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This paper is concerned with the nonlinear static behavior of a cantilever functionally graded material (FGM) microbeam with
the influence of thermal stress and the intermolecular force. A significant extension of the recent works of constructing analytical
approximate solutions to a clamped-clamped FGM MEMS/NEMS beam is formed in the paper. Based on the modified couple
stress theory and an internal material length-scale parameter, the governing equations account for the microbeam size dependency.
Note that the thermal force and moment in boundary condition make procedure of solution more complex. The combinations of
Galerkin method and the assumption of deflection function are used to establish analytical approximate solutions which have brief
expressions. Good agreements of approximate results are found for large range of free-end deflection of cantilever FGM microbeam
through comparing them with numerical solutions and other existing results. The influence of various physical parameters, such
as the material attributes (Young modulus, Poisson ratio, etc.), the electrostatic gap, and microsize of the beam on mechanical
behavior, or Pull-In voltage of electrostatically actuated microbeams, could also be investigated with these analytical expressions.

1. Introduction
Tremendous attention in the field of micro- and nanoelectromechanical systems (MEMS/NEMS) has been observed
in the last few decades. Sensors and actuators are being
actively developed by applying MEMS/NEMS [1–5], because
of their advantage of bias networking simplicity and low
power consumption. Radio frequency (RF) switches [6],
energy harvesters, inductors [7], and variable capacitors
for high radio frequency circuits [8] as well as bio-MEMS
[9, 10] are typical representatives. The electrostatic force is
inversely proportional to the square of the distance between
the actuating electrode and the structure. The electrostatic
force and large deformations of the structure could usually
cause strong nonlinearity. Nathanson [11] first analyzed PullIn instability (i.e., equilibrium instability of electrostatically driven MEMS/NEMS). The Pull-In instability including variables of voltages and deflections and limiting the

operational procedure of MEMS/NEMS devices is taken as a
basic static instability mechanism. Stable equilibrium exists
only when the applied voltage does not exceed a critical
Pull-In value, and the structure could safely work and not
collapse on the actuating electrode, and vice versa. Therefore,
analysis of Pull-In instability and mechanical behavior of
MEMS/NEMS devices is key work for their designs and
application. Scientists and engineering researchers are mainly
interested in research of the static and dynamic stability of
MEMS/NEMS under various operating conditions as well as
Pull-In parameters’ determination.
Investigations on the instability of the single-phase material microbeam are carried out by many researchers [12–
21]. For conventional MEMS/NEMS sensors or actuators
comprised by a single layer material; however, all material
properties and operational requirements posed by MEMS
structural layers could not simultaneously be met. Therefore,
the advantages of functionally graded materials (FGMs)
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could be reflected, such as high fracture toughness, improved
stress distribution, the superior stress relaxation, capabilities of withstanding high temperatures, and large thermal
gradients. Biomaterials are typically used to form the FGM
microbeam [22–30]. FGMs have recently been used as microand nanostructures, such as MEMS and NEMS [31–33], thin
films in the form of shape memory alloys [34], and atomic
force microscopy (AFM) [35].
Besides residual stress and Pull-In parameters, thermal
loading is another basic parameter that can directly affect
the system work result. Owing to the electric current, the
temperature would be raised, in the operating conditions
of the microswitch. As known, thermal actuation could
produce large displacements as a result of heat, which is the
reason of using FGM as lots of thermal tunable capacitors
and microcapacitive thermal sensors [34, 36–43]. Pull-In
instabilities in a FGM microplate due to thermal stress caused
by the electric current were studied by Hasanyan et al. [36].
The strongly dependent relationship between Pull-In voltage
and the temperature and the variation through the two
constituents volume fractions thickness could be observed.
FGM microgripper mechanical behavior subjected to
thermal load, intermolecular forces, and voltage is studied
by Jahangiri et al. [38] through numerical method. Based
on modified couple stress theory, a thin FGM microplate
buckling behavior under mechanical and thermal force is
investigated by the spline finite strip method [39]. Ashoori
and Vanini [41] observe thermal stability characteristics of
FGM plates under the influences of power law index, the
material length scale parameter, and inner and outer radii as
well as elastic foundation coefficients. The asymmetric buckling patterns are revealed for special boundary conditions.
Via applying von Karman’s surface elasticity theory and geometric nonlinearity, Yang and Wang [43] derive an analytical
mechanical model for investigating the Pull-In characteristics of CNTs reinforced nanoactuator. Coupled electrostatic
loading, thermal stress, dispersion forces as Casimir force and
van der Waals, and surface stress are fully considered in the
model. From the careful review of this paper, the effectiveness of electrostatically actuated microstructures caused by
temperature changes was discussed in a limited number of
papers, especially FGM microbeams caused by nonuniform
temperature stress.
The purpose of this paper is to propose alternative
methods to solve nonlinear response of a cantilever FGM
MEMS/NEMS beam actuator, including the effect of fringing
field, the length scale, the nonuniform temperature field, van
der Waals force, and Casimir force. This paper forms an
important extension of the recent research of establishing
analytical approximate solutions to a clamped-clamped FGM
MEMS/NEMS beam [44]. The present approaches include
numerical method as well as analytical approximate method.
The brief analytical approximate expressions are constructed
via coupling Galerkin formulation with the selection of the
shape function. The numerical solutions of this problem
are then obtained by establishing an extended system and
using shooting method [45]. Compared with numerical
shooting solutions, analytical approximate results could give
excellent agreements for a wide range of microbeam-center
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Figure 1: Schematic of a FGM microbeam subjected to an electrostatic force.

