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Many experimental data have illustrated that the strength envelops for soils are not linear. Nevertheless, the linear Mohr–Coulomb
(MC) strength parameters are widely applied for the conventional method, software codes, and engineering standards in the slope
design practice. Hence, this paper developed the 3D limit analysis for the stability of soil slopes with the nonlinear strength criterion.
Based on a numerical optimization procedure written in Matlab software codes, the equivalent MC parameters (the equivalent
friction angle and the equivalent cohesion) from the nonlinear strength envelopes were derived with respect to the least upper-
bound solutions. Further investigations were made to assess the influences of nonlinear strength parameters and slope geometries
on the equivalent MC parameters. The presented results indicate that the equivalent MC parameters are closely related to the
nonlinear strength parameters. As the inclination angle increases, the equivalent friction angle becomes bigger, but the equivalent
cohesion becomes smaller. Besides, 3D effects on the equivalent MC parameters were found to be slight. The presented approach
for the determination of MC strength parameters is analytical and rigorous, and the approximate MC strength parameters in the
provided design tables can be alternative references for practical use.

1. Introduction

Strength criterion is critical for all types of materials in the
area of slope stability analysis.The strengths of soils and rocks
are universally presented by the linearMohr–Coulomb (MC)
failure envelope, which represents the shear strength by two
MC strength parameters: the friction angle and the cohesion.
TheMC strength parameters have been widely applied in the
conventional limit equilibrium methods for the calculations
of slope safety factors. Besides, the computer codes and
engineering standards for slope design are commonly on
the base of the MC strength criterion. However, according
to the experimental data, many studies have illustrated that
the strength envelops for soils and rocks are not linear [1–
7]. Hence, many researchers then utilized some presented

nonlinear strength criteria to conduct slope stability analysis
(e.g., Charles & Soares [8]; Zhang & Chen [9]; Dawson et
al. [10]; Yang & Yin. [11]; Li et al. [12]; Shen & Karakus [13];
Gao et al. [14, 15]; Zhao et al. [16]; Xu & Yang [17]). However,
these nonlinear failure criteria are not presented in forms of
MC strength parameters and they cannot be directly used in
practice for slope design.

To solve this problem, many attempts have been made
to derive the equivalent MC parameters from nonlinear
strength criteria. Hoek and his partners [18–21] have suc-
cessively devoted themselves to settling this problem for
several decades and proposed the widely analytical solutions
for average MC parameters from the Hoek-Brown strength
envelope. Meanwhile, other researchers also developed the
analytical methods to obtain the MC parameters for rock
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masses satisfying the Hoek-Brown strength criteria [22–26].
Besides, Shen et al. [27] presented an approximate analytical
method to determine the MC parameters for slope stability
assessment based on the Hoek-Brown strength criterion.
Yang & Yin [28] employed the tangential technique into
the limit analysis method to evaluate the equivalent MC
parameters for rock slopes with the Hoek-Brown strength
envelope. Reviewing the literature, these presented investi-
gations have been made for slopes in rock masses satisfying
the Hoek-Brown criteria and the slope stability analysis have
been generally conducted in the condition of plain strain.
Therefore, it is necessary to carry out the estimation of the
MC strength parameters of soils satisfying the nonlinear
criteria. Further studies should be done to consider the
three dimensional (3D) effects on the determination of MC
parameters.

For slopes in soils, a number of researchers have used
a Power-Law (PL) type of nonlinear strength envelope for
the evaluation of slope safety (e.g., Charles & Soares [8];
Zhang & Chen [9]; Yang & Yin [11]; Gao et al. [14, 15]; Zhao
et al. [16]; Xu & Yang [17]). To determine the MC strength
parameters of soil slopes with the PL failure criterion, this
study adopted the tangential method to carry out the 3D
limit analysis method for slope stability assessment. The
approximate MC strength parameters could be derived with
respect to the least upper-bound solutions. Moreover, the
influences of nonlinear parameters and slope geometries
(the slope inclination and 3D effect) on the equivalent MC
parameters have been further investigated in this paper.

