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Displacement discontinuities method (DDM) is convenient for and efficient at dealing with discontinuity problems such as fracture
and fault. However, the known method of ease iteration is not available for nonlinear joint surface problems. This paper introduces
Barton-Bandis nonlinear joint deformation failure criterion, figures out the propagation model of joint through the maximum
energy release rate theory of rock fracture mechanics, and establishes three-dimensional nonlinear displacement discontinuity
model for rock joint. This paper gives results of the joint propagation pattern and its distribution law under tension and compression
with different parameters and side pressure coefficients via compiled program.

1. Introduction
Displacement discontinuities method (DDM) is an indirect
boundary elements method. By inputting relative displacement on fracture surface as unknown variables in seeking
internal stress and strain of the model, DDM is convenient
for and efficient at dealing with discontinuity problems.
Compared to finite element method, DDM requires less
variables so as to improve the calculating efficiency and
accuracy and has its own advantages on joint propagation
simulation.
In 1957, Rongved put forward his solution over a bounded
plane area in an infinite solid. In the year 1976 [1], Crouch
proposed the solution of plane elasticity problems by the
displacement discontinuity method [2, 3]. The method has
been developing ever since its birth; Kuriyama and Liu C.
L. deduced the exact solutions of the coefficients of the
triangular displacement discontinuous element in the threedimensional condition [4, 5]. Shou developed a quadratic
element of DDM and provided detailed analytical formula
of the relevant calculus [6]. Wen independently developed
DDM under three-dimensional elastic condition and then
applied it to the research on dynamic crack researches
[7]. Vijayakumar developed a three-dimensional elasticity

triangular DDM and provided an adaptive integral method
[8].
In terms of joint propagation, Li applied two-dimensional
direct and indirect boundary element method to simulate the
nonlinear joint propagation [9]. Fotoohi adopted the same
method to research nonlinear crack around underground
digging zones [10]. Shou adopted three-dimensional hybrid
boundary elements to perform a nonlinear analysis on the
weak surface around digging zone of a tunnel [11]. Shi wrote
software calculating the elastic joint propagation and stress
distribution in three-dimensional infinite linear elasticity
area [12]. Cheng ran the numerical simulation of hydraulic
fracturing for discrete fractured reservoir networks via DDM
and graphic theory [13]. Kress established the influence
model of crack interference on the height of crack by
coupling the three-dimensional displacement discontinuity
method in the hydraulic crushing simulator [14]. Cheng
proposed a novel linear triangular element of a threedimensional displacement discontinuity method [15]. Verde
modeled injection in a fracture network with DDM [16].
Abdollahipour analyzed the accuracy of higher order displacement discontinuity method [17]. Zhao simulated cracks
in 2D piezoelectric semiconductors by DDM [18]. Li analyzed
cracks in thermo-magneto-electro-elastic media with DDM
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[19]. Liu proved that the equations of the DDM for solving
3D crack problems are exactly the same as the equations
of the boundary element method [20]. Shen proposed 2D
DDM for transversely isotropic materials [21]. Cui proposed
contour integral approaches for the evaluation of stress
intensity factors using DDM [22]. Xie simulated hydraulicfracture propagation in unconventional reservoirs [23]. Chen
extended DDM to solve cohesive crack propagation [24].
Many other scholars have also done a lot of meaningful
research work [25–30].
In the geotechnical engineering, the initial stress state of
the rock mass is a pressure state. The deformation characteristics of the discontinuities such as faults show a fairly complex
nonlinearity. The simplification of the structural plane as an
elastic fracture would ignore its vital character of contact.
For rock discontinuity structural plane in compression shear
condition, the closed condition of the structural plane should
be considered (open, closed without slip, and closed slip).
The known method of solving the iterative solution is only
available to the linear deformation structural plane. As for
the nonlinear structural plane model which conforms to
the actual deformation characteristic of the fracture, it is
necessary to consider not only the three closed conditions
mentioned above, but also the iterative solution of the
element nonlinear deformation.
This paper combines the Barton-Bandis normal, tangential deformation model and the Barton shear failure criteria
to establish a nonlinear three-dimensional DDM. It invokes
the maximum energy release rate theory of rock fracture
mechanics to figure out the propagation pattern of a joint
[6]. It takes compiled program to research the rock joint
propagation process under tension and compression with
different parameters and side pressure coefficients.

2.1. Normal Deformation Model. Bandis established a hyperbolic function of the natural joint normal fracture closure
𝛿𝑛 and effective normal stress 𝜎𝑛 through numerous experiments and researches:
𝜎n 𝛿𝑛 max
𝐾𝑛𝑖 𝛿𝑛 max + 𝜎n

(1)

where 𝛿𝑛𝑚𝑎𝑥 is the maximum closure amount of the joint.
Formulas of the initial stiffness 𝐾𝑛𝑖 and the maximum
closer amount are as follows:
𝐽𝐶𝑆
𝐾𝑛𝑖 = −7.15 + 1.75𝐽𝑅𝐶 + 0.02 (
)
𝑎𝑗

(2)

𝐷

𝛿𝑛 max = 𝐴 + 𝐵 (𝐽𝑅𝐶) + 𝐶 (

𝐽𝐶𝑆
)
𝑎𝑗

𝐾𝑛 =

𝐾𝑛𝑖

(3)

where 𝐽𝑅𝐶 is the joint roughness coefficient. Joint
compress strength (𝐽𝐶𝑆) is shear strength of joint surface.
𝑎𝑗 = (𝐽𝑅𝐶/5)(0.2(𝜎𝑐 /𝐽𝐶𝑆) − 0.1) is the initial joint aperture
under self-weight stress, mm. 𝜎𝑐 is uniaxial compressive
strength. A, B, C, and D are fitting coefficients.
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(1 − 𝛿𝑛 /𝛿𝑛 max )

(4)

2.2. Tangential Deformation Model. The relationship between
shear stiffness 𝐾𝑠 and shear stress 𝜏𝑝 is
 𝜏𝑝 
 
𝐾𝑠 =  
 𝛿𝑠 

(5)

where 𝛿𝑠 is tangential displacement.
Peak shear stiffness 𝐾sp is
 𝜏 
 𝑝
𝐾sp =  
 𝛿𝑠𝑝 