displacement. Furthermore, these brief analytical solutions
can be applied to investigate the dependent relationship
between mechanical behavior of electrostatically actuated
microbeams and various physical parameters.

2. Governing Equation
Figure 1 depicts a FGM microbeam electrostatically actuated
by a fixed electrode. A voltage 𝑉 is used across the microbeam
and the electrode fixed below it. Let 𝑥 ∈ [0, 𝐿] be the
horizontal coordinate along the microbeam length and 𝑧 be
the vertical coordinate along the cross section. Furthermore,
(𝑢, 𝑤) are the axial and vertical translation of a point on the
midplane (i.e., 𝑧 = 0). In this model, the fringing field effect
denoted by its first-order correction and the influence of the
intermolecular force are taken into account. The nonlinear
differential governing equations for the equilibrium of the
electromechanical system can be written in the following
form [1, 3, 31, 46]:
𝐴1 (
𝐵1 (

𝑑3 𝑤
𝑑2 𝑢 𝑑𝑤 𝑑2 𝑤
+
) − 𝐵1 3 = 0
2
2
𝑑𝑥
𝑑𝑥 𝑑𝑥
𝑑𝑥

𝑑4 𝑤 1 𝑑4 𝑤
𝑑3 𝑢 𝑑𝑤 𝑑3 𝑤
+
)
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𝐷
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𝑑𝑥4 2 1 𝑑𝑥4

+ {𝐴 1 [
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𝑑𝑥 2 𝑑𝑥
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+
[1 +
3
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2 (𝑔0 − 𝑤)
𝐴 12

+

(1)

𝜋2 ℏ𝑐
240 (𝑔0 − 𝑤)

4

=0

The cantilever boundary conditions are
𝑥=0:
𝑢=𝑤=
𝑥=𝐿:

𝑑𝑤
= 0;
𝑑𝑥

(2)

Mathematical Problems in Engineering
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equations of the system could be rewritten as the following
dimensionless forms:
2

𝛼2
𝑑4 𝑊
𝑉
−
[1 + 𝛼1 (1 − 𝑊)] −
2
4
𝑑𝑠
(1 − 𝑊)
(1 − 𝑊)3
𝛼3
−
= 0.
(1 − 𝑊)4

2

𝑑𝑤
𝑑𝑢 1 𝑑𝑤
+ (
) ] − 𝐵1 2 − 𝑁𝑇 = 0
𝑑𝑥 2 𝑑𝑥
𝑑𝑥
(3)

And the boundary conditions are

where
ℎ/2

(𝐴 1 , 𝐵1 , 𝐷1 ) = ∫

−ℎ/2
ℎ/2

𝐶1 = ∫

−ℎ/2
ℎ/2

𝑁𝑇 = ∫

−ℎ/2
ℎ/2

𝑀𝑇 = ∫

−ℎ/2

(6)

𝑠=0:
𝐸 (1, 𝑧, 𝑧2 ) 𝑑𝑧,
𝐸𝑙2
𝑑𝑧,
(1 + 𝜐)

