝑓𝑢 = 𝐹𝑥𝑛/𝑚, 𝑓V = (𝐹𝑦𝑐 +𝐹𝑦𝑛)/𝑚, 𝑓𝑟 = (𝑀𝑧𝑐 + 𝑀𝑧𝑛)/𝐼𝑧, and 𝑓𝑝 = (𝑀𝑥𝑐 + 𝑀𝑥𝑛 +𝑀𝑥𝐺)/𝐼𝑥. In addition, 𝑑𝑢, 𝑑V, 𝑑𝑟, and 𝑑𝑝 in (7) denote the
bounded disturbances, including the unmodeled dynamics
and external disturbances induced by wind and waves. See
Appendix B for the detailed expressions of the parameters in
(7).

The desired parameterized path is defined by 𝑋𝑝 =(𝑥𝑝(𝜔), 𝑦𝑝(𝜔)), where 𝜔 ∈ R denotes the path variable. A
path-fixed reference frame is defined with its origin at 𝑋𝑝.
The path-tangential angle is calculated by

𝛾𝑝 (𝜔) = atan2 (𝑦𝑝 (𝜔) , 𝑥𝑝 (𝜔)) (8)

where 𝑥𝑝(𝜔) = 𝜕𝑥𝑝/𝜕𝜔 and 𝑦𝑝(𝜔) = 𝜕𝑦𝑝/𝜕𝜔. For a hovercraft
located at 𝑋 = (𝑥, 𝑦), the geometry of LOS guidance is
illustrated in Figure 2.
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Figure 2: The LOS guidance geometry.

The along-track error 𝜉𝑠(𝑡) and the cross-track error 𝜉𝑒(𝑡)
in the path-fixed frame are written as

[𝜉𝑠𝜉𝑒] = [cos 𝛾𝑝 − sin 𝛾𝑝
sin 𝛾𝑝 cos 𝛾𝑝 ]

T [𝑥 − 𝑥𝑝𝑦 − 𝑦𝑝] (9)

According to the kinematic equations of surface vessels given
in [48], the 4-DOF kinematics of the hovercraft is expressed as

[[[[[[

�̇�̇�̇��̇�𝜙
]]]]]]
= [[[[[[

cos𝜓 − sin𝜓 cos𝜙 0 0
sin𝜓 cos𝜓 cos𝜙 0 00 0 cos𝜙 00 0 0 1

]]]]]]
[[[[[[

𝑢
V𝑟𝑝
]]]]]]

(10)

where 𝑥 and 𝑦 are the coordinates of the hovercraft’s CG in
the earth-fixed frame.𝜓 is the heading angle of the hovercraft,
and 𝜙 is the heeling angle of the hovercraft.

The time derivative of the tracking errors in (9) is written as

[ ̇𝜉𝑠̇𝜉𝑒] = ̇𝛾𝑝 [[[[[
− sin 𝛾𝑝 (𝑥 − 𝑥𝑝) + cos 𝛾𝑝 (𝑦 − 𝑦𝑝)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜉
𝑒− cos 𝛾𝑝 (𝑥 − 𝑥𝑝) − sin 𝛾𝑝 (𝑦 − 𝑦𝑝)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
−𝜉
𝑠

]]]]]
+ [[

cos 𝛾𝑝 (�̇� − �̇�𝑝) + sin 𝛾𝑝 ( ̇𝑦 − ̇𝑦𝑝)− sin 𝛾𝑝 (�̇� − �̇�𝑝) + cos 𝛾𝑝 ( ̇𝑦 − ̇𝑦𝑝)]]
(11)

Substituting (8) and (10) into (11) yields

[ ̇𝜉𝑠̇𝜉𝑒] = [[
𝑢 cos (𝜓 − 𝛾𝑝) − V sin (𝜓 − 𝛾𝑝) − �̇�√𝑥2𝑝 + 𝑦2𝑝𝑢 sin (𝜓 − 𝛾𝑝) + V cos (𝜓 − 𝛾𝑝) ]]
+ [ ̇𝛾𝑝𝜉𝑒− ̇𝛾𝑝𝜉𝑠]

(12)

Setting 𝛽 = atan2(V, 𝑢), (12) can finally be written as

[ ̇𝜉𝑠̇𝜉𝑒] = [[
𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�√𝑥2𝑝 + 𝑦2𝑝 + ̇𝛾𝑝𝜉𝑒𝑈 sin (𝜓 − 𝛾𝑝 + 𝛽) − ̇𝛾𝑝𝜉𝑠 ]] (13)

where V = V cos𝜙 is the projection of the lateral velocity onto
the horizontal plane. 𝑈 = √𝑢2 + V2 is the hovercraft speed. If
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the roll motion is not considered, we obtain cos𝜙 = 1. The
obtained equation (13) is similar to the previous results [8, 31]
for 3-DOF surface vessels.

Suppose that 𝑘𝑠, 𝑘𝑒, and 𝑘𝑢
𝑒

are positive constant con-
straints and 𝑘𝑟(𝑡) is the symmetric time-varying yaw rate
constraint, where the time derivatives of 𝑘𝑠, 𝑘𝑒, 𝑘𝑢

𝑒

, and 𝑘𝑟(𝑡)
are bounded. The control objective of this study is to design
a constrained path following controller for a hovercraft
in the presence of parametric uncertainties and external
disturbances that can guarantee the prescribed tracking
performance: |𝜉𝑠| < 𝑘𝑠 and |𝜉𝑒| < 𝑘𝑒. The yaw rate satisfies
the constraint |𝑟(𝑡)| < 𝑘𝑟(𝑡), and the surge velocity satisfies
the constraint |𝑢𝑒| < 𝑘𝑢

𝑒

for all 𝑡 > 0, where 𝑢𝑒 = 𝑢 − 𝑢𝑑.
Remark 4. In the previous path following literature [8, 10, 29,
31], the proposed LOS guidance algorithms only regulate the
steady-state tracking errors to be zero or within the neighbor-
hood of zero, while the transient tracking performances are
not considered. Reference [45] also proposed a LOS guidance
to limit the position tracking errors. However, only the
output constraints of the vessel were guaranteed; the yaw rate
and velocity constraints were not guaranteed. In this paper,
both the state and the output constraints of vessel system
can be strictly guaranteed by the proposed control scheme.
In addition, the yaw rate of a hovercraft is of particular
concern to sailors during maneuver. Because the hovercraft
usually hovers over the water with a high forward velocity,
a large yaw rate or an excessive rudder angle can easily
influence the navigation safety of a hovercraft as compared to
a conventional displacement ship. Reference [33] shows that
the stability boundary of the yaw rate varies with the surge
speed of the hovercraft, which leads to the conversion of our
design task into a time-varying state constrained problem.

To facilitate the control design, we make the following
assumptions.