(6)

where 𝛿𝑠𝑝 is the maximum shear displacement 𝛿𝑠𝑝 =
(𝐿 𝑛 /500)(𝐽𝑅𝐶/𝐿 𝑛 )0.33 , and 𝐿 𝑛 is sample joint length.
2.3. Shear Strength. The Barton-Bandis rule was established
on numerous shearing tests on rock joint [31]. It was built on
more than 200 artificial sheared joint tests. In geotechnical
engineering, the Barton-Bandis model is widely used in
analyzing and estimating the shearing strength of a rock
joint. It provides a practical method to estimate the shearing
strength of a rock joint by JRC and JCS.
𝜏 = 𝜎𝑛 tan [𝐽𝑅𝐶 log10 (

2. Barton-Bandis Joint Deformation Model

𝛿𝑛 =

The normal stiffness 𝐾𝑛 formula could be obtained.

𝐽𝐶𝑆
) + 𝜑𝑏 ]
𝜎𝑛

(7)

where 𝜏 is shear strength, 𝜎𝑛 is joint normal stress, and 𝜑𝑏
is basic friction angle.
When the normal stress is small and the weathering
thickness of joint plane is less than 1 mm, the peak shear
strength is controlled by the residual friction angle. The basic
friction angle 𝜑𝑏 should be replaced by the residual friction
angle 𝜑𝑏 at this time.

3. DDM Theoretical Solution
The three-dimensional triangular displacement discontinuity
element is shown in Figure 1. During the loading process,
the relative displacement of the rock joint occurs. As shown
in (8), we define the displacement discontinuity on the
discontinuous plane as displacement difference between the
upper plane (seen as +) and the lower plane (seen as -).
𝐷𝑥 (𝑥, 𝑦, 0) = 𝑢𝑥 (𝑥, 𝑦, 0− ) − 𝑢𝑥 (𝑥, 𝑦, 0+ )
𝐷𝑦 (𝑥, 𝑦, 0) = 𝑢𝑦 (𝑥, 𝑦, 0− ) − 𝑢𝑧 (𝑥, 𝑦, 0+ )
𝐷𝑦 (𝑥, 𝑦, 0) = 𝑢𝑧 (𝑥, 𝑦, 0− ) − 𝑢𝑧 (𝑥, 𝑦, 0+ )

(8)
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where G is the shear modulus, v is Poisson’s ratio, and the
kernel function I is as follows.

y

o+

𝐼 (𝑥, 𝑦, 𝑧)

x
Dz

o-

Dx

=

Dy

Figure 1: 3D displacement discontinuity element.

For the triangular displacement discontinuity element,
the distributions of the displacement are obtained as follows.
𝑢𝑥 = 𝐷𝑥 [2 (1 − ]) 𝐼,𝑧 − 𝑧𝐼,𝑥𝑥 ] + 𝐷𝑦 (−𝑧𝐼,𝑥𝑦 )
+ 𝐷𝑧 [− (1 − 2]) 𝐼,𝑥 − 𝑧𝐼,𝑥𝑧 ]
𝑢𝑦 = 𝐷𝑥 (−𝑧𝐼,𝑥𝑦 ) + 𝐷𝑦 [2 (1 − ]) 𝐼,𝑧 − 𝑧𝑓,𝑦𝑦 ]
+ 𝐷𝑧 [− (1 − 2]) 𝐼,𝑦 − 𝑧𝐼,𝑦𝑧 ]

(9)

1
1
d𝜉d𝜂
∬
8𝜋 (1 − ]) 𝐷 (𝑥 − 𝜉)2 + (𝑦 − 𝜂)2 + 𝑧2

When the collocating point, being the center of triangular
element, is not on the integration element, the integrals in
(9) and (10) can be determined using Gauss Quadrature.
Otherwise, when the collocating point is on the integration
element, the integrals in (9) and (10) become singular since
at the collocating point the integrand becomes infinite. This
occurs when traction and/or displacement components on
the crack are calculated and the contribution from the
element that contains the collocating point is needed. This
situation cannot be avoided in formation of the governing
equations for DD components. We follow the procedure of
Zhou [32] for this situation.
The arbitrary discontinuities are separated into N elements. Applying the basic solutions mentioned above, the
local coordinates of the joint are replaced by x, y, and z in the
above formula:
𝑁

𝑖𝑗

𝑁

𝑗

𝑖𝑗

𝑁

𝑗

𝑖𝑗

𝑗

𝑖𝑗

𝑗

𝑖𝑗

𝑗

𝑆1𝑖 = ∑𝐴 11 𝐷1 + ∑𝐴 12 𝐷2 + ∑𝐴 13 𝐷3
𝑗=1

𝑢𝑧 = 𝐷𝑥 [(1 − 2]) 𝐼,𝑥 + 𝑧𝐼,𝑥𝑧 ]

𝑗=1

𝑁

𝑖𝑗

𝑗=1

𝑁

𝑗

𝑖𝑗

𝑁

𝑗

𝑆2𝑖 = ∑𝐴 21 𝐷1 + ∑𝐴 22 𝐷2 + ∑𝐴 23 𝐷3

+ 𝐷𝑦 [(1 − 2]) 𝐼,𝑦 + 𝑧𝐼,𝑦𝑧 ]

𝑗=1

+ 𝐷𝑧 [2 (1 − ]) 𝐼,𝑧 − 𝑧𝐼,𝑧𝑧 ]

(11)

𝑗=1

𝑁

𝑖𝑗

𝑁

𝑗

(12)

𝑗=1

𝑖𝑗

𝑁

𝑗

𝑆3𝑖 = ∑𝐴 31 𝐷1 + ∑𝐴 32 𝐷2 + ∑𝐴 33 𝐷3
The distributions of the stress are obtained as follows:

