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The paper analyzed the thermal problem of the 2D FGM beam using meshless weighted least-square (MWLS)method.TheMWLS
as a meshless method is fully independent of mesh, and an approximate function was used to construct a series of linear equations
to solve the unknown field variable, which avoided the troublesome task of numerical integration.The effectiveness and accuracy of
the approachwere illustrated by a clamped-clampedFGMbeamwhichwas subjectedwith interior heat source.The volume fraction
of FGM beamwas assumed to be given by a simple power law distribution.The effective material properties of the FGM beamwere
assumed to be temperature independent and calculated by Mori-Tanaka method. The results showed that a good agreement was
achieved between the proposed meshless method and commercial COMSOLMultiphysics.

1. Introduction

FGMs can resist high temperatures and are proficient in
reducing the thermal stress and have received more attention
from the researchers [1]. Most of these researches on FGMs
have been restricted to heat conduction analyses, thermal
stress analyses, thermal buckling analyses, thermal vibration,
and optimization problem. Various numerical techniques,
such as the finite difference method (FDM) [2, 3], finite
element method (FEM) [4–7], boundary element method
(BEM) [8], or more recently developed meshless methods
[9–23], have been developed for analyzing thermal related
problems and other problems. Because of the complexity
of the relevant governing equation, analytical solutions are
usually difficult to obtain for those arbitrary geometry and
complex boundary conditions, and the exact solutions are
usually obtained based on classical plate theory, first-order
shear deformation theory, high-order shear deformation the-
ory, and so on [24, 25]. Comparedwith FEM, FDM, andBEM,
themeshless methods are associated with a class of numerical
techniques that approximate a given differential equation or
a set of differential equations using global interpolations on
the discrete nodes or backgroundmesh, exhibiting the advan-
tages of avoiding mesh generation, simple data preparation,
easy postprocessing, and so forth.

Liu and Gu [15] introduced meshless methods and
their programming, such as the element-free Galerkin
(EFG) method [12, 16], the hp-clouds method, the meshless
local Petrov-Galerkin (MLPG) method [9, 10], meshless
Galerkin method using radial basis functions [11, 14, 21], the
least-square method [20], and meshless point interpolation
method [19]. The main advantage of the MLPG method
compared with regular Galerkin-based methods is that no
backgroundmesh is used to evaluate various integrals appear-
ing in the local weak formulation of problem, but it requires
a high-order quadrature rule to obtain converged results and
thus needs much more computational effort in terms of CPU
time than that for the FEM. Ching and Chen [9] proposed
the thermoelastic analysis of a functionally graded compos-
ite considering temperature-dependent thermomechanical
properties by the MLPG method. Andrew and Senthil [12]
proposed amethodology for the two-dimensional simulation
and optimization of material distribution of functionally
graded materials for thermomechanical processes using a
genetic algorithm. Katsikadelis [13] employed the meshless
analog equation method to solve the 2D elastostatic problem
for inhomogeneous anisotropic. A meshless algorithm of
fundamental solution coupling with radial basis functions
based on analog equation theory was proposed to simulate
the static thermal stress distribution in 2D FGMs [14].
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Mierzwiczak et al. [17] presented the singular boundary
method for steady-state nonlinear heat conduction prob-
lems. Bhavani et al. [26] solved thermoelastic equilibrium
equations for a functionally graded beam to obtain the axial
stress distribution. Sohn and Kim [27] analyzed static and
dynamic stabilities of FG panels which are subjected to
thermal and aerodynamic loads. Hiroyuki [28] presented
a two-dimensional (2D) higher-order deformation theory
presented for the evaluation of displacements and stresses
in functionally graded (FG) plates subjected to thermal and
mechanical loading.

Zhou et al. presented steady-state [29] and transient-
state [30] heat conduction analysis of heterogeneous material
using the meshless weighted least-square method. In this
paper the puremeshless method (MWLS) was then extended
to solve problems of thermoelastic analysis for the FGMbeam
with interior heat source.The volume fractions of constituent
materials composing the FGM beam are assumed to be given
by a simple power law distribution. Material properties of
the FGM are obtained by Mori-Tanaka method. The paper
is divided as follows: firstly, we give problem description
and MWLS analysis about the thermal problem. Then, in
order to demonstrate the efficiency and accuracy of the
proposed method, numerical implementation is given in the
next section. The last section includes some conclusions.