2. Estimation of MC Parameters for
3D Soil Slopes

2.1. PL Strength Criterion and Tangential Method. Since the
nonlinear PL failure criterion was firstly proposed by Zhang
& Chen [9] to express the failure envelopes of cohesive soils,
numerous researchers have applied this nonlinear criterion
into the slope stability analysis [11, 14–17]. For the PL failure
criterion, the shear stress 𝜏 on the slope slip surface is
expressed in the form of normal stress 𝜎𝑛, as follows:

𝜏 = 𝑐0 (1 + 𝜎n𝜎0 )
1/𝑚

(1)

where the parameters c0, 𝜎0, andm are the nonlinear strength
constants of PL failure criterion. As presented in Figure 1, the
parameter 𝑐0 is the initial cohesion as𝜎n is zero, the parameter𝜎0 is the tensile stress as 𝜏 is zero, and the parameterm is the
nonlinearity coefficient.

To implement the use of nonlinear strength criteria for
slope engineering, the tangential method was originally pro-
posed by Drescher & Christopoulos [29] to conduct the limit
analysis of slope stability. Then, many researchers employed
the proposed tangential method to evaluate the slope safety
in the 2D or 3D conditions [11, 14–17, 28].Their studies could
demonstrate the validity of stability results obtained from
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Figure 1: PL strength envelope and tangent line.

the tangential method for slope engineering applications.
Therefore, the tangential method was also utilized in this
study.

As illustrated in Figure 1, the nonlinear strength envelope
for certain stress range could be replaced by a tangent line in
the form of the equivalent MC strength parameters. At some
point T, the expression of the tangent line will be given by the
following equation:

𝜏 = 𝑐𝑒 + 𝜎n tan𝜙𝑒 (2)

where the parameters 𝜙e and 𝑐e are the equivalent MC
strength parameters. Here, the parameter 𝜙e represents the
equivalent friction angle and the parameter 𝑐e represents the
equivalent cohesion.

For the PL strength criterion, the gradient of the tangent
line at some point T can be derived from the deviation of
the expression of (1) with respect to the normal stress 𝜎n, as
shown in (3).

tan𝜙e = 𝜕𝜏𝜕𝜎n = 𝑐0𝑚𝜎0 (1 +
𝜎n𝑐0 )
((1−𝑚)/𝑚)

(3)

By transforming (3), the normal stress 𝜎n can be given in the
function of the equivalent friction angle 𝜙𝑒, as follows:

𝜎n = 𝜎0 (𝑚𝜎0 tan𝜙e𝑐0 )(𝑚/(1−𝑚)) − 𝜎0 (4)

Combining this expression with (1), the shear stress 𝜏 can be
derived in the form of the equivalent friction angle 𝜙𝑒, that is,

𝜏 = 𝑐0 (𝑚𝜎0 tan𝜙e𝑐0 )(1/(1−𝑚)) (5)
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After taking (4) and (5) into (2), the equivalent cohesion c𝑒
can be expressed as follows:

𝑐e𝑐0 =
𝑚 − 1𝑚 (𝜎0𝑐0 𝑚 tan𝜙e)(1/(1−𝑚)) + 𝜎0𝑐0 tan𝜙e (6)

From (6), it can be seen that the equivalent cohesion 𝑐𝑒 is a
function of the equivalent friction angle 𝜙𝑒. To make indexes
being dimensionless, the parameter ratio of 𝑐𝑒/𝑐0 is used as
the equivalent cohesion in this study.

2.2. 3D Limit Analysis. To establish the 3D limit analysis
method, Michalowski & Drescher [30] and Gao et al. [31]
have conducted some researches on the 3D rotational failure
mechanisms for soil slopes considering toe failure, face
failure, and base failure. Afterwards, Gao et al. [31] andGao et
al. [14, 15] adopted the 3D failure mechanisms for face failure
and base failure to present the 3D limit analysis of slope
stability based on the MC strength criterion and nonlinear
PL strength criterion, respectively. Hence, this study utilized
the 3D limit analysis method of Gao et al. [14] to derive the
equivalentMCparameters for soil slopes with the PL strength
criterion.