+ 𝐷𝑧 [𝐼,𝑧𝑧 + (1 − 2]) 𝐼,𝑦𝑦 − 𝑧𝐼,𝑥𝑥𝑧 ]}
𝜎𝑦𝑦 = 2𝐺 {𝐷𝑥 [2]𝐼,𝑥𝑧 − 𝑧𝐼,𝑥𝑦𝑦 ] + 𝐷𝑦 [2𝐼,𝑦𝑧 − 𝑧𝐼,𝑦𝑦𝑦 ]
+ 𝐷𝑧 [𝐼,𝑧𝑧 + (1 − 2]) 𝐼,𝑥𝑥 − 𝑧𝐼,𝑦𝑦𝑧 ]}
𝜎𝑧𝑧 = 2𝐺 {𝐷𝑥 (−𝑧𝐼,𝑥𝑧𝑧 ) + 𝐷𝑦 (−𝑧𝐼,𝑦𝑧𝑧 )

𝜏𝑥𝑦 = 2𝐺𝐷𝑥 [(1 − ]) 𝐼,𝑦𝑧 − 𝑧𝐼,𝑥𝑥𝑦 ] + 𝐷𝑦 [(1 − ]) 𝐼,𝑥𝑧
− 𝑧𝐼,𝑥𝑦𝑦 ] + 𝐷𝑧 [− (1 − 2]) 𝐼,𝑥𝑦 − 𝑧𝐼,𝑥𝑦𝑧 ]}
𝜏𝑦𝑧 = 2𝐺 {𝐷𝑥 [−]𝐼,𝑥𝑦 − 𝑧𝐼,𝑥𝑦𝑧 ]
+ 𝐷𝑦 [𝐼,𝑧𝑧 + ]𝐼,𝑥𝑥 − 𝑧𝐼,𝑦𝑦𝑧 ] + 𝐷𝑧 (−𝑧𝐼,𝑦𝑧𝑧 )}
𝜏𝑧𝑥 = 2𝐺 {𝐷𝑥 [𝐼,𝑧𝑧 + ]𝐼,𝑦𝑦 − 𝑧𝐼,𝑥𝑥𝑧 ]
+ 𝐷𝑦 [−]𝐼,𝑥𝑦 − 𝑧𝐼,𝑥𝑦𝑧 ] + 𝐷𝑧 (−𝑧𝐼,𝑥𝑧𝑧 )}

𝑗=1

𝑗=1

where 𝑆1𝑖 , 𝑆2𝑖 , 𝑆3𝑖 are tangential and normal face forces of
𝑗
𝑗
𝑗
element i, respectively; 𝐷1 , 𝐷2 , 𝐷3 are tangential and normal
𝑖𝑗
𝑖𝑗
displacement discontinuities of element j. While 𝐴 11 , 𝐴 12 ,
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝐴 13 , 𝐴 21 , 𝐴 22 , 𝐴 23 , 𝐴 31 , 𝐴 32 , 𝐴 33 are the stress influence
coefficients, N is the number of elements.
Respectively, with the additional shear force 𝐾1𝑖 𝐷1𝑖 , 𝐾2𝑖 𝐷2𝑖
and the normal force 𝐾3𝑖 𝐷3𝑖 reflecting the existence of real
rock joint, the stress of element i can be expressed as

𝜎𝑥𝑥 = 2𝐺 {𝐷𝑥 [2𝐼,𝑥𝑧 − 𝑧𝐼,𝑥𝑥𝑥 ] + 𝐷𝑦 [2]𝐼,𝑦𝑧 − 𝑧𝐼,𝑥𝑥𝑦 ]

+ 𝐷𝑧 [𝐼,𝑧𝑧 − 𝑧𝐼,𝑧𝑧𝑧 ]}

𝑗=1

𝑁

𝑖𝑗

𝑗

𝑁

𝑖𝑗

𝑗

𝑁

𝑖𝑗

𝑗

𝑖𝑗

𝑗

𝑖𝑗

𝑗

𝐾1𝑖 𝐷1𝑖 + 𝑆1𝑖 = ∑𝐴 11 𝐷1 + ∑𝐴 12 𝐷2 + ∑𝐴 13 𝐷3
𝑗=1

(10)

𝑁

𝑗=1

𝑖𝑗

𝑗

𝑁

𝑗=1

𝑖𝑗

𝑗

𝑁

𝐾2𝑖 𝐷2𝑖 + 𝑆2𝑖 = ∑𝐴 21 𝐷1 + ∑𝐴 22 𝐷2 + ∑𝐴 23 𝐷3
𝑗=1
𝑁

𝑗=1

𝑖𝑗

𝑗

𝑁

(13)

𝑗=1

𝑖𝑗

𝑗

𝑁

𝐾3𝑖 𝐷3𝑖 + 𝑆3𝑖 = ∑𝐴 31 𝐷1 + ∑𝐴 32 𝐷2 + ∑𝐴 33 𝐷3
𝑗=1

𝑗=1

𝑗=1

where 𝐾1𝑖 and 𝐾2𝑖 are tangential stiffness matrices
obtained by element plane deformation model. 𝐾3𝑖 is normal
stiffness matrix obtained by element normal deformation
model.
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4. Stress Intensity Factors for Fracture

b

4.1. The Displacement Field and Stress Field in the Crack Front
Area. For stress analysis of cracks, the most important part
is near the crack front. The research of fracture mechanics
is limited to the displacement field and stress field in the
vicinity of the crack front. The local coordinate established
at the crack front is shown in Figure 2, and the stress field
formula expressed with displacement discontinuities on the
upper and lower crack surface near the crack front could be
obtained:
𝜎𝑏𝑏 (𝑟, 𝜃) =

𝜇
4 (1 − ]) 𝑟

n
θ

o(P)

Up
pe

rc
rac
ks
Lo
urf
we
ace
rc
rac
ks
urf
ace

𝜇
4 (1 − ]) 𝑟

(14)

𝜃
𝜃
3𝜃


[( 𝑢𝑛 𝜃=𝜋 − 𝑢𝑛 𝜃=−𝜋 ) cos 2 (1 − sin 2 sin 2 )]
[
]
⋅[
]
[
𝜃
𝜃
3𝜃 ]


− ( 𝑢𝑏 𝜃=𝜋 − 𝑢𝑏 𝜃=−𝜋 ) sin cos cos
[
2
2
2 ]
𝜎𝑏𝑡 (𝑟, 𝜃) =

t

Crack front

Figure 2: Local coordinate at the crack front.

