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The research investigates synchronizing dynamics of three nonidentical ecological systems, one of which is invaded by an exterior
top predator. For studying the effects of species invasion in the synchronizing dynamics, combination synchronization of one
drive system and two response systems is designed: the ecological system with species invasion taken as drive system, and the
other ecological systems as response systems. Using active backstepping design, the conditions for achievement of combination
synchronization are derived. Under the conditions, numerical simulations are performed to demonstrate the synchronizing
dynamics of ecological systems under species invasion. The results suggest that mechanism of synchronization plays an important
role in determining chaos when ecological systems are interacting with each other.

1. Introduction

Chaos phenomena have been observed in many natural
systems. As the research on chaos continues, great efforts
were devoted to chaos synchronization of chaotic systems,
a very important subfield in nonlinear science [1]. Since
the pioneering work of Pecora and Carroll [2], chaos syn-
chronization has been widely investigated in a variety of
fields, such as ecological systems, chemical reactions, engi-
neering science, and secure communication [3–8]. Many
approaches have been proposed to achieve various types of
chaos synchronization, for example, complete synchroniza-
tion, phase synchronization, and generalized synchroniza-
tion [1].

Most of the research works of chaos synchronization are
limited to the synchronization of two chaotic systems, i.e.,
one drive system and one response system. Recently, Runzi
et al. [9] developed a new type of synchronization, combi-
nation synchronization, which was applied to investigate the
synchronization of three chaotic systems (two drive systems
and one response system). From then, the synchronization
of multiple chaotic systems was extensively studied. For

example, Sun et al. [10] proposed a type of combination-
combination synchronization for four systems (two drive
systems and two response systems).

The combination synchronization (or combination-
combination synchronization) can be possibly applied in the
field of secure communication and information processing
[9, 10]. Sun et al. described that if synchronization can
be controlled intelligently at will, then the combination-
combination synchronization may be possible to attain
vastly better performance for secure communication and
information processing. Ahmad et al. also exhibited an
application of multi switching-combination synchronization
control scheme in the case of secure communication [11].
Moreover, with the characteristics of synchronization of
multiple systems, a possible application of combination
synchronization can be realized in ecological field. For
ecological systems are open systems, species interactions
and species migration between ecological systems make
the development of ecological systems often affected by
other systems [12, 13]. After long-term evolution, the
interactions between related ecological systems can bring
about synchronization state of the systems [14].
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In recent years, the complex dynamics of ecological
systems, as an interesting and significant topic, is more
and more concerned by the mathematicians and biologist.
Via analyzing the nonlinear characteristics, many research
works have played an important role in understanding
the properties of natural ecosystems, such as basic struc-
ture, productivity, resource availability, interactions, stability,
ecosystem size, and network connection. Systematical and
detailed analysis on these characteristics can contribute to
profound comprehension on population regulation, trophic
relationships, energy transformation, and community behav-
iors in the ecological systems. Moreover, it can also promote
the improvement as well as practical application of ecological
theory. Emmerson and Dave provided a biological mecha-
nism that explains the skewed distributions of interaction
strengths in real communities, where emergent features of
food webs reflect patterns of predator-prey body size [15, 16].

Since natural ecological systems are usually not isolated
and closely connected with each other, the coupled networks
of ecological systems can be more accurate to reflect the
characteristics of nature and deserve further investigations.
On the other hand, the coupled networks of ecological
systems may exhibit more complex dynamic behaviors.
Synchronization dynamics is one of the most interesting
topics in the research where ecological systems are consid-
ered in connection. For example, Blasius and Stone studied
the phase synchronization of two nonidentical diffusively
predator-prey-resource systems and found that the synchro-
nization patterns and travelling wave structures exhibited
can correspond to those observed in natural systems [3].
Many research works show that the investigation on the
synchronization of ecological chaotic systems is important
for understanding the interactions between them and is
valuable for ecological applications [3, 5, 14, 17].

Many evidences in field observation confirm the wide
existence of synchronization between natural ecological sys-
tems. A classical example is the synchronization of Canada’s
hare-lynx cycle over millions of square kilometres [3]. This
phenomenon has been documented for over 100 years. Also,
northern vole populations in southeastern Norway exhibit
large-scale, spatially synchronous population dynamics [18].
Motivated by the natural phenomena, a lot of theoretical
works have been performed to investigate the synchroniza-
tion in nature [3, 5, 14, 17]. In the theoretical works, the
synchronization of two ecological systems is often focused
on. However, in many natural situations, the number of
interacting systems may be three or more [19]. Therefore, it
is necessary to make a development on the synchronization
of three ecological systems, which is still not documented in
existing literature.

Some researchers suggested that the achievement of
ecological synchronization results from migration of species
between ecological systems [3, 18]. It is also described in
literature that predatory mammals and birds can act as an
agent of synchronization [5]. However, the possibility that
species invasion, which widely exists in nature, can also drive
the synchronization of ecological dynamics and is seldom
considered. Since species invasion can pose great influences
on the ecological systems and break the primary balance

reached among local species, it is necessary to investigate
the nonlinear dynamics determined by the synchronization
of ecological systems, which is driven by the species inva-
sion. This research focuses on the synchronization of three
ecological systems when an exterior top predator invades
into one of the three ecological systems via migration. The
systemwith the invasive species is considered as drive system,
and the other two systems are taken as response systems.
The investigation on combination synchronization of the
three systems can promote better comprehension on how
the synchronization of ecological systems acts under species
invasion.