Assumption 5. The disturbances 𝑑𝑢(𝑡), 𝑑V(𝑡), 𝑑𝑟(𝑡), and 𝑑𝑝(𝑡)
are bounded.There exist unknown positive constants𝐷𝑢,𝐷V,𝐷𝑟, and 𝐷𝑝 such that |𝑑𝑢| ≤ 𝐷𝑢, |𝑑V| ≤ 𝐷V, |𝑑𝑟| ≤ 𝐷𝑟. and|𝑑𝑝| ≤ 𝐷𝑝 hold for all 𝑡 ≥ 0.
Assumption 6. The initial tracking errors 𝜉𝑠(0), 𝜉𝑒(0), and𝑢𝑒(0) satisfy the prescribed constraints |𝜉𝑠(0)| < 𝑘𝑠, |𝜉𝑒(0)| <𝑘𝑒, and |𝑢𝑒(0)| < 𝑘𝑢

𝑒

, and the yaw rate tracking error satisfies|𝑟𝑒(0)| < 𝑘𝑟
𝑒

(0).
Assumption 7. For any 𝑘𝑠 > 0 and 𝑘𝑒 > 0, the first and
second time derivatives of the desired path (𝑥𝑝, 𝑦𝑝) are both
bounded.

Assumption 8. Due to underactuated configuration of the
hovercraft, a constraint on sway dynamics without control
input is required that the sway velocity of the hovercraft is
passive bounded.

3. Control System Design

3.1. Position-Constrained LOS Guidance. In this subsection,
the barrier Lyapunov function will be introduced into the

LOS guidance to guarantee the position constraints. The
Lyapunov function is defined as follows:

𝑉1 = 12 log 𝑘2𝑠𝑘2𝑠 − 𝜉2𝑠 + 12 log 𝑘2𝑒𝑘2𝑒 − 𝜉2𝑒 (14)

The time derivative of 𝑉1 is calculated as

�̇�1 = 𝜗𝑠 ̇𝜉𝑠 + 𝜗𝑒 ̇𝜉𝑒 (15)

where 𝜗𝑠 = 𝜉𝑠/(𝑘2𝑠 − 𝜉2𝑠 ) and 𝜗𝑒 = 𝜉𝑒/(𝑘2𝑒 − 𝜉2𝑒 ).
Substituting (13) into (15), we obtain

�̇�1 = 𝜗𝑠 (𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�√𝑥2𝑝 + 𝑦2𝑝 + ̇𝛾𝑝𝜉𝑒)
+ 𝜗𝑒 (𝑈 sin (𝜓 − 𝛾𝑝 + 𝛽) − ̇𝛾𝑝𝜉𝑠)

= 𝜗𝑠 (𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�√𝑥2𝑝 + 𝑦2𝑝 )
+ 𝜗𝑠 ̇𝛾𝑝𝜉𝑒 (1 − 𝑘2𝑠 − 𝜉2𝑠𝑘2𝑒 − 𝜉2𝑒 ) + 𝜗𝑒𝑈 sin (𝜓 − 𝛾𝑝 + 𝛽)

(16)

Taking the time derivative of 𝛾𝑝 yields
̇𝛾𝑝 = �̇�𝑦𝑝𝑥𝑝 − 𝑥𝑝𝑦𝑝𝑥𝑝2 + 𝑦𝑝2 (17)

Invoking (17) in (16), we have

�̇�1 = 𝜗𝑠 (𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�𝜎)
+ 𝜗𝑒𝑈 sin (𝜓 − 𝛾𝑝 + 𝛽) (18)

with

𝜎 = √𝑥2𝑝 + 𝑦2𝑝 − 𝜉𝑒𝑦𝑝𝑥𝑝 − 𝑥𝑝𝑦𝑝𝑥𝑝2 + 𝑦𝑝2 (1 − 𝑘2𝑠 − 𝜉2𝑠𝑘2𝑒 − 𝜉2𝑒 ) (19)

Defining the tracking error as

𝜓𝑒 = 𝜓 − 𝜓𝑑 (20)

and substituting (20) into (18) yield

�̇�1 = 𝜗𝑠 (𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�𝜎)
+ 𝜗𝑒 ((𝑢𝑑 sin (𝜓𝑑 − 𝛾𝑝) + V cos (𝜓𝑑 − 𝛾𝑝)) cos𝜓𝑒
+ 𝑢𝑒 sin (𝜓 − 𝛾𝑝)
+ (𝑢𝑑 cos (𝜓𝑑 − 𝛾𝑝) − V sin (𝜓𝑑 − 𝛾𝑝)) sin𝜓𝑒)
= 𝜗𝑠 (𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) − �̇�𝜎)
+ 𝜗𝑒 (𝑈𝑑 sin (𝜓𝑑 − 𝛾𝑝 + 𝛽𝑑) cos𝜓𝑒 + 𝑢𝑒 sin (𝜓 − 𝛾𝑝)
+ 𝑈𝑑 cos (𝜓𝑑 − 𝛾𝑝 + 𝛽𝑑) sin𝜓𝑒)

(21)

with 𝑈𝑑 = √𝑢2𝑑 + V2 and 𝛽𝑑 = atan2(V, 𝑢𝑑).
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From (21), we can obtain the update law for 𝜔:
�̇� = 𝑈 cos (𝜓 − 𝛾𝑝 + 𝛽) + 𝑘1𝜉𝑠𝜎 (22)

Note that 𝜎 is the denominator of (22); to avoid 𝜎 = 0, we can
take 𝜎 = 𝜎0 sgn(𝜎)when |𝜎| < 𝜎0, where 𝜎0 is a small positive
constant.

The desired heading angle of the hovercraft is chosen to
be 𝜓𝑑 = 𝛾𝑝 − 𝛽𝑑 + atan2 (−𝜉𝑒, 𝑘2) (23)

where 𝑘1, 𝑘2 > 0 are positive design constants and 𝑘2 is the
look-ahead distance.

By invoking (22) and (23), (21) becomes

�̇�1 = −𝑘1𝜉2𝑠𝑘2𝑠 − 𝜉2𝑠 + 𝜗𝑒(− cos𝜓𝑒𝑈𝑑𝜉𝑒 + sin𝜓𝑒𝑈𝑑𝑘2√𝑘22 + 𝜉2𝑒
+ 𝑢𝑒 sin (𝜓 − 𝛾𝑝))

= − 𝑘1𝜉2𝑠𝑘2𝑠 − 𝜉2𝑠 − 𝑈𝑑√𝑘22 + 𝜉2𝑒
𝜉2𝑒𝑘2𝑒 − 𝜉2𝑒 + 𝜗𝑒𝜓𝑒𝜒 + 𝜗𝑒𝑢𝑒

⋅ sin (𝜓 − 𝛾𝑝) ≤ −𝜍1𝑉1 + 𝜗𝑒𝜓𝑒𝜒 + 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝)

(24)

where

𝜒 = − 𝑈𝑑𝜉𝑒√𝑘22 + 𝜉2𝑒
(cos𝜓𝑒 − 1)𝜓𝑒 + 𝑘2𝑈𝑑√𝑘22 + 𝜉2𝑒

sin𝜓𝑒𝜓𝑒 (25)

with 𝜍1 = min{𝑘1, 𝑈𝑑/√𝑘22 + 𝜉2𝑒 }.
Remark 9. In (25), we have |𝜉𝑒|/√𝑘22 + 𝜉2𝑒 ≤ 1 and𝑘2/√𝑘22 + 𝜉2𝑒 ≤ 1. By using L’Hopital’s rule, we obtain
lim𝜓

𝑒
→0((cos𝜓𝑒 − 1)/𝜓𝑒) = 0 and lim𝜓

𝑒
→0(sin𝜓𝑒/𝜓𝑒) = 1.