𝜃
𝜃
3𝜃


( 𝑢𝑛 𝜃=𝜋 − 𝑢𝑛 𝜃=−𝜋 ) sin cos cos
]
[
2
2
2
]
[
⋅[
]
[
𝜃
𝜃
3𝜃 ]


+ ( 𝑢𝑏 𝜃=𝜋 − 𝑢𝑏 𝜃=−𝜋 ) cos (1 + sin sin )
2
2
2 ]
[
𝜎𝑏𝑛 (𝑟, 𝜃) =

r

𝜇
𝜃


( 𝑢𝑡 𝜃=𝜋 − 𝑢𝑡 𝜃=−𝜋 ) cos
4𝑟
2

where 𝜎𝑏𝑏 , 𝜎𝑏𝑛 , and 𝜎𝑏𝑡 are, respectively, the positive stress
in direction b and the shear stress in direction bn and bt.
𝑢𝑛 , 𝑢𝑏 , and 𝑢𝑡 are, respectively, the displacement in three
coordinate orientations. 𝜇 is the shear deformation modulus.
r is the distance in the local coordinate system as shown in
Figure 2, and 𝜃 is the angle of local coordinate system as
shown in Figure 2.
4.2. Stress Intensity Factor. The definition formulas of stress
intensity factor are as follows:

𝐾Ι =

−𝜇
2𝜋
lim √ 𝐷 (𝑟)
4 (1 − ]) 𝑟→0 𝑟 𝑏

𝐾ΙΙ =

−𝜇
2𝜋
lim √ 𝐷 (𝑟)
4 (1 − ]) 𝑟→0 𝑟 𝑛

𝐾ΙΙΙ =

𝜇
2𝜋
lim √ 𝐷𝑡 (𝑟)
4 𝑟→0 𝑟

(16)

For practical purpose, the limits in (16) can be approximated by simply evaluating the expressions for a fixed value
of r. At crack front, we could divide numerous elements
whose lengths decrease geometrically, and get a series of
approximate values of 𝐾I , 𝐾II , and 𝐾III . Through regression
analysis of those approximate values, we could get the stress
intensity factors in the crack front. Generally, the exponential
 = 𝐴 − 𝐵𝑟𝐶,
function is adopted for fitting. Supposing that 𝐾

when 𝑟 = 0, 𝐾 = A, namely, the stress intensity factor of
crack front. We could get the stress intensity factor 𝐾𝑖 of a
series of points around the crack front according to (16). In
order to get the value of A, B, and C, a least square fitting of
𝑖 −𝐾𝑖 )2 =
the data pair (𝑟𝑖 , 𝐾𝑖 ) should be made. Define 𝑆 = Σ(𝐾
𝐶
2
Σ(𝐴 − 𝐵𝑟𝑖 − 𝐾𝑖 ) ; in order to get the minimal value of S,
respectively, seek partial derivative of S pairs of A, B, and C,
𝜕𝑆/𝜕𝐴 = 𝜕𝑆/𝜕𝐵 = 𝜕𝑆/𝜕𝐶 = 0 to get the value of A, i.e., the
stress intensity factor of crack front.

5. Joint Propagation Criteria

𝐾I = lim √2𝜋𝑟𝜎𝑏𝑏 (𝑟, 𝜃)|𝜃=0
𝑟→0

𝐾II = lim √2𝜋𝑟𝜎𝑏𝑛 (𝑟, 𝜃)|𝜃=0
𝑟→0

(15)

𝐾III = lim √2𝜋𝑟𝜎𝑏𝑡 (𝑟, 𝜃)|𝜃=0
𝑟→0

where 𝐾I , 𝐾II , and 𝐾III are, respectively, the intensity
factors of Mode I, Mode II, and Mode III cracks.
For the displacement discontinuity in the discrete crack
front element in the three-dimensional DDM, it is expressed
with 𝐷𝑏 (𝑟), 𝐷𝑛 (𝑟), and 𝐷𝑡 (𝑟), and the above formulas could
be further set as follows.

5.1. Joint Propagation Criterion. We adopt the maximum
energy release rate (G criterion) as the criteria for 3D compound joint propagation on plane. There are two hypotheses
in the criteria: (1) the joint extends along the direction in
which the maximum energy release rate is generated; (2)
when the energy release rate reaches the critical value 𝐺𝑐 in
the above determined direction, the joint begins to propagate.
For elastic media, the strain energy release rate is [33] as
follows.
𝐺=

1 − ]2
1 − ]2
1+]
𝐾Ι +
𝐾ΙΙ +
𝐾ΙΙΙ
𝐸
𝐸
𝐸

(17)
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5.2. Joint Propagation Direction. According to the energy
release rate criterion, the direction of the joint propagation
is the direction of the maximum value of the circumferential
stress. In the normal plane of the joint frontier, the angle
between the joint propagation direction and the normal naxis, that is, the propagation angle 𝜃0 , is as follows.
tan

𝜃0 1 𝐾Ι
±
= (
2
4 𝐾ΙΙ

𝐾2
√ Ι
𝐾ΙΙ2

+ 8)

(18)

When 𝐾ΙΙ < 0, then the brackets take “+”; when 𝐾ΙΙ > 0,
then brackets take the “-”; when 𝐾ΙΙ = 0, then it is a type I
crack and 𝜃0 = 0.
Considering type II crack and its effect, we substitute 𝐾Ι𝑒 ,
the effective type stress intensity factor, for 𝐾Ι in (15) [34]:
 
𝐾Ι𝑒 = 𝐾Ι + 𝐵 𝐾ΙΙΙ 

(19)

where B is g empirical coefficient and it usually takes B =
1.0.
5.3. Joint Propagation Step. According to selected joint propagation criteria, the extended step length of any crack front
should be proportional to its equivalent stress intensity factor
Ke. Therefore, the extended step length of crack front is
𝑖−1
Δ𝑎𝑖 = Δ𝑎max

𝐺𝑖
𝑖
𝐺max

(20)

𝑖−1
is the maximum propagation step length for
where Δ𝑎max
𝑖
the crack front of step i-1. 𝐺max
is the maximum of the energy
release rate for all crack fronts in step i. Δ𝑎𝑖 is the maximum
propagation step of the crack front of step i. 𝐺𝑖 is the energy
release rate of the crack front at step i.
0
is
The maximum step length of the initial step Δ𝑎max
related to the initial crack area 𝑆0 :
0
Δ𝑎max
= 𝐸√𝑆0

(21)

where E stands for the coefficient; this paper takes E =
0.01.