In comparison with previous research works, the present
study may exhibit three aspects of improvement in inves-
tigating the synchronization of chaotic ecological systems.
Firstly, different from the former investigations whichmainly
focused on the complex dynamics and synchronization of
two chaotic ecological systems, this research further tries
to comprehend the synchronization among three chaotic
ecological systems. Secondly, the three chaotic ecological sys-
tems considered are nonidentical and have different dimen-
sions; therefore, the synchronization of the three systems
is achieved through the interactions of complex dynamics
induced by different ecological mechanisms.Thirdly, with the
application of the method of combination synchronization,
the case of exterior predator species simultaneously invading
into two types of local environments is investigated. This may
provide a new insight for studying the ecological dynamics of
species invasion.

In this research, we apply active backstepping design to
achieve the combination synchronization of the three ecolog-
ical systems and numerical simulations of the combination
synchronization are then performed, verifying the theoretical
calculations. Following the former synchronization works
of ecological systems, the combination synchronization in
this research also demonstrates that one of the intrinsic
mechanisms, predation (although the predation results from
an exterior top predator), is a significant cause for population
synchrony. Moreover, we find that, with the achievement of
the combination synchronization, the invasion of predator
species can force the extinction of local predator or dynamical
transition between periodic and chaotic population oscilla-
tions. These nonlinear characteristics may help to guide the
application in ecological engineering, such as harvesting or
reduction of the invasive species.

2. Systems Description

Because of the importance of food chain in ecological
systems, the food chain models are often employed in the
approaches of synchronization of ecological systems [3, 5, 14].
Based on the literature, the food chain models are also used
to study the combination synchronization of three ecological
systems in this research.

Hastings and Powell [20] provided a classical dynamic
model governed by a set of nonlinear ordinary differential
equations to describe a tritrophic level food chain. The
feeding relationships between the three species in the food
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chain are described in the following. Let 𝑥 denote the prey
population at the lowest level of the food chain; population𝑥 is predated by the individuals of population 𝑦; simul-
taneously, the population 𝑦 serves as a favorite food for
individuals of population 𝑧, which is the top predator of
the food chain. According to Hastings and Powell [20],
the nondimensionalized form of the model system can be
governed by

𝑑𝑥𝑑𝑡 = 𝑥 (1 − 𝑥) − 𝑤1𝑥𝑦1 + 𝑤2𝑥𝑑𝑦𝑑𝑡 = 𝑤1𝑥𝑦1 + 𝑤2𝑥 − 𝑤3𝑦𝑧1 + 𝑤4𝑦 − 𝑤5𝑦𝑑𝑧𝑑𝑡 = 𝑤3𝑦𝑧1 + 𝑤4𝑦 − 𝑤6𝑧
(1)

in which 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5, and 𝑤6 are parameters, and
the interpretations of parameters’ significance can be found
in Hastings and Powell [20]. When biologically reasonable
parameter values are chosen, system (1) can exhibit chaotic
dynamics in long-term behavior.

In order to investigate synchronizing dynamics of eco-
logical systems under the influences of species invasion, an
exterior top predator 𝑠, which predates upon population 𝑦,
is introduced into the food chain described above. Similarly
to system (1), the new food chain model system with invasive
top predator 𝑠 can be described as the following nonlinear
differential equations:𝑑𝑥1𝑑𝑡 = 𝑥1 (1 − 𝑥1) − 𝑤11𝑥1𝑦11 + 𝑤12𝑥1𝑑𝑦1𝑑𝑡 = 𝑤11𝑥1𝑦11 + 𝑤12𝑥1 − 𝑤13𝑦1𝑧11 + 𝑤14𝑦1 − 𝑤15𝑦1𝑠11 + 𝑤16𝑦1 − 𝑤17𝑦1𝑑𝑧1𝑑𝑡 = 𝑤13𝑦1𝑧11 + 𝑤14𝑦1 − 𝑤18𝑧1𝑑𝑠1𝑑𝑡 = 𝑤15𝑦1𝑠11 + 𝑤16𝑦1 − 𝑤19𝑠1

(2)

In system (2), the subscript “1” of 𝑥, 𝑦, 𝑧, and 𝑠 represents
the first system of food chain considered for the combination
synchronization, likewise in the below. The meaning of
parameters𝑤11,𝑤12,𝑤13,𝑤14,𝑤17, and 𝑤18 is the same as the
corresponding parameters in system (1). Parameters 𝑤15 and𝑤16 describe the predation relationship between population𝑠 and population 𝑦; parameter 𝑤19 represents the mortality
rate of the population 𝑠.

Many researchers took into consideration the different
functional responses for the tritrophic level food chain
described by the Hastings-Powell model. In Naji and Bal-
asim [21], they considered Beddington-DeAngelis functional
response for the predation between population 𝑥 and popu-
lation 𝑦, and between population 𝑦 and population 𝑧 in the

three-species food chain. The nondimensionalized form of
this model system can be described by𝑑𝑥2𝑑𝑡 = 𝑥2 (1 − 𝑥2) − 𝑥2𝑦2𝑤21𝑦2 + 𝑥2 + 𝑤22𝑑𝑦2𝑑𝑡 = 𝑤23𝑥2𝑦2𝑤21𝑦2 + 𝑥2 + 𝑤22 − 𝑦2𝑧2𝑤24𝑧2 + 𝑦2 + 𝑤25 − 𝑤26𝑦2𝑑𝑧2𝑑𝑡 = 𝑤27𝑦2𝑧2𝑤24𝑧2 + 𝑦2 + 𝑤25 − 𝑤28𝑧2

(3)

The significance of parameters 𝑤21, 𝑤22, 𝑤23, 𝑤24, 𝑤25, 𝑤26,𝑤27, and 𝑤28 of the system (3) was described in Naji and
Balasim [21].