2. MWLS Analysis of the Thermal Problem

The solution of MWLS analysis to the thermal problem is
described in this section. The shape functions in MWLS
analysis is a moving least-squares approximation scheme
which is originally developed for the smooth interpolation of
irregularly distributed data.

2.1. The Moving Least-Square (MLS) Approximation Scheme.
Construct the local approximate function 𝑓ℎ(𝑥) of an
unknown field variable function 𝑓(𝑥) expressed as

𝑓 (𝑥) ≈ 𝑓ℎ (𝑥) = 𝑝𝑇 (𝑥) 𝑎 (𝑥) (1)

where 𝑝𝑇(𝑥) is the basis function and the quadratic basis
𝑝𝑇(𝑥) = {1, 𝑥, 𝑦, 𝑥2, 𝑥𝑦, 𝑦2} is used in this paper. In 2D
space, the number of basis function m=6; 𝑎(𝑥) are unknown
coefficients, which are solved by minimizing a weighted
discrete residual given as

𝐽𝐽 = 𝑁∑
𝐼=1

𝜔𝐼 (𝑥) [𝑓ℎ (𝑥,𝑥𝐼) − 𝑓 (𝑥𝐼)]2

= 𝑁∑
𝐼=1

𝜔𝐼 (𝑥) [𝑝𝑇 (𝑥) 𝑎 (𝑥) − 𝑓 (𝑥𝐼)]2
(2)

The minimum value of JJ may be achieved through differen-
tiating with respect to 𝑎(𝑥)

𝜕𝐽𝐽𝜕𝑎𝑗 (𝑥) = 2
𝑁∑
𝐼=1

𝜔𝐼 (𝑥) [ 𝑚∑
𝑖=1

𝑝𝑖 (𝑥𝐼) 𝑎𝑖 (𝑥) − 𝑓𝐼]𝑝𝑗 (𝑥𝐼)
= 0 𝑗 = 1, 2, . . . , 𝑚

(3)

in which 𝑥𝐼 are the positions of the N nodes, 𝑓𝐼 refers
to the nodal parameter of the field variable at node 𝐼,𝑓𝐼 = 𝑓(𝑥𝐼). 𝜔𝐼(𝑥) is the weighting function and usually a
compactly supported function that is only nonzero in a small
neighborhood called the “support domain” of node 𝑥𝐼. The
exponential function is used in this study.

𝜔 (𝑟) = {{{{{
(exp (−𝑟2𝛽2) − exp (−𝛽2))

(1 − exp (−𝛽2)) 𝑟 ≤ 1
0 𝑟 > 1

(4)

where 𝑟 = ‖𝑥 − 𝑥𝐼‖/𝑑𝑚𝐼 = √(𝑥 − 𝑥𝐼)2 + (𝑦 − 𝑦𝐼)2/𝑑𝑚𝐼 for
circular support domain and 𝛽 is a constant. 𝑑𝑚𝐼 denotes the
radius of the circular support domain.

To obtain 𝑎(𝑥), (3) can be rewritten in the matrix form

𝐴 (𝑥) 𝑎 (𝑥) = 𝐵 (𝑥)𝑓 (5)

where 𝐴(𝑥) = ∑𝑁𝐼=1 𝜔𝐼(𝑥)𝑝(𝑥𝐼)𝑝𝑇(𝑥𝐼), 𝐵(𝑥) =[𝜔1(𝑥)𝑝(𝑥1) 𝜔2(𝑥)𝑝(𝑥2) . . . 𝜔𝑁(𝑥)𝑝(𝑥𝑁)], 𝑓 = [𝑓(𝑥1),𝑓(𝑥2), . . . , 𝑓(𝑥𝑁)]𝑇.𝑑𝑚𝐼 is chosen to make 𝐴(𝑥) be the nonsingular matrix
everywhere in the whole domain; however, the circular
support domain must have enough neighborhood nodes.
Through finding out the kkth nearest points of the evaluation
point 𝑥, the smallest support domain radius including these
points can be obtained. The value of kk is gained by compar-
ing some numerical examples with their analytical solutions
in Zhou et al. [29, 30].