As presented by Gao et al. [31], Figures 2(a) and 2(b) give
the 3D face failure mechanism and 3D base failure mecha-
nism, respectively. The curvilinear cone can be obtained by
rotating a circle with the radius R about an axis. The distance
from the axis to the rotation centre O is defined as the radius𝑟𝑚. The expressions of the radiuses 𝑅 and 𝑟m are presented as
follows:

𝑅 = 𝑟 − 𝑟2 (7)

𝑟m = 𝑟 + 𝑟2 (8)

The parameters r and 𝑟 represent two log-spirals PAD and
PAD passing through the rotation centre O, which can be
expressed as

𝑟 = 𝑟0 exp [(𝜃 − 𝜃0) tan𝜙e] (9)

and

𝑟 = 𝑟0 exp [− (𝜃 − 𝜃0) tan𝜙e] (10)

where the parameters r0 and 𝑟0 represent OA and OA in
Figure 2 and 𝜙e represents the apex angle of curvilinear cone
as well as the equivalent friction angle from the PL strength
criterion. Figure 3 shows themodified 3D failuremechanisms
composed by a curvilinear cone with the width 2𝑏 and an
insertosomewith thewidth b.The ratio of the slopewidthB to
the slope heightH, namely, the relative width B/H, is adopted
here to represent the 3D effect of slopes.

On the basis of the above 3D failure mechanisms, the
energy-balance equation can be established by equating the
soil weight work rate 𝑊𝛾 to the internal energy dissipation
rate D, as shown in the following expression:

𝑊curve
𝛾 +𝑊plane

𝛾 = 𝐷curve + 𝐷plane (11)

where the parameters 𝑊curve
𝛾 and 𝐷curve relate to the work

rates for the curvilinear cone. The parameters 𝑊plane
𝛾 and

𝐷plane represent the work rates for the insertosome, which
can be seen in the reference of Yang & Yin [11]. For the
curvilinear cone of face failure and base failure, the param-
eters 𝑊curve

𝛾 and 𝐷curve will be presented in the following
interpretations.

For 3D face failure mechanism (Figure 2(a)), the height
of the rotating block is expressed by the parameter 𝐻. By
combining the equivalent strength parameters (𝑐𝑒 and 𝜙𝑒), the
parameters𝑊curve

𝛾 and𝐷curve can be derived by the following
expressions:

𝑊curve
𝛾

= 2𝜔𝛾[∫𝜃B
𝜃0

∫√𝑅2−𝑎2
0

∫√𝑅2−𝑥2
𝑎

(𝑟m

+ 𝑦)2 cos 𝜃d𝑦d𝑥d𝜃 + ∫𝜃h
𝜃B

∫√𝑅2−𝑑2
0

∫√𝑅2−𝑥2
𝑑

(𝑟m

+ 𝑦)2 cos 𝜃d𝑦d𝑥d𝜃]

(12)

𝐷curve

= 2𝑐e𝜔𝑟20
tan𝜙e [(−sin2𝜃0

⋅ ∫𝜃B
𝜃0

cos 𝜃
sin3𝜃√𝑅2 − 𝑎2d𝜃) + (−sin2 (𝛽 + 𝜃h)

⋅ 𝑒2(𝜃h−𝜃0) tan𝜙e ∫𝜃h
𝜃B

cos (𝜃 + 𝛽)
sin3 (𝜃 + 𝛽)√𝑅2 − 𝑑2d𝜃)]

(13)

For 3D base failure mechanism (Figure 2(b)), an addi-
tional angle 𝛽 is considered to determine the slip surface
geometry. By applying the equivalent strength parameters 𝑐𝑒
and 𝜙𝑒, the parameters 𝑊curve

𝛾 and 𝐷curve can be derived as
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Figure 2: Modified 3D failure mechanisms: (a) face failure mechanism and (b) base failure mechanism [31].
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Figure 3: Modified 3D failure mechanisms with the insertosome: (a) face failure mechanism and (b) base failure mechanism [31].

follows:

