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This paper develops a theoretical framework to investigate optimal harvesting control for stochastic delay differential systems.
We first propose a novel stochastic two-predator and one-prey competitive system subject to time delays and Lévy jumps. Then
we obtain sufficient conditions for persistence in mean and extinction of three species by using the stochastic qualitative analysis
method. Finally, the optimal harvesting effort and themaximum of expectation of sustainable yield (ESY) are derived fromHessian
matrix method and optimal harvesting theory of delay differential equations. Moreover, some numerical simulations are given to
illustrate the theoretical results.

1. Introduction

Optimal control problem in the field of biological mathe-
matics has been widely concerned by researchers. Resource
exploitation always aims to maximum sustainable yield
(MSY) or the profit associated with the maximum economic
yield (MEY) [1]. How to obtain MSY or MEY involves
the optimal harvesting control problem. Therefore, it is
interesting and meaningful to investigate optimal harvesting
control strategies for biological populationmodels, especially
stochastic population models. A number of researchers
have investigated single-species or two-species population
models [2–4]. However, the above two classes of models
can not describe some natural phenomena completely and
it is believed that models with three or more species can
explain the dynamical behaviors of the population accurately
[5–8]. Predator-prey models are arguably known as the
most fundamental building blocks of the biosystems and
ecosystems as the biomasses are grown out of their resource,
which have been widely investigated [9–17]. As we all know,
after a predator catches and feeds on a prey, the number of the
predators will not increase at once, which needs the processes
of digestion and absorption. Therefore, the time delays were

considered in many differential systems [18–21], especially
stochastic delay models [22–29].

The basic model we consider is based on the delay Lotka-
Volterra model with two competitive predators and one
prey. We propose the following model by assuming that the
random perturbations of intrinsic growth rate are subjected
to Gaussian white noise [30]:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑟1 − 𝑎11𝑥 (𝑡) − 𝑎12𝑦1 (𝑡 − 𝜏12)
− 𝑎13𝑦2 (𝑡 − 𝜏13)] d𝑡 + 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) ,

d𝑦1 (𝑡) = 𝑦1 (𝑡) [𝑟2 − 𝑎21𝑒−𝑑21𝜏21𝑥 (𝑡 − 𝜏21) − 𝑎22𝑦1 (𝑡)
− 𝑎23𝑒−𝑑23𝜏23𝑦2 (𝑡 − 𝜏23)] d𝑡 + 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡) ,

d𝑦2 (𝑡) = 𝑦2 (𝑡) [𝑟3 − 𝑎31𝑒−𝑑31𝜏31𝑥 (𝑡 − 𝜏31)
− 𝑎32𝑒−𝑑32𝜏32𝑦1 (𝑡 − 𝜏32) − 𝑎33𝑦2 (𝑡)] d𝑡
+ 𝜎3𝑦2 (𝑡) d𝐵3 (𝑡) ,

(1)

with initial value
𝑥 (𝜃) = 𝜑0 (𝜃) ,
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𝑦1 (𝜃) = 𝜑1 (𝜃) ,
𝑦2 (𝜃) = 𝜑2 (𝜃) ,

𝜃 ∈ [−𝜏0, 0] ,
𝜏0 = max
𝑖,𝑗=1,2,3

{𝜏𝑖𝑗} ,
(2)

where 𝑥(𝑡) denotes the number of the prey species at time 𝑡
and 𝑦𝑖(𝑡) (𝑖=1, 2) denote the predator species at time 𝑡. 𝑟1 > 0
stands for the growth rate of prey. 𝑟2 < 0 and 𝑟3 < 0 stand
for the death rates of the two predators, respectively. 𝑎𝑖𝑖 > 0 is
the interspecific competition rate of species 𝑖, 𝑖 = 1, 2, 3, and𝑎23𝑒−𝑑23𝜏23 > 0 and 𝑎32𝑒−𝑑32𝜏32 > 0 are the competition rates of
two predators. 𝑎12 and 𝑎13 are positive representing capture
rates, and 𝑎21𝑒−𝑑21𝜏21 and 𝑎31𝑒−𝑑31𝜏31 are negative representing
the growth rates from prey relatively. 𝜏𝑖𝑗 ≥ 0 signifies the time
delay, and 𝜑𝑖(𝜃) > 0 (𝑖 = 0, 1, 2) are continuous functions on[−𝜏0, 0]. 𝐵𝑖(𝑡) (i=1,2,3) are mutually independent Brownian
motion with 𝐵𝑖(0) = 0 defined on a complete probability
space (Ω,F,P) with a filtration {F𝑡}𝑡≥0 that satisfies that it
is right continuous and increasing with F0 that contains all
P-null sets.

Various harvesting models have been used to investigate
the optimal harvesting policies of renewable resources (e.g.,
Beddington and May [30], Neubert [31]). Recently, many
authors explored the optimal harvesting models [32–37].
According to the catch-per-unit-effort (CPUE) hypothesis,
we consider that predators 𝑦1 and 𝑦2 are subject to exploita-
tion with harvesting effort rates ℎ1 > 0 and ℎ2 > 0, respec-
tively.

However, in some cases, models just perturbed by the
Gaussian white noise can not effectively and efficiently
describe the circumstance when the species suffer sudden
catastrophic disturbance in nature. The sudden environ-
mental change can affect the dynamical behavior of the
species significantly. Therefore, it is necessary to use the
discontinuous stochastic process (e.g., Lévy jump) to model
the abrupt nature phenomenon in ecosystem [38–43].

To introduce the Lévy jump into the underlying stochastic
model (1), we first give some facts about the Lévy jump
[33]. Generally, a Lévy process 𝐿 𝑖(𝑡) can be decomposed
into the sum of a linear drift, a Brownian motion 𝐵𝑖(𝑡),
and a superposition of centered Poisson processes with
different jump sizes 𝜆(dV) which is the rate of arrival of the
Poisson process with jump of size V. According to the Lévy
decomposition theorem [44], we know that

𝐿 𝑖 (𝑡) = 𝑎𝑖𝑡 + �̃�𝑖𝐵𝑖 (𝑡) + ∫
Y

V�̃� (𝑡, dV) , 𝑖 = 1, 2, . . . , 𝑛, (3)

where 𝑎𝑖 ∈ 𝑅, �̃�𝑖 > 0, �̃�(𝑡, dV) = 𝑁(𝑡, 𝑑V) − 𝜆(dV)𝑡 is a
compensated Poisson process, and 𝑁 is a Poisson measure
with characteristic measure 𝜆 on a measurable subset Y of(0, +∞) with 𝜆(Y ) < ∞. The distribution of a Lévy process𝐿 𝑖(𝑡) has the property of infinite divisibility and is charac-
terized by its characteristic function 𝜙𝐿 𝑖(𝑡), which is given
by the following Lévy-Khintchine formula [45]:

𝜙𝐿 𝑖 (𝑡) fl E [𝑒𝜄𝑡𝐿 𝑖]
= exp {𝑎𝑖𝜄𝑡 − 12 �̃�2𝑖 𝑡2 + ∫

Y

[𝑒𝜄𝑡V − 1 − 𝜄𝑡V𝐼|V|<1] 𝜆 (dV)} , (4)

where 𝐼𝐺 is the indicator function of set 𝐺 and 𝜄 is the
imaginary unit. The distribution of Lévy jump 𝐿 𝑖(𝑡) can be
completely parameterized by (𝑎𝑖, �̃�𝑖, 𝜆).

Motivated by the above discussion, we can assume that
the intrinsic growth rate 𝑟1 and the death rates 𝑟2 and 𝑟3 of
model (1) perturbed by the Lévy jump to signify the sudden
climate change, 𝑟𝑖 → 𝑟𝑖 + 𝛾𝑖d𝐿 𝑖(𝑡) [42, 46], and then we
can obtain the following stochasticmodel incorporating Lévy
jump:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑟1 − 𝑎11𝑥 (𝑡) − 𝑎12𝑦1 (𝑡 − 𝜏12)
− 𝑎13𝑦2 (𝑡 − 𝜏13)] d𝑡 + 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) + 𝑥 (𝑡)
⋅ ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
d𝑥2 (𝑡) = 𝑦1 (𝑡) [𝑟2 − ℎ1 − 𝑎21e−𝑑21𝜏21𝑥 (𝑡 − 𝜏21) − 𝑎22𝑦1 (𝑡)

− 𝑎23𝑒−𝑑23𝜏23𝑦2 (𝑡 − 𝜏23)] d𝑡 + 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡) + 𝑦1 (𝑡)
⋅ ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) ,
d𝑥3 (𝑡) = 𝑦2 (𝑡) [𝑟3 − ℎ2 − 𝑎31𝑒−𝑑31𝜏31𝑥 (𝑡 − 𝜏31)

− 𝑎32𝑒−𝑑32𝜏32𝑦1 (𝑡 − 𝜏32) − 𝑎33𝑦2 (𝑡)] d𝑡
+ 𝜎3𝑦2 (𝑡) d𝐵3 (𝑡) + 𝑦2 (𝑡) ∫

Y

𝛾3 (V) �̃� (d𝑡, dV) ,

(5)

here 𝑟𝑖 = 𝑟𝑖 + 𝛾𝑖𝑎𝑖, 𝜎𝑖 = 𝜎𝑖 + 𝛾𝑖�̃�𝑖, 𝛾𝑖(V) = 𝛾𝑖(V), 𝑖 = 1, 2, 3, and
with initial value (2).