For the tritrophic level food chain which has the
prey−intermediate predator−top predator structure, Upad-
hyay et al. [22] proposed a food chainmodelwhich consists of
a hybrid type of Holling type-II with Beddington-DeAngelis
type of functional responses. Population 𝑦 feeds on popu-
lation 𝑥 according to Holling type-II functional response,
whereas population 𝑧 predates upon population 𝑦 according
to Beddington-DeAngelis type functional response. More-
over, the dynamics of the top predator 𝑧 is described by the
dynamic equation developed by Upadhyay and Rai [23].This
food chain model can be governed by the following nondi-
mensionalized system of nonlinear differential equations.𝑑𝑥3𝑑𝑡 = 𝑥3 (1 − 𝑥3) − 𝑥3𝑦3𝑥3 + 𝑤31𝑑𝑦3𝑑𝑡 = 𝑤32𝑥3𝑦3𝑥3 + 𝑤33 − 𝑦3𝑧3𝑤34𝑧3 + 𝑦3 + 𝑤35 − 𝑤36𝑦3𝑑𝑧3𝑑𝑡 = 𝑤37𝑧23 − 𝑤38𝑧23𝑦3 + 𝑤39

(4)

The interpretation of the parameters of the system (4), 𝑤31,𝑤32, 𝑤33, 𝑤34, 𝑤35, 𝑤36, 𝑤37, 𝑤38, and 𝑤39, was explained in
Upadhyay et al. [22].

The combination synchronization of the systems (2), (3),
and (4) is investigated in this research. In order to achieve
the combination synchronization of the three systems, the
following synchronization strategy is designed.

3. Combination Synchronization of
Systems (2), (3), and (4)

According to the description of ecological systems in the
above section, the invasive species 𝑠 can directly change the
dynamics of 𝑥, 𝑦, and 𝑧 in system (2) and indirectly influence
the dynamics of systems (3) and (4). In order to investigate the
combination synchronization driven by invasive species 𝑠, the
ecological system which is directly involved with the invasive
species, i.e., system (2), is considered as the drive system, and
systems (3) and (4) are considered as the response systems.
And then the combination synchronization between the drive
system (2) and the two response systems (3) and (4) is
investigated. Based onprevious researchworks, the definition
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of such combination synchronization can be described as the
following.

Definition 1 ([6, 7]). Combination synchronization of the
drive system (2) and the response systems (3) and (4) is said to
be achieved, if there exist three nonzeromatrices 𝐴 ∈ R3×R4,𝐵 ∈ R3 × R3, and 𝐶 ∈ R3 × R3 such that

lim
𝑡→+∞

𝐵(
𝑥2𝑦2𝑧2)+ 𝐶(𝑥3𝑦3𝑧3)−𝐴(𝑥1𝑦1𝑧1𝑠1)

 = 0 (5)

where ‖ ⋅ ‖ denotes Euclidean norm.The constant matrices 𝐴,𝐵, and 𝐶 are called the scaling matrices.

Let the response systems be controlled, and the controlled
systems (3) and (4) can be described by

𝑑𝑥2𝑑𝑡 = 𝑥2 (1 − 𝑥2) − 𝑥2𝑦2𝑤21𝑦2 + 𝑥2 + 𝑤22 + 𝑢21𝑑𝑦2𝑑𝑡 = 𝑤23𝑥2𝑦2𝑤21𝑦2 + 𝑥2 + 𝑤22 − 𝑦2𝑧2𝑤24𝑧2 + 𝑦2 + 𝑤25 − 𝑤26𝑦2+ 𝑢22𝑑𝑧2𝑑𝑡 = 𝑤27𝑦2𝑧2𝑤24𝑧2 + 𝑦2 + 𝑤25 − 𝑤28𝑧2 + 𝑢23
(6)

and𝑑𝑥3𝑑𝑡 = 𝑥3 (1 − 𝑥3) − 𝑥3𝑦3𝑥3 + 𝑤31 + 𝑢31𝑑𝑦3𝑑𝑡 = 𝑤32𝑥3𝑦3𝑥3 + 𝑤33 − 𝑦3𝑧3𝑤34𝑧3 + 𝑦3 + 𝑤35 − 𝑤36𝑦3 + 𝑢32𝑑𝑧3𝑑𝑡 = 𝑤37𝑧23 − 𝑤38𝑧23𝑦3 + 𝑤39 + 𝑢33
(7)

in which 𝑢21, 𝑢22, 𝑢23, 𝑢31, 𝑢32, and 𝑢33 are the controllers to
be designed.