𝑊 = 0,
𝑑𝑊
= 0;
𝑑𝑠
𝑠=𝜋:

(4)

𝐸𝛼𝜃𝑑𝑧,

𝑑2 𝑊
= Θ,
𝑑𝑠2

𝐸𝛼𝜃𝑧𝑑𝑧

𝑑3 𝑊
=0
𝑑𝑠3

Here, 𝐸, 𝛼, 𝜐, 𝑙, 𝑏, ℎ, 𝐿, 𝑔0 present Young’s modulus, coefficient of thermal expansion, the Poisson ratio, a length-scale
parameter of material, the width, the thickness (𝑏 > ℎ), the
length of the beam, and the nominal gap between microbeam
and the ground, respectively. Furthermore, 𝜃(= 𝑇(𝑧) − 𝑇0 ) is
the temperature transformation. The parameters 𝑁𝑇 and 𝑀𝑇
present thermal force and moment, respectively. The other
physical parameters are as follows: the permittivity of free
space 𝜀0 = 8.85 × 10−12 F m−1 , Planck’s constant (divided
by 2𝜋) ℏ = 1.055 × 10−34 J s, the Hamaker constant 𝐴 12 =
4 × 10−20 J, the speed of light 𝑐 = 2.998 × 108 m s−1 , and the
potential of the fixed electrode 𝑉. A planar stress statement is
considered. For a wide beam (𝑏 ≥ 5ℎ), planar strain statement
prevails and 𝐸 must be substituted by 𝐸/(1 − 𝜐2 ) and 𝛼 by
𝛼/(1 − 𝜐).
The material attributes of FGM microbeam are assumed
to vary along its thickness [47], and the top surface is
comprised with pure metal, the bottom surface from a
mixture of ceramic with the metal. The material attributes
about 𝑧 could be written as
𝜂 (𝑧) = 𝜂𝑚 𝑒𝛽(𝑧+ℎ/2) ,

(5)

where 𝜂 is the material attributes, such as 𝐸, 𝛼, 𝜐, and thermal
conductivity 𝐾. The constant 𝛽 is 𝛽 = (1/ℎ) ln(𝜂ℎ /𝜂𝑚 ), where
𝜂𝑚 , 𝜂ℎ are the material attributes at the top and the bottom
surface of the microbeam, respectively.
In this paper, thermal effects in two conditions are considered: temperature is raised from the operating conditions
of the microswitch; thermal stress is used to the microswitch.
For saving space, about the details of (1) and (2) derivation,
please see [44, 46]. Note that, compared with Sun et al. [44],
the thermal force and moment in boundary condition (3)
make procedure of solution more complex.
Next, (1) and (2) will be converted into dimensionless
form. Substituting (1) into (2), and using (3), the controlling

(7)

where
𝑊=

𝑤
,
𝑔0

𝑈=

𝑢
,
𝑔0

𝑠=

𝜋
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ℏ𝑐𝑍𝜋2 2𝐿 4
( ) ,
240𝑔05 𝜋

𝑍=

𝐴1
,
𝐴 1 𝐷1 + 𝐴 1 𝐶1 /2 − 𝐵21

2

𝑉 =

(8)

𝜀0 𝑍𝑉2 2𝐿 4
( ) ,
𝜋
2𝑔03

Θ=(

𝐵1 𝑁𝑇 − 𝐴 1 𝑀𝑇
2𝐿 2
)𝑍( ) .
𝐴 1 𝑔0
𝜋

The exact solution for the above mathematical model
of electrostatic-actuated beam problem is hard to obtain,
since the nonlinear terms in the model, such as nonlinear
electrostatic force, van der Waals force, and the Casimir force,
are coupled with the structural deflection. Moreover, the
thermal force and moment in boundary condition (7) make
solution procedure more complex. This paper is focused
on establishing analytical approximate expressions. These
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analytical approximate solutions are presented via applying
Galerkin formulation and the assumed deflection function of
the micro-/nanobeam.