Thus, singularity will not occur in (25).

3.2. Attitude Control. In this subsection, the attitude kine-
matic controller for the hovercraftwill be designed to stabilize
the yaw angle tracking error 𝜓𝑒. Subsequently, the yaw rate
controller will be developed via BLF-based adaptive control,
while the time-varying constraint on the yaw rate, |𝑟| < 𝑘𝑟(𝑡),
will be strictly guaranteed.

Suppose that the virtual yaw rate 𝛼𝑟 satisfies𝛼𝑟 < 𝑘𝛼𝑟 (𝑡) < 𝑘𝑟 (𝑡) (26)

where 𝑘𝛼
𝑟

(𝑡) : R+ → R+and 𝑘𝑟(𝑡) : R+ → R+.The yaw rate
tracking error is defined as 𝑟𝑒 = 𝑟−𝛼𝑟. If a yaw rate controller
exists that can ensure the inequality𝑟𝑒 < 𝑘𝑟𝑒 (𝑡) ≤ 𝑘𝑟 (𝑡) − 𝑘𝛼𝑟 (𝑡) (27)

where 𝑘𝑟
𝑒

(𝑡) : R+ → R+ and then the time-varying
constraint 𝑘𝑟(𝑡) on yaw rate 𝑟(𝑡) can be guaranteed.
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Figure 3: Configuration of the command filter.

Remark 10. If the designed yaw rate controller canmake |𝑟𝑒| <𝑘𝑟
𝑒

(𝑡), then we have |𝑟 − 𝛼𝑟| < 𝑘𝑟(𝑡) − 𝑘𝛼
𝑟

(𝑡) and |𝑟| − |𝛼𝑟| <𝑘𝑟(𝑡)−𝑘𝛼
𝑟

(𝑡). Using (26), we obtain |𝑟| < 𝑘𝑟(𝑡)−(𝑘𝛼
𝑟

(𝑡)−𝛼𝑟) <𝑘𝑟(𝑡).
However, one problem is how to ensure the inequality|𝛼𝑟| < 𝑘𝛼

𝑟

(𝑡) in (26) because there is no effective mechanism
to guarantee it. Motivated by [49], the command filter is
employed to constrain the magnitude of the virtual yaw rate
by the time-varying constraint 𝑘𝛼

𝑟

(𝑡). The command filter is
shown in Figure 3.

Here, the nominal virtual yaw rate 𝛼𝑟,𝑐 is filtered to
provide the magnitude and bandwidth limited virtual yaw
rate 𝛼𝑟 and its derivative �̇�𝑟. In addition, an auxiliary system
will be designed to compensate for the estimation errorΔ𝛼𝑟 =𝛼𝑟 − 𝛼𝑟,𝑐.
Step 1 (kinematics controller). Choose the following candi-
date Lyapunov function 𝑉2:

𝑉2 = 12𝜓2𝑒 (28)

Taking the time derivative of (28), we obtain

�̇�2 = 𝜓𝑒 (𝑟𝑒 cos𝜙 + Δ𝛼𝑟 cos𝜙 + 𝛼𝑟,𝑐 cos𝜙 − �̇�𝑑) (29)

To avoid the complex derivative computations of𝜓𝑑 included
in the nominal virtual control law 𝛼𝑟,𝑐, a second-order
tracking-differentiator [50, 51] will be used for the estimation
of �̇�𝑑, which is described as

V̇1 = V2

V̇2 = −𝑅2 [𝑎1 (V1 − 𝜓𝑑) + 𝑎2 V2𝑅 ] (30)

where 𝑅, 𝑎1, and 𝑎2 are positive design constants; 𝜓𝑑 is
the input signal of (30); V1 and V2 denote the respective
estimations of 𝜓𝑑 and �̇�𝑑. Let V2 = �̇�𝑑,𝑐 and define the
estimation error as 𝜀 = �̇�𝑑,𝑐 − �̇�𝑑 (31)

According to Theorem 2 presented in [50], we have
lim𝑅→+∞𝜀 = 0, which means that 𝜀 can be sufficiently small
by choosing a large 𝑅. Hence, it can be concluded that there
exists arbitrarily small positive constant 𝜀𝑀 such that |𝜀| ≤ 𝜀𝑀.

As such, the nominal virtual control law 𝛼𝑟,𝑐 for (29) is
given by

𝛼𝑟,𝑐 = −𝑘3𝜓𝑒 + �̇�𝑑,𝑐 − 𝜗𝑒𝜒 + 𝑐1𝜁𝑟 − (𝑐21 /2) 𝜓𝑒
cos𝜙 (32)
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where 𝑘3 > 1/2 and 𝑐1 > 0 denote the design constants. 𝜙 ̸=±𝜋/2. 𝜁𝑟 is the state of the auxiliary system and compensates
for the constraint effect Δ𝛼𝑟. The auxiliary system is designed
as

̇𝜁𝑟 = {{{
−𝑘4𝜁𝑟 − 𝑓1𝜁𝑟 + 𝛾1Δ𝛼𝑟 cos𝜙, 𝜁𝑟 > 𝜌10, 𝜁𝑟 ≤ 𝜌1 (33)

where 𝑘4 > 1 and 𝛾1 > 0. 𝜌1 is a small positive design constant
that satisfies the performance requirement. 𝑓1 is given by

𝑓1 = 𝜓𝑒Δ𝛼𝑟 cos𝜙 + (1/2) 𝛾21 (Δ𝛼𝑟 cos𝜙)2𝜁𝑟2 (34)

Remark 11. Note that, in (33), 𝜁𝑟 will exponentially converge
onto the small set |𝜁𝑟| ≤ 𝜌1 if Δ𝛼𝑟 = 0. If the state 𝜁𝑟 in (33)
satisfies |𝜁𝑟| > 𝜌1, then saturation effects occur again and the
initial value of the auxiliary system should be properly reset
to ensure that 𝜁𝑟 can respond to the case Δ𝛼𝑟 ̸= 0.