𝑊curve
𝛾 = 2𝜔𝛾[∫𝜃B

𝜃0

∫√𝑅2−𝑎2
0

∫√𝑅2−𝑥2
𝑎

(𝑟m + 𝑦)2 cos 𝜃d𝑦d𝑥d𝜃

+ ∫𝜃C
𝜃B

∫√𝑅2−𝑑2
0

∫√𝑅2−𝑥2
𝑑

(𝑟m + 𝑦)2 cos 𝜃d𝑦d𝑥d𝜃

+ ∫𝜃h
𝜃C

∫√𝑅2−𝑒2
0

∫√𝑅2−𝑥2
𝑒

(𝑟m + 𝑦)2 cos 𝜃d𝑦d𝑥d𝜃]

(14)

𝐷cure = 2𝑐e𝜔𝑟20
tan𝜙e [(−sin2𝜃0 ∫𝜃B

𝜃0

cos 𝜃
sin3𝜃√𝑅2 − 𝑎2d𝜃)

+ (− sin2 (𝛽 + 𝜃C) sin2𝜃h
sin2𝜃C exp [2 (𝜃h − 𝜃0) tan𝜙e]

⋅ ∫𝜃C
𝜃B

cos (𝜃 + 𝛽)
sin3 (𝜃 + 𝛽)√𝑅2 − 𝑑2d𝜃)

+ (−sin2𝜃h exp [2 (𝜃h − 𝜃0) tan𝜙e] ∫𝜃h
𝜃C

cos 𝜃
sin3𝜃√𝑅2 − 𝑒2d𝜃) ]

(15)
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where the parameter 𝑐e is the equivalent cohesion, which can
be expressed by the function of the equivalent friction angle

𝜙e (Equation (6)). The parameters a, d, e, 𝜃B, and 𝜃C are
obtained by the following expressions:

𝑎 = sin 𝜃0
sin 𝜃 𝑟0 − 𝑟m (16)

𝑑 = 𝑟0 sin (𝜃C + 𝛽) sin 𝜃h
sin (𝜃 + 𝛽) sin 𝜃C exp [(𝜃h − 𝜃0) tan𝜙e] − 𝑟m (17)

𝑒 = 𝑟0 sin 𝜃hsin 𝜃 exp [(𝜃h − 𝜃0) tan𝜙e] − 𝑟m (18)

𝜃B = arctan
sin 𝜃0

cos 𝜃0 − 𝐴 (19)

𝜃C = arctan
sin 𝜃h exp [(𝜃h − 𝜃0) tan𝜙e]

cos 𝜃0 − 𝐴 − {sin 𝜃h exp [(𝜃h − 𝜃0) tan𝜙e] − sin 𝜃0} / tan𝛽 (20)

𝐴 = sin (𝜃h − 𝜃0)
sin 𝜃h − sin (𝜃h + 𝛽)

sin 𝜃h sin𝛽 {sin 𝜃h exp [(𝜃h − 𝜃0) tan𝜙e] − sin 𝜃0} (21)

On the base of the energy-balance equation, the upper-
bound solutions (i.e., the critical height𝐻cr) would be derived
for a soil slope with given parameters (i.e., slope inclination
angle 𝛽, nonlinear parameters 𝑚, 𝑐0, 𝜎0, and relative width
B/H). To obtain the least upper bound on the critical
height, this study adopted a numerical optimization method
presented by Chen [32]. The optimization procedure was
performed by using a computer code of Matlab software.The
least upper-bound solutions can be calculated with respect to
several independent variables: angles 𝜃0 and 𝜃h, ratio of 𝑟0/𝑟0,
relative width of the plane insert b/H, ratio n =𝐻/𝐻 for the
3D face-failuremechanism or angle 𝛽 for the 3D base-failure
mechanism, and one additional variable 𝜙e. The variables 𝜃0,𝜃h, 𝑟0/𝑟0, b/H, n, or 𝛽 determine the failure mechanism,
and the variable 𝜙e determines the location of tangent line
of PL strength criterion. More details for the interpretations
and notations of 3D limit analysis method can be found
in the references of Michalowski & Drescher [30] and
Gao et al. [31].