3. Analytical Approximate Solution
In this part, Galerkin formulation is used to construct the
analytical approximate expressions. An assumed deflection
function 𝑊(𝑠) which satisfies the conditions in (7) and
𝑊(𝑠)|𝑠=0 = 𝑎 (i.e., 𝑤(𝑥)|𝑥=𝐿/2 = 𝜁 = 𝑎𝑔0 ) can be expressed
as
27
𝑊 (𝑠) =
(32𝑎 + 19Θ) (1 − cos 𝑠)
896
−

19Θ
(1 − cos 2𝑠)
64

+(

19Θ
𝑎
+
) (1 − cos 3𝑠)
28 896

3Θ
−
(1 − cos 4𝑠) ,
256

(9)

Substituting (9) into (6), multiplying (6) by (1 − 𝑊)4 and
𝜙(𝑠), and then calculating the integral subjected to 𝑠, from 0
to 𝜋/2, yield
2

(10)

Applying (10), the approximate voltage expression is
obtained:
𝑉=√

(𝐺1 − 𝐺3 − 𝐺4 )
,
𝐺2

(11)

where the expressions for 𝐺1 , 𝐺2 , 𝐺3 , 𝐺4 are presented in
Appendix.
Via using (8) and (11), the real actuating voltage can be
expressed as
𝑉=√

[𝜋4 𝑔03 (𝐺1 − 𝐺3 − 𝐺4 )]
(8𝜀0 𝑍𝐿4 𝐺2 )

,

(12)

where
𝑎=

𝜁
.
𝑔0

4.1. Validation of the Present Solution. In this part, the
classical example will be given to illustrate accuracy of the
proposed analytical approximate expressions via comparing
it with numerical solution and other existing results [48–
52]. The corresponding numerical solutions are calculated by
applying the shooting method [45]. To apply the shooting
method to solve the model in (6) and (7), differential
equations with initial conditions are expressed as
2

𝛼2
𝑑4 𝑊
𝑉
−
[1 + 𝛼1 (1 − 𝑊)] −
𝑑𝑠4
(1 − 𝑊)2
(1 − 𝑊)3
𝛼3
−
= 0,
(1 − 𝑊)4
𝑊 (0) =

(13)

In the next part, (12) is explained to excellently calculate
the actuating voltage for a classical example of MEMS/NEMS.
It is noted that if all the three factors of Casimir force, the
fringing field effect, and van der Waals force are included,
the actuating voltage expression is more complex than the
statement neglecting them.
The dimensionless Pull-In parameters can be expressed
in terms of 𝑔0 , through equation 𝑑𝑉/𝑑𝑎 = 0. In the
same way, the actuating Pull-In voltages 𝑉P and Pull-In
free-end deflections 𝜁P could be expressed in terms of 𝑔0 ,
by calculating 𝜁 from equation 𝑑𝑉(𝜁)/𝑑𝜁 = 0. However,
equation 𝑑𝑉/𝑑𝑎 = 0 has multiple roots; the real solution
relating to the Pull-In instability should be determined.

(14)

𝑑𝑊
(0) = 0,
𝑑𝑠

𝑑2 𝑊
(0) = 𝜉,
𝑑𝑠2

𝜋
𝑠 ∈ [0, ] .
2

𝐺1 − 𝐺2 𝑉 − 𝐺3 − 𝐺4 = 0.

4. Results and Discussion

(15)

𝑑3 𝑊
(0) = 𝜔,
𝑑𝑠3
and the shooting conditions are
𝜋
𝑊 ( ) = 𝑎,
2
𝑑2 𝑊 𝜋
( ) = Θ,
𝑑𝑠2 2

(16)

𝑑3 𝑊 𝜋
( ) = 0.
𝑑𝑠3 2
Using the shooting method, the depending relation of
the normalized applied voltage 𝑉 and the coefficient “𝑎”
will be obtained. Furthermore, adding 𝜕𝑉/𝜕𝑎 = 0 into
the shooting condition (16), the Pull-In voltage would be
presented. For saving space, the detail procedure of the
shooting method would not be presented here, while the
readers are kindly referred to Yu et al. [45]. It is noted that
the above numerical method can be conveniently carried out
for solving nonlinear ordinary integral-differential equations
describing electrostatically actuated microstructures [45].
Consider a cantilever microbeam without effect of temperature stress. The Pull-In voltage results of the cantilever
microbeam are compared with the existing results in this
case [53]. The microbeam consisted of single material in this
validation example, with the relevant material and geometric
parameters listed in Table 1. Comparisons of the Pull-In
voltages: the numerical result 𝑉NP obtained with the shooting
method [45], the analytical approximate voltage 𝑉YP , and
other results are listed in Table 2. The relative errors of
Pull-In voltage between the present analytical results and
[48] are 1.626% and 1.322%, for narrow and wide beams,
respectively. The results from Table 2 reveal good agreements.
Moreover, Figure 2 shows that Pull-In voltages of the present
analytical approximate results 𝑉YP could give excellent agreements with the numerical ones 𝑉NP obtained by shooting
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Variables
Young’s modulus, 𝐸(GPa)
Poisson ratio, 𝜐
Beam length, 𝐿(𝜇m)
Beam width, 𝑏(𝜇m)
the nominal gap, 𝑔0 (𝜇m)
Beam thickness, ℎ(nm)