6. Numerical Realization
The simulation of the three-dimensional joint propagation
might be distorted. While assuming that the propagation
occurs in the joint frontier plane, the crack front could be
treated as a set of line segments. After a propagation occurs
outside this line, a new set of leading edge segments would
be generated [34]. In order to show the shape of the joint, the
triangles in Figure 3 are used to perform mesh generation for
crack surface between the old and new crack fronts.
Joint propagation requires stepwise load. In each step, it
needs to determine whether the joint reaches the propagation
conditions and calculate the propagated angle and length to
complete propagation of the step. If the initial load is too
small, the joint would not propagate. The smaller the load
step is, the more accurate the simulation would be, while

the more calculation would be required. For the hyperbolic
nonlinear rock joint model, iterative solution is needed for its
nonlinearity. The entire calculation process requires nested
iteration to complete, as shown in Figure 4.
The whole process is as follows:
(a) At any step of external loading or propagation within
a step of the external loading, do a DDM analysis
to obtain the displacement discontinuity components
𝐷𝑘(𝑖) (k=1,2,3). Check all elements for being open or
closed according to sign of their 𝐷3(𝑖) .
(b) If all elements are open, then calculate the strain
energy release rate for all front elements and check for
extension of the whole joint.
(i) If there is any front element that extends, then
add new elements to its front; go back to (a) and
do a new round DDM analysis since geometry
has changed; check all the elements again for
their state of open or closed and repeat the
process.
(ii) If there is no front element that extends, then
if the external loading reaches the specified
value, stop the simulation; otherwise, increase
the external loading; go back to (a) and do a new
round DDM analysis since the external loading
has changed; check all the elements again for
their state of open or closed and repeat the
process.
(c) If there is any element that is closed, then joint
stiffness takes effect.
(i) Calculate the joint force 𝐾 ⋅ 𝐷 for all the closed
elements. The normal joint force component is
computed as 𝐾𝑛 ⋅ 𝐷3(𝑖) , where 𝐾𝑛 is calculated
according to (2) with 𝛿𝑛 = 𝐷3(𝑖) . The shear joint
force components are computed as 𝐾𝑠 ⋅ 𝐷1(𝑖) and
𝐾𝑠 ⋅ 𝐷2(𝑖) , where 𝐾𝑠 is calculated according to (3).
To check slippiness, it is necessary to calculate
𝜏𝑝 according to the expression given after (3).
(1) If |𝐾𝑠 ⋅𝐷1(𝑖) | < 𝜏𝑝 and |𝐾𝑠 ⋅𝐷2(𝑖) | < 𝜏𝑝 , then no
slip occurs; 𝐾𝑠 ⋅ 𝐷1(𝑖) and 𝐾𝑠 ⋅ 𝐷2(𝑖) are taken
as the shear joint forces.
(2) If |𝐾𝑠 ⋅𝐷1(𝑖) | > 𝜏𝑝 and/or |𝐾𝑠 ⋅𝐷2(𝑖) | > 𝜏𝑝 , then
slip occurs in the direction in which |𝐾𝑠 ⋅
𝐷| > 𝜏𝑝 and value of 𝜏𝑝 is taken as the shear
joint force component in this direction.
(ii) Add the joint force components as outlined
above to the traction on all the closed elements, leave the traction on the open elements
unchanged, and do a new round DDM analysis
to obtain the displacement discontinuity components 𝐷𝑘(𝑖+1) (k=1,2,3).

(iii) Check the tolerance of 𝐷𝑘(𝑖+1) − 𝐷𝑘(𝑖) for all the
elements.
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Old crack front

i+1 step

i step

New crack front

(a)

(b)

Figure 3: The new and old joint front edge surface mesh.

Input material and geometric parameters

Add more load

Apply initial load

whetherr the discontinued
element is closed or not

If false

If true
Calculate the initial Di through DDM program

Calculate the
displacement
discontinuity

Calculate the structural plane shear strength via Di


Ks · Dsi 

p

If true

 = p

If false
Add the load force and structural plane stress as K·Di ,
Use DDM to calculate Di+1
If false

|Di+1-Di |

tolerance
If true

Calculate G and expansion angle θ 0
If false

G>Gc ?
If true
The joint expend and form an new element

Whether or not to follow up
track the joint expansion
If false
End the circle

Figure 4: Flowchart of joint propagation.

(1) If |𝐷𝑘(𝑖+1) − 𝐷𝑘(𝑖) | < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 for all
the elements, then convergent solution for
the external loading and geometric conditions is obtained. Propagation criterion is
checked for all front elements. If there is
any front element that extends, then new
elements are added to their front; go back

to (a); do a new round DDM analysis and
repeat the process. Otherwise, if the external loading reaches the specified value,
stop the simulation; if not, the external
loading is increased; go back to (a); do a
new round DDM analysis and repeat the
process.
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(a) Simulation result

(b) Experiment result

Figure 5: Trajectory of joint propagation under compression.

step 0

step 2

step 4

step 6

step 8

Figure 6: 3D nonlinear joint propagation process under compression.