Solving 𝑎(𝑥) from (5), coefficients 𝑎(𝑥) can be obtained

𝑎 (𝑥) = 𝐴−1 (𝑥)𝐵 (𝑥)𝑓 (6)

Substituting (6) back into (1) and removing unknown 𝑎(𝑥),
we have

𝑓ℎ (𝑥) = 𝑝𝑇 (𝑥)𝐴−1 (𝑥)𝐵 (𝑥)𝑓 = 𝑆 (𝑥)𝑓 (7)

Set 𝑝𝑇(𝑥)𝐴−1(𝑥)𝐵(𝑥) = 𝑆(𝑥), where 𝑆(𝑥) is the shape
function.

2.2. Heat Conduction Analysis of FGM Object. The steady-
state heat conduction equation and the thermal boundary
conditions of FGM objects are as follows, respectively,

𝑘 (𝑥) ∇2𝑇 (𝑥) + ∇𝑘 (𝑥) ⋅ ∇𝑇 (𝑥) + 𝑄 = 0 (8)

Dirichlet boundary: 𝑇 (𝑥) = 𝑇 𝑥 ∈ Γ1
Neumann boundary: 𝑛 ⋅ 𝑘 (𝑥) ∇𝑇 (𝑥) = 𝑞 𝑥 ∈ Γ2
Mixed boundary: 𝑛 ⋅ 𝑘 (𝑥) ∇𝑇 (𝑥) = ℎ (𝑇∞ − 𝑇 (𝑥))

𝑥 ∈ Γ3
(9)

where 𝑇(𝑥) is the temperature field on a fixed domain Ω
surrounded by a closed boundary Γ = Γ1+Γ2+Γ3.The variable
𝑥 denotes the physical dimensions expressed in Cartesian
coordinates, 𝑥: (𝑥, 𝑦). 𝑛 is the outward surface normal. The
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parameters 𝑘, 𝑇∞, ℎ and 𝑄 are the thermal conductivity,
ambient temperature, the heat transfer coefficient, and the
heat resource, respectively.

Substituting the unknown temperature field variable𝑇(𝑥)
of (8) with the approximate function of (7), the residuals are
minimized in a least-squares manner,

𝛿∏ = ∫
Ω
𝛿𝑓𝐽 [𝑘∇2𝑆𝐽 (𝑥) + ∇𝑘∇𝑆𝐽 (𝑥)]

⋅ [𝑘∇2𝑆𝐼 (𝑥) 𝑓𝐼 + ∇𝑘∇𝑆𝐼 (𝑥) 𝑓𝐼 + 𝑄] 𝑑Ω
+ ∫
Γ1

𝛿𝑓𝐽𝑆𝐽 (𝑥) [𝑆𝐼 (𝑥) 𝑓𝐼 − 𝑓] 𝑑Γ + ∫
Γ2

𝛿𝑓𝐽𝑛
⋅ 𝑘∇𝑆𝐽 (𝑥) ⋅ (𝑛 ⋅ 𝑘∇𝑆𝐼 (𝑥) 𝑓𝐼 − 𝑞) 𝑑Γ
+ ∫
Γ3

𝛿𝑓𝐽 (𝑛 ⋅ 𝑘∇𝑆𝐽 (𝑥) + ℎ𝑆𝐽 (𝑥))
⋅ [𝑛 ⋅ 𝑘∇𝑆𝐼 (𝑥) 𝑓𝐼 − ℎ (𝑇∞ − 𝑆𝐼 (𝑥) 𝑓𝐼)] 𝑑Γ

(10)

We use an alternative discrete equation to avoid integra-
tion and (10) can be rewritten as

𝛿∏ = 𝛿𝑓𝐽 𝑁∑
𝑠=1

[𝑘𝑠∇2𝑆𝐽 (𝑥𝑠) + ∇𝑘𝑠∇𝑆𝐽 (𝑥𝑠)]
⋅ [𝑘𝑠∇2𝑆𝐼 (𝑥𝑠) 𝑓𝐼 + ∇𝑘𝑠∇𝑆𝐼 (𝑥𝑠) 𝑓𝐼 + 𝑄]
+ 𝛿𝑓𝐽
𝑁1∑
𝑠=1

𝑆𝐽 (𝑥𝑠) [𝑆𝐼 (𝑥𝑠) 𝑓𝐼 − 𝑇]