Consider the candidate Lyapunov function

𝑉3 = 𝑉2 + 12𝜁2𝑟 (35)

Invoking (32) and (33), the time derivative of 𝑉3 is given by

�̇�3 = 𝜓𝑒 ((𝑟𝑒 + Δ𝛼𝑟) cos𝜙 − 𝑘3𝜓𝑒 + (�̇�𝑑,𝑐 − �̇�𝑑) − 𝜗𝑒𝜒
+ 𝑐1𝜁𝑟 − 𝑐212 𝜓𝑒) + 𝜁𝑟 (−𝑘4𝜁𝑟 − 𝑓1𝜁𝑟 + 𝛾1Δ𝛼𝑟 cos𝜙)
= 𝜓𝑒𝑟𝑒 cos𝜙 + 𝜓𝑒Δ𝛼𝑟 cos𝜙 + 𝜓𝑒𝜀 − 𝜗𝑒𝜓𝑒𝜒 + 𝑐1𝜓𝑒𝜁𝑟
− 𝑘3𝜓2𝑒 − 𝑘4𝜁2𝑟 − 𝜓𝑒Δ𝛼𝑟 cos𝜙 − 12𝛾21 (Δ𝛼𝑟 cos𝜙)2
− 𝑐212 𝜓2𝑒 + 𝛾1𝜁𝑟Δ𝛼𝑟 cos𝜙

(36)

Note that, in (36),

𝜓𝑒𝜀 ≤ 12𝜓2𝑒 + 12𝜀2𝑀,
𝑐1𝜓𝑒𝜁𝑟 ≤ 12𝑐21𝜓2𝑒 + 12𝜁2𝑟 ,

𝛾1𝜁𝑟Δ𝛼𝑟 cos𝜙 ≤ 12𝛾21 (Δ𝛼𝑟 cos𝜙)2 + 12𝜁2𝑟 .
(37)

Then, we have

�̇�3 ≤ −(𝑘3 − 12)𝜓2𝑒 − (𝑘4 − 1) 𝜁2𝑟 − 𝜗𝑒𝜓𝑒𝜒 + 𝜓𝑒𝑟𝑒 cos𝜙
+ 12𝜀2𝑀 ≤ −𝜍2𝑉3 − 𝜗𝑒𝜓𝑒𝜒 + 𝜓𝑒𝑟𝑒 cos𝜙 + 12𝜀2𝑀

(38)

where 𝜍2 = min{𝑘3 − 1/2, 𝑘4 − 1}.
Step 2 (dynamics controller). Consider the following time-
varying symmetric BLF:

𝑉4 = 12 log 𝑘2𝑟
𝑒

(𝑡)𝑘2𝑟
𝑒

(𝑡) − 𝑟2𝑒 (39)

where 𝑘𝑟
𝑒

(𝑡) : R+ → R+. Recalling Remark 10, the con-
strained yaw rate controller will be proposed to guarantee the
constraint |𝑟𝑒| < 𝑘𝑟

𝑒

(𝑡). Define the new variable as 𝜉𝑟 = 𝑟𝑒/𝑘𝑟
𝑒

;
(39) can be rewritten as

𝑉4 = 12 log 11 − 𝜉2𝑟 (40)

It can be seen that 𝑉4 is positive definite and continuously
differentiable in the set |𝜉𝑟| < 1. The time derivative of 𝑉4 is
calculated as

�̇�4 = 𝜗𝑟( ̇𝑟𝑒 − 𝑟𝑒 �̇�𝑟𝑒𝑘𝑟
𝑒

) (41)

with 𝜗𝑟 = 𝜉𝑟/𝑘𝑟
𝑒

(1 − 𝜉2𝑟 ).
Substituting the third equation of (7) into (41), we have

�̇�4 = 𝜗𝑟(𝑓𝑟 + 𝜗T𝑟,1𝜑𝑟,1 + 𝜗T𝑟,2𝜑𝑟,2 + 𝜏𝑟 + 𝑑𝑟 − �̇�𝑟 − 𝑟𝑒 �̇�𝑟𝑒𝑘𝑟
𝑒

) (42)

The yaw rate control law for (42) becomes

𝜏𝑟 = −𝑓𝑟 − 𝜗T𝑟,1𝜑𝑟,1 − 𝜗T𝑟,2𝜑𝑟,2 + �̇�𝑟 − 𝑘5𝑟𝑒 − 𝑘5𝑟𝑒
− (𝑘2𝑟

𝑒

− 𝑟2𝑒 ) 𝜓𝑒 cos𝜙 − 𝐷𝑟 tanh(𝜗𝑟𝜎𝑟)
(43)

where 𝑘5 = √(�̇�𝑟
𝑒

/𝑘𝑟
𝑒

)2 + 𝜛, with 𝜛 > 0 a small constant.𝑘5 > 0 and 𝜎𝑟 > 0 are design constants. �̇�𝑟 is directly obtained
from the output of the command filter. 𝜗T𝑟,1, 𝜗T𝑟,2, and 𝐷𝑟 are
adaptive estimations of 𝜗T𝑟,1, 𝜗T𝑟,2, and𝐷𝑟, respectively.

The adaptation laws for 𝜗𝑟,1, 𝜗𝑟,2, and 𝐷𝑟 are designed as
follows: ̇̂𝜗𝑟,1 = 𝜗𝑟𝜑𝑟,1 − 𝑘𝜗,1𝜗𝑟,1̇̂𝜗𝑟,2 = 𝜗𝑟𝜑𝑟,2 − 𝑘𝜗,2𝜗𝑟,2̇̂𝐷𝑟 = 𝜗𝑟 tanh(𝜗𝑟𝜎𝑟) − 𝑘6𝐷𝑟

(44)

where 𝑘𝜗,1, 𝑘𝜗,2, and 𝑘6 are positive design constants.
Next, we construct the candidate Lyapunov function as

follows:

𝑉5 = 𝑉4 + 12𝜗𝑇𝑟,1𝜗𝑟,1 + 12𝜗𝑇𝑟,2𝜗𝑟,2 + 12𝐷2𝑟 (45)

Taking the time derivative of (45) and using (42) and (44), we
obtain

�̇�5 = �̇�4 − 𝜗𝑇𝑟,1 ̇̂𝜗𝑟,1 − 𝜗𝑇𝑟,2 ̇̂𝜗𝑟,2 − 𝐷𝑟 ̇̂𝐷𝑟
≤ −𝑘5 𝜉2𝑟1 − 𝜉2𝑟 − (𝑘5 + �̇�𝑟

𝑒𝑘𝑟
𝑒

)𝑟𝑒𝜗𝑟 + 𝑘𝜗,1𝜗T𝑟,1𝜗𝑟,1
+ 𝑘𝜗,2𝜗T𝑟,2𝜗𝑟,2 + 𝜗𝑟 (𝑑𝑟 − 𝐷𝑟 tanh(𝜗𝑟𝜎𝑟)) + 𝑘6𝐷𝑟𝐷𝑟− 𝜓𝑒𝑟𝑒 cos𝜙

(46)
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Note that

𝑘5 + �̇�𝑟
𝑒𝑘𝑟
𝑒

≥ 𝑘5 −  �̇�𝑟𝑒𝑘𝑟𝑒
 > 0 (47)