In this paper, we devote our main attention to obtain
the optimal harvesting control strategy of system (5). To this
end, we firstly investigate the dynamical behavior of the three
species including persistence in mean and extinction and
asymptotically stable distribution. Then we explore how the
time delay, sudden environmental shock expressed by Lévy
jump, and other factors affect the optimal harvesting policy
and the maximum expectation of sustainable yield.

This paper is organized as follows. We discuss the persis-
tence inmean and extinction of the three species in Section 2.
Based on the conclusion of Section 2, we consider the optimal
harvesting policy in Section 3. Finally, we conclude our
results by numerical simulations and discussions in the last
section.

2. Persistence in Mean and Extinction

For convenience, we give some notations which will be used
for analyzing our main results. Let 𝑅3+ = {𝑎 = (𝑎1, 𝑎2, 𝑎3) ∈𝑅3 | 𝑎𝑖 > 0, 𝑖 = 1, 2, 3} and let 𝐶([−𝜏0, 0]; 𝑅3+) stand for all
continuous functions from [−𝜏0, 0] to 𝑅3+, where 𝑅3 is a 3-
dimensional Euclidean space and 𝑅3+ is the positive cone in𝑅3. Correspondingly, 𝑅+ = (0, +∞). Denote 𝑑1 = 𝑟1, 𝑑2 =
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𝑟2 − ℎ1, and 𝑑3 = 𝑟3 − ℎ2. To make it more convenient, let𝑐11 = 𝑎11, 𝑐12 = 𝑎12, 𝑐13 = 𝑎13, 𝑐21 = 𝑎21𝑒−𝑑21𝜏21 , 𝑐22 = 𝑎22,𝑐23 = 𝑎23𝑒−𝑑23𝜏23 , 𝑐31 = 𝑎31𝑒−𝑑31𝜏31 , 𝑐32 = 𝑎32𝑒−𝑑32𝜏32 , and𝑐33 = 𝑎33. Additionally, denote 𝛼1 = (𝑐11, 𝑐21, 𝑐31)T, 𝛼2 =(𝑐12, 𝑐22, 𝑐32)T, 𝛼3 = (𝑐13, 𝑐23, 𝑐33)T and 𝛽 = (𝑑1, 𝑑2, 𝑑3)T, and𝛾 = (1/2)(𝜎21 , 𝜎22 , 𝜎23)T. Accordingly, we define
Φ = det (𝛼1, 𝛼2, 𝛼3) ,
Υ = det (𝛼1, 𝛽, 𝛾) ,
Φ1 = det (𝛽, 𝛼2, 𝛼3) ,
Φ̃1 = det (𝛾, 𝛼2, 𝛼3) ,
Φ2 = det (𝛼1, 𝛽, 𝛼3) ,
Φ̃2 = det (𝛼1, 𝛾, 𝛼3) ,
Φ3 = det (𝛼1, 𝛼2, 𝛽) ,
Φ̃3 = det (𝛼1, 𝛼2, 𝛾) ,
Δ 1 = 𝑐22𝑑1 − 𝑐12𝑑2,
Δ 2 = 𝑐11𝑑2 − 𝑐21𝑑1,
Δ 3 = 𝑐11𝑑3 − 𝑐31𝑑1,
Δ̃ 1 = 𝑐22𝜎212 − 𝑐12𝜎222 ,
Δ̃ 2 = 𝑐11𝜎222 − 𝑐21𝜎212 ,
Δ̃ 3 = 𝑐11𝜎232 − 𝑐31𝜎222 ,

⟨𝑓 (𝑡)⟩ = 𝑡−1 ∫𝑡
0
𝑓 (s) d𝑠,

⟨𝑓⟩∗ = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑓 (𝑠) d𝑠,

⟨𝑓⟩∗ = lim inf
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑓 (𝑠) d𝑠.

(6)

Φ𝑖𝑗 is the complement minor of 𝑐𝑖𝑗 in the deterministic Φ,𝑖, 𝑗 = 1, 2, 3. Now we give a fundamental assumption of Lévy
jump.

Assumption 1. Assume that 𝛾𝑖(V) > −1, and there exists a
constant 𝐾 such that

∫
Y

ln (1 + 𝛾𝑖 (V))2 𝜆 (dV) ≤ 𝐾 < ∞. (7)

Assumption 1 implies that the intensity of Lévy jump can
not be sufficiently large.

Lemma 2. For any given initial value 𝜑(𝜃) = (𝜑0(𝜃), 𝜑1(𝜃),𝜑2(𝜃))T ∈ 𝐶([−𝜏0, 0]; 𝑅3+), model (5) has a unique global
positive solution𝑋(𝑡) = (𝑥(𝑡), 𝑦1(𝑡), 𝑦2(𝑡))T on 𝑡 ≥ 0 𝑎.𝑠.

Proof. Firstly, we consider the following stochastic model:

d ln𝑥 (𝑡) = [𝑑1 − 12𝜎21 − 𝑐11𝑥 (𝑡) − 𝑐12𝑦1 (𝑡 − 𝜏12)
− 𝑐13𝑦2 (𝑡 − 𝜏13) − ∫

Y

[𝛾1 − ln (1 + 𝛾1)] 𝜆 (dV)] d𝑡
+ 𝜎1d𝐵1 (𝑡) + ∫

Y

ln (1 + 𝛾1) �̃� (d𝑡, dV) ,
d ln𝑦1 (𝑡) = [𝑑2 − 12𝜎22 − 𝑐21𝑥 (𝑡 − 𝜏21) − 𝑐22𝑦1 (𝑡)

− 𝑐23𝑦2 (𝑡 − 𝜏23) − ∫
Y

[𝛾2 − ln (1 + 𝛾2)] 𝜆 (dV)] d𝑡
+ 𝜎2d𝐵2 (𝑡) + ∫

Y

ln (1 + 𝛾2) �̃� (d𝑡, dV) ,
d ln𝑦2 (𝑡) = [𝑑3 − 12𝜎23 − 𝑐31𝑥 (𝑡 − 𝜏31) − 𝑐32𝑦1 (𝑡 − 𝜏32)

− 𝑐33𝑦2 (𝑡) − ∫
Y

[𝛾3 − ln (1 + 𝛾3)] 𝜆 (dV)] d𝑡
+ 𝜎1d𝐵1 (𝑡) + ∫

Y

ln (1 + 𝛾1) �̃� (d𝑡, dV)

(8)

with initial value (2). It is easy to see that the coefficients
of model (8) satisfy the local Lipschitz condition; therefore
model (8) has a unique local solution 𝑋(𝑡) on [0, 𝜏𝑒], where𝜏𝑒 is the explosion time. According to Itô’s formula, we can
find that

𝑋 (𝑡) = (𝑥 (𝑡) , 𝑦1 (𝑡) , 𝑦2 (𝑡))T (9)

is the unique positive local solution to model (5). Now let us
prove 𝜏𝑒 = +∞. Thus, we introduce the following auxiliary
model:

d𝑢 (𝑡) = 𝑢 (𝑡) [𝑑1 − 𝑐11𝑢 (𝑡)] d𝑡 + 𝜎1𝑢 (𝑡) d𝐵1 (𝑡)
+ 𝑢 (𝑡) ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
dV1 (𝑡) = V1 (𝑡) [𝑑2 − 𝑐21𝑢 (𝑡 − 𝜏21) − 𝑐22V1 (𝑡)] d𝑡

+ 𝜎2V1 (𝑡) d𝐵2 (𝑡)
+ V1 (𝑡) ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) ,
dV2 (𝑡) = V2 (𝑡) [𝑑3 − 𝑐31𝑢 (𝑡 − 𝜏31) − 𝑐33V2 (𝑡)] d𝑡

+ 𝜎3V2 (𝑡) d𝐵3 (𝑡) + V2 (𝑡) ∫
Y

𝛾3 (V) �̃� (d𝑡, dV)

(10)

with initial value

𝑢 (𝜃) = 𝜑0 (𝜃) ,
V1 (𝜃) = 𝜑1 (𝜃) ,
V2 (𝜃) = 𝜑2 (𝜃) ,

𝜃 ∈ [−𝜏0, 0] .
(11)
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Taking advantage of the comparison theorem for stochastic
equation [47] yields that, for 𝑡 ∈ [0, 𝜏𝑒],

𝑥 (𝜃) < 𝑢 (𝜃) ,
𝑦𝑖 (𝜃) < V𝑖 (𝜃) a.s., 𝑖 = 1, 2. (12)

According to Theorem 4.2 in Jiang and Shi [48], the explicit
solution of model (10) is