+ 𝛿𝑓𝐽
𝑁2∑
𝑠=1

𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) ⋅ (𝑛 ⋅ 𝑘𝑠∇𝑆𝐼 (𝑥𝑠) 𝑓𝐼 − 𝑞)

+ 𝛿𝑓𝐽
𝑁3∑
𝑠=1

[𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) + ℎ𝑆𝐽 (𝑥𝑠)]
⋅ [𝑛 ⋅ 𝑘𝑠∇𝑆𝐼 (𝑥) 𝑓𝐼 − ℎ (𝑇∞ − 𝑆𝐼 (𝑥𝑠) 𝑓𝐼)]

(11)

The system equations of the MWLS method for solving
steady-state heat conduction equations are written in amatrix
form

𝐾𝑇 = 𝑃 (12)

𝐾 = 𝑁∑
𝑠=1

[𝑘𝑠∇2𝑆𝐽 (𝑥𝑠) + ∇𝑘𝑠∇𝑆𝐽 (𝑥𝑠)]
⋅ [𝑘𝑠∇2𝑆𝐼 (𝑥𝑠) + ∇𝑘𝑠∇𝑆𝐼 (𝑥𝑠)]
+ 𝑁1∑
𝑠=1

𝑆𝐽 (𝑥𝑠) 𝑆𝐼 (𝑥𝑠) +
𝑁2∑
𝑠=1

𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) 𝑛

⋅ 𝑘𝑠∇𝑆𝐼 (𝑥𝑠) +
𝑁3∑
𝑠=1

[𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) + ℎ𝑆𝐽 (𝑥𝑠)]
⋅ [𝑛 ⋅ 𝑘𝑠∇𝑆𝐼 (𝑥) + ℎ𝑆𝐼 (𝑥)]

(13)

𝑃 = − 𝑁∑
𝑠=1

𝑘𝑠∇2𝑆𝐽 (𝑥𝑠) + ∇𝑘𝑠∇𝑆𝐽 (𝑥𝑠) ]𝑄

+ 𝑁1∑
𝑠=1

𝑆𝐽 (𝑥𝑠) 𝑇 +
𝑁2∑
𝑠=1

𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) 𝑞

+ 𝑁3∑
𝑠=1

[𝑛 ⋅ 𝑘𝑠∇𝑆𝐽 (𝑥𝑠) + ℎ𝑆𝐽 (𝑥𝑠)] ℎ𝑇∞

(14)

where 𝐼 and 𝐽 refer to node indices, N1, N2, and N3 is the
number of interior nodes in the boundary Γ1, Γ2, and Γ3,
respectively.

2.3. Thermoelastic Analysis of FGM Object. Consider the 2D
FGM anisotropic linear elastic body defined in the domainΩ bounded by Γ. The governing equation and boundary
condition can be written in the following form disregarding
the body forces

𝜎𝑖𝑗,𝑗 = 0 𝑖𝑛 Ω (15)

stress boundary condition: 𝜎𝑖𝑗𝑛𝑗 − 𝑡𝑖 = 0 on Γ𝑡
displacement boundary condition: 𝑢𝑖 = 𝑢𝑖 on Γ𝑢 (16)

in which 𝜎𝑖𝑗 is the components of the Cauchy stress tensor. A
comma followed by index 𝑗 denotes the partial differentiation
with respect to coordinate 𝑥𝑗 of a material point. 𝑛𝑗 is
the unit outward normal to Γ. 𝑢𝑖 are the displacement
components, and 𝑢𝑖 are the prescribed displacements onΓ𝑢. 𝑡𝑖 are the prescribed traction on Γ𝑡. Γ𝑢 and Γ𝑡 are the
complementary parts of the boundary Γ. MWLS analysis
requires a discretization of the domain Ω; (15)-(16) becomes

𝜎𝑖𝑗,𝑗 (𝑥𝑘) = 0 𝑥𝑘 ∈ Ω, 𝑖, 𝑗 = 1, 2; 𝑘 = 1, 2, . . . , 𝑁Ω (17)

𝜎𝑖𝑗 (𝑥𝑘) 𝑛𝑗 = 𝑡𝑖 (𝑥𝑘)
𝑥𝑘 ∈ Γ𝑡, 𝑖, 𝑗 = 1, 2; 𝑘 = 1, 2, . . . ,𝑁𝑡 (18)

𝑢𝑖 (𝑥𝑘) = 𝑢𝑖 (𝑥𝑘)
𝑥𝑘 ∈ Γ𝑢, 𝑖 = 1, 2; 𝑘 = 1, 2, . . . , 𝑁𝑢 (19)

where𝑁Ω,𝑁𝑡, and𝑁𝑢 is the number of interior nodes in the
domain Ω, in the boundary Γ𝑡 and Γ𝑢, respectively.