According to Runzi et al. [9], the achievement of com-
bination synchronization of the three systems is determined
by stability of the origin point of an error system. Therefore
firstly, the error system for the drive system (2) and response
systems (5) and (6) need to be generated. Let

(𝑒1𝑒2𝑒3) = (𝑎1 0 0 00 𝑎2 0 00 0 𝑎3 𝑎4)(𝑥1𝑦1𝑧1𝑠1)

−(𝑏1 0 00 𝑏2 00 0 𝑏3)(𝑥2𝑦2𝑧2)
−(𝑐1 0 00 𝑐2 00 0 𝑐3)(𝑥3𝑦3𝑧3)

(8)

in which 𝑎𝑖, 𝑏𝑖, and 𝑐𝑖 are parameters of combination synchro-
nization. Calculating the derivatives for 𝑒1, 𝑒2, and 𝑒3, we have𝑑𝑒1𝑑𝑡 = (1 − 1𝑤21) 𝑒1 − 𝑎1𝑤11𝑎2𝑤12 𝑒2 + 1𝑤21 (𝑎1𝑥1 − 𝑐1𝑥3)− 𝑎1𝑤11𝑎2𝑤12 (𝑏2𝑦2 + 𝑐2𝑦3) − 𝑎1𝑥21 + 𝑏1𝑥22 + 𝑐1𝑥23

+ 𝑎1𝑤11𝑤12 𝑦11 + 𝑤12𝑥1 − 𝑏1𝑤21 𝑥2 (𝑥2 + 𝑤22)𝑤21𝑦2 + 𝑥2 + 𝑤22+ 𝑐1 𝑥3𝑦3𝑥3 + 𝑤31 − 𝑏1𝑢21 − 𝑐1𝑢31𝑑𝑒2𝑑𝑡 = 𝑏2𝑤23𝑏1𝑤21 𝑒1 + (𝑤11𝑤12 − 1𝑤24 − 𝑤17) 𝑒2
− (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) 𝑒3
− 𝑏2𝑤23𝑏1𝑤21 (𝑎1𝑥1 − 𝑐1𝑥3) + 𝑤11𝑤12 (𝑏2𝑦2 + 𝑐2𝑦3)
+ 1𝑤24 (𝑎2𝑦1 − 𝑐2𝑦3) + 𝑏2 (𝑤26 − 𝑤17) 𝑦2+ 𝑐2 (𝑤36 − 𝑤17) 𝑦3 + 𝑎2𝑎3𝑤15𝑎4𝑤16 𝑧1
− (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) (𝑏3𝑧2 + 𝑐3𝑧3)+ 𝑎2𝑎4𝑤13𝑎3𝑤14 𝑠1 − 𝑎2𝑤11𝑤12 𝑦11 + 𝑤12𝑥1+ 𝑎2𝑤13𝑤14 𝑧11 + 𝑤14𝑦1+ 𝑏2𝑤23𝑤21 𝑥2 (𝑥2 + 𝑤22)𝑤21𝑦2 + 𝑥2 + 𝑤22− 𝑏2𝑤24 𝑦2 (𝑦2 + 𝑤25)𝑤24𝑧2 + 𝑦2 + 𝑤25 + 𝑎2𝑤15𝑤16 𝑠11 + 𝑤16𝑦1− 𝑐2𝑤32 𝑥3𝑦3𝑥3 + 𝑤33 + 𝑐2 𝑦3𝑧3𝑤34𝑧3 + 𝑦3 + 𝑤35− 𝑏2𝑢22 − 𝑐2𝑢32𝑑𝑒3𝑑𝑡 = 𝑏3𝑤27𝑏2𝑤24 𝑒2 + (𝑤13𝑤14 + 𝑤15𝑤16 − 𝑤19) 𝑒3
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+ 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2) 𝑒3 − 𝑤37𝑐3 𝑒23− 𝑏3𝑤27𝑏2𝑤24 (𝑎2𝑦1 − 𝑐2𝑦3)
+ 𝑎3 (𝑤19 − 𝑤18 − 𝑤15𝑤16)𝑧1+ 𝑏3 (𝑤28 − 𝑤19) 𝑧2 − 𝑐3𝑤19𝑧3+ (𝑤13𝑤14 + 𝑤15𝑤16) (𝑏3𝑧2 + 𝑐3𝑧3) − 𝑎4𝑤13𝑤14 𝑠1− 𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2)2− 𝑎3𝑤13𝑤14 𝑧11 + 𝑤14𝑦1+ 𝑏3𝑤27𝑤24 𝑦2 (𝑦2 + 𝑤25)𝑤24𝑧2 + 𝑦2 + 𝑤25− 𝑎4𝑤15𝑤16 𝑠11 + 𝑤16𝑦1 + 𝑐3𝑤38 𝑧23𝑦3 + 𝑤39 − 𝑏3𝑢23− 𝑐3𝑢33

(9)

For convenience, we define the combination controllers as
follows: 𝑈1 = 𝑏1𝑢21 + 𝑐1𝑢31𝑈2 = 𝑏2𝑢22 + 𝑐2𝑢32𝑈3 = 𝑏3𝑢23 + 𝑐3𝑢33 (10)

Then the error system can be further described as𝑑𝑒1𝑑𝑡 = (1 − 1𝑤21) 𝑒1 − 𝑎1𝑤11𝑎2𝑤12 𝑒2 + 𝑓 − 𝑈1𝑑𝑒2𝑑𝑡 = 𝑏2𝑤23𝑏1𝑤21 𝑒1 + (𝑤11𝑤12 − 1𝑤24 − 𝑤17) 𝑒2
− (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) 𝑒3 + 𝑔 − 𝑈2𝑑𝑒3𝑑𝑡 = 𝑏3𝑤27𝑏2𝑤24 𝑒2 + (𝑤13𝑤14 + 𝑤15𝑤16 − 𝑤19) 𝑒3
+ 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2) 𝑒3 − 𝑤37𝑐3 𝑒23 + ℎ− 𝑈3