2.3. Determination of Approximate MC Parameters. As pre-
sented in the 3D limit analysismethod, the equivalent friction
angle 𝜙e represents the apex angle of the curvilinear cone.
Hence, the parameter 𝜙e is a significant variable in the
energy-balance equation. The variable 𝜙e can be obtained
once the least upper-bound solutions are determined in
the optimization procedure. Correspondingly, the equivalent
cohesion 𝑐e then can be derived with respect to the equivalent
friction angle𝜙e, as illustrated in (6). Since the shear strengths
of tangent line are equal to or larger than those of the
PL strength envelop in the same normal stress range, the
calculated solution will be an upper bound of the actual
limit load. Here, the equivalent MC strength parameters (the
equivalent friction angle 𝜙e and the equivalent cohesion 𝑐e)
are not the conventional strength parameters to reflect the
soil nature. But, they can represent the approximate shear

strengths of the relevant stress distribution acting on the slope
critical slip surface. Therefore, the obtained values of 𝜙e and𝑐e can be used as the approximate MC strength parameters in
slope engineering.

3. Numerical Results and Analyses

3.1. Effect of 𝑐0/𝜎0 on Equivalent MC Parameters. Selecting
two 3D slopes (B/H = 2.0) with 𝛽 = 30∘ and 𝛽 = 60∘
as examples, Figures 4 and 5 present the equivalent MC
strength parameters (the equivalent friction angle 𝜙𝑒 and the
equivalent cohesion 𝑐e/𝑐0) as the x-coordinate is the strength
parameter ratio of 𝑐0/𝜎0. Considering different nonlinearity
coefficients m (1.2, 1.6 and 2.0), three changing lines were
presented in each figure. It should be noted that the strength
parameter ratio of 𝑐0/𝜎0 is adopted as dimensionless param-
eter, which is consistent with the equivalent cohesion 𝑐e/𝑐0.

For gentle slopes with 𝛽 = 30∘ (Figure 4), the equivalent
friction angle 𝜙e appears to be bigger as the ratio of 𝑐0/𝜎0
increases. However, the increasing trend becomes weaker
when the ratio of 𝑐0/𝜎0 is relatively bigger. From Figure 4(a),
it can be seen that the changing lines tend to be horizontal
in the big range of 𝑐0/𝜎0. Correspondingly, the equivalent
cohesion 𝑐e/𝑐0 becomes larger gradually as the ratio of 𝑐0/𝜎0
increases. By comparing the changing lines with respect to
different parametersm, it can be found that the influences of
the ratio of 𝑐0/𝜎0 on the equivalent MC parameters become
more remarkable with the decreasing value ofm.

Nevertheless, for steep slopes (Figure 5), the equivalent
friction angle 𝜙e and the equivalent cohesion 𝑐e/𝑐0 become
bigger gradually with the increasing 𝑐0/𝜎0. Meanwhile, as the
strength parameterm decreases, the effect of the ratio of 𝑐0/𝜎0
on the equivalent friction angle 𝜙e was found to be more
significant. But the effect of 𝑐0/𝜎0 on the equivalent cohesion𝑐e/𝑐0 appears to be slight.
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Figure 4: Effect of 𝑐0/𝜎0 on equivalent MC parameters (𝛽 = 30∘).
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Figure 5: Effect of 𝑐0/𝜎0 on equivalent MC parameters (𝛽 = 60∘).
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Figure 6: Effect ofm on equivalent MC parameters (𝛽 = 30∘).

3.2. Effect of 𝑚 on Equivalent MC Parameters. Figures 6 and
7 illustrate the influences of the nonlinearity coefficient m
on the equivalent MC strength parameters (𝜙e and 𝑐e/𝑐0) for
3D slopes with 𝛽 = 30∘ and 𝛽 = 60∘. Here, the relative width
for each slope was assumed as B/H = 2.0. From Figures 6
and 7, it can be found that the equivalent friction angle 𝜙e
and the equivalent cohesion 𝑐e/𝑐0 both become smaller as
the parameterm increases, whether for gentle slopes or steep
slopes. The influences of the parameter m on the equivalent
strength parameters tend to be less pronounced with the
decreasing ratio of 𝑐0/𝜎0, especially for steep slopes with the
small ratio of 𝑐0/𝜎0. As illustrated in Figure 7(b), for slopes
with 𝛽 = 60∘ and 𝑐0/𝜎0 =2.0, the equivalent cohesion 𝑐e/𝑐0
would change slightly as the parameterm increases.