(2) If 𝐷𝑘(𝑖+1) − 𝐷𝑘(𝑖) > 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 𝐷(𝑖+1)
− 𝐷𝑘(𝑖) >
𝑘
𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒. for any element, then solution is
not convergent. Replace 𝐷𝑘(𝑖) (k=1,2,3) with
𝐷𝑘(𝑖+1) (k=1,2,3) and check all the elements
for being open or closed. It is noted that it
is impossible for all the elements to be open,
since the external loading and geometrical
conditions have not been changed and the
case for all elements to be open (that is,
the situation listed in (b) above) has been
excluded at the present situation. Go back
to (i) of (c) and repeat the process.
(d) If |𝐷𝑘(𝑖+1) − 𝐷𝑘(𝑖) | > 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 for any element, then
solution is not convergent. Formula (16) would be
used to calculate 𝐺, the energy release rate of the crack
front element. If all the calculated 𝐺𝑠 are less than or
equal to 𝐺𝑐 , (that is, fractures do not propagate), apply
load and go back to (a) until fractures propagate and
new crack front element appears.
(e) When new crack front element appears, we need to
determine whether the calculation of joint propagation should continue. If it is still required, update
statistics of crack front element, and go back to (a).
If not, terminate the calculation.

We use compiled software to calculate and analyze conditions in reference and have got the following comparison
between result of joint propagation calculation and result
in the reference, as shown in Figure 5 [35]. The calculation
results show that the software can simulate engineering
problems correctly.

7. Parameter Analysis
Although the actual joint in the rock is often a plane, its
geometric boundaries would be normally irregular shapes.
In order to facilitate the analysis of the universality, this
paper takes the discoid joint as an example to carry out the
simulation. The disc model joint angle is 45∘ , radius 100m,
and shape as in Figure 6 in step0. The mechanical parameters
of rock and joint are shown in Table 1.
7.1. Propagation Process under Compression. The threedimensional propagation under vertical compression
100MPa is shown in Figure 6, and the whole process is
extended into 11 steps. Step0 is the initial joint shape.
The joint propagation is carried out in the direction of the
vertical pressure, and the propagation begins at the upper and
lower ends of the joints. They, respectively, propagate upward
and downward. The propagations at the upper and lower sides
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Table 1: Parameters of the joint propagation model.
Rock

Elastic
modulus
(GPa)
4

Joint
Poisson’s
ratio

Shear
coefficient
(m)

Shear
coefficient (n)

c (MPa)

𝜑 (∘ )

Maximum
closure (m)

Initial normal
stiffness
(MPa)

0.2

0.01

0.2

0.05

38.6

1

15

step 0

step 2

step 4

step 6

step 8

Figure 7: 3D nonlinear joint propagation process under tension.

c=0.05MPa

c=1MPa

c=2MPa

Figure 8: Comparison of joint propagation with different cohesion under compression.

are the largest, and they decline to the middle, forming a
wrap-like joint propagation. At the end of the propagation,
variation of stress intensity factor of the joint front slows
down and the joint propagation tends to be stable due to the
three-dimensional wrap-like propagation shape.
7.2. Propagation Process under Tension. The threedimensional propagation process under the vertical of
100 MPa could be seen in Figure 7. The process proceeds for
11 steps, and step0 is the initial joint shape.
The joint propagation process under tension differs from
that under compression. Although both of them begin at the
upper and lower ends, the upper end propagates downward
and the lower end propagates upward. After three steps of
propagation, the direction of joint propagation begins to
incline to the horizontal direction, that is, perpendicular to
the direction of tension. Like the compressing propagation,
the final type presents warped shape and is eventually
stabilized.
7.3. Comparison of the Propagation with Different Cohesion
c. Joint cohesion c is usually small. When keeping other
parameters’ values the same as those in Table 1, we simulate
joint propagation under vertical compression of 100MPa with
different joint c values of 0.05MPa, 1MPa, and 2MPa. The
results of the simulation are shown in Figure 8.

The joint propagation peaks when c value is 0.05MPa,
while it changes slightly when c value is 1MPa and 2MPa. It
indicates that when c value increases to some extent, joint
propagation would be limited, and the main differences of
joint propagation would be reflected in propagation form.
The outer edge shape of the upper and lower ends of the joint
are basically the same, yet the propagation of the middle part
is different. With the increase of c value, the propagation in
the middle part in the vertical pressure direction is restricted,
and the overall propagation of the joint tends to be stable.
7.4. Comparison of the Propagation with Different Joint Friction Angles 𝜑. Keeping other parameters’ values the same
as those in Table 1, we change the joint friction angle 𝜑
into 5∘ , 10∘ , 15∘ , 20∘ , 25∘ , 30∘ , 35∘ , and 40∘ . The results of
joint propagation under vertical compression of 100MPa are
shown in Figure 9.
The propagation distances change a little when 𝜑 value
differs. The difference is mainly in the propagation shape.
In general, with the increase of 𝜑 value, the propagation in
the middle part in the direction of vertical pressure gradually
decreases. The propagation form tends to be a regular pattern
whose middle part is tight and two ends are loose. When the
𝜑 value is small (5∘ and 10∘ ), the joint propagation pattern
is irregular, and prominent propagations appear in some
individual points at the upper and lower ends. The reason
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=5°
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=10°

=30°

=15°

=35°

=20°

=38.6°

=25°

=40°

Figure 9: Comparison of joint propagation with different friction under compression.

Y Z
X
=0

=0.1

=0.5

Figure 10: Comparison of joint propagation under compression with different lateral pressure coefficient in axial-Y.

of that situation is that as the joint mechanical property is
weak and the stress is more intense, the stress concentration
coefficient of the individual points would be large.
7.5. Comparison of Different Lateral Pressure Coefficients.
Using the parameters in Table 1, we simulate joint propagation under vertical compression of 100MPa with different
lateral pressure coefficient 𝜆 of 0, 0.1, and 0.5 on the Y-axis.
With the increase of the lateral pressure coefficient on the Yaxis, the propagation of the joint obviously tightens in the Y
direction, and the horizontal propagation of the middle part
is constrained, as shown in Figure 10.
When the lateral pressure coefficient 𝜆 on the X-axis
is 0, 0.1, and 0.2, the propagation results under vertical
compression of 100MPa are shown in Figure 11. With the
increase of the X-side lateral pressure coefficient, the joint
normal pressure increases, and the propagation under vertical compression is limited.