𝜗T𝑟,1𝜗𝑟,1 ≤ 𝜗𝑟,12 − 𝜗𝑟,122 ,
𝜗T𝑟,2𝜗𝑟,2 ≤ 𝜗𝑟,22 − 𝜗𝑟,222 ,
𝐷𝑟𝐷𝑟 ≤ 𝐷2𝑟 − 𝐷2𝑟2

(48)

and

𝜗𝑟 (𝑑𝑟 − 𝐷𝑟 tanh(𝜗𝑟𝜎𝑟)) ≤ 0.2785𝜎𝑟𝐷𝑟 (49)

Substituting the inequalities (47)-(49) and (2) into (46), in the
set, |𝜉𝑟| < 1 we can obtain that

�̇�5 ≤ −2𝑘5𝑉4 − (𝑘5 + �̇�𝑟
𝑒𝑘𝑟
𝑒

) 𝜉2𝑟1 − 𝜉2𝑟 − 𝑘𝜗,12 𝜗𝑟,12
− 𝑘𝜗,22 𝜗𝑟,22 − 𝑘62 𝐷2𝑟 + 𝜇𝑟 − 𝜓𝑒𝑟𝑒 cos𝜙

≤ −2𝑘5𝑉4 − 𝑘𝜗,12 𝜗𝑟,12 − 𝑘𝜗,22 𝜗𝑟,22 − 𝑘62 𝐷2𝑟 + 𝜇𝑟− 𝜓𝑒𝑟𝑒 cos𝜙 ≤ −𝜍3𝑉5 + 𝜇𝑟 − 𝜓𝑒𝑟𝑒 cos𝜙
(50)

where 𝜍3 = min{2𝑘5, 𝑘𝜗,1, 𝑘𝜗,2, 𝑘6}, with 𝜇𝑟 a positive constant
defined as

𝜇𝑟 = 𝑘𝜗,12 𝜗𝑟,12 + 𝑘𝜗,22 𝜗𝑟,22 + 𝑘62 𝐷2𝑟 + 0.2785𝜎𝑟𝐷𝑟. (51)

3.3. Velocity Tracking Control. In this subsection, the
designed control force 𝜏𝑢 should enforce the following
constraint on the velocity: lim𝑡→∞𝑢(𝑡) → 𝑢𝑑(𝑡). In
addition, the constraint |𝑢𝑒| < 𝑘𝑢

𝑒

should also be strictly
guaranteed. Using the first equation in (7), the time derivative
of 𝑢𝑒 is calculated as�̇�𝑒 = V𝑟 + 𝑓𝑢 + 𝜗T𝑢,1𝜑𝑢,1 + 𝜗T𝑢,2𝜑𝑢,2 + 𝜏𝑢 + 𝑑𝑢 − �̇�𝑑 (52)
Choosing the barrier Lyapunov function

𝑉6 = 12 log 𝑘2𝑢
𝑒𝑘2𝑢

𝑒

− 𝑢2𝑒 (53)

and differentiating (53) yield�̇�6 = 𝜗𝑢�̇�𝑒 (54)

where 𝜗𝑢 = 𝑢𝑒/(𝑘2𝑢
𝑒

− 𝑢2𝑒).
We design the surge velocity tracking controller for 𝜏𝑢 as

follows:

𝜏𝑢 = −V𝑟 − 𝜗T𝑢,1𝜑𝑢,1 − 𝜗T𝑢,2𝜑𝑢,2 − 𝐷𝑢 tanh(𝜗𝑢𝜎𝑢) − 𝑓𝑢− 𝑘7𝑢𝑒 + �̇�𝑑 − 𝜗𝑒 (𝑘2𝑢
𝑒

− 𝑢2𝑒) sin (𝜓 − 𝛾𝑝) (55)

where 𝑘7 > 0 and 𝜎𝑢 > 0 are design constants.

The adaptation laws for 𝜗𝑢,1, 𝜗𝑢,2, and𝐷𝑢 are given aṡ̂𝜗𝑢,1 = 𝜗𝑢𝜑𝑢,1 − 𝑘𝜗,3𝜗𝑢,1̇̂𝜗𝑢,2 = 𝜗𝑢𝜑𝑢,2 − 𝑘𝜗,4𝜗𝑢,2̇̂𝐷𝑢 = 𝜗𝑢 tanh(𝜗𝑢𝜎𝑢) − 𝑘8𝐷𝑢
(56)

where 𝑘𝜗,3, 𝑘𝜗,4, and 𝑘8 are positive design constants.
Construct the Lyapunov function 𝑉7 as

𝑉7 = 𝑉6 + 12𝜗T𝑢,1𝜗𝑢,1 + 12𝜗T𝑢,2𝜗𝑢,2 + 12𝐷2𝑢 (57)

Taking the time derivative of (57) and invoking (54)-(56), we
obtain

�̇�7 = �̇�6 − 𝜗T𝑢,1 ̇̂𝜗𝑢,1 − 𝜗T𝑢,2 ̇̂𝜗𝑢,2 − 𝐷𝑢 ̇̂𝐷𝑢
≤ −𝑘7 𝑢2𝑒𝑘2𝑢

𝑒

− 𝑢2𝑒 + 𝑘𝜗,3𝜗T𝑢,1𝜗𝑢,1 + 𝑘𝜗,4𝜗T𝑢,2𝜗𝑢,2 + 𝑘8𝐷𝑢𝐷𝑢
+ 𝜗𝑢 (𝑑𝑢 − 𝐷𝑢 tanh(𝜗𝑢𝜎𝑢)) − 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝)

(58)

Note also that 𝜗T𝑢,1𝜗𝑢,1 ≤ (‖𝜗𝑢,1‖2 − ‖𝜗𝑢,1‖2)/2, 𝜗𝑇𝑢,2𝜗𝑢,2 ≤(‖𝜗𝑢,2‖2 − ‖𝜗𝑢,2‖2)/2, and𝐷𝑢𝐷𝑢 ≤ (𝐷2𝑢 − 𝐷2𝑢)/2.
We then have

�̇�7 ≤ −2𝑘7𝑉6 − 𝑘𝜗,32 𝜗𝑢,12 − 𝑘𝜗,42 𝜗𝑢,22 − 𝑘82 𝐷2𝑢 + 𝜇𝑢− 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝)
≤ −𝜍4𝑉7 + 𝜇𝑢 − 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝)

(59)

where 𝜍4 = min{2𝑘7, 𝑘𝜗,3, 𝑘𝜗,4, 𝑘8} and𝜇𝑢 is a positive constant
defined as

𝜇𝑢 = 𝑘𝜗,32 𝜗𝑢,12 + 𝑘𝜗,42 𝜗𝑢,22 + 𝑘82 𝐷2𝑢 + 0.2578𝜎𝑢𝐷𝑢. (60)