𝑢 (𝑡) = exp {𝑏1𝑡 + 𝜎1𝐵1 (𝑡) + 𝑀1 (𝑡)}
𝑢−1 (0) + 𝑐11 ∫𝑡0 exp {𝑏1𝑠 + 𝜎1𝐵1 (𝑠) + 𝑀1 (𝑠)} d𝑠 ,

V1 (𝑡)
= exp {𝑏2𝑡 + 𝑐21 ∫𝑡0 𝑢 (𝑡 − 𝜏21) d𝑠 + 𝜎2𝐵2 (𝑡) + 𝑀2 (𝑡)}
V−11 (0) + 𝑐22 ∫𝑡0 exp {𝑏2𝑠 − ∫𝑠

0
𝑐21𝑢 (𝜍 − 𝜏21) d𝜍 + 𝜎2𝐵2 (𝑠) + 𝑀2 (𝑠)} ,

V2 (𝑡)
= exp {𝑏3𝑡 + 𝑐31 ∫𝑡0 𝑢 (𝑡 − 𝜏31) d𝑠 + 𝜎3𝐵3 (𝑡) + 𝑀3 (𝑡)}
V−12 (0) + 𝑐33 ∫𝑡0 exp {𝑏3𝑠 − ∫𝑠

0
𝑐31𝑢 (𝜍 − 𝜏31) d𝜍 + 𝜎3𝐵3 (𝑠) + 𝑀2 (𝑠)} ,

(13)

where 𝜂𝑖 = ∫
Y
[𝛾𝑖(V)− ln(1+𝛾𝑖(V))]𝜆(dV), 𝑏𝑖 = 𝑑𝑖−(1/2)𝜎2𝑖 −𝜂𝑖,

and 𝑀𝑖(𝑡) = ∫𝑡
0
∫
Y
ln(1 + 𝛾𝑖(V))�̃�(d𝑠, dV), 𝑖 = 1, 2, 3 [33]. It is

not difficult to see that 𝑦1(𝑡), 𝑦2(𝑡), and 𝑦3(𝑡) are existent on𝑡 ≥ 0; thereby 𝜏𝑒 = +∞.This completes the proof of Lemma 2.

Lemma 3 (see [22]). Suppose that 𝜙(𝑡) ∈ 𝐶[Ω×[0, +∞); 𝑅+].
(i) If there exist three constants 𝜆0, 𝜆, and 𝑇 ≥ 0, such that

ln𝜙 (𝑡) ≤ 𝜆𝑡 − 𝜆0 ∫𝑡
0
𝜙 (𝑠) d𝑠 + 𝛼 3∑

𝑖=1

𝐵𝑖 (𝑡)

+ 3∑
𝑖=1

𝛿𝑖 ∫𝑡
0
∫
Y

ln (1 + 𝛾𝑖 (V)) �̃� (d𝑠, dV) , a.s.,
(14)

for all 𝑡 ≥ 𝑇, where 𝛼 and 𝛿𝑖 are constants; then
⟨𝜙⟩∗ ≤ 𝜆𝜆0 a.s., 𝑖𝑓 𝜆 ≥ 0,

lim
𝑡→∞

𝜙 (𝑡) = 0 a.s., 𝑖𝑓 𝜆 ≤ 0. (15)

(ii) If there exist three constants 𝜆0, 𝜆, and 𝑇 ≥ 0, such that
ln𝜙 (𝑡) ≥ 𝜆𝑡 − 𝜆0 ∫𝑡

0
𝜙 (𝑠) d𝑠 + 𝛼 3∑

𝑖=1

𝐵𝑖 (𝑡)

+ 3∑
𝑖=1

𝛿𝑖 ∫𝑡
0
∫
Y

ln (1 + 𝛾𝑖 (V)) �̃� (d𝑠, dV) , a.s.,
(16)

for all 𝑡 ≥ 𝑇; then ⟨𝜙⟩∗ ≥ 𝜆/𝜆0 a.s.
Lemma 4. For model (10), consider the following:

(a) If 𝑏1 < 0, then
lim
𝑡→+∞

𝑢 (𝑡) = 0,
lim
𝑡→+∞

V𝑖 (𝑡) = 0, a.s., 𝑖 = 1, 2. (17)

(b) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 ≥ 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 ,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 ,
a.s.;

(18)

(c) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

V1 (𝑡) = 0,
lim
𝑡→+∞

V2 (𝑡) = 0,
a.s..

(19)

(d) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 ≥ 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 ,
lim
𝑡→+∞

V2 (𝑡) = 0,
a.s..

(20)

(e) If 𝑏1 ≥ 0, 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, and 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0, then
lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 ,
lim
𝑡→+∞

V1 (𝑡) = 0,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 ,
𝑎.𝑠.

(21)

Proof. Firstly, we prove (𝑎). Applying Itô’s formula to model
(10), we can get that

ln 𝑢 (𝑡) − ln 𝑢 (0) = 𝑏1𝑡 − 𝑐11 ∫𝑡
0
𝑢 (𝑠) d𝑠 + 𝜎1𝐵1 (𝑡)

+ 𝑀1 (𝑡) ,
(22)

ln V1 (𝑡) − ln V1 (0) = 𝑏2𝑡 − 𝑐21 ∫𝑡
0
𝑢 (𝑠 − 𝜏21) d𝑠

− 𝑐22 ∫𝑡
0
V1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(23)
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ln V2 (𝑡) − ln V2 (0) = 𝑏3𝑡 − 𝑐31 ∫𝑡
0
𝑢 (𝑠 − 𝜏31) d𝑠

− 𝑐33 ∫𝑡
0
V2 (𝑠) d𝑠 + 𝜎3𝐵3 (𝑡)

+ 𝑀3 (𝑡) .
(24)

It follows from (22) that

𝑡−1 ln 𝑢 (𝑡)𝑢 (0) ≤ 𝑏1 + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 . (25)

By Assumption 1, the quadratic variation of𝑀1(𝑡) is
⟨𝑀1 (𝑡) ,𝑀1 (𝑡)⟩ (𝑡) = ∫𝑡

0
∫
Y

(ln (1 + 𝛾1 (V)))2 𝜆 (dV) d𝑠
≤ 𝑡 ∫

Y

(ln (1 + 𝛾1 (V)))2 𝜆 (dV) < 𝑐𝑡,
(26)

where ⟨𝑀1(𝑡),𝑀1(𝑡)⟩(𝑡) is Meyer’s angle bracket process.
Utilizing the strong lawof large numbers for localmartingales
gives that lim𝑡→∞(𝐵1(𝑡)/𝑡) = 0 and lim𝑡→∞(𝑀1(𝑡)/𝑡) = 0.
Since 𝑏1 < 0,

lim
𝑡→+∞

𝑢 (𝑡) = 0, 𝑎.𝑠. (27)

Substituting (27) into (23) gives that

ln V1 (𝑡) − ln V1 (0) ≤ 𝑏2𝑡 + 𝜀𝑡 − 𝑐22 ∫𝑡
0
V1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(28)

where 𝜀 is small enough satisfying 𝑏2 + 𝜀 < 0. Applying (i) in
Lemma 3 gives

lim
𝑡→+∞

V1 (𝑡) = 0, 𝑎.𝑠. (29)

Similarly, we can get that

lim
𝑡→+∞

V2 (𝑡) = 0, 𝑎.𝑠. (30)

Secondly, we prove (b). Since 𝑏1 ≥ 0, applying Lemma 3
to (22) yields that

lim
𝑡→+∞

⟨𝑢 (𝑡)⟩ = 𝑏1𝑐11 , 𝑎.𝑠. (31)

We know that

𝑡−1 ln 𝑢 (𝑡)𝑢 (0) = 𝑏1 − 𝑐11 ⟨𝑢 (𝑡)⟩ + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 , (32)

𝑡−1 ln V1 (𝑡)
V1 (0) − 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑢 (𝑠) d𝑠 − ∫0
−𝜏21

𝑢 (𝑠) d𝑠)
= 𝑏2 − 𝑐21 ⟨𝑢 (𝑡)⟩ − 𝑐22 ⟨V1 (𝑡)⟩ + 𝜎2𝐵2 (𝑡)𝑡 + 𝑀2 (𝑡)𝑡 ,

(33)

𝑡−1 ln V2 (𝑡)
V2 (0) − 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑢 (𝑠) d𝑠 − ∫0
−𝜏31

𝑢 (𝑠) d𝑠)
= 𝑏3 − 𝑐31 ⟨𝑢 (𝑡)⟩ − 𝑐33 ⟨V2 (𝑡)⟩ + 𝜎3𝐵3 (𝑡)𝑡 + 𝑀3 (𝑡)𝑡 .

(34)

Using (31) in (32) gives that

lim
𝑡→+∞

𝑡−1 ln 𝑢 (0) = 0, 𝑎.𝑠. (35)

Multiplying (32) and (33) by −𝑐21 and 𝑐11, respectively, and,
adding them, we can derive that

𝑡−1𝑐11 ln V1 (𝑡)
V1 (0) − 𝑡−1𝑐11𝑐21 (∫𝑡

𝑡−𝜏21

𝑢 (𝑠) d𝑠 − ∫0
−𝜏21

𝑢 (𝑠) d𝑠)
− 𝑡−1 ln 𝑢 (𝑡)𝑢 (0)

= 𝑏2𝑐11 − 𝑐11𝑐22 ⟨V1 (𝑡)⟩ + 𝑡−1𝑐11𝜎2𝐵2 (𝑡) − 𝑏1𝑐21
− 𝑡−1𝑐21𝜎1𝐵1 (𝑡) − 𝑡−1𝑐21𝑀1 (𝑡) + 𝑡−1𝑐11𝑀2 (𝑡) .