Substituting 𝜎𝑖𝑗, 𝑢𝑖 of (17)∼(19) with the approximate
function of (7),

𝑁∑
𝐼=1

𝐻𝐼 (𝑥𝑘)𝑓𝐼 = 0 𝑥𝑘 ∈ Ω, 𝑘 = 1, 2, . . . , 𝑁Ω (20)

𝑁∑
𝐼=1

𝑄𝐼 (𝑥𝑘)𝑓𝐼 = 𝑡𝑘 𝑥𝑘 ∈ Γ𝑡, 𝑘 = 1, 2, . . . , 𝑁𝑡 (21)

𝑁∑
𝐼=1

𝑁𝐼 (𝑥𝑘)𝑓𝐼 = 𝑢𝑘 𝑥𝑘 ∈ Γ𝑢, 𝑘 = 1, 2, . . . , 𝑁𝑢 (22)

where𝐻,𝑄, and𝑁 denote shape function similar to 𝑆 of (7)



4 Mathematical Problems in Engineering

𝐻𝐼 (𝑥𝑘) = 𝐸1 − 𝜐2
[[[[
[

𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑥2 + 1 − 𝜐2
𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑦2 1 + 𝜐2

𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑥𝜕𝑦1 + 𝜐2
𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑥𝜕𝑦

𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑦2 + 1 − 𝜐2
𝜕2𝑁𝐼 (𝑥𝑘)𝜕𝑥2

]]]]
]

(23)

𝑄𝐼 (𝑥𝑘) = 𝐸1 − 𝜐2
[[[
[
𝑙𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑥 + 𝑚1 − 𝜐2

𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑦 𝑙𝜐𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑦 + 𝑚1 − 𝜐2
𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑥

𝑚𝜐𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑥 + 𝑙1 − 𝜐2
𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑦 𝑚𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑦 + 𝑙1 − 𝜐2

𝜕𝑁𝐼 (𝑥𝑘)𝜕𝑥
]]]
]

(24)

𝑁𝐼 = [𝑁𝐼 (𝑥𝑘) 0
0 𝑁𝐼 (𝑥𝑘)] ,

𝑓𝐼 = [𝑓1𝐼𝑓2𝐼] ,

𝑡𝑘 = [𝑡1 (𝑥𝑘)𝑡2 (𝑥𝑘)] ,

𝑢𝑘 = [𝑢1 (𝑥𝑘)𝑢2 (𝑥𝑘)]

(25)

where 𝑙 = cos(𝑁𝑜, 𝑥), 𝑚 = cos(𝑁𝑜, 𝑦); No is the normal
vector of any point.

Substituting the unknown field variable 𝜎𝑖𝑗 of (15)∼
(16) into (1), the residuals are minimized in a least-squares
manner,

Π = ∫
Ω
𝜎𝑖𝑗,𝑗𝜎𝑖𝑘,𝑘𝑑Ω + ∫

Γ𝑢
(𝑢𝑖 − 𝑢𝑖) (𝑢𝑖 − 𝑢𝑖) 𝑑Γ𝑢

+ ∫
Γ𝑡
(𝜎𝑖𝑗𝑛𝑗 − 𝑡𝑖) (𝜎𝑖𝑗𝑛𝑗 − 𝑡𝑖) 𝑑Γ𝑡

(26)

Similar to (12) the system equations of the MWLS method
for solving thermoelastic problem is written in the following
matrix form

𝐾𝑑 = 𝑃 (27)

where

𝐾 = 𝑁∑
𝑠=1

𝐻
𝑇 (𝑥𝑠)𝐻 (𝑥𝑠) +

𝑁𝑢∑
𝑠=1

𝑁
𝑇 (𝑥𝑠)𝑁 (𝑥𝑠)

+ 𝑁𝑡∑
𝑠=1

𝑄
𝑇 (𝑥𝑠)𝑄 (𝑥𝑠)

(28)

𝑃 = 𝑁𝑢∑
𝑠=1

𝑁
𝑇 (𝑥𝑠) 𝑢𝑠 +

𝑁𝑡∑
𝑠=1

𝑄
𝑇 (𝑥𝑠) 𝑡𝑠 (29)

where𝐻, 𝑄, and𝑁 are obtained by (23)∼(25) and 𝑑 denotes
the displacement of x, y, [𝑢1, 𝑢2].