Narrow beam
77
0.33
300
0.5
2.5
1

Wide beam
77
0.33
300
50
2.5
1

16

12

V/V

Table 1: Geometrical and material parameters of the MEMS beam
(polysilicon).

8

4

6
0

VP /V

4

0.5
Case 1
Case 2
Case 3

Wide beam

1.0
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Figure 3: Variation of the applied voltage with the free-end
deflection of the FGM microbeam.
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L /Ｇ
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Figure 2: Comparison of the present analytical approximate and
numerical Pull-In voltages.

method, respected to the length of the beam. In particular,
the maximum relative errors of Pull-In voltage between the
present analytical and numerical results with respect to the
length of the beam are 0.954% and 1.546%, for narrow and
wide beams, respectively.
4.2. Pull-In Voltage of FGM Microbeam. In this part, the
dependent relationship between the Pull-In voltage and uniform/nonuniform temperature field stresses, the microbeam’s
material attributes, Casimir and van der Waals forces, and
length-scale parameter of material are proposed.
Consider a FGM microbeam with the material and
geometric parameters given in Table 3. It consisted of two
materials: silicon nitride (Si3 N4 ) and nickel (Ni). The FGM
microbeam is diffused from five different silicon nitrides
to nickel. According to the various percentage of diffused
Si3 N4 in FGM microbeam, Cases 1–5 are determined and
relative to 0–100%, in increments of 25%. The characteristics
of Cases 1–5 are given in Table 4. The coefficient of thermal
expansion in the thickness direction and variation in Young’s
modulus are calculated by (5).
Next, some good features of the FGM microbeam
over single-phase microbeam with respect to both thermal
and electrostatic stress will be illustrated. The microbeam

subjected to (𝑧) = 𝑇𝑏 = 𝑇𝑡 = 𝑇0 + Δ𝑇K, where the initial
temperature is 𝑇0 = 300K with Δ𝑇 being the temperature
change, will initially be considered. The nonuniform temperature field is with the following boundary conditions: 𝑇𝑏 =
𝑇0 − Δ𝑇K at the bottom, and 𝑇𝑡 = 𝑇0 + Δ𝑇𝐾 at the top of the
microbeam.
Firstly, consider the statement without thermal effects.
For the cantilever boundary condition, the dependent relationship between the actuating voltage and the free-end
deflection of the FGM microbeam is shown in Figure 3. It can
be observed that the stable and unstable solutions are shown
by thick solid lines and dot lines in Figure 3, respectively.
The increased stiffness of the microbeam (which is due to
the inclusion of Si3 N4 ) gives rise to the increase in Pull-In
voltage.
The influence of a uniform temperature field stress on
the actuating voltage for a certain free-end deflection of
the microbeam for Case 2 is presented in Figure 4. From
Figure 4, it is concluded that a decrease in the FGM (Case 2)
microbeam Pull-In voltage will be caused by uniform thermal
loading. Also the stable and unstable solutions are shown by
thick solid lines and dot lines in Figure 4, respectively.
In the following section, the case of a thermally actuated
microbeam (𝑉 = 6V) will be investigated. Figure 5 shows the
dependent relationship between FGM microbeam free-end
deflection and the temperature field change (𝑉 = 6V) under
(a) uniform temperature field 𝑇(𝑧) = 𝑇𝑏 = 𝑇𝑡 = 𝑇0 + Δ𝑇𝐾
and (b) nonuniform temperature field (𝑇𝑏 = 𝑇0 − Δ𝑇K and
𝑇𝑡 = 𝑇0 + Δ𝑇𝐾). In Figure 5(a), the free-end deflection of the
microbeam severely increases, when Δ𝑇 is large. However,
the values of the free-end deflection vary linearly with Δ𝑇
increase, when Δ𝑇 is small. Moreover, from Figure 5(a), one
could find that in the case of uniform temperature field (the
temperature field boundary condition: 𝑇𝑏 = 𝑇0 − Δ𝑇K and
𝑇𝑡 = 𝑇0 + Δ𝑇𝐾) the pure nickel microbeam deflection is
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Table 2: Pull-In voltage comparison for wide and narrow cantilevers of Table 1.