Remark 12. In (55), the desired surge speed 𝑢𝑑(𝑡) is required
to be continuously differentiable. In previous works [10, 11,
45], the desired surge speed 𝑢𝑑 was chosen as a constant for
all 𝑡 > 0. However, in practice, the desired surge speed of a
hovercraft is often directly switched to another value, which
will lead to the nonexistence of �̇�𝑑(𝑡). Thus, to ensure that the
desired surge speed is differentiable when 𝑢𝑑 changes from𝑢𝑑1 to 𝑢𝑑2 between any time interval 𝑡𝑎 and 𝑡𝑏, we give a speed
smoother as follows:𝑢𝑑 = 𝑢𝑑1 + ℎ (𝑡, 𝑡𝑎, 𝑡𝑏, 𝛾𝑡) (𝑢𝑑2 − 𝑢𝑑1) (61)

The scalar function ℎ(𝑡, 𝑡𝑎, 𝑡𝑏, 𝛾𝑡) is defined as

ℎ (𝑡, 𝑡𝑎, 𝑡𝑏, 𝛾𝑡) = 𝑓 (𝜏)𝑓 (𝜏) + 𝛾𝑡𝑓 (1 − 𝜏) (62)

where 𝜏 = (𝑡−𝑡𝑎)/(𝑡𝑏−𝛾𝑡).𝑓(𝜏) = 0 if 𝜏 ≤ 0, and𝑓(𝜏) = 𝑒−1/𝜏
if 𝜏 > 0, with 𝑡𝑎 < 𝑡𝑏 and 𝛾𝑡 a positive constant. The speed
smoother is shown in Figure 4.
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Figure 4: The desired surge speed and its derivative.

3.4. Stability Analysis

Theorem 13. Consider the parameterized hovercraft models
(7) and (10) in the presence of parametric uncertainties and
external disturbances and assume that Assumptions 5–8 are
satisfied. If the update law for the path variable 𝜔 is chosen as
(22), the desired heading angle of the hovercraft is calculated
by (23), the auxiliary system is designed as (33), the adaptation
laws for unknown parameters and external disturbances are
given by (44) and (56), and the controllers are obtained from
(43) and (55); then the following properties hold:

(i) All the error signals in the closed-loop system are
uniformly ultimately bounded (UUB).

(ii) The static constraints on position and surge velocity
tracking errors and the time-varying constraints on the yaw rate
are never violated, i.e., |𝜉𝑠| < 𝑘𝑠, |𝜉𝑒| < 𝑘𝑒, |𝑢𝑒| < 𝑘𝑢

𝑒

and|𝑟(𝑡)| < 𝑘𝑟(𝑡) hold for all 𝑡 > 0.
Proof. (i) Construct the following candidate Lyapunov func-
tion: 𝑉 = 𝑉1 + 𝑉3 + 𝑉5 + 𝑉7 (63)

By virtue of (24), (38), (50), and (59), the time derivative of𝑉
is given by

�̇� ≤ −𝜍1𝑉1 − 𝜍2𝑉3 − 𝜍3𝑉5 − 𝜍4𝑉7 + 𝜗𝑒𝜓𝑒𝜒 + 𝜇𝑟+ 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝) − 𝜗𝑒𝜓𝑒𝜒 + 𝜓𝑒𝑟𝑒 cos𝜙
− 𝜓𝑒𝑟𝑒 cos𝜙 − 𝜗𝑒𝑢𝑒 sin (𝜓 − 𝛾𝑝) + 12𝜀2𝑀 + 𝜇𝑢

≤ −𝜍1𝑉1 − 𝜍2𝑉3 − 𝜍3𝑉5 − 𝜍4𝑉7 + 𝜇𝑢 + 𝜇𝑟 + 12𝜀2𝑀≤ −𝜍𝑉𝑉 + 𝜇𝑉

(64)

where 𝜍𝑉 = min{𝜍1, 𝜍2, 𝜍3, 𝜍4} and 𝜇𝑉 = 𝜇𝑢 + 𝜇𝑟 + (1/2)𝜀2𝑀.

If the initial conditions satisfy Assumption 6, then the
constructed Lyapunov function 𝑉 satisfies the inequality

𝑉 (𝑡) ≤ Γ (𝑡) = (𝑉 (0) − 𝜇𝑉𝜍𝑉 ) exp (−𝜍𝑉𝑡) + 𝜇𝑉𝜍𝑉 (65)

From (65), we know that lim𝑡→∞𝑉(𝑡) ≤ lim𝑡→∞Γ(𝑡) =𝜇𝑉/𝜍𝑉. Therefore, all the error signals in the closed-loop
system are uniformly ultimately bounded. Noting the expres-
sions of 𝜇𝑉 and 𝜍𝑉, the ultimate bounds can be made
arbitrarily small by adjusting the design parameters.

(ii) ∀𝑡 > 0, the BLF (14), (40), and (53) satisfy the
following inequalities:

12 log 𝑘2𝑖𝑘2𝑖 − 𝜉2𝑖 ≤ 𝑉 (𝑡) ≤ Γ (𝑡)
12 log 𝑘2𝑢

𝑒𝑘2𝑢
𝑒

− 𝑢2𝑒 ≤ 𝑉 (𝑡) ≤ Γ (𝑡)12 log 11 − 𝜉2𝑟 ≤ 𝑉 (𝑡) ≤ Γ (𝑡)
(66)

where 𝑖 = 𝑠, 𝑒.
Then, from (66), we obtain𝜉𝑠 ≤ 𝑘𝑠√1 − exp (−2Γ (𝑡)) < 𝑘𝑠𝜉𝑒 ≤ 𝑘𝑒√1 − exp (−2Γ (𝑡)) < 𝑘𝑒𝑢𝑒 ≤ 𝑘𝑢𝑒√1 − exp (−2Γ (𝑡)) < 𝑘𝑢

𝑒𝜉𝑟 ≤ √1 − exp (−2Γ (𝑡)) < 1
(67)

In (67), from |𝜉𝑟| < 1, ∀𝑡 > 0, we know that |𝑟𝑒(𝑡)| <𝑘𝑟
𝑒

(𝑡), ∀𝑡 > 0. Recalling Remark 10, we conclude that|𝑟(𝑡)| < 𝑘𝑟(𝑡). Therefore, all the prescribed constraints of
the hovercraft system can be guaranteed for ∀𝑡 > 0. This
completes the proof.

4. Simulation

In this section, numerical simulations will be implemented
to demonstrate the effectiveness and safety of the proposed
control scheme for hovercraft navigation and to compare
our scheme with the results presented in [11, 45]. A general
curvilinear path simulation scenario is considered. In simu-
lations, the uncertainty parameters in (7), including 𝑆𝑥𝑎, 𝑆𝑦𝑎,𝑆𝑧𝑎, 𝑆ℎ, and 𝐶#

∗, have 20% maximum relative uncertainties
according to their nominal values; i.e., their real values are
chosen according to

𝑆∗ = 𝑆∗nominal + 𝜆𝑆∗nominal,𝐶#
∗ = 𝐶#

∗nominal + 𝜆𝐶#
∗nominal, (68)

where 𝜆 is randomly selected from [−0.2, 0.2]. The nominal
parameters of the hovercraft are shown in Appendix A,
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Table 1: Nominal values of the hovercraft in the simulation.