(11)

in which𝑓 = 1𝑤21 (𝑎1𝑥1 − 𝑐1𝑥3) − 𝑎1𝑤11𝑎2𝑤12 (𝑏2𝑦2 + 𝑐2𝑦3) − 𝑎1𝑥21+ 𝑏1𝑥22 + 𝑐1𝑥23 + 𝑎1𝑤11𝑤12 𝑦11 + 𝑤12𝑥1

− 𝑏1𝑤21 𝑥2 (𝑥2 + 𝑤22)𝑤21𝑦2 + 𝑥2 + 𝑤22 + 𝑐1 𝑥3𝑦3𝑥3 + 𝑤31𝑔 = −𝑏2𝑤23𝑏1𝑤21 (𝑎1𝑥1 − 𝑐1𝑥3) + 𝑤11𝑤12 (𝑏2𝑦2 + 𝑐2𝑦3)
+ 1𝑤24 (𝑎2𝑦1 − 𝑐2𝑦3) + 𝑏2 (𝑤26 − 𝑤17) 𝑦2+ 𝑐2 (𝑤36 − 𝑤17) 𝑦3 + 𝑎2𝑎3𝑤15𝑎4𝑤16 𝑧1
− (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) (𝑏3𝑧2 + 𝑐3𝑧3)+ 𝑎2𝑎4𝑤13𝑎3𝑤14 𝑠1 − 𝑎2𝑤11𝑤12 𝑦11 + 𝑤12𝑥1+ 𝑎2𝑤13𝑤14 𝑧11 + 𝑤14𝑦1 + 𝑏2𝑤23𝑤21 𝑥2 (𝑥2 + 𝑤22)𝑤21𝑦2 + 𝑥2 + 𝑤22− 𝑏2𝑤24 𝑦2 (𝑦2 + 𝑤25)𝑤24𝑧2 + 𝑦2 + 𝑤25 + 𝑎2𝑤15𝑤16 𝑠11 + 𝑤16𝑦1− 𝑐2𝑤32 𝑥3𝑦3𝑥3 + 𝑤33 + 𝑐2 𝑦3𝑧3𝑤34𝑧3 + 𝑦3 + 𝑤35ℎ = −𝑏3𝑤27𝑏2𝑤24 (𝑎2𝑦1 − 𝑐2𝑦3) + 𝑎3 (𝑤19 − 𝑤18 − 𝑤15𝑤16)𝑧1+ 𝑏3 (𝑤28 − 𝑤19) 𝑧2 − 𝑐3𝑤19𝑧3+ (𝑤13𝑤14 + 𝑤15𝑤16) (𝑏3𝑧2 + 𝑐3𝑧3) − 𝑎4𝑤13𝑤14 𝑠1− 𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2)2
− 𝑎3𝑤13𝑤14 𝑧11 + 𝑤14𝑦1 + 𝑏3𝑤27𝑤24 𝑦2 (𝑦2 + 𝑤25)𝑤24𝑧2 + 𝑦2 + 𝑤25− 𝑎4𝑤15𝑤16 𝑠11 + 𝑤16𝑦1 + 𝑐3𝑤38 𝑧23𝑦3 + 𝑤39

(12)

We need to find the combination controllers 𝑈1, 𝑈2, 𝑈3
to make the systems (2), (3), and (4) achieve combination
synchronization. The combination synchronization of the
three systems demands that the error system has a global
asymptotically stable equilibrium (0, 0, 0)T. In order to obtain
such controllers, the following steps are taken.

(1) First let

V1 = 𝑒1 (13)

and 𝑈1 = 𝑓 (14)

Then we have 𝑑V1𝑑𝑡 = (1 − 1𝑤21) V1 − 𝑎1𝑤11𝑎2𝑤12 𝑒2 (15)
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Consider the {V1}-subsystem, and choose the following Lya-
punov function for this subsystem:𝑉1 = 12V21 (16)

The derivative of the Lyapunov function (16) is𝑑𝑉1𝑑𝑡 = V1 ((1 − 1𝑤21) V1 − 𝑎1𝑤11𝑎2𝑤12 𝑒2) (17)

In order to stabilize the {V1}-subsystem, let 𝑒2 be a virtual
controller 𝑒2 = 𝑝 (V1) = 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21) V1 (18)

Then we have 𝑑𝑉1𝑑𝑡 = −V21 ≤ 0 (19)

(2) Let

V2 = 𝑒2 − 𝑝 (V1) (20)

Combining (20) with (11), (13), and (15), we have the following{V1, V2}-subsystem:𝑑V1𝑑𝑡 = −V1 − 𝑎1𝑤11𝑎2𝑤12 V2𝑑V2𝑑𝑡 = (𝑏2𝑤23𝑏1𝑤21+ 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21)(𝑤11𝑤12 − 1𝑤24 − 𝑤17 + 1)) V1

+ (𝑤11𝑤12 − 1𝑤21 − 1𝑤24 − 𝑤17 + 2) V2 − (𝑎2𝑤13𝑎3𝑤14+ 𝑎2𝑤15𝑎4𝑤16) 𝑒3 + 𝑔 − 𝑈2
(21)

Consider the following Lyapunov function for the {V1, V2}-
subsystem: 𝑉2 = 12V21 + 12V22 (22)