The thermal stresses is written in the matrix form

𝜎 = 𝐷𝜀 − 𝛽𝑇 (30)

where𝐷 is the stiffness matrix for a linearly elastic, isotropic
2-D solid. 𝜀 is the infinitesimal strain vector.

𝜀 = [𝜕𝑢1𝜕𝑥1
𝜕𝑢2𝜕𝑥2

𝜕𝑢2𝜕𝑥1 +
𝜕𝑢1𝜕𝑥2 ]
𝑇 ,

𝐷 = 𝐸 (𝑥)
1 − 𝜐 (𝑥)2

[[[[
[

1 𝜐 (𝑥) 0
𝜐 (𝑥) 1 0
0 0 (1 − 𝜐 (𝑥))2

]]]]
]

(31)

in which 𝐸 = 𝐸; 𝜐 = 𝜐; 𝛽 = (𝛼𝐸/(1 − 𝜐)) { 11
0
}, for plane

stresswith𝐸, 𝜐 and𝛼 denoting theYoung’smodulus, Poisson’s
ratio, and coefficient of thermal expansion, respectively, and
𝐸 = 𝐸/(1−𝜐2); 𝜐 = 𝜐/(1−𝜐); 𝛽 = (𝛼𝐸/(1−2𝜐)) { 11

0
} for plane

stain.

2.4. Material Properties. Two homogenization methods are
often used to evaluate the effective material properties for
FGMs. One is the rule of mixtures, and the other is the
micromechanical model. The former is simply a linear rule
of mixtures and the effective value can be determined by

𝑃 = 𝑃1𝑉1 + 𝑃2𝑉2 (32)

where the volume fractions satisfy 𝑉1 + 𝑉2 = 1, and 𝑃
may be elastic modulus 𝐸, bulk modulus 𝐺, Poisson’s ratio
V, coefficient of thermal expansion a, thermal conductivity 𝑘,
and shear modulus 𝜇.

The most widely used micromechanical model is Mori-
Tanaka model [9, 31]. It is the modified rule of mixtures and
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Figure 1: Geometry of square region and boundary conditions.

the effective material properties can be defined using the
following relation,

𝑘 = 𝑘1 + 3𝑘1𝑉2 (𝑘2 − 𝑘1)3𝑘1 + 𝑉1 (𝑘2 − 𝑘1) (33)

𝐸 = 𝐸1 + 𝑉2 (3𝐸1 + 4𝜇1) (𝐸2 − 𝐸1)3 (1 − 𝑉2) (𝐸2 − 𝐸1) + 3𝐸1 + 4𝜇1 (34)

𝜇 = 𝜇1 + 𝑉2 (𝜇1 + 𝑓𝑓1) (𝜇2 − 𝜇1)(1 − 𝑉2) (𝜇2 − 𝜇1) + 𝜇1 + 𝑓𝑓1 (35)

𝛼 = 𝛼1 + 𝐸2 (𝐸1 − 𝐸) (𝛼2 − 𝛼1)𝐸 (𝐸1 − 𝐸2) (36)

where𝐺1 = 𝐸1/3(1−2𝜐1); 𝐺2 = 𝐸2/3(1−2𝜐2); 𝜇1 = 𝐸1/2(1+𝜐1); 𝜇2 = 𝐸2/2(1 + 𝜐2); 𝑓𝑓1 = 𝜇1(9𝐸1 + 8𝜇1)/6(𝐸1 + 2𝜇1).
3. Numerical Results and Discussions

In order to demonstrate the efficiency and accuracy of
the presented method, firstly, we choose a isotropic square
region (Case 1) with defined boundary conditions; through
heat conduction analysis the results are compared with the
analytical solutions and FDM. Then a clamped-clamped
FGM beam (Case 2) which was subjected with interior heat
source is analyzed using MWLS method.