Parameter Nominal Value SI-Unit Parameter Nominal Value SI-Unit𝐶𝑥𝑎0 -0.345 - 𝐶𝑦ℎ0 -0.00011 -𝐶𝛿𝑟𝑥𝑎 -0.00516 1/rad 𝐶𝜙𝑦ℎ -0.0012 1/rad𝐶𝛽𝑥𝑎 -0.2504 1/rad 𝐶𝛽𝑦ℎ 0.04582 1/rad𝐶 ̇𝛽
𝑥𝑎 -0.0001 s/rad 𝐶𝑚𝑧𝑎0 -0.000356 -𝐶𝑥ℎ0 -0.1049 - 𝐶𝛿𝑟𝑚𝑧𝑎 -0.001534 1/rad𝐶𝜙𝑥ℎ 0.00014 1/rad 𝐶𝛽𝑚𝑧𝑎 -0.05412 1/rad𝐶𝛽𝑥ℎ 0.191 1/rad 𝐶 ̇𝛽

𝑚𝑧𝑎 -0.00021 s/rad𝐶𝑦𝑎0 -0.001 - 𝐶𝜙𝑚𝑧ℎ 0 1/rad𝐶𝛿𝑟𝑦𝑎 0.002614 1/rad 𝐶𝛽𝑚𝑧ℎ 0 1/rad𝐶𝛽𝑦𝑎 0.1645 1/rad 𝑚 40000 kg𝐶 ̇𝛽
𝑦𝑎 0.00042 s/rad 𝐼𝑥 247810 kgm2𝑆𝑥𝑎 45.27 m2 𝐼𝑧 1746347 kgm2𝑆𝑦𝑎 93 m2 𝑆𝑧𝑎 268 m2𝑆ℎ 21 m2

4
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r [
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Figure 5: The yaw rate constraints on the hovercraft.

Table 1. For numerical simulations, the time-varying
bounded disturbances in (7) are generated by using the
first-order Gauss-Markov process [52]:̇𝑑𝑢 + 𝑎1𝑑𝑢 = 𝜔1̇𝑑V + 𝑎2𝑑V = 𝜔2̇𝑑𝑟 + 𝑎3𝑑𝑟 = 𝜔3̇𝑑𝑝 + 𝑎4𝑑𝑝 = 𝜔4

(69)

where 𝜔𝑖 (𝑖 = 1, 2, 3, 4) are zero-mean Gaussian white noise
processes and 𝑎𝑖 ≥ 0 (𝑖 = 1, 2, 3, 4) are constants.

To demonstrate that the control objective can be achieved
by the proposed controller, we first set the constant con-
straints on position and surge velocity to be 𝑘𝑠 = 30m, 𝑘𝑒 =30m, and 𝑘𝑢

𝑒

= 1m/s. The time-varying yaw rate constraint
in our simulations is shown in Figure 5, which is similar to

the yaw rate constraint in [33]. We can see that the yaw rate
constraint of the hovercraft decreases with increasing surge
speed. To adapt to practical applications, it is determined that
the yaw rate should be further restricted to guarantee the
navigation safety of a hovercraft with a higher speed.The yaw
rate constraint 𝑘𝑟(𝑡) can be written as 𝑘𝑟(𝑡) = −0.25𝑢(𝑡) + 7,
with 𝑢(𝑡) ≥ 8m/s. The maximum yaw rate tracking error is
limited by |𝑟𝑒| ≤ 1 deg/s. Thus, the time-varying magnitude
of the limiter in Figure 3 is set as 𝑘𝛼

𝑟

(𝑡) = −0.25𝑢(𝑡) + 6,
with 𝑢(𝑡) ≥ 8m/s, and the yaw rate tracking error constraints
should satisfy the conditions: 𝑘𝑟

𝑒

(𝑡) ≤ 𝑘𝑟(𝑡)−𝑘𝛼
𝑟

(𝑡) = 1 deg/s.
The control parameters are listed in Table 2.

In addition to our proposed controller, we simulate two
different controllers for comparison, which are assigned as
follows.

Case 1. This comparative controller is derived from [11]
by using traditional adaptive LOS guidance. The yaw rate
constraint is not considered.

Case 2. This comparative controller is designed by using the
strategy in [45], which can only guarantee the position con-
straints. However, the yaw rate constraint is not considered.

Case 3. This controller in this case is our proposed control
scheme.

The desired path for a curvilinear path following simu-
lation is given as 𝑋𝑝 = [𝜔, 2000 sin(𝜔/550)]T m. The initial
positions of the hovercraft are chosen as (𝑥(0), 𝑦(0), 𝜓(0)) =(29m, 29m, 0 rad), the initial velocities are (𝑢(0), V(0)) =(7.5m/s, 0m/s), and 𝑟(0) = 0.0087 rad/s. The initial states
of the hovercraft satisfy Assumption 6, and according to (61),
the desired surge speed 𝑢𝑑(𝑡) varies from 8 m/s to 10 m/s
between 𝑡𝑎 = 406 s and 𝑡𝑏 = 410 s. For comparison purposes,
the desired surge speed in Cases 1 and 2 is directly switched
from 8 m/s to 10 m/s at 𝑡𝑠 = 408 s. To analyse the control per-
formances under these three controllers, simulation results
are given as follows.

The path following results in Figure 6 demonstrate that
the proposed controller has improved performance in terms
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Table 2: Control parameters in hovercraft simulations.

Parameter Value Parameter Value𝑘1 2 𝜎𝑢 0.1𝑘2 80 𝜎𝑟 0.1𝑘3 1 𝑘𝜗,1 5𝑐1 0.1 𝑘𝜗,2 3𝑘4 1.5 𝑘𝜗,3 1.5𝑘5 0.01 𝑘𝜗,4 4𝑘5 3 𝑘7 1𝑘6 20 𝑘8 0.2
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Figure 6: Curvilinear path following.

of the tracking accuracy and convergence rate. Figure 7 shows
that the path following error constraints cannot be violated
under the proposed controller. Neither the along-track error
nor the cross-track error exceeds the position constraints𝑘𝑠 and 𝑘𝑒. However, for the Case 1 method, the position
tracking errors transgress the predefined constraints. The
position constraint problem is also handled by the Case 2
method, in which the path following errors are also regulated
within the prescribed bounds. Figure 8 shows the surge speed
tracking results under the different control schemes. We
can see that the surge speed smoothly and continuously
tracks the desired surge speed 𝑢𝑑 under the proposed speed
controller. However, the surge speed under Cases 1 and 2 is
discontinuous and has a large overshoot.