Case
Narrow beam
Wide beam

[47]
1.29
2.37

[48]
1.23
2.27

[49]
1.20
2.25

[50]
1.21
2.27

Pull-In voltage (V)
[51]
The present Numeric 𝑉NP
1.21
1.24
2.16
2.27

The present Analytical 𝑉YP
1.25
2.30

Note that intermolecular force is neglected.

Table 3: Geometrical and material parameters of the FGM microbeam.
Variables

Values
204
0.3
13.2
237
310
0.27
3.4
30
90
500
2
6
8.85 × 10−12
1.055 × 10−34
4 × 10−20 J
2.998 × 108

Young’s modulus, 𝐸(GPa)
Poisson ratio, 𝜐
coefficient of thermal expansion, 𝛼(10−6 K−1 )
thermal conductivity, 𝐾(Wm−1 K−1 )
Young’s modulus, 𝐸(GPa)
Poisson ratio, 𝜐
coefficient of thermal expansion, 𝛼(10−6 K−1 )
thermal conductivity, 𝐾(Wm−1 K−1 )

Nickel

silicon nitride
Beam width, 𝑏(𝜇m)
Beam length, 𝐿(𝜇m)
the nominal gap, 𝑔0 (𝜇m)
Beam thickness, ℎ(𝜇m)
Permittivity of free space, 𝜀0 (F m−1 )
Planck’s constant divided by 2𝜋, ℏ(J s)
the Hamaker constant 𝐴 12
Speed of light, 𝑐(m s−1 )

Table 4: Properties of 5 cases of FGM microbeams.
Type
1
2
3
4
5

Ceramic percent of
bottom surface (%)

𝐸ℎ (GPa)

𝛼ℎ (10−6 K−1 )

Status of bottom
surface

0
25
50
75
100

204
230.5
257
283.5
310

13.2
10.75
8.3
5.85
3.4

Metal rich

not affected by the temperature change. In short, nonuniform
thermal stress is less effective than uniform temperature
loading for microbeam. The dependent relationship between
the Pull-In parameters of the FGM microbeam and other
different nonuniform temperature distributions, such as 𝑇𝑏 =
𝑇0 + 3Δ𝑇𝐾 and 𝑇𝑏 = 𝑇0 − 3Δ𝑇𝐾, can also be studied with the
present analytical approximate expressions.
In the end, the dependent relationship between PullIn parameters (voltage and deflection) and the microbeam
length scale parameter will be investigated in Figure 6. The
length scale parameter plays a significant role in the Pull-In
parameters. If the length scale parameter is included into the
model, the Pull-In voltage and deflection are larger than the
case of neglecting it. In addition, with the increase of material
length parameters, the results based on modified coupled
stress theory are significantly different from those based on
classical theory.

Status of top surface

“Mixture of metal and
ceramic”

Metal rich for all
types

Ceramic rich

5. Conclusions and Future Work
In this paper, numerical and analytical approximate expressions to the nonlinear response of a cantilever actuator
modeled as a FGM microbeam have been developed. The
thermal force and moment in boundary condition make
procedure of solution more complex. Based on combination
of Galerkin formulation and an assumed deflection shape
function, the analytical approximate solution expression
to the static behavior of a cantilever FGM microbeam
has been constructed. Good agreements of approximate
results have been demonstrated for wide range of freeend deflection of cantilever FGM microbeam through comparing them with numerical solutions and other existing
results. The effect of thermal stress to the critical parameters of the FGM microbeam, static deformation and the
applied voltage, is explicitly analyzed via the analytical
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Figure 4: Effect of uniform temperature variation on Pull-In voltage of Case 2 FGM microbeam.
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Figure 5: Free-end deflection of FGM microbeam versus temperature change (𝑉 = 6V) under (a) uniform temperature field 𝑇(𝑧) = 𝑇𝑏 =
𝑇𝑡 = 𝑇0 + Δ𝑇K and (b) nonuniform temperature field (𝑇𝑏 = 𝑇0 − Δ𝑇K and 𝑇𝑡 = 𝑇0 + Δ𝑇K).