8. Conclusions
This paper introduces the Barton-Bandis nonlinear joint
deformation failure criterion, finds out joint propagation pattern through stress intensity factor parameter in rock fracture
mechanics, and establishes the three-dimensional nonlinear
joint displacement discontinuity method model. We compare
different propagations under tension and compression with
different parameters and lateral pressure coefficients through
program and get the following results.
The propagation results with vertical compression and
tension shows that the direction of joint propagates is along
the direction of the maximum pressure which is perpendicular to the direction of tension:
(1) The propagation of the three-dimensional joint is the
greatest at both ends of the pressure direction. The
middle part gradually reduced into warped shape, and
propagation tends to be stable.
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Y Z
X
=0

=0.1

=0.5

Figure 11: Comparison of joint propagation with different lateral pressure coefficient in axial-X under compression.

(2) The cohesion c has a great influence on the range of
joint propagation. The larger the c value is, the smaller
the range of joint propagation would be.
(3) The effect of friction angle 𝜑 on joint propagation
is mainly reflected in the propagated shape. When
the value of 𝜑 is small, the propagation would be
disordered, and it would be prominent in some
individual points. With the increase of 𝜑 value, the
propagation turns to be regular and would be in an
obvious warped shape.
(4) With the increase of the lateral pressure coefficient,
the joint propagation range in the corresponding
direction gets obviously smaller. The magnitude of
the lateral pressure, especially that of joint normal
pressure, plays a vital role in joint propagation.

Data Availability
The data used to support the findings of this study are
included within the article.

Conflicts of Interest
The authors declare that they have no conflicts of interest.

Acknowledgments
This work is financially supported by National Key R&D Program of China (2017YFC0806000), National Natural Science
Foundation of China (41601574), and Chongqing Basic and
Frontier Research Project (cstc2015jcyjBX0118).

References
[1] L. Rongved, “Dislocation over a bounded plane area in an
infinite solid,” Journal of Applied Mechanics, vol. 24, pp. 252–
254, 1957.
[2] S. L. Crouch, “Solution of plane elasticity problems by the
displacement discontinuity method. I. Infinite body solution,”
International Journal for Numerical Methods in Engineering, vol.
10, no. 2, pp. 64–125, 1966.
[3] S. L. Crouch, A. M. Starfield, and F. J. Rizzo, “Boundary element
methods in solid mechanics,” International Journal of Rock
Mechanics and Mining Science & Geomechanics Abstracts, vol.
20, pp. 201-202, 1993.

[4] K. Kuriyama and Y. Mizuta, “Three-dimensional elastic analysis
by the displacement discontinuity method with boundary
division into triangular leaf elements,” International Journal of
Rock Mechanics and Mining Sciences, vol. 30, no. 2, pp. 111–123,
1993.
[5] H. Li, C. L. Liu, Y. Mizuta, and M. A. Kayupov, “Crack
edge element of three-dimensional displacement discontinuity
method with boundary division into triangular leaf elements,”
Communications in Numerical Methods in Engineering, vol. 17,
no. 6, pp. 365–378, 2001.
[6] K. Shou, “A three-dimensional hybrid boundary element
method for non-linear analysis of a weak plane near an
underground excavation,” Tunnelling and Underground Space
Technology, vol. 15, no. 2, pp. 215–226, 2000.
[7] P. H. Wen and P. H. Wen, “Dynamic fracture mechanics:
displacement discontinuity method,” Computational Mechanics
Publications, Southampton and Boston, 1996.
[8] S. Vijayakumar, T. E. Yacoub, and J. H. Curran, “A nodecentric indirect boundary element method: Three-dimensional
displacement discontinuities,” Computers & Structures, vol. 74,
no. 6, pp. 687–703, 2000.
[9] K. Li, L. Huang, and X. Huang, “Propagation simulation and
dilatancy analysis of rock joint using displacement discontinuity method,” Journal of Central South University, vol. 21, no. 3,
pp. 1184–1189, 2014.
[10] K. Fotoohi and H. S. Mitri, “Non-linear fault behaviour near
underground excavations - a boundary element approach,”
International Journal for Numerical & Analytical Methods in
Geomechanics, vol. 45, no. 4, pp. 263–282, 1990.
[11] K. J. Shou and S. L. Crouch, “A higher order displacement discontinuity method for analysis of crack problems,” International
Journal of Rock Mechanics & Mining Sciences & Geomechanics
Abstracts, vol. 32, no. 1, pp. 49–55, 1995.
[12] J. Shi and B. Shen, “Approximation schemes of stresses on
elements for the three-dimensional displacement discontinuity
method,” Engineering Analysis with Boundary Elements, vol. 48,
pp. 63–72, 2014.
[13] W. Cheng and G. Jiang, Numerical Simulation on Hydraulic
Fracturing in the Discrete-Fracture- Network Reservoir with
DDM and Graph Theory, American Rock Mechanics Association, San Francisco, USA, 2017.
[14] O. Kresse, X. Weng, and T. Mohammadnejad, Modeling the
Effect of Fracture Interference on Fracture Height Growth by
Coupling 3D Displacement Discontinuity Method in Hydraulic
Fracture Simulator, American Rock Mechanics Association, San
Francisco, USA, 2017.
[15] W. Cheng, Y. Jin, H. Li, and M. Chen, “A novel linear triangular
element of a three-dimensional displacement discontinuity