3.3. Effect of 𝛽 on Equivalent MC Parameters. To explore the
effects of the slope angle 𝛽 on the equivalent MC strength
parameters (𝜙e and 𝑐e/𝑐0), Figures 8(a) and 8(b) present the
different values of 𝜙e and 𝑐e/𝑐0 by taking the inclination
angle 𝛽 as the x-coordinate. Four kinds of conditions were
considered in this section: 𝑐0/𝜎0 = 0.4, m = 1.2; 𝑐0/𝜎0 =
0.4, m = 2.0; 𝑐0/𝜎0 = 2.0 m = 1.2; 𝑐0/𝜎0 = 2.0, m = 2.0.
In each condition, the slope relative width B/H = 2.0 was
adopted.

It is obvious that the equivalent friction angle 𝜙e becomes
larger as the inclination angle 𝛽 increases. However, the
equivalent cohesion 𝑐e/𝑐0 becomes smaller with the increas-
ing angle 𝛽. Comparing these four conditions of 𝑐0/𝜎0 andm,
the influences of angle 𝛽 on the equivalent MC parameters

appear to be more significant for soil slopes with the larger𝑐0/𝜎0 and the smallerm.

3.4. Effect of B/H on Equivalent MC Parameters. Figure 9
gives the values of the equivalent friction angle 𝜙e for two
slopes (𝛽 = 30∘ and 𝛽 = 60∘) with respect to different relative
widths B/H. Similarly, four kinds of combinations of 𝑐0/𝜎0
and m were presented in these figures. For gentle and steep
slopes (Figures 9(a) and 9(b)), the equivalent friction angle𝜙e was found to be almost constant as the ratio of B/H
increases. Since the equivalent cohesion 𝑐e/𝑐0 is a function
of the equivalent friction angle 𝜙e (as presented in Equation
(6)), the equivalent cohesion 𝑐e/𝑐0 would also change slightly
with the increasingB/H.Thephenomenonmay reveal that 3D
effects nearly have no influences on equivalent MC strength
parameters, although 3Deffects have significant influences on
the slope stability [14, 15].

3.5. Charts of Approximate MC Parameters. Based on the
above results and analyses, it can be concluded that the
nonlinear strength parameters and the slope inclination have
significant influences on the equivalent MC parameters (𝜙e
and 𝑐e/𝑐0). Nevertheless, 3D effects on the equivalent MC
parameters can be ignored (but 3D effects on the slope stabil-
ity are significant). Hence, this study derived the equivalent
MC parameters with respect to various nonlinear strength
parameters and common slope inclinations for 2D soil slopes,
as presented in Tables 1 and 2. The approximate MC strength
parameters in these charts can be alternative references in the
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Figure 7: Effect ofm on equivalent MC parameters (𝛽 = 60∘).
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software codes and engineering standards for slope design
practice.

4. Example Problems

To verify the accuracy of the presented method and the
applicability of the given approximate MC parameters, this
section provides two examples of uniform dry soil slopes
in plain-strain conditions. Since the limit analysis method
focuses on the critical state of slope failure, the safety factors
for slopes are assumed as F = 1.0 in the above studies, and
the critical height𝐻cr are used as the upper-bound solutions
for slope stability. For comparisons with the other results
represented by F, the shear strength can be reduced by the
safety factor F and theminimum safety factors will be derived
by using the presented limit analysis method.

4.1. Example 1. For the slope in example 1, the geometry
parameters are given asH = 12 m and 𝛽 = 28.2∘. This example
was utilized by Eid [33] based on the test results of shear
strengths given by Chandler [34] for Upper Lias clay. The
nonlinear PL strength function can be obtained by curve fit-
ting to the test data using the Levenberg–Marquardt method.
The nonlinear strength parameters have the following values:
c0 =0.98 kPa,𝜎0 =0.33 kPa, andm= 1.38.The total unitweight𝛾 is adopted as 20 kN/m3.