solution. Theoretical results are very useful and convenient
for implementation in MEMS/NEMS designs and tests,
because the approximate solution expressions are explicit and
brief functions of free-end deflection and other geometric
and material parameters. In future, advanced approximate
solution method, such as [54, 55], will be applied and
improved for solving nonlinear vibration of MEMS and some
experiments in lab will be done to validate the theoretical
results.

Appendix
𝐺1 = +0.170701Θ2 + 0.0899941Θ3 + 0.0168285Θ4
+ 0.00139811Θ5 + 0.0000438511Θ6
+ 𝑎 (−1.14253Θ − 0.911696Θ2 − 0.233155Θ3
− 0.0247014Θ4 − 0.000943763Θ5 )
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[33] Ş. D. Akbaş, “Free vibration of edge cracked functionally graded
microscale beams based on the modified couple stress theory,”
International Journal of Structural Stability and Dynamics, vol.
17, no. 03, Article ID 1750033, 2017.
[34] Y. Fu, H. Du, and S. Zhang, “Functionally graded TiN/TiNi
shape memory alloy films,” Materials Letters, vol. 57, no. 20, pp.
2995–2999, 2003.
[35] X. Zhang and J. Jia, “Frictional behavior of micro/nanotextured
surfaces investigated by atomic force microscope: a review,”
Surface Review and Letters, vol. 22, no. 06, Article ID 1530001,
2015.
[36] D. J. Hasanyan, R. C. Batra, and S. Harutyunyan, “Pull-In instabilities in functionally graded microthermoelectromechanical
systems,” Journal of Thermal Stresses, vol. 31, no. 10, pp. 1006–
1021, 2008.
[37] F. Ebrahimi and E. Salari, “Thermal buckling and free vibration
analysis of size dependent Timoshenko FG nanobeams in
thermal environments,” Composite Structures, vol. 128, pp. 363–
380, 2015.
[38] R. Jahangiri, H. Jahangiri, and H. Khezerloo, “FGM microgripper under electrostatic and intermolecular van-der waals
forces using modified couple stress theory,” Steel and Composite
Structures, vol. 18, no. 6, pp. 1541–1555, 2015.
[39] M. Mirsalehi, M. Azhari, and H. Amoushahi, “Stability of thin
FGM microplate subjected to mechanical and thermal loading
based on the modified couple stress theory and spline finite strip
method,” Aerospace Science and Technology, vol. 47, pp. 356–366,
2015.
[40] S. Sahmani, M. Aghdam, and M. Bahrami, “On the free
vibration characteristics of postbuckled third-order shear
deformable FGM nanobeams including surface effects,” Composite Structures, vol. 121, pp. 377–385, 2015.
[41] A. Ashoori and S. Sadough Vanini, “Thermal buckling of
annular microstructure-dependent functionally graded material plates resting on an elastic medium,” Composites Part B:
Engineering, vol. 87, pp. 245–255, 2016.