And the derivative of (22) is𝑑𝑉2𝑑𝑡 = −V21 + (𝑏2𝑤23𝑏1𝑤21 − 𝑎1𝑤11𝑎2𝑤12+ 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21)(𝑤11𝑤12 − 1𝑤24 − 𝑤17 + 1))
⋅ V1V2 + (𝑤11𝑤12 − 1𝑤21 − 1𝑤24 − 𝑤17 + 2) V22

− (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) V2𝑒3 + V2 (𝑔 − 𝑈2)
(23)

In order to make the {V1, V2}-subsystem asymptotically
approach (0, 0), we define𝑒3 = 𝑞 (V1, V2) = 0 (24)

and𝑈2 = (𝑏2𝑤23𝑏1𝑤21 − 𝑎1𝑤11𝑎2𝑤12+ 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21)(𝑤11𝑤12 − 1𝑤24 − 𝑤17 + 1)) V1

+ (𝑤32 − 𝑤37 − 1𝑤24 − 1𝑤21 + 3) V2 + 𝑔
(25)

Therefore, 𝑑𝑉2𝑑𝑡 = −V21 − V22 ≤ 0 (26)

which suggests the {V1, V2}-subsystem is asymptotical stable.
(3) Let

V3 = 𝑒3 − 𝑞 (V1, V2) (27)

Combining (23) with (11), (13), (20), and (21), we can have{V1, V2, V3}-subsystem as follows:𝑑V1𝑑𝑡 = −V1 − 𝑎1𝑤11𝑎2𝑤12 V2𝑑V2𝑑𝑡 = 𝑎1𝑤11𝑎2𝑤12 V1 − V2 − (𝑎2𝑤13𝑎3𝑤14 + 𝑎2𝑤15𝑎4𝑤16) V3𝑑V3𝑑𝑡 = 𝑎2𝑏3𝑤12𝑤27𝑎1𝑏2𝑤11𝑤24 (2 − 1𝑤21) V1 + 𝑏3𝑤27𝑏2𝑤24 V2+ (𝑤13𝑤14 + 𝑤15𝑤16 − 𝑤19) V3

+ 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2) V3 − 𝑤37𝑐3 V23+ ℎ − 𝑈3

(28)

Consider the following Lyapunov function for the {V1, V2, V3}-
subsystem: 𝑉3 = 12V21 + 12V22 + 12V23 (29)

Thus𝑑𝑉3𝑑𝑡 = −V21 − V22 + 𝑎2𝑏3𝑤12𝑤27𝑎1𝑏2𝑤11𝑤24 (2 − 1𝑤21) V1V3

+ (𝑏3𝑤27𝑏2𝑤24 − 𝑎2𝑤13𝑎3𝑤14 − 𝑎2𝑤15𝑎4𝑤16) V2V3 + (𝑤13𝑤14 + 𝑤15𝑤16− 𝑤19 + 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2)) V33 − 𝑤37𝑐3 V33+ V3 (ℎ − 𝑈3)
(30)



Mathematical Problems in Engineering 7

Let𝑈3 = 𝑎2𝑏3𝑤12𝑤27𝑎1𝑏2𝑤11𝑤24 (2 − 1𝑤21) V1 + (𝑏3𝑤27𝑏2𝑤24 − 𝑎2𝑤13𝑎3𝑤14− 𝑎2𝑤15𝑎4𝑤16) V2 − 𝑤37𝑐3 V33 + (𝑤13𝑤14 + 𝑤15𝑤16 − 𝑤19 + 1
+ 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2)) V3 + ℎ

(31)

Then the derivative of the Lyapunov function of the{V1, V2, V3}-subsystem can always satisfy𝑑𝑉3𝑑𝑡 = −V21 − V22 − V33 ≤ 0 (32)

According to Lyapunov stability theorem, the equilibrium
(0, 0, 0) is global asymptotically stable for the {V1, V2, V3}-
subsystem. Moreover, since

(𝑒1𝑒2𝑒3) = ( 1 0 0𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21) 1 00 0 1)(V1
V2
V3

) (33)

it can be concluded for the error system (11) that

(𝑒1𝑒2𝑒3) → 0, as 𝑡 → +∞ (34)

under the combination controllers described in (14), (25),
and (31). It means that the systems (2), (3), and (4) achieve
synchronization combination. Summarizing the above calcu-
lations, we have the following theorem.

Theorem 2. If the combination control laws are chosen as
follows:𝑈1 = 𝑓𝑈2 = (𝑏2𝑤23𝑏1𝑤21 − 𝑎1𝑤11𝑎2𝑤12+ 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21)(𝑤11𝑤12 − 1𝑤24 − 𝑤17 + 1))

⋅ (𝑎1𝑥1 − 𝑏1𝑥2 − 𝑐1𝑥3) + 𝑔 + (𝑤32 − 𝑤37 − 1𝑤24− 1𝑤21 + 3)(𝑎2𝑦1 − 𝑏2𝑦2 − 𝑐2𝑦3
− 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21) (𝑎1𝑥1 − 𝑏1𝑥2 − 𝑐1𝑥3))

𝑈3 = 𝑎2𝑏3𝑤12𝑤27𝑎1𝑏2𝑤11𝑤24 (2 − 1𝑤21) (𝑎1𝑥1 − 𝑏1𝑥2 − 𝑐1𝑥3)− 𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2 − 𝑐3𝑧3)3 + (𝑏3𝑤27𝑏2𝑤24