3.1. Case 1. A 100×100m isotropic square region is shown
in Figure 1. The top and bottom boundaries are insulated.
The left and right boundaries are assigned a temperature of
200∘C and 100∘C, respectively. The spatial variation of the
thermal conductivity is taken to be cubic in the x-direction
as 𝑘(𝑥, 𝑦) = (1 + 𝑥/100)3.

An analytical solution is given as

𝑇 (𝑥, 𝑦) = 8006 [ 1
(1 + 𝑥/100)2 +

12] (37)

Table 1: Maximum of relative error.

Cartesian grid MWLS FDM
10×10 0.15% 0.35%
20×20 0.05% 0.077%
30×30 0.024% 0.033%

Table 2: Material property.

Material property Al SiC
k(W/mK) 233 65
E(Pa) 7e10 4.27e11𝜐 0.3 0.17𝛼 (/K) 2.34e-5 4.3e-6

The design region is discretized as 20×20, 𝛽 = 4 in (4),
and the material properties are a linear rule of mixtures (Eq.
(32)). The temperature field distribution is computed in Eq.
(12)-(14) and shown in Figure 2. According toWang et al. [32]
the estimation rule ismaximum of relative error%=max|(𝑓−𝑔)/𝑓| × 100%, in which 𝑓 is the analytical solution and 𝑔 is
numerical solution. Then, our MWLS method is compared
with FDM in different resolutions. The results are shown in
Table 1. Obviously ourmethod has a high precision compared
with the analytical solution in spite of any resolution.

3.2. Case 2. A clamped-clamped FGM beam is shown
in Figure 3, length L=1m, width D=0.5m, and thickness
H=0.1m; material property is shown in Table 2, interior heat
source Q=5e5W/m3; the spatial variation of the volume
fraction of Al is taken to be a power law distribution in the
y-direction as V = (y/D)a.

The beam is assumed to be in a state of plane strain
normal to the xy plane, and the design region is discretized as
31×15 and 61×30. The effective material properties are deter-
mined by the Mori-Tanaka model (Eq. (33)∼(36)). In order
to verify the proposed computational method, we do some
comparisons between the MWLS and the commercial COM-
SOLMultiphysics for a homogeneousmaterial (a=0), relevant
results are shown in Figure 4 and listed in Table 3.The results
obtained with the two methods are in good agreement in
temperature field aspect; however, the x-displacements and
y-displacement have a little difference in 31×15 grid and in
61×30 the results are in good agreement in Table 3. From
Figure 4 we also can know that our method and COMSOL
Multiphysics have the samedistribution trend.Themaximum
temperature 361.3K is in the center (0.5, 0.25) of the beam.

For a=2, we analyzed the heat conduction and ther-
moelastic problem using MWLS method. Temperature field
distribution, x-displacement, and y-displacement are plotted
in Figures 5, 6, and 7, respectively. Figure 5 indicates that the
maximum temperature 425.6K is higher than the homoge-
neous material of Figure 2(a), in the Cartesian coordinates
(0.5, 0.179) of the beam. Figures 6 and 7 show that when
subjected to temperature rise, the beam expands and the
maximum y-displacement is located at the top middle of
the beam. Then we do heat conduction analysis in different



6 Mathematical Problems in Engineering

10
0

10
0

110

11
0

11
0

120

12
0

12
0

130

13
0

13
0

140

14
0

14
0

150

15
0

15
0

160

16
0

16
0

17
0

17
0

170

18
0

18
0

180

19
0

19
0

190

20
0

200

20
0

MWLS
FDM
Analytical solution

0

10

20

30

40

50

60

70

80

90

100

y 
(m

)

20 40 60 80 1000
x (m)

(a) 2D display

MWLS
FDM
Analytical solution

80

100

120

140

160

180

200

220

T(
x,

10
0)

 (∘
C)

20 40 60 80 1000
x (m)

(b) Top boundary

Figure 2: Temperature field distribution (20×20).