Mathematical Problems in Engineering

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

method,” Engineering Analysis with Boundary Elements, vol. 59,
pp. 89–96, 2015.
A. Verde and A. Ghassemi, “Modeling injection/extraction in a
fracture network with mechanically interacting fractures using
an efficient displacement discontinuity method,” International
Journal of Rock Mechanics and Mining Sciences, vol. 77, pp. 278–
286, 2015.
A. Abdollahipour, M. F. Marji, A. Y. Bafghi, and J. Gholamnejad,
“On the accuracy of higher order displacement discontinuity
method (HODDM) in the solution of linear elastic fracture
mechanics problems,” Journal of Central South University, vol.
23, no. 11, pp. 2941–2950, 2016.
M. Zhao, Y. Pan, C. Fan, and G. Xu, “Extended displacement
discontinuity method for analysis of cracks in 2D piezoelectric
semiconductors,” International Journal of Solids and Structures,
vol. 94-95, pp. 50–59, 2016.
Y. Li, H. Dang, G. Xu, C. Fan, and M. Zhao, “Extended
displacement discontinuity boundary integral equation and
boundary element method for cracks in thermo-magnetoelectro-elastic media,” Smart Materials and Structures, vol. 25,
no. 8, pp. 85–88, 2016.
Y. Liu, “On the displacement discontinuity method and the
boundary element method for solving 3-D crack problems,”
Engineering Fracture Mechanics, vol. 164, pp. 35–45, 2016.
B. Shen, J. Shi, M. Rinne et al., “Two-dimensional displacement discontinuity method for transversely isotropic materials,”
International Journal of Rock Mechanics and Mining Sciences,
vol. 83, pp. 218–230, 2016.
X. Cui, H. Li, G. Cheng, C. Tang, and X. Gao, “Contour integral
approaches for the evaluation of stress intensity factors using
displacement discontinuity method,” Engineering Analysis with
Boundary Elements, vol. 82, pp. 119–129, 2017.
J. Xie, H. Huang, H. Ma et al., “Numerical investigation of
effect of natural fractures on hydraulic-fracture propagation in
unconventional reservoirs,” Journal of Natural Gas Science and
Engineering, vol. 54, pp. 143–153, 2018.
E. Chen, C. K. Leung, S. Tang, and C. Lu, “Displacement discontinuity method for cohesive crack propagation,” Engineering
Fracture Mechanics, vol. 190, pp. 319–330, 2018.
M. Zhao, Q. Zhang, E. Pan, and C. Fan, “Fundamental solutions
and numerical modeling of an elliptical crack with polarization
saturation in a transversely isotropic piezoelectric medium,”
Engineering Fracture Mechanics, vol. 131, pp. 627–642, 2014.
Y. Li, M. Zhao, C. Fan, and G. Xu, “Analysis of arbitrarily shaped
planar cracks in two-dimensional hexagonal quasicrystals with
thermal effects. Part II: Numerical solutions,” Applied Mathematical Modelling, vol. 57, pp. 565–582, 2018.
P. Patil, C. Vyasarayani, and M. Ramji, “Linear least squares
approach for evaluating crack tip fracture parameters using
isochromatic and isoclinic data from digital photoelasticity,”
Optics and Lasers in Engineering, vol. 93, pp. 182–194, 2017.
B. V. Farahani, P. J. Tavares, P. Moreira, and J. Belinha, “Stress
intensity factor calculation through thermoelastic stress analysis, finite element and RPIM meshless method,” Engineering
Fracture Mechanics, vol. 183, pp. 66–78, 2017.
P. Lopez-Crespo, J. Peralta, and P. Withers, “Synchrotron X-ray
diffraction based method for stress intensity factor evaluation
in the bulk of materials,” Theoretical and Applied Fracture
Mechanics, vol. 98, pp. 72–77, 2018.
M. Mokhtarishirazabad, P. Lopez-Crespo, and M. Zanganeh,
“Stress intensity factor monitoring under cyclic loading by

11

[31]

[32]

[33]

[34]

[35]

digital image correlation,” Fatigue & Fracture of Engineering
Materials & Structures, vol. 41, no. 10, pp. 2162–2171, 2018.
S. C. Bandis, A. C. Lumsden, and N. R. Barton, “Fundamentals of rock joint deformation,” International Journal of Rock
Mechanics & Mining Sciences & Geomechanics Abstracts, vol. 20,
no. 6, pp. 249–268, 1983.
F. Wang and X.-C. Huang, “Analysis of three-dimensional crack
propagation by using displacement discontinuity method,”
Journal of Donghua University (English Edition), vol. 27, no. 6,
pp. 835–840, 2010.
Y. Mi and M. H. Aliabadi, “Three-dimensional crack growth
simulation using BEM,” Computers & Structures, vol. 52, no. 5,
pp. 871–878, 1994.
J. S. Zhou, W. Y. Xiao, and H. T. Wu, “Three-dimensional
discontinuous displacement method and the strongly singular
and hypersingular integrals,” Acta Mechanica Sinica, vol. 34, no.
4, pp. 645–651, 2002.
A. V. Dyskin, L. N. Germanovich, and K. B. Ustinov, “A 3D model of wing crack growth and interaction,” Engineering
Fracture Mechanics, vol. 63, no. 1, pp. 81–110, 1999.

Advances in

Operations Research
Hindawi
www.hindawi.com

Volume 2018

Advances in

Decision Sciences
Hindawi
www.hindawi.com

Volume 2018

Journal of

Applied Mathematics
Hindawi
www.hindawi.com

Volume 2018

The Scientific
World Journal
Hindawi Publishing Corporation
http://www.hindawi.com
www.hindawi.com

Volume 2018
2013

Journal of

Probability and Statistics
Hindawi
www.hindawi.com

Volume 2018

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Submit your manuscripts at
www.hindawi.com
International Journal of

Engineering
Mathematics
Hindawi
www.hindawi.com

International Journal of

Analysis

Journal of

Complex Analysis
Hindawi
www.hindawi.com

Volume 2018

International Journal of

Stochastic Analysis
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Advances in

Numerical Analysis
Hindawi
www.hindawi.com

Volume 2018

Journal of

Hindawi
www.hindawi.com

Volume 2018

Journal of

Mathematics
Hindawi
www.hindawi.com

Mathematical Problems
in Engineering

Function Spaces
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

International Journal of

Differential Equations
Hindawi
www.hindawi.com

Volume 2018

Abstract and
Applied Analysis
Hindawi
www.hindawi.com

Volume 2018

Discrete Dynamics in
Nature and Society
Hindawi
www.hindawi.com

Volume 2018

Advances in

Mathematical Physics
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