(36)

An application of (31) gives that

lim
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏21

𝑢 (𝑠) d𝑠
= lim
𝑡→+∞

(𝑡−1 ∫𝑡
0
𝑢 (𝑠) d𝑠 − 𝑡−1 ∫𝑡−𝜏21

0
𝑢 (𝑠)) d𝑠 = 0,

𝑎.𝑠.
(37)

Consequently, utilizing (35), (36), (37), and Lemma 3 yields
that

lim
𝑡→+∞

⟨V1 (𝑡)⟩ = 𝑏2 − 𝑐21𝑏1/𝑐11𝑐22 , 𝑎.𝑠. (38)

Similarly, we can get when 𝑏3 − 𝑐31𝑏1/𝑐11 ≥ 0,
lim
𝑡→+∞

⟨V2 (𝑡)⟩ = 𝑏3 − 𝑐31𝑏1/𝑐11𝑐33 , 𝑎.𝑠. (39)

Thirdly, we prove (c). If 𝑏2 − 𝑐21𝑏1/𝑐11 < 0, according to
(35), (36), (37), and Lemma 3, one can obtain that

lim
𝑡→+∞

V1 (𝑡) = 0, 𝑎.𝑠. (40)

Similarly, if 𝑏3 − 𝑐31𝑏1/𝑐11 < 0, we can obtain

lim
𝑡→+∞

V2 (𝑡) = 0, 𝑎.𝑠. (41)

The proofs of (d) and (e) are similar to that of (b) and (c),
respectively, and hence are omitted.

Lemma 5. The solution of model (5) obeys

lim sup
𝑡→+∞

ln𝑥 (𝑡)𝑡 ≤ 0,
lim sup
𝑡→+∞

ln𝑦𝑖 (𝑡)𝑡 ≤ 0, a.s., 𝑖 = 1, 2.
(42)

Proof. Since 𝑥(𝑡) ≤ 𝑢(𝑡), 𝑦𝑖(𝑡) ≤ V𝑖(𝑡), 𝑖 = 1, 2, we only need
to prove

lim sup
𝑡→+∞

ln 𝑢 (𝑡)𝑡 ≤ 0,
lim sup
𝑡→+∞

ln V𝑖 (𝑡)𝑡 ≤ 0, a.s., 𝑖 = 1, 2.
(43)

According to the proof of Lemma 4, with the samemethod of
[22], we can get (43). Therefore, (42) is obtained.
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Theorem 6. For system (5), if Φ > 0, Φ𝑖 > 0, 𝑖 = 1, 2, 3, andΥ > 0, we set 𝜌1 = 2𝑑1/𝜎21 , 𝜌2 = Δ 2/Δ̃ 2, and 𝜌3 = Φ3/Φ̃3, and
then 𝜌1 > 𝜌2 > 𝜌3; moreover,

(i) if 𝜌1 < 1, then prey species and predator species go to
extinction a.s.; i.e.,

lim
𝑡→+∞

𝑥 (𝑡) = 0,
lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, 𝑖 = 1, 2, a.s.; (44)

(ii) if 𝜌1 > 1 > 𝜌2, then two predators go to extinction a.s.,
and prey is persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = 𝑏1𝑐11 , a.s.; (45)

(iii) if 𝜌2 > 1 > 𝜌3, then predator species 𝑦2 goes to
extinction, while prey species 𝑥 and predator species 𝑦1
are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33
a.s.;

(46)

(iv) if 𝜌3 > 1, then three species are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ ,
lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ ,
𝑎.𝑠.

(47)

Proof. It is easy to prove 𝜌1 > 𝜌2 > 𝜌3. Applying Itô’s formula
to model (5) yields that

ln𝑥 (𝑡) − ln𝑥 (0) = 𝑏1𝑡 − 𝑐11 ∫𝑡
0
𝑥 (𝑠) d𝑠

− 𝑐12 ∫𝑡
0
𝑦1 (𝑠 − 𝜏12) d𝑠

− 𝑐13 ∫𝑡
0
𝑦2 (𝑠 − 𝜏13) d𝑠

+ 𝜎1𝐵1 (𝑡) + 𝑀1 (𝑡) ,

(48)

ln𝑦1 (𝑡) − ln𝑦1 (0) = 𝑏2𝑡 − 𝑐22 ∫𝑡
0
𝑦1 (𝑠) d𝑠

− 𝑐21 ∫𝑡
0
𝑥 (𝑠 − 𝜏21) d𝑠

− 𝑐23 ∫𝑡
0
𝑦2 (𝑠 − 𝜏23) d𝑠

+ 𝜎2𝐵2 (𝑡) + 𝑀2 (𝑡) ,
(49)

ln𝑦2 (𝑡) − ln𝑦2 (0) = 𝑏3𝑡 − 𝑐33 ∫𝑡
0
𝑦2 (𝑠) d𝑠

− 𝑐31 ∫𝑡
0
𝑥 (𝑠 − 𝜏31) d𝑠

− 𝑐32 ∫𝑡
0
𝑦1 (𝑠 − 𝜏32) d𝑠

+ 𝜎3𝐵3 (𝑡) + 𝑀3 (𝑡) .

(50)

Firstly, we prove (i). Since 𝑐11, 𝑐12, and 𝑐13 are positive, we
can get

𝑡−1 ln 𝑥 (𝑡)𝑥 (0) ≤ 𝑏1 + 𝜎1𝐵1 (𝑡)𝑡 + 𝑀1 (𝑡)𝑡 . (51)

Note that 𝜌1 = 2𝑑1/𝜎21 < 1; then 𝑏1 < 0. By Lemma 3, we get

lim
𝑡→+∞

𝑥 (𝑡) = 0, 𝑎.𝑠. (52)

Substituting this identity into (49), we can observe that, for
sufficiently large 𝑡,
ln𝑦1 (𝑡) − ln𝑦1 (0) ≤ 𝑏2𝑡 + 𝜀𝑡 − 𝑐22 ∫𝑡

0
𝑦1 (𝑠) d𝑠 + 𝜎2𝐵2 (𝑡)

+ 𝑀2 (𝑡) ,
(53)

where 𝜀 is small enough such that 𝑏2 + 𝜀 < 0. By Lemma 3, we
can get

lim
𝑡→+∞

𝑦1 (𝑡) = 0, 𝑎.𝑠. (54)

Similarly, we have

lim
𝑡→+∞

𝑦2 (𝑡) = 0, 𝑎.𝑠. (55)

Secondly, we prove (ii). Since 1 > 𝜌2 > Δ 3/Δ̃ 3, we know
Δ 3Δ̃ 3 < 1,

i.e., 𝑐11𝑑3 − 𝑐31𝑑1𝑐11𝜎23/2 − 𝑐31𝜎21/2 < 1.
(56)

Simplifying the above inequality gives that 𝑐11𝑏3 < 𝑐31𝑏1,
which means 𝑏3 − 𝑐31𝑏1/𝑐11 < 0. Furthermore, from 𝜌2 < 1,
we have 𝑏2 − 𝑐21𝑏1/𝑐11 < 0. According to (c) in Lemma 3 and
(12), one can observe that

lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, a.s., 𝑖 = 1, 2. (57)

Substituting the above identity into (48) and using Lemma 3,
we can get

lim
𝑡→+∞

𝑥 (𝑡) = 𝑏1𝑐11 . (58)
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Thirdly, we prove (iii). Dividing (48), (49), and (50) by t,
we can derive the following equations:

𝑡−1 ln 𝑥 (𝑡)𝑥 (0) = 𝑏1 − 𝑐11 ⟨𝑥 (𝑡)⟩ − 𝑐12 ⟨𝑦1 (𝑡)⟩ − 𝑐13 ⟨𝑦2 (𝑡)⟩
+ 𝑡−1𝑐12 (∫𝑡

𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝜎1𝐵1 (𝑡) + 𝑡−1𝑀1 (𝑡) ,

(59)

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) = 𝑏2 − 𝑐22 ⟨𝑦1 (𝑡)⟩ − 𝑐21 ⟨𝑥 (𝑡)⟩ − 𝑐23 ⟨𝑦2 (𝑡)⟩
+ 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝜎2𝐵2 (𝑡) + 𝑡−1𝑀2 (𝑡) ,

(60)

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) = 𝑏3 − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 𝑐31 ⟨𝑥 (𝑡)⟩ − 𝑐32 ⟨𝑦1 (𝑡)⟩
+ 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝜎3𝐵3 (𝑡) + 𝑡−1𝑀3 (𝑡) .