The yaw rate tracking results under the three controllers
are presented in Figure 9. When 𝑡 < 𝑡𝑠 = 408 s, the desired
surge speed is 𝑢𝑑 = 8m/s; thus, the yaw rate constraint is
calculated as 𝑘𝑟 = 5 deg/s and the virtual yaw rate constraint
is 𝑘𝛼

𝑟

= 4 deg/s. After 𝑡𝑠, 𝑢𝑑 increases to 10 m/s; therefore
the yaw rate constraint is calculated as 𝑘𝑟 = 4.5 deg/s and𝑘𝛼
𝑟

= 3.5 deg/s. The yaw rate tracking error constraint is set
as 𝑘𝑟

𝑒

= 1 deg/s ≤ 𝑘𝑟(𝑡) − 𝑘𝛼
𝑟

(𝑡).
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Figure 7: Position errors of curvilinear path following.
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Figure 9: The yaw rate of the curvilinear path following.

In the first subfigure of Figure 9, we observe that the
magnitude of the virtual yaw rate 𝛼𝑟(𝑡) is limited by the
designed command filter. The yaw rate of the hovercraft has
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Figure 10: The yaw rate tracking errors of the curvilinear path
following.

smaller tracking errors in both transient and steady-state
performances, as expected. However, in the second and third
figures of Figure 10, it can be observed that the yaw rate
tracking errors have large transient and steady-state error.
The yaw rate tracking errors under the three controllers are
illustrated in Figure 10. The dotted line denotes the yaw rate
constraint 𝑘𝑟

𝑒

(𝑡). It is shown that the yaw rate constraints are
guaranteed under the proposed controller, which indicates
that the yaw rate of the hovercraft can track the desired yaw
rate with the prescribed precision. Therefore, the yaw rate
of the hovercraft will never violate the corresponding safety
boundary. In contrast, the yaw rate tracking errors under
the methods of Cases 1 and 2 both violate the prescribed
constraints, because the yaw rate tracking error constraint
cannot be guaranteed by using the conventional quadratic
Lyapunov function in theory. Due to the page limitation, in
Figure 11, the estimate values of the uncertainty parameters
in control laws (43) and (55) are shown in the form 𝜉1 =𝑚𝜗T𝑢,2𝜑𝑢,2, 𝜉2 = 𝐼𝑧𝜗T𝑟,2𝜑𝑟,2, 𝜉3 = 𝑚𝜗T𝑢,1𝜑𝑢,1, and 𝜉4 = 𝐼𝑧𝜗T𝑟,1𝜑𝑟,1.
Figure 12 shows the estimate values 𝐷𝑢 and 𝐷𝑟. The control
inputs 𝜏𝑢 and 𝜏𝑟 are shown in Figure 13; we see that the
control signals under our proposed method perform better
than another two controllers in terms of oscillations.

5. Conclusion

A constrained adaptive path following control approach has
been proposed for a hovercraft under parametric uncertain-
ties and external disturbances. It is shown that the proposed
controller can strictly ensure the satisfaction of the prescribed
position and velocity constraints by resorting to the barrier
Lyapunov function design method. The command filter with
a time-varying magnitude limit is employed to generate the
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desired virtual yaw rate and to reduce the computational
complexity, while an auxiliary system is designed to com-
pensate for the estimation error. The uncertain parameters
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Figure 13: Control inputs of the curvilinear path following.

and the upper bounds of the external disturbances are
well estimated by designing parameter adaptation laws.
Simulations have indicated the superiority of the proposed
control scheme. Because the surge speed of the hovercraft
is usually high, the time-varying delay of the measurements
may happen. In our future work, we will take into account the
time delays in the feedback loop.

Appendix

A. Nominal Values of the Hovercraft Model

The nominal values of the hovercraft are given in Table 1.

B. Expressions of the Hovercraft Model

The expressions of parameters and functions in (7) are given
as follows:

𝑓𝑢 = −𝜌𝑎𝑉𝑎𝑄 cos𝛽𝑚 ,
𝑓V = (−𝜌𝑎𝑉𝑎𝑄 sin𝛽 − 𝜌𝑎𝑄𝑐 (2𝑝𝑐/𝜌𝑎)1/2)𝑚 ,
𝑓𝑟 = 1𝐼𝑧 (−𝜌𝑎𝑉𝑎𝑄 sin𝛽𝑙𝐺

𝑚

− 𝜌𝑎𝑄𝑐 (2𝑝𝑐𝜌𝑎 )
1/2 𝑙𝐺

𝑐

) ,
𝑓𝑝 = 1𝐼𝑥 (−𝜌𝑎𝑄𝑐 (2𝑝𝑐𝜌𝑎 )

1/2 𝑧𝑔
− 𝜌𝑎𝑉𝑎𝑄 sin𝛽 (𝑧𝑚 − 𝑧𝑔) −𝑊ℎ tan𝜙) ,
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𝜗𝑢,1 = 𝑆𝑥𝑎 [𝐶𝑥𝑎0 𝐶𝛿𝑟𝑥𝑎 𝐶𝛽𝑥𝑎 𝐶 ̇𝛽
𝑥𝑎
]T ,

𝜑𝑢,1 = 𝑞𝑎𝑚 [1 𝛿𝑟 𝛽 ̇𝛽]T , where 𝑞𝑎 = 12𝜌𝑎𝑉2𝑎 .
𝜗𝑢,2 = 𝑆ℎ [𝐶0𝑥ℎ 𝐶𝜙𝑥ℎ 𝐶𝛽𝑥ℎ]T ,
𝜑𝑢,2 = 𝑞ℎ𝑚 [1 𝜙 𝛽]T , where 𝑞ℎ = 12𝜌ℎ𝑈2.
𝜗V,1 = 𝑆𝑦𝑎 [𝐶𝑦𝑎0 𝐶𝛿𝑟𝑦𝑎 𝐶𝛽𝑦𝑎 𝐶 ̇𝛽

𝑦𝑎]T ,𝜑V,1 = 𝜑𝑢,1,
𝜗V,2 = 𝑆ℎ [𝐶0𝑦ℎ 𝐶𝜙𝑦ℎ 𝐶𝛽𝑦ℎ]T ,𝜑V,2 = 𝜑𝑢,2,
𝜗𝑟,1 = 𝑆𝑧𝑎 [𝐶𝑚𝑧𝑎0 𝐶𝛿𝑟𝑚𝑧𝑎 𝐶𝛽𝑚𝑧𝑎 𝐶 ̇𝛽

𝑚𝑧𝑎
]T ,

𝜑𝑟,1 = 𝑞𝑎𝑙𝑎𝐼𝑧 [1 𝛿𝑟 𝛽 ̇𝛽]T ,
𝜗𝑟,2 = 𝑆ℎ [𝐶𝜙𝑚𝑧ℎ 𝐶𝛽𝑚𝑧ℎ]T
𝜑𝑟,2 = 𝑞ℎ𝑙𝑐𝐼𝑧 [𝜙 𝛽]T ,
𝜗𝑝,1 = 𝜗V,1,𝜗𝑝,2 = 𝜗V,2,
𝜑𝑝,1 = 𝑞𝑎𝑧𝑎𝐼𝑥 [1 𝛿𝑟 𝛽 ̇𝛽]T ,
𝜑𝑝,2 = 𝑞ℎ𝑧𝑔𝐼𝑥 [𝜙 𝛽]T .

(B.1)
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