10
[42] A. R. Ashoori and S. A. Sadough Vanini, “Nonlinear thermal
stability and snap-through behavior of circular microstructuredependent FGM plates,” European Journal of Mechanics A/Solids, vol. 59, pp. 323–332, 2016.
[43] W. Yang and X. Wang, “Nonlinear pull-in instability of carbon
nanotubes reinforced nano-actuator with thermally corrected
Casimir force and surface effect,” International Journal of
Mechanical Sciences, vol. 107, pp. 34–42, 2016.
[44] Y. Sun, Y. Yu, Y. Zhao, N. Zhang, and Y. Ma, “Nonlinear approximate analysis of electrically actuated functionally
graded material micro-beam with influence of thermal stress
and the intermolecular force,” Journal of Computational and
Theoretical Nanoscience, vol. 13, no. 1, pp. 492–499, 2016.
[45] Y. Yu, B. Wu, and C. Lim, “Numerical and analytical approximations to large post-buckling deformation of MEMS,” International Journal of Mechanical Sciences, vol. 55, no. 1, pp. 95–103,
2012.
[46] Y. Li, S. A. Meguid, Y. Fu, and D. Xu, “Nonlinear analysis of
thermally and electrically actuated functionally graded material
microbeam,” Proceedings of the Royal Society A Mathematical,
Physical and Engineering Sciences, vol. 470, no. 2162, Article ID
20130473, 2013.
[47] N. Noda and Z. Jin, “Steady thermal stresses in an infinite
nonhomogeneous elastic solid containing a crack,” Journal of
Thermal Stresses, vol. 16, no. 2, pp. 181–196, 1993.
[48] P. M. Osterberg, Electrostatically Actuated Microelectromechanical Test Structures for Material Property Measurement, Massachusetts Institute of Technology, 1995.
[49] S. Pamidighantam, R. Puers, K. Baert, and H. A. C. Tilmans,
“Pull-in voltage analysis of electrostatically actuated beam
structures with fixed-fixed and fixed-free end conditions,”
Journal of Micromechanics and Microengineering, vol. 12, no. 4,
pp. 458–464, 2002.
[50] S. Chowdhury, M. Ahmadi, and W. C. Miller, “A closed-form
model for the pull-in voltage of electrostatically actuated cantilever beams,” Journal of Micromechanics and Microengineering,
vol. 15, no. 4, pp. 756–763, 2005.
[51] A. Ramezani, A. Alasty, and J. Akbari, “Closed-form solutions
of the pull-in instability in nano-cantilevers under electrostatic
and intermolecular surface forces,” International Journal of
Solids and Structures, vol. 44, no. 14-15, pp. 4925–4941, 2007.
[52] R. Soroush, A. Koochi, A. S. Kazemi, A. Noghrehabadi, H.
Haddadpour, and M. Abadyan, “Investigating the effect of
Casimir and van der Waals attractions on the electrostatic pullin instability of nano-actuators,” Physica Scripta, vol. 82, no. 4,
Article ID 045801, 2010.
[53] H. A. C. Tilmans and R. Legtenberg, “Electrostatically driven
vacuum-encapsulated polysilicon resonators: Part II. theory
and performance,” Sensors and Actuators A: Physical, vol. 45, no.
1, pp. 67–84, 1994.
[54] G. Giunta, S. Belouettar, and E. Carrera, “Analysis of FGM
beams by means of classical and advanced theories,” Mechanics
of Advanced Materials and Structures, vol. 17, no. 8, pp. 622–635,
2010.
[55] E. Carrera, G. Giunta, and M. Petrolo, Beam Structures: Classical
and Advanced Theories, Wiley-Blackwell, 2011.

Mathematical Problems in Engineering

Advances in

Operations Research
Hindawi
www.hindawi.com

Volume 2018

Advances in

Decision Sciences
Hindawi
www.hindawi.com

Volume 2018

Journal of

Applied Mathematics
Hindawi
www.hindawi.com

Volume 2018

The Scientific
World Journal
Hindawi Publishing Corporation
http://www.hindawi.com
www.hindawi.com

Volume 2018
2013

Journal of

Probability and Statistics
Hindawi
www.hindawi.com

Volume 2018

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Submit your manuscripts at
www.hindawi.com
International Journal of

Engineering
Mathematics
Hindawi
www.hindawi.com

International Journal of

Analysis

Journal of

Complex Analysis
Hindawi
www.hindawi.com

Volume 2018

International Journal of

Stochastic Analysis
Hindawi
www.hindawi.com

Hindawi
www.hindawi.com

Volume 2018

Volume 2018

Advances in

Numerical Analysis
Hindawi
www.hindawi.com

Volume 2018

Journal of

Hindawi
www.hindawi.com

Volume 2018

Journal of

Mathematics
Hindawi
www.hindawi.com

Mathematical Problems
in Engineering

Function Spaces
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

International Journal of

Differential Equations
Hindawi
www.hindawi.com

Volume 2018

Abstract and
Applied Analysis
Hindawi
www.hindawi.com

Volume 2018

Discrete Dynamics in
Nature and Society
Hindawi
www.hindawi.com

Volume 2018

Advances in

Mathematical Physics
Volume 2018

Hindawi
www.hindawi.com

Volume 2018