− 𝑎2𝑤13𝑎3𝑤14 − 𝑎2𝑤15𝑎4𝑤16)(𝑎2𝑦1 − 𝑏2𝑦2 − 𝑐2𝑦3− 𝑎2𝑤12𝑎1𝑤11 (2 − 1𝑤21) (𝑎1𝑥1 − 𝑏1𝑥2 − 𝑐1𝑥3))+ (𝑤13𝑤14 + 𝑤15𝑤16 − 𝑤19 + 1
+ 2𝑤37𝑐3 (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2)) (𝑎3𝑧1 + 𝑎4𝑠1 − 𝑏3𝑧2− 𝑐3𝑧3) + ℎ

(35)

then the drive system (2) will achieve combination synchroniza-
tion with the response systems (3) and (4).

4. Numerical Results

Numerical simulations are performed to demonstrate the
combination synchronization of the systems (2), (3), and (4).
Fourth-order Runge-Kutta method is applied with time step
equal to 0.001. For the parameters of combination synchro-
nization described in (7), we assume that 𝑎𝑖=𝑏𝑗=𝑐𝑗=1 (𝑖=1, 2,
3, 4 and 𝑗=1, 2, 3).

It is necessary to describe the dynamic behaviors with
given feasible parameter values for the three systems involved
in the combination synchronization. The dynamics of the
three systems has been studied a lot in literature. According
to Naji and Balasim [21], when𝑤21 = 0.3,𝑤22 = 0.2,𝑤23 = 0.8,𝑤24 = 0.2,𝑤25 = 0.2,𝑤26 = 0.2,𝑤27 = 0.2,𝑤28 = 0.01

(36)

the system (3) follows chaotic behavior. While 0.82 < 𝑤23 <0.86 with other parameter values fixed, system (3) exhibits
periodic behavior.

The system (4) also shows chaotic behavior when the
parameter values satisfy the following:𝑤31 = 0.48,𝑤32 = 2.93,𝑤33 = 0.54,0.01 < 𝑤34 < 0.29,𝑤35 = 0.1,𝑤36 = 1.15,𝑤37 = 0.35,
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Figure 1: Combination synchronization of systems (2), (3), and (4).The four graphs describe the time involution of state vectors of system (2)
(without and with invasive species), (a) and (b); state vectors of combined systems of (3) and (4), 𝑥2+𝑥3, 𝑦2+𝑦3, 𝑧2+𝑧3, (c); and state vectors
of error system, 𝑒1, 𝑒2, 𝑒3, (d). 𝑤15=0.2, 𝑤16=2, 𝑤19=0.02,𝑤34=0.2, and the other parameters are given in (36)∼(38).

𝑤38 = 0.2,𝑤39 = 0.25
(37)

according to the research work of Upadhyay et al. [22].When0.29 < 𝑤34 < 0.56 as well as other parameter values fixed,
periodic behavior takes place.

As for the system (2), when there is no invasive species,
the feasible value for showing chaotic behavior can be given
as 𝑤11 = 1,𝑤12 = 3,𝑤13 = 0.1,𝑤14 = 2,𝑤17 = 0.1,𝑤18 = 0.01

(38)

System (2) shows periodic behavior when the parameter
value of 𝑤13 changes to be 0.2. The three parameters related
to the invasive species, 𝑤15, 𝑤16, and 𝑤19, are kept as varying
parameters to study the combination synchronization of
systems (2), (3), and (4) in different cases.

The initial states of populations𝑥,𝑦, 𝑧 for the drive system
and the responses systems are given the same as 𝑥(0)=0.5,𝑦(0)=0.5, 𝑧(0)=0.2. As for the population 𝑠, two cases of
initial states, 𝑠(0)=0 and 𝑠(0)=0.05, are selected, so that the
dynamics of the three ecological systems before and after
species invasion can be compared. Moreover, given the above
initial states, the initial states for the error system can be
obtained, 𝑒1(0)=−0.5, 𝑒2(0)=−0.5, and 𝑒3(0)=−0.15.

The numerical results of combination synchronization
are depicted in Figures 1 and 2. Figure 1 shows the case where
system (2) (without invasive species), system (3), and system
(4) all exhibit chaotic oscillation. As shown in Figure 1(b), the
invasion of species s results in the increase of frequencies of
the chaotic oscillations of the other populations in system
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Figure 2: Combination synchronization of systems (2), (3), and (4) for the case in which systems (2) (without invasive species), (3), and
(4) exhibit periodic oscillations. Likewise in Figure 1, similar four graphs for various state vectors are plotted. 𝑤13=0.2, 𝑤15=0.25, 𝑤16=1.5,𝑤19=0.01, 𝑤23=0.85, 𝑤34=0.4, and the other parameters are given in (36)∼(38).
(2). Figure 1(d) shows the convergence of error system to
the equilibrium (0, 0, 0)T as time progresses. That means the
three systems achieve combination synchronization after the
species invasion. Moreover, via the combination synchro-
nization, the invasive species can even force the dynamics
of the two response systems to change into new chaotic
oscillations shown in the drive system.