T
 =

 3
00

K

T
 =

 3
00

K

T = 300K

T = 300K

Q

V = (y/D)a

Figure 3: Initial condition.

material distribution in different heat source; the result
is listed in Table 4. From Table 4, we can know that the
maximum temperature of FGM model is higher than that
of the fully metal model. Moreover, as the volume fraction
index is increased, the maximum temperature increases.
This is because for FGMs, when the volume fraction index
is increased, the contained quantity of ceramic increases.
Finally, to make a comparison, we do thermoelastic analysis
and obtain thermal stresses in the neutral axis of the beam
among a=0, a=2, and a=3, as shown in Figure 8. In Figures
8(a) and 8(c), the volume fraction of Al is gradually decreased
from a=0 to a=3, the 𝜎x and 𝜎y stresses are in an upward
trend. The maximum thermal stress always occurred in the
vicinity of neutral axis of the beam from Figures 8(a), 8(c),
and 8(d). The results also agreed well with the presented
elasticity solutions of [26].

4. Conclusion

In this paper, a novel thermoelastic analysis of FGM beam
based onMWLSmethod was presented.We do thermoelastic

and heat conduction analysis aimed at a clamped-clamped
thick beam which is subjected with interior heat source. The
FGM beam is assumed to be given by a simple power law dis-
tribution. Material properties of the FGM beam are obtained
by Mori-Tanaka method. Through being compared with
analytical solution and the commercial software of COMSOL
Multiphysics, the effectiveness and accuracy are verified. We
also listed the comparison of thermal stresses with the varia-
tion of power law index. The present method of analysis will
be also useful in the design and optimization of FGM objects.

Nomenclature

𝑎(𝑥): Coefficient
𝐴(𝑥),𝐵(𝑥): Matrices of computation𝑑𝑚𝐼: Radius of the circular support

domain𝑓𝐼: The nodal parameter of the field
variable at node 𝐼𝐼, 𝐽: Node indices𝑘: Thermal conductivity
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Figure 4: Comparison of our method with COMOSOL of a=0.

Table 3: Comparison of MWLS method and COMSOLMultiphysics.

method Temperature/K X displacement /mm Y displacement/mm
maximum minimum maximum minimum maximum minimum

MWLS (31×15) 361.8 300 .596 -.873 2.95 -2.8
MWLS (61×30) 361.3 300 .71 -.72 3.88 -3.84
COMSOL (948 triangle mesh) 361.1 300 .639 -.639 3.81 -3.81
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Table 4: Comparison of different material distribution in different heat source.

MWLS (31×15) Temperature/K Temperature/K
Q=5e5W/m3 Q=5e6W/m3

maximum minimum maximum minimum
a=0 361.8 300 910.8 300
a=2 425.6 300 1558.2 300
a=3 436.1 300 1660.9 300

320 340 360 380 400 420300

Figure 5: Distribution of temperature field.

−1.5 −1 −0.5 0 0.5 1 1.5 2−2
Ｒ 10−3

Figure 6: x-displacement/m.

1 2 3 4 5 6 7 8 90
Ｒ 10−3

Figure 7: y-displacement/m.

𝑘𝑘: Number of neighbor points𝑁: Number of nodes
𝑛: Outward surface normal
𝑆(𝑥),𝑁(𝑥),𝐻(𝑥),𝑄(𝑥): Shape functions𝑁1,𝑁2,𝑁3: Number of interior nodes in the

boundary Γ1, Γ2 and Γ3
𝑝(𝑥): Basis function𝑄: Heat source𝜎𝑖𝑗: Components of the Cauchy

stress tensorΓ𝑢, Γ𝑡: Complementary parts of the
boundary Γ𝐷: Stiffness matrix𝐸: Young’s modulus𝛼: Coefficient of thermal expansion𝑉: Volume fraction𝑇: Temperature𝑇∞: Ambient temperatureℎ: The heat transfer coefficient𝑓ℎ(𝑥): The moving least-square
approximation function

𝑥𝐼: The positions of the nodesΩ: Fixed domainΓ: Closed boundary ofΩΓ1: Dirichlet boundaryΓ2: Neumann boundaryΓ3: Mixed boundary𝜔𝐼(𝑥): Weight functions𝑞: Normal heat flux𝑡𝑖: Given traction on Γ𝑡𝑢𝑖: Displacement components𝑑: Displacement of x, y𝜀: Infinitesimal strain vector𝜐: Poisson’s ratio𝜇: Shear modulus𝐺: Bulk modulus.
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