(61)

Denote𝑚, 𝑛 as the solution of the following equations:

𝑐11𝑚 + 𝑐21𝑛 = 𝑐31,
𝑐12𝑚 + 𝑐22𝑛 = 𝑐32. (62)

Consequently,

𝑚 = −Φ13Φ33 > 0,
𝑛 = Φ23Φ33 > 0.

(63)

By (12), (43), and Lemma 5, we have

lim sup
𝑡→+∞

ln𝑥 (𝑡) ≤ 0,
lim sup
𝑡→+∞

ln𝑦𝑖 (𝑡) ≤ 0, 𝑖 = 1, 2. (64)

In addition,

lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏21

𝑥 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏31

𝑥 (𝑠) d𝑠 = 0,
lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏12

𝑦1 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏32

𝑦1 (𝑠) d𝑠
= 0,

lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏13

𝑦2 (𝑠) d𝑠 = lim sup
𝑡→+∞

𝑡−1 ∫𝑡
𝑡−𝜏23

𝑦2 (𝑠) d𝑠
= 0.

(65)

According to Lemma 5, for arbitrarily given 𝜀 > 0, there exists
a 𝑇1 > 0 such that when 𝑡 > 𝑇1

𝑡−1 (𝑚 ln 𝑥 (𝑡)𝑥 (0) + 𝑛 ln 𝑦1 (𝑡)𝑦1 (0)) ≤ 𝜀. (66)

Multiplying (59), (60), and (61) by −𝑚, −𝑛, and 1, respectively,
and adding them, one can observe that, for sufficiently large𝑡 such that 𝑡 > 𝑇1,

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) − 𝑡−1 (𝑚 ln 𝑥 (𝑡)𝑥 (0) + ln
𝑦1 (𝑡)𝑦1 (0))

= Φ3 − Φ̃3Φ33 − ΦΦ33 ⟨𝑦2 (𝑡)⟩
− 𝑚𝑡−1𝑐12 (∫𝑡

𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
− 𝑚𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)
− 𝑛𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
− 𝑛𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝑐31 (∫𝑡

𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
+ 𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
− 𝑡−1 (𝑚𝜎1𝐵1 (𝑡) + 𝑛𝜎2𝐵2 (𝑡) − 𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑚𝑀1 (𝑡) + 𝑛𝑀2 (𝑡) − 𝑀3 (𝑡)) .

(67)

Using (43) in (81) yields that

𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) ≤
Φ3 − Φ̃3Φ33 + 2𝜀 − ΦΦ33 ⟨𝑦2 (𝑡)⟩
− 𝑡−1 (𝑚𝜎1𝐵1 (𝑡) + 𝑛𝜎2𝐵2 (𝑡) − 𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑚𝑀1 (𝑡) + 𝑛𝑀2 (𝑡) − 𝑀3 (𝑡)) .

(68)

Since 𝜌3 = Φ3/Φ̃3 < 1, we can choose 𝜀 > 0 to be sufficiently
small such that (Φ3 − Φ̃(3))/Φ33 + 2𝜀 < 0. Making use of the
arbitrariness 𝜀 and Lemma 3 gives that

lim
𝑡→+∞

𝑦2 (𝑡) = 0, 𝑎.𝑠. (69)
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Consequently, model (5) reduces to the following model:

d𝑥 (𝑡) = 𝑥 (𝑡) [𝑑1 − 𝑐11𝑥 (𝑡) − 𝑐12𝑦1 (𝑡 − 𝜏12)] d𝑡
+ 𝜎1𝑥 (𝑡) d𝐵1 (𝑡) + 𝑥 (𝑡) ∫

Y

𝛾1 (V) �̃� (d𝑡, dV) ,
d𝑦1 (𝑡) = 𝑦1 (𝑡) [𝑑2 − 𝑐21𝑥 (𝑡 − 𝜏21) − 𝑐22𝑦1 (𝑡)] d𝑡

+ 𝜎2𝑦1 (𝑡) d𝐵2 (𝑡)
+ 𝑦1 (𝑡) ∫

Y

𝛾2 (V) �̃� (d𝑡, dV) .

(70)

For system (70), similarly to the proof of Theorem 1 in [49],
the following identities can be derived:

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33 ,
𝑎.𝑠.

(71)

Fourthly, we prove (iv). By (68), since 𝜌3 > 1, we know
from the arbitrariness of 𝜀 and Lemma 3 that

⟨𝑦2⟩∗ ≤ Φ3 − Φ̃3Φ , 𝑎.𝑠. (72)

Denote 𝑝, 𝑞 as the solution of the following equations:

𝑐11𝑝 + 𝑐31𝑞 = 𝑐21,
𝑐13𝑝 + 𝑐33𝑞 = 𝑐23. (73)

Then we have

𝑝 = −Φ12Φ22 > 0,
𝑞 = Φ32Φ22 > 0.

(74)

According to Lemma 5, for arbitrarily given 𝜀 > 0, there exists
a 𝑇2 > 0, such that

𝑡−1 (𝑝 ln 𝑥 (𝑡)𝑥 (0) + 𝑞 ln 𝑦2 (𝑡)𝑦2 (0)) ≤ 𝜀. (75)

Multiplying (59), (60), and (61) by −𝑝, 1, and –𝑞, respectively,
and, adding them, we can obtain that, for 𝑡 > 𝑇2,

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) − 𝑡−1 (𝑝 ln 𝑥 (𝑡)𝑥 (0) + 𝑞 ln 𝑦2 (𝑡)𝑦2 (0))
= Φ2 − Φ̃2Φ22 − ΦΦ22 ⟨𝑦1 (𝑡)⟩

− 𝑝𝑡−1𝑐12 (∫𝑡
𝑡−𝜏12

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏12

𝑦1 (𝑠) d𝑠)
− 𝑝𝑡−1𝑐13 (∫𝑡

𝑡−𝜏13

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏13

𝑦2 (𝑠) d𝑠)

− 𝑞𝑡−1𝑐31 (∫𝑡
𝑡−𝜏31

𝑥 (𝑠) d𝑠 − ∫0
−𝜏31

𝑥 (𝑠) d𝑠)
− 𝑞𝑡−1𝑐32 (∫𝑡

𝑡−𝜏32

𝑦1 (𝑠) d𝑠 − ∫0
−𝜏32

𝑦1 (𝑠) d𝑠)
+ 𝑡−1𝑐23 (∫𝑡

𝑡−𝜏23

𝑦2 (𝑠) d𝑠 − ∫0
−𝜏23

𝑦2 (𝑠) d𝑠)
+ 𝑡−1𝑐21 (∫𝑡

𝑡−𝜏21

𝑥 (𝑠) d𝑠 − ∫0
−𝜏21

𝑥 (𝑠) d𝑠)
− 𝑡−1 (𝑝𝜎1𝐵1 (𝑡) − 𝜎2𝐵2 (𝑡) + 𝑞𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑝𝑀1 (𝑡) − 𝑀2 (𝑡) + 𝑞𝑀3 (𝑡)) .

(76)

Using (43) in (76) yields that

𝑡−1 ln 𝑦1 (𝑡)𝑦1 (0) ≤
Φ2 − Φ̃2Φ22 + 2𝜀 − ΦΦ22 ⟨𝑥2 (𝑡)⟩
− 𝑡−1 (𝑝𝜎1𝐵1 (𝑡) − 𝜎2𝐵2 (𝑡) + 𝑞𝜎3𝐵3 (𝑡))
− 𝑡−1 (𝑝𝑀1 (𝑡) − 𝑀2 (𝑡) + 𝑞𝑀3 (𝑡)) .

(77)

Note thatΦ2/Φ̃2 > Φ3/Φ̃3 > 1. According to the arbitrariness
of 𝜀 and Lemma 3, we have

⟨𝑦1⟩∗ ≤ Φ2 − Φ̃2Φ , 𝑎.𝑠. (78)

It follows that, for any sufficiently small 𝜀, there exist 𝑇3 and𝑇4 such that

𝑐12 ⟨𝑦1 (𝑡)⟩ ≤ 𝑐12 ⟨𝑦1⟩∗ + 𝜀 ≤ 𝑐12 (Φ2 − Φ̃2)Φ + 𝜀,
𝑡 > 𝑇3,

𝑐13 ⟨𝑦2 (𝑡)⟩ ≤ 𝑐13 ⟨𝑦2⟩∗ + 𝜀 ≤ 𝑐13 (Φ3 − Φ̃3)Φ + 𝜀,
𝑡 > 𝑇4.

(79)

Substituting (79) into (59) results in that, for sufficiently large𝑡,
𝑡−1 ln 𝑥 (𝑡)𝑥 (0) ≥ 𝑏1 − 𝑐11 ⟨𝑥 (𝑡)⟩ − 𝑐12 (Φ2 − Φ̃2)Φ

− 𝑐13 (Φ3 − Φ̃3)Φ − 3𝜀 + 𝑡−1𝜎1𝐵1 (𝑡)
+ 𝑡−1𝑀1 (𝑡)

= 𝑐11 (Φ1 − Φ̃1)Φ − 𝑐11 ⟨𝑥 (𝑡)⟩ − 3𝜀
+ 𝑡−1𝜎1𝐵1 (𝑡) + 𝑡−1𝑀1 (𝑡) .