Based on the presented method for this slope with non-
linear parameters, the minimum safety factor is calculated as
1.64. This slope problem has been analyzed by Eid [33] using

the limit equilibrium method and another nonlinear failure
criterion. He obtained the safety factor of 1.50, which is a
little smaller than the result (F = 1.64) of this study. Since
the limit analysis method adopted in this study derived the
upper-bound solutions for slope stability, the difference of
1.64 versus 1.50 between the safety factors is reasonable and
this comparison can confirm the correctness of the presented
results in this study.

For slope design, the approximateMCparameters for this
slope example can be obtained from Tables 1 and 2. Given
values of m ≈ 1.4, 𝑐0/𝜎0 ≈ 3.0, and 𝛽 = 28.2∘, we can get
the equivalent friction angle 𝜙e ≈ 17.73∘ and the equivalent
cohesive 𝑐e/𝑐0 ≈ 38.37 by the interpolation calculations of
given values. Using 𝑐0 = 0.98 kPa, the approximate cohesive𝑐e is determined as 37.60 kPa. In condition of the safety factor
F = 1.0, the presented limit analysis method can derive the
critical height for this slope, i.e.,𝐻cr = 66.4 m. It reveals that
the design height for this slope should be smaller than 66.4m
to ensure its safety.

4.2. Example 2. The problem considered in this example
adopts the test data reported by Baker [35] for compacted
Israeli clay. The nonlinear strength parameters were derived
as follows: c0 = 0.06 kPa, 𝜎0 = 0.02 kPa, and m = 1.23. The
slope height H is 6 m and the slope inclination 𝛽 is 43∘. The
total unit weight for Israeli clay is taken as 𝛾 = 18 kN/m3.

For such a problem, the limit analysis method presented
in this study yielded the safety factor of 1.14, which is a
little larger than the result of F = 0.97 derived from the
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Table 1: The equivalent friction angle 𝜙e (∘) for various soils.
𝑐0/𝜎0 𝛽 (∘) m

1.2 1.4 1.6 1.8 2.0 2.2 2.5

0.5

20 14.30 10.57 8.31 6.78 5.69 4.87 3.98
30 17.52 13.15 10.50 8.72 7.44 6.49 5.43
40 18.96 14.63 11.86 9.95 8.56 7.50 6.32
50 19.78 15.60 12.82 10.85 9.39 8.27 7.01
60 20.33 16.30 13.53 11.54 10.05 8.89 7.57

1.0

20 15.41 12.07 9.76 8.03 6.75 5.79 4.72
30 22.99 17.44 13.84 11.40 9.66 8.37 6.95
40 28.73 21.55 17.08 14.08 11.95 10.36 8.62
50 32.06 24.49 19.61 16.27 13.86 12.05 10.06
60 34.01 26.63 21.61 18.07 15.48 13.52 11.34

2.0

20 15.45 12.35 10.13 8.47 7.19 6.19 5.08
30 23.54 18.77 15.28 12.74 10.86 9.43 7.85
40 32.06 25.32 20.36 16.85 14.29 12.37 10.26
50 40.63 31.64 25.26 20.81 17.60 15.21 12.59
60 47.52 37.19 29.79 24.56 20.78 17.96 14.87

3.0

20 15.46 12.38 10.20 8.55 7.28 6.29 5.17
30 23.55 18.91 15.52 13.03 11.17 9.73 8.12
40 32.17 25.88 21.11 17.61 15.00 13.02 10.82
50 41.45 33.36 27.00 22.36 18.95 16.38 13.57
60 51.13 41.09 33.12 27.30 23.05 19.87 16.40

5.0

20 15.46 12.40 10.23 8.59 7.33 6.35 5.23
30 23.55 18.94 15.62 13.18 11.34 9.91 8.30
40 32.18 26.05 21.45 18.02 15.43 13.44 11.21
50 41.54 33.97 27.90 23.30 19.85 17.22 14.30
60 51.86 43.03 35.25 29.25 24.77 21.38 17.66

limit equilibrium method of Baker [35]. The small difference
can verify the accuracy of the solutions derived from the
presented method. Besides, considering the values of m =
1.23, c0/𝜎0 = 0.06/0.02 = 3.0, and 𝛽 = 43∘, the approximate
MC parameters 𝜙e ≈ 33.93∘ and 𝑐e ≈ 3.19 kPa are determined
from Tables 1 and 2. Hence, the critical height for this slope
can be calculated as𝐻cr = 12.9 m by using the presented limit
analysis method with F = 1.0.