Figure 2 shows another case of combination synchroniza-
tion where systems (2) (without invasive species), (3), and (4)
show periodic oscillations (Figures 2(a) and 2(c)). As shown
in Figure 2(b), the invasive species 𝑠 not only eliminates the
primary top predator 𝑧, but also forces the system (2) to
evolve into chaotic oscillation. The asymptotical approaching
to (0, 0, 0)T shown in Figure 2(d) suggests the achievement
of combination synchronization, via which the extinction of
population 𝑧 and the chaotic oscillation can also be extended
to systems (3) and (4).

Figure 3 demonstrates that the combination synchroniza-
tion results in a dynamical transition fromperiodic to chaotic

behaviors. As shown in Figures 3(a) and 3(b), the limit
cycles in the phase portraits suggest that systems (3) and
(4) exhibit periodic oscillations of the populations, which
are also verified by the sensitivity analysis in Figures 3(d)
and 3(e) showing periodic waves with tiny amplitudes. The
amplitudes of such periodic waves change proportionally to
the difference between the two initial conditions applied in
sensitivity analysis. However, after combination synchroniza-
tion among the systems (2), (3), and (4), the invasive species
forces the two response systems to turn into chaotic behavior,
as demonstrated by the strange attractor in Figure 3(c) and
verified by the sensitivity analysis in Figure 3(e) showing ape-
riodic and irregular waves with amplitude much larger than
the difference of initial conditions. Actually, the amplitude
of such waves can also reach this level in Figure 3(e) even
if the two initial conditions for sensitivity analysis are set
to be closer, such as 10−8 or smaller. Therefore, it suggests
the dynamical behavior in Figure 3(c) is sensitive to initial
conditions, an important property of chaos.
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Figure 3: Dynamics of systems (3) and (4) before and after combination synchronization. The graphs are 𝑥2-𝑦2 and 𝑥3-𝑦3 phase portraits
before the combination synchronization, (a) and (b); phase portrait after the combination synchronization, (c); sensitivity analysis on the
dynamics corresponding to upper row, (d), (e), and (f). The sensitivity analysis is performed by comparing the difference of dynamics when
two close initial conditions, which show difference of 10−5, are applied. The parametric conditions are the same as those in Figure 2.
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5. Discussion and Conclusions

Nowadays, many ecological systems suffer from the problem
of species invasion [24–26]. Species invasion can greatly alter
the population dynamics of the ecological system invaded.
Moreover, via the interactions between the ecological sys-
tems, the dynamics of the related ecological systems can
also be forced to change. As time progresses, the primary
balance among ecological systems will be broken and new
synchronization state may be achieved.

To study ecological mechanisms for such phenomenon,
the combination synchronization of three ecological systems
is investigated in this research. Each ecological system is
described by a food chain and one of the three systems is
considered to suffer from species invasion of an exterior top
predator. Taking ecological system with species invasion as
drive system, and the other two systems as response systems,
the conditions for combination synchronization of the three
systems are derived using active backstepping design. Under
the conditions, numerical simulations of combination syn-
chronization are performed. With the results obtained from
numerical simulations, the following should be addressed:

(1) The achievement of combination synchronization
makes the variation of population dynamics, which
results from species invasion, expand from drive
system to response systems.

(2) Under species invasion and achievement of combina-
tion synchronization, the frequencies of population
oscillations of the three ecological systems can be
greatly changed.

(3) For the dynamics of response systems, the achieve-
ment of combination synchronization can lead to
the transition from periodic behaviors to chaotic
behaviors. For the case where the two response
systems exhibit periodic oscillation, the achieve-
ment of combination synchronization can force the
chaotic dynamics of the drive system extending to
the response systems (see Figure 2). Such dynamical
transition is also revealed by many previous research
works [27–29]. It interprets the chaos induced by
synchronization of ecological systems.

(4) The invasion of exterior top predator and achieve-
ment of combination synchronization can bring
about the extinction of local predator in all three
ecological systems.

The combination synchronization research of three eco-
logical systems provides an insight into the complex dynam-
ics due to interactions of ecological systems. Moreover,
the conclusions described above may be able to extend to
the synchronizing dynamics of more than three ecological
systems, in which one is drive system and three or more
are response systems. For the case where the numbers of
drive system and response system are both larger than two,
combination-combination synchronization can be further
considered to study the complex dynamics based on the
results obtained here.

Data Availability

The data of numerical results are generated during the study.

Conflicts of Interest

The authors declare no conflicts of interest.

Acknowledgments

This research was financed by the Fundamental Research
Funds for the Central Non-profit Research Institution of CAF
(No. CAFINT2014C15).

References

[1] S. Boccaletti, J. Kurths, G. Osipov, D. L. Valladares, and C.
S. Zhou, “The synchronization of chaotic systems,” Physics
Reports, vol. 366, no. 1-2, pp. 1–101, 2002.

[2] L. M. Pecora and T. L. Carroll, “Synchronization in chaotic
systems,” Physical Review Letters, vol. 64, no. 8, pp. 821–824,
1990.

[3] B. Blasius and L. Stone, “Chaos and phase synchronization
in ecological systems,” International Journal of Bifurcation and
Chaos, vol. 10, no. 10, pp. 2361–2380, 2000.

[4] H.-K. Chen, “Global chaos synchronization of new chaotic
systems via nonlinear control,”Chaos, Solitons and Fractals, vol.
23, no. 4, pp. 1245–1251, 2005.

[5] R. K. Upadhyay and V. Rai, “Complex dynamics and syn-
chronization in two non-identical chaotic ecological systems,”
Chaos, Solitons and Fractals, vol. 40, no. 5, pp. 2233–2241, 2009.
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