(80)
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According to the arbitrariness of 𝜀 and Lemma 3, we have

⟨𝑥⟩∗ ≥ Φ1 − Φ̃1Φ , 𝑎.𝑠. (81)

By 𝑐31 < 0, 𝑐32 > 0, one can observe that, for every sufficiently
small 𝜀, there exist 𝑇5 and 𝑇6, such that

𝑐31 ⟨𝑥 (𝑡)⟩ ≤ 𝑐31 ⟨𝑥⟩∗ + 𝜀 ≤ 𝑐31 (Φ1 − Φ̃1)Φ + 𝜀, 𝑡 > 𝑇5,
𝑐32 ⟨𝑦1 (𝑡)⟩ ≤ 𝑐32 ⟨𝑦1⟩∗ + 𝜀 ≤ 𝑐32 (Φ3 − Φ̃3)Φ + 𝜀,

𝑡 > 𝑇6.
(82)

Using (82) in (61) yields for 𝑡 large enough
𝑡−1 ln 𝑦2 (𝑡)𝑦2 (0) ≥ 𝑏3 − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 𝑐31 (Φ1 − Φ̃1)Φ

− 𝑐32 (Φ2 − Φ̃2)Φ − 3𝜀 + 𝑡−1𝜎3𝐵3 (𝑡)
+ 𝑡−1𝑀3 (𝑡)

= 𝑐33 (Φ3 − Φ̃3)Φ − 𝑐33 ⟨𝑦2 (𝑡)⟩ − 3𝜀
+ 𝑡−1𝜎3𝐵3 (𝑡) + 𝑡−1𝑀3 (𝑡) .

(83)

According to the arbitrariness of 𝜀 and Lemma 3, we have

⟨𝑦2⟩∗ ≥ Φ3 − Φ̃3Φ , 𝑎.𝑠. (84)

Combining (72) with (84), one can observe that

lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ , 𝑎.𝑠. (85)

In the similar way, using (72), (81), and (60) and then
combining them with (78) yield that

lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ , 𝑎.𝑠. (86)

Subsequently, we can observe that

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ , 𝑎.𝑠. (87)

This completes the proof of Theorem 6.

3. Optimal Harvesting

Lemma 7. For any 𝑝 > 1, there exists a constant 𝐾 = 𝐾(𝑝)
which makes the solution𝑋(𝑡) of model (5) satisfy the property
that

lim sup
𝑡→+∞

E [𝑥𝑝 (𝑡)] ≤ 𝐾,
lim sup
𝑡→+∞

E [𝑦𝑝𝑖 (𝑡)] ≤ 𝐾, 𝑖 = 1, 2. (88)

Proof. Theproof is rather standard and hence is omitted.

From Lemma 7, there is a 𝑇 > 0 such that, for 𝑡 ≥ 𝑇,
E[𝑥𝑝(𝑡)] ≤ 2𝐾 and E[𝑦𝑝𝑖 (𝑡)] ≤ 2𝐾. Note that E[𝑥(𝑡)] and
E[𝑦𝑖(𝑡)] (𝑖 = 1, 2) are continuous; thus there is a constant𝐾1 > 0 such that E[𝑥𝑝(𝑡)] < 𝐾1 and E[𝑦𝑝𝑖 (𝑡)] < 𝐾1 when−𝜏0 ≤ 𝑡 < 𝑇. Denote 𝐿 = max{2𝐾,𝐾1}; then we have

E [𝑥𝑝 (𝑡)] ≤ 𝐿 = 𝐿 (𝑝)
and E [𝑦𝑝𝑖 (𝑡)] ≤ 𝐿 = 𝐿 (𝑝) ,

𝑡 ≥ 𝜏0, 𝑝 > 0, 𝑖 = 1, 2.
(89)

Lemma 8. If 𝑎11 > 𝑎12 + 𝑎13, 𝑎22 > −𝑎21𝑒−𝑑21𝜏21 + 𝑎23𝑒−𝑑23𝜏23 ,
and 𝑎33 > −𝑎31𝑒−𝑑31𝜏31 + 𝑎32𝑒−𝑑32𝜏32 , then model (5) will be
asymptotically stable in distribution; i.e., when 𝑡 → +∞, there
is a unique probability measure 𝜇(⋅) such that the transition
probability density 𝑝(𝑡, 𝜉, ⋅) of 𝑋(𝑡) converges weakly to 𝜇(⋅)
with any given initial value 𝜉(𝜃) ∈ 𝐶([−𝜏, 0]; 𝑅3+).
Proof. Since the proof of Lemma 8 is rather standard and
hence is omitted. The similar proof can be found in [22].

We give the following extra notions to get the optimal
harvesting policy:

𝑃 = ( 𝑎22 𝑎23𝑒−𝑑23𝜏23
𝑎32𝑒−𝑑32𝜏32 𝑎33 ) ,

Λ = (𝜆1, 𝜆2)T = [𝑃 (𝑃−1)T + 𝐼]−1 𝑄,
(90)

where𝑄 = (𝑄1, 𝑄2)T,𝑄𝑖 = 𝑟𝑖+1 −(1/2)𝜎2𝑖+1 −𝜂𝑖+1, 𝑖 = 1, 2, and𝐼 is the unit matrix.

Theorem 9. Suppose that 𝑎22 > 𝑎23𝑒−𝑑23𝜏23 , 𝑎33 > 𝑎32𝑒−𝑑32𝜏32 ,Φ > 0, and 𝑃−1 + (𝑃−1)T is positive definite.

(i) If 𝜆𝑖 ≥ 0 and when ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, we have Γ2 > 0,Γ3 > 0, and then the optimal harvesting effort is𝐻∗ =Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄 and the maximum of ESY is

𝑌∗ = ΛT𝑃−1 (𝑄 − Λ) , (91)

where Γ𝑖 = Φ𝑖 − Φ̃𝑖, 𝑖 = 2, 3.
(ii) When ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, there is a Γ𝑖 ≤ 0 or 𝜆𝑖 < 0, and

then the optimal harvesting strategy does not exist.

Proof. Define𝐺 = {𝐻 = (ℎ1, ℎ2)T ∈ 𝑅2 | Γ𝑖+1 > 0, ℎ𝑖 > 0, 𝑖 =1, 2}. Therefore, the harvesting effort 𝐻 ∈ 𝐺. If the optimal
harvesting effort𝐻∗ exists, it must belong to 𝐺.

Firstly, we prove (i). Obviously, 𝐺 is not empty, since Λ ∈𝐺. By (iv) of Theorem 6, for any𝐻 ∈ 𝐺, we have
lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝐻T𝑋(𝑠) d𝑠 = 2∑

𝑖=1

ℎ𝑖 lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝑦𝑖 (𝑠) d𝑠

= 𝐻T𝑃−1 (𝑄 − 𝐻) .
(92)

According to Lemma 8, we obtain thatmodel (5) has a unique
invariant measure 𝜇(⋅) which is strong mixing and ergodic



10 Mathematical Problems in Engineering

by Corollary 3.4.3 and Theorem 3.2.6 in [50], respectively.
Hence, it can be derived from (3.3.2) in [50] that

lim
𝑡→+∞

𝑡−1 ∫𝑡
0
𝐻T𝑋 (𝑠) d𝑠 = ∫

𝑅2
+

𝐻T𝑋𝜇 (d𝑋) . (93)

Let (𝑋) represent the stationary probability density ofmodel
(5). Since the invariant measure of model (5) is unique, and
then, by the one-to-one correspondence between (𝑥) and its
corresponding invariant measure 𝜇(⋅), we obtain

𝑌 (𝐻) = lim
𝑡→+∞

2∑
𝑖=1

E (ℎ𝑖𝑦𝑖 (𝑡)) = lim
𝑡→+∞

E (𝐻T𝑋(𝑡))
= ∫
𝑅2
+

𝐻T𝑋 (𝑋) d𝑋 = ∫
𝑅2
+

𝐻T𝑋𝜇 (d𝑋) .
(94)

Combining (92) with (94), we can get

𝑌 (𝐻) = 𝐻T𝑃−1 (𝑄 − 𝐻) . (95)

Let Λ = (𝜆1, 𝜆2)T be the unique solution of the following
equation:

d𝑌 (𝐻)
d𝐻 = d𝐻T

d𝐻 𝑃−1 (𝑄 − 𝐻)
+ d
d𝐻 [(𝑄 − 𝐻)T (𝑃−1)T]𝐻

= 𝑃−1𝑄 − [𝑃−1 + (𝑃−1)T]𝐻 = 0.
(96)

Hence Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄. Obviously, the following
Hessian matrix

d
d𝐻T [d𝑌 (𝐻)

d𝐻 ] = ( d
d𝐻 [(d𝑌 (𝐻)

d𝐻 )T])T

= ( d
d𝐻 [𝑄T (P−1)T − 𝐻T [𝑃−1 + (𝑃−1)T]])T

= −𝑃−1 − (𝑃−1)T
(97)

is negative definite, so Λ is the global maximum point of𝑌(𝐻). In other words, if Λ ∈ 𝐺, i.e., 𝜆𝑖 ≥ 0 and Γ𝑖+1 > 0,𝑖 = 1, 2, then the optimal harvesting effort is𝐻∗ = Λ and 𝑌∗
is the maximum value of ESY.