5. Conclusions

On the base of 3D failure mechanisms for soil slopes with
theMC strength criterion, this paper employed the tangential
method to develop the upper-bound limit analysis of slope
stability with the nonlinear PL strength criterion. A numer-
ical optimization procedure written in a computer code of
Matlab software was applied to calculate the upper-bound
solutions of slope stability. The equivalent MC strength
parameters from the PL strength envelope were then derived
with respect to the least upper-bound solutions. Effects of
nonlinear strength parameters and slope geometries on the
equivalentMCparameters have beenwell studied, and design
chats of approximate MC strength parameters have been
provided for various soil slopes. From this study, the main
conclusions can be made as follows:

(1) The equivalent MC strength parameters 𝜙e and 𝑐e/𝑐0
both tend to be larger gradually with the increasing
ratio of 𝑐0/𝜎0. However, the effects of the nonlinearity
coefficientm on the equivalent MC strength parame-
ters are opposite; namely, the equivalent friction angle𝜙e and the equivalent cohesion 𝑐e/𝑐0 become smaller
with the increasingm.

(2) As the inclination angle 𝛽 increases, the equivalent
friction angle 𝜙e becomes bigger and the equivalent
cohesion 𝑐e/𝑐0 becomes smaller. The influences of the
inclination on the equivalent MC parameters seem to
be more pronounced for soil slopes with the bigger
value of 𝑐0/𝜎0 or smaller value ofm.

(3) Although 3D effect has significant influences on the
safety of soil slopes, 3D effect on the equivalent MC
strength parameters seems to be slight.
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Table 2: The equivalent cohesive 𝑐e/𝑐0 for various soils.
𝑐0/𝜎0 𝛽 (∘) m

1.2 1.4 1.6 1.8 2.0 2.2 2.5

0.5

20 2.46 1.82 1.62 1.52 1.45 1.41 1.35
30 1.30 1.29 1.27 1.24 1.22 1.20 1.18
40 1.12 1.15 1.15 1.14 1.13 1.12 1.11
50 1.07 1.09 1.09 1.09 1.09 1.08 1.08
60 1.04 1.06 1.06 1.06 1.06 1.06 1.05

1.0

20 42.32 6.05 3.39 2.61 2.23 2.01 1.80
30 5.30 2.54 2.02 1.78 1.64 1.54 1.45
40 1.90 1.65 1.53 1.45 1.39 1.35 1.30
50 1.32 1.34 1.31 1.29 1.26 1.24 1.21
60 1.15 1.19 1.20 1.19 1.18 1.17 1.15

2.0

20 1329.29 31.19 9.68 5.55 4.03 3.26 2.64
30 136.66 10.52 4.87 3.37 2.70 2.33 2.01
40 22.55 4.76 3.02 2.41 2.09 1.89 1.71
50 5.04 2.65 2.14 1.89 1.73 1.63 1.52
60 1.93 1.77 1.66 1.58 1.51 1.45 1.38

3.0

20 10061.7 85.18 18.72 9.03 5.91 4.47 3.39
30 1033.92 28.09 9.13 5.32 3.87 3.13 2.53
40 165.56 11.87 5.35 3.64 2.89 2.47 2.11
50 30.59 5.68 3.46 2.69 2.30 2.06 1.83
60 5.95 3.00 2.40 2.10 1.90 1.77 1.63

5.0

20 129396 304.20 43.49 16.95 9.74 6.76 4.71
30 13296.2 99.87 21.00 9.83 6.27 4.66 3.47
40 2123.08 41.33 11.97 6.56 4.58 3.61 2.84
50 383.73 18.62 7.34 4.65 3.53 2.93 2.42
60 62.77 8.37 4.61 3.40 2.80 2.44 2.11
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