Secondly, we prove (ii). Obviously, if there is an 𝑖 (𝑖 =1, 2) such that ℎ𝑖 < 0, the optimal harvesting strategy does
not exist. Then we suppose that the optimal harvesting effort𝐻∗ = (ℎ∗1 , ℎ∗2 )T exists. So𝐻∗ ∈ 𝐺, i.e., Γ𝑖+1|ℎ𝑖=ℎ∗𝑖 > 0, ℎ∗𝑖 ≥ 0,
𝑖 = 1, 2. That is to say, 𝐻∗ is the unique solution of (96). On
the other hand, Λ = (𝜆1, 𝜆2)T is also the solution of (96).
Hence, 𝜆𝑖 = ℎ∗𝑖 ≥ 0, and Γ𝑖+1|ℎ𝑖=𝜆𝑖 = Γ𝑖+1|ℎ𝑖=ℎ∗𝑖 > 0, i=1,2. It
is in contradiction with the condition, which implies that the
optimal harvesting strategy does not exist.

This completes the proof of Theorem 9.

4. Numerical Simulations and Discussions

It is imperative to understand the influence of environmental
perturbations on the coexistence and extinction of species.
In this paper, we consider a stochastic competitive delay
model of two predators and one prey, taking both Gaussian
white noise and Lévy jump into account. Compared with
[24], we consider a model where the prey species predated
by two different predators and also we introduce harvesting
efforts into the two predator species, which is novel and
more realistic. This relationship can be found in Yangtze
river. There are two kinds of fishes, sturgeon and siniperca
chuatsi, which feed on some shrimps. The two fishes are
harvested on spring and ourmodel reflects this phenomenon.
Additionally, our main purpose is not only to investigate the
dynamical behavior, but also to obtain the optimal harvesting
strategy of model (5). How to deal with time delay and jump
are two key points. The work [51] used the graph-theoretic
approach to deal with the delay and jump in network. In this
paper, we utilize variable substitution to eliminate the delay.
Quardratic variation and the strong law of large numbers for
local martingales are applied to deal with the jump.

Theorem 6 describes sufficient conditions for persistence
in mean and extinction of three species, which are derived
from the comparison theorem of stochastic differential
equations and limit superior theory. When it comes to
the harvesting of predators, it is essential to consider the
optimal harvesting policy and the maximum expectation
of sustainable yield (ESY). Theorem 9 gives the optimal
harvesting effort and the maximum of ESY by using Hessian
Matrix method and optimal harvesting theory of differential
equations.

The authors of [33] have investigated the influence of
competition of two species on the optimal harvesting strategy.
In contrast to [33], the dynamical behaviors of a three species
model are analyzedmore sufficiently.Not only dowe consider
the competition of the species, we also take the predation
into account. Our results show that the capture rates can
affect the persistence in mean and extinction of the species.
Correspondingly, the capture rates also influence the optimal
harvesting strategy and themaximum expectation of sustain-
able yield. To sum up, our main results are summarized as
follows:

(I) Extinction and persistence

Define 𝜌1 = 2𝑑1/𝜎21 , 𝜌2 = Δ 2/Δ̃ 2, and 𝜌3 = Φ3/Φ̃3.
(i) If 𝜌1 < 1, then three species go to extinction a.s.;
i.e.,

lim
𝑡→+∞

𝑥 (𝑡) = 0,
lim
𝑡→+∞

𝑦𝑖 (𝑡) = 0, 𝑖 = 1, 2, a.s.. (98)

(ii) If 𝜌1 > 1 > 𝜌2, then two predators go to extinction
a.s., and prey is persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = 𝑏1𝑐11 , a.s.. (99)
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Figure 1:The persistence inmean and extinction of three species are given inTheorem 6.The densities of white noises are taken: (a) 𝜎1 = 0.77,𝜎2 = 0.32, and 𝜎3 = 0.32, (b) 𝜎1 = 0.77, 𝜎2 = 0.32, and 𝜎3 = 5, (c) 𝜎1 = 0.6, 𝜎2 = 10, and 𝜎3 = 8, (d) 𝜎1 = 15, 𝜎2 = 8, and 𝜎3 = 10.

(iii) If 𝜌2 > 1 > 𝜌3, then predator species 𝑦2 goes to
extinction, while prey species 𝑥 and predator species𝑦1 are persistent in mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Δ 1 − Δ̃ 1Φ33 ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Δ 2 − Δ̃ 2Φ33
a.s..

(100)

(iv) If 𝜌3 > 1, then three species are persistent in
mean; i.e.,

lim
𝑡→+∞

⟨𝑥 (𝑡)⟩ = Φ1 − Φ̃1Φ ,
lim
𝑡→+∞

⟨𝑦1 (𝑡)⟩ = Φ2 − Φ̃2Φ ,
lim
𝑡→+∞

⟨𝑦2 (𝑡)⟩ = Φ3 − Φ̃3Φ ,
𝑎.𝑠.

(101)

(II) Optimal harvesting strategy
Define Λ = (𝜆1, 𝜆2)T = [𝑃(𝑃−1)T + 𝐼]−1𝑄.
(i) If 𝜆𝑖 ≥ 0 and when ℎ𝑖 = 𝜆𝑖, 𝑖 = 1, 2, we have Γ2 >0, Γ3 > 0, then the optimal harvesting effort is 𝐻∗ =Λ = [𝑃(𝑃−1)T + 𝐼]−1𝑄, and the maximum of ESY is

𝑌∗ = ΛT𝑃−1 (𝑄 − Λ) , (102)

where Γ𝑖 = Φ𝑖 − Φ̃𝑖, 𝑖 = 2, 3.
(ii) If 𝜆𝑖 < 0, then the optimal harvesting strategy
does not exist.

Next, we give some numerical simulations to illustrate the
biological significance of the results. We choose 𝑟1 = 1.2, 𝑟2 =−0.05, 𝑟3 = −0.005, ℎ1 = 0.1, ℎ2 = 0.005, 𝑎11 = 1.6, 𝑎12 = 1.2,𝑎13 = 0.3, 𝑎21𝑒−𝑑21𝜏21 = −0.85, 𝑎22 = 1.9, 𝑎23𝑒−𝑑23𝜏23 = 0.6,𝑎31𝑒−𝑑31𝜏31 = −0.4, 𝑎32𝑒−𝑑32𝜏32 = 1, 𝑎33 = 2.1, 𝜏12 = 3, 𝜏13 = 7,𝜏21 = 1, 𝜏23 = 5, 𝜏31 = 4, 𝜏32 = 10, and 𝛾1 = 𝛾2 = 𝛾3 = 1.
Additionally, we denote 𝑥(𝜃) = 0.5 + 0.1 sin 𝜃, 𝑦1(𝜃) = 0.1 +0.05 sin 𝜃, and 𝑦2(𝜃) = 0.05+0.03 sin 𝜃.The densities of white
noises will be given in Figures 1(a)–1(d).

Figure 1(a) shows that all three species are persistent in
mean when 𝜌3 > 1. Figure 1(b) shows that the prey and
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Figure 2: The optimal harvesting effort and the maximum of ESY
are given in Theorem 9. Red line is with ℎ1 = 0.4452, ℎ2 = 0.3307,
blue line is with ℎ1 = 0.35, ℎ2 = 0.4 and green line is with ℎ1 = 0.1,ℎ2 = 0.6.

one predator are persistent in mean while another predator
is extinct when 𝜌2 > 1 > 𝜌3. We can find that only the prey
is persistent in mean and the two predators are extinct when𝜌1 > 1 > 𝜌2; see Figure 1(c). It is obvious that all three species
are extinct when 𝜌1 < 1; see Figure 1(d).

Regarding the optimal harvesting effort, when 𝑎22 = 1.9 >𝑎23𝑒−𝑑23𝜏23 = 0.6, 𝑎33 = 2.1 > 𝑎32𝑒−𝑑32𝜏32 = 1, it is not difficult
to estimate that 𝑃−1 + (𝑃−1)T is positive definite. Note thatΛ = [𝑃(𝑃−1)T + 𝐼]−1𝑄, and we can observe Λ = (𝜆1, 𝜆2)T =(0.4452, 0.3307)T. Then we can find Γ2 > 0, Γ3 > 0. The
conditions in Theorem 9 hold; therefore, we have ℎ1 = 𝜆1 =0.4452, ℎ2 = 𝜆2 = 0.3307, and 𝑌∗ = ΛT𝑃−1(𝑄 − Λ) = 0.31.
Thus the optimal harvesting policy exists (see Figure 2).

In Figure 2, we illustrate not only the optimal harvesting
policy but also another two harvesting policies. It is conspicu-
ous that the optimal harvesting policy leads to the maximum
of expectation of sustainable yield.

Based on the theoretical analysis and numerical simula-
tions, we present themain biological and ecologicalmeanings
of our results.(1) The perturbations we considered are not only Gaus-
sian white noises but also Lévy jump. The results reveal that
the Lévy jumpmay significantly affect the optimal harvesting
effort and the maximum of ESY.(2) Time delay is imperative in the ecological environ-
ment. It has significant relationship with the persistence in
mean and optimal harvesting policy of model (5).(3) We have investigated not only environmental distur-
bance on the species but harvesting effort affected by human
and social factors. The results provide theoretical references
for some modern fields, such as fishery management. It is
beneficial for people to make a rational exploitation and
derive maximum profit.

As a matter of fact, with the environmental pollution
continually becoming worse, it is significant to consider the
species in the polluted environment [4, 33]. There is no
exaggeration that plenty of interesting topics deserve further

investigations, for example, nonautonomous system, Markov
process, impulsive effect, and partial differential system [40,
52–56]. We leave these for future investigations.
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“Dynamics and management of stage-structured fish stocks,”
Bulletin of Mathematical Biology, vol. 75, no. 1, pp. 1–23, 2013.

[2] M. P. Hassell, “Density dependence in single-species popula-
tion,” Journal of Animal Ecology, vol. 44, no. 1, pp. 283–295, 1975.

[3] X. Y. Song and L. S. Chen, “Optimal harvesting and stability
for a two-species competitive system with stage structure,”
Mathematical Biosciences, vol. 170, no. 2, pp. 173–186, 2001.

[4] Y. J. Li and X. Z. Meng, “Dynamics of an impulsive stochastic
nonautonomous chemostat model with two different growth
rates in a polluted environment,” Discrete Dynamics in Nature
and Society, vol. 2019, 9 pages, 2019.

[5] A.Hastings andT. Powell, “Chaos in a three-species food chain,”
Ecology, vol. 72, no. 3, pp. 896–903, 1991.

[6] S. Ahmad and I. M. Stamova, “Almost necessary and sufficient
conditions for survival of species,” Nonlinear Analysis: Real
World Applications, vol. 5, no. 1, pp. 219–229, 2004.

[7] X. Fan, Y. Song, and W. Zhao, “Modeling cell-to-cell spread of
HIV-1 with nonlocal infections,”Complexity, vol. 2018, 10 pages,
2018.

[8] W. Wang, Y. Cai, J. Li, and Z. Gui, “Periodic behavior in a FIV
model with seasonality as well as environment fluctuations,”
Journal of The Franklin Institute, vol. 354, no. 16, pp. 7410–7428,
2017.

[9] M. Mimura and J. D. Murray, “On a diffusive prey-predator
model which exhibits patchiness,” Journal ofTheoretical Biology,
vol. 75, no. 3, pp. 249–262, 1978.

[10] W. Zuo and D. Jiang, “Periodic solutions for a stochastic
non-autonomous Holling-Tanner predator-prey system with
impulses,” Nonlinear Analysis: Hybrid Systems, vol. 22, pp. 191–
201, 2016.

[11] M. Chi and W. Zhao, “Dynamical analysis of multi-nutrient
and single microorganism chemostat model in a polluted
environment,” Advances in Difference Equations, vol. 2018, p.
120, 2018.

[12] T. Zhang, X. Meng, Y. Song, and T. Zhang, “A stage-structured
predator-prey SI model with disease in the prey and impulsive
effects,”Mathematical Modelling and Analysis, vol. 18, no. 4, pp.
505–528, 2013.



Mathematical Problems in Engineering 13

[13] M. Wang, “On some free boundary problems of the prey-
predator model,” Journal of Differential Equations, vol. 256, no.
10, pp. 3365–3394, 2014.

[14] X.-Z. Meng, S.-N. Zhao, and W.-Y. Zhang, “Adaptive dynamics
analysis of a predator-prey model with selective disturbance,”
Applied Mathematics and Computation, vol. 266, pp. 946–958,
2015.

[15] Y. Zhang, S. Chen, S. Gao, and X. Wei, “Stochastic periodic
solution for a perturbed non-autonomous predator-prey model
with generalized nonlinear harvesting and impulses,” Physica A:
Statistical Mechanics and its Applications, vol. 486, pp. 347–366,
2017.

[16] Y. Tian, T. Zhang, and K. Sun, “Dynamics analysis of a pest
management prey-predator model by means of interval state
monitoring and control,” Nonlinear Analysis: Hybrid Systems,
vol. 23, pp. 122–141, 2017.

[17] S. Zhang, X. Meng, T. Feng, and T. Zhang, “Dynamics analysis
and numerical simulations of a stochastic non-autonomous
predator–prey system with impulsive effects,” Nonlinear Anal-
ysis: Hybrid Systems, vol. 26, pp. 19–37, 2017.

[18] E. Beretta and Y. Takeuchi, “Global stability of single-species
diffusionVolterramodels with continuous time delays,”Bulletin
of Mathematical Biology, vol. 49, no. 4, pp. 431–448, 1987.

[19] A. Bahar and X. Mao, “Stochastic delay population dynamics,”
International Journal of Pure and Applied Mathematics, vol. 11,
no. 4, pp. 377–400, 2004.

[20] K. Gopalsamy, Stability and Oscillations in Delay Differential
Equation of Population Dynamics, vol. 74 of Mathematics and
Its Applications, Kluwer Academic, Dordrecht, the Netherlands,
1992.

[21] J. Zhou, C. Sang, X. Li, M. Fang, and Z. Wang, “H∞ consensus
for nonlinear stochastic multi-agent systems with time delay,”
AppliedMathematics andComputation, vol. 325, pp. 41–58, 2018.

[22] M. Liu, C. Bai, and Y. Jin, “Population dynamical behavior
of a two-predator one-prey stochastic model with time delay,”
Discrete and Continuous Dynamical Systems - Series A, vol. 37,
no. 5, pp. 2513–2538, 2017.

[23] M. Liu and M. Fan, “Stability in distribution of a three-species
stochastic cascade predator-prey systemwith time delays,” IMA
Journal of AppliedMathematics, vol. 82, no. 2, pp. 396–423, 2017.

[24] G. Liu, X. Wang, X. Meng, and S. Gao, “Extinction and
persistence in mean of a novel delay impulsive stochastic
infected predator-prey system with jumps,” Complexity, vol.
2017, Article ID 1950970, 15 pages, 2017.

[25] M. Liu, X. He, and J. Yu, “Dynamics of a stochastic regime-
switching predator-prey model with harvesting and distributed
delays,” Nonlinear Analysis: Hybrid Systems, vol. 28, pp. 87–104,
2018.

[26] X. Xie and M. Jiang, “Output feedback stabilization of stochas-
tic feedforward nonlinear time-delay systems with unknown
output function,” International Journal of Robust and Nonlinear
Control, vol. 28, no. 1, pp. 266–280, 2018.

[27] Y.Wang, Z. Pan, Y. Li, andW. Zhang, “H∞ control for nonlinear
stochastic Markov systems with time-delay and multiplicative
noise,” Journal of Systems Science & Complexity, vol. 30, no. 6,
pp. 1293–1315, 2017.

[28] M.-M. Jiang, K.-M. Zhang, and X.-J. Xie, “Output feedback
stabilisation of stochastic nonlinear time-delay systems with
unknown output function,” International Journal of Systems
Science, vol. 48, no. 11, pp. 2262–2271, 2017.

[29] X. Meng, F. Li, and S. Gao, “Global analysis and numerical
simulations of a novel stochastic eco-epidemiological model
with time delay,” Applied Mathematics and Computation, vol.
339, pp. 701–726, 2018.

[30] J. R. Beddington and R. M. May, “Harvesting natural popula-
tions in a randomly fluctuating environment,” Science, vol. 197,
no. 4302, pp. 463–465, 1977.

[31] M. G. Neubert, “Marine reserves and optimal harvesting,”
Ecology Letters, vol. 6, no. 9, pp. 843–849, 2003.

[32] Z. Jiang,W. Zhang, J. Zhang, and T. Zhang, “Dynamical analysis
of a phytoplankton—zooplankton system with harvesting term
and holling III functional response,” International Journal of
Bifurcation and Chaos, vol. 28, no. 13, Article ID 1850162, 23
pages, 2018.

[33] Y. Zhao and S. Yuan, “Optimal harvesting policy of a stochastic
two-species competitive model with Lévy noise in a polluted
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noise sources,” Physical Review E: Statistical, Nonlinear, and Soft
Matter Physics, vol. 82, no. 1, Article ID 011121, pp. 1–9, 2010.

[40] C. Tan andW. H. Zhang, “On observability and detectability of
continuous-time stochastic Markov jump systems,” Journal of
Systems Science & Complexity, vol. 28, no. 4, pp. 830–847, 2015.

[41] Q. Liu, D. Jiang, N. Shi, T. Hayat, and A. Alsaedi, “Stochastic
mutualism model with Levy jumps,” Communications in Non-
linear Science andNumerical Simulation, vol. 43, pp. 78–90, 2017.

[42] Q. Liu, D. Jiang, N. Shi, and T. Hayat, “Dynamics of a stochastic
delayed SIR epidemic model with vaccination and double
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