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Copyright © 2020 Fangjin Sun et al. -is is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Form-finding is one of the key steps in the whole design process of cable-membrane structures. Traditional form-finding methods
are usually complicated and have poor accuracy or stability. -us, form-finding of cable-membrane structures based on particle
swarm optimization (PSO) algorithm is proposed. -e shape and loading characteristics of cable-membrane structures are
optimized. -e optimization objective is to minimize the maximum support reaction, and the initial prestress on the membrane
surface is taken as the optimization variable. -e main constraints are material strength limitation, structural stress, and dis-
placement of the cable and membrane. A program is given based on the proposed PSO, and the optimization model and
calculation process are implemented based on MATLAB and ANSYS platforms. Form-finding of three typical cable-membrane
structures including rotating catenary surface, saddle surface, and rhombic hyperboloid is carried out. -e results compare well
with those from the force density method. -e initial prestresses of the three membrane structures are obtained while the form-
finding result is optimal, respectively. -e proposed PSO shows a more accurate method in form-finding of cable-membrane
structures in a simpler way.

1. Introduction

As a new type of modern public building structure, cable-
membrane structures are widely used around the world.
Cable-membrane structures are composed of high-strength
flexible membrane materials and reinforcing members (such
as steel columns and steel cables). In the engineering
practice, through certain construction techniques and
methods, different pretensioning stresses are generated in-
side the membrane material so that the membrane material
has a certain solid shape [1].

Different from the traditional rigid building structures,
the cable-membrane structure needs a certain initial pre-
stress applied in order to form an initial shape form with
sufficient rigidity and to support external loads [2].
-erefore, form-finding is the first key step in the whole
design process of cable-membrane structures, followed by

load analysis and clipping analysis. -ere are currently three
commonly used form-finding methods of cable-membrane
structures: force density method, dynamic relaxation
method, and nonlinear finite element method [3], among
which the force density method is widely used because of its
simplicity compared with the other two methods. However,
in the force density method, the appropriate value of its
“force density” needs to be calculated and summarized
through many trials before it can be determined, which
makes the form-finding a complicated, less accurate, and a
time-consuming process.

Due to the poor accuracy and complicated steps of the
force density method, an alternative method is badly needed.
In recent years, intelligent optimization methods are widely
used in engineering applications, which paves a new way for
form-finding of cable-membrane structures. Particle swarm
optimization (PSO) algorithm [4–6], one of the intelligent
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optimization methods, has the merits of simpler principle,
fewer parameters, and easier implementation. -us, form-
finding of cable-membrane structures based on PSO is
proposed.

In this paper, particle swarm optimization (PSO)is
employed to propose a form-finding optimization model for
cable-membrane structures. -e shape and loading char-
acteristics of cable-membrane structures are optimized. -e
optimization objective is to minimize the maximum support
reaction, and the initial prestress on the membrane surface is
taken as the optimization variable. -e main constraints are
material strength limitation, structural stress, and dis-
placement of the cable and membrane. A program is given
based on the proposed PSO, and the optimizationmodel and
calculation process are implemented based onMATLAB and
ANSYS platforms. Form-finding of three typical cable-
membrane structures including rotating catenary surface,
saddle surface, and rhombic hyperboloid is carried out.

2. Theories for Form-Finding of Cable-
Membrane Structures Based on Particle
Swarm Optimization

2.1. Classical Particle Swarm Optimization Algorithms.
Particle swarm optimization (PSO) is an optimization al-
gorithm proposed by Kennedy and Eberhart in 1995 [7]. In
the particle swarm optimization (PSO) algorithm, the po-
tential solutions to the considered optimization problem are
called particles and fly through the solution domain. Particle
swarm optimization is a stochastic optimization technique
derived from swarm intelligence, compared with the genetic
algorithm.

Suppose the search space of the problem to be solved isD
dimension and the total number of particles is n, then the
position of the ith particle can be expressed as
Xi � (xi1, xi2, . . . , xi D), whereD is theD-dimensional space.
-e best, most suitable, and advantageous position of the ith
particle in the history of “flight” (that is, the solution optimal
corresponding to the position) is expressed as
Pi � (pi1, pi2, . . . , pi D), where it is assumed that Pg is the
optimal position found in the search for “flight” for all
particles of Pi(i � 1, . . . , n), that is, the optimal solution.-e
position change rate of the ith particle (that is, the speed at
which the ith individual bird flies in search of food) is vector
Vi � (vi1, vi2, . . . , vi D). -rough the analysis and summary,
the position of each particle (that is, where each individual
bird is in the food-seeking space) is changed according to the
following formula (“flight ”):

vid(t + 1) � w × vid(t) + c1 × rand(  × pi d(t) − xid(t) 

+ c2 × rand(  × pgd(t) − xid(t) ,

(1)

xid(t + 1) � xid(t) + vid(t + 1), 1≤ i≤ n, 1≤ d≤D, (2)

where c1 and c2 are the normal numbers, called an accel-
eration factor, also known as a learning factor. On the one
hand, it is to learn, develop themselves, and improve the

ability to find food, that is, to search for the optimal so-
lution and, on the other hand, is to learn from other bird
groups social experience, to understand the trend of social
development and development trends, correct their
thoughts in a timely manner, and avoid falling into the
bottleneck of local development, so as to better search for the
best solution. Rand() is the random number between [0, 1]
because the behavior of birds is random and unconstrained,
providing infinite possibilities for finding the optimal result.w
is called the inertia factor. -e larger w is suitable for large-
scale exploration of the solution space, with fast search speed
and improved search efficiency, while the smaller w is suitable
for small-scale exploitation, with high search accuracy to
avoid missing the optimal solution so that the search results
do not meet the requirements.-e range of position variation
of dimension d is [−XMaxd, XMaxd], which is the range of the
minimum and maximum values of the solution space. -e
velocity range of each particle in the PSO algorithm is
[−VMaxd, VMaxd], which is the range of the minimum value
and themaximum value of the position change of each bird in
the bird flock; if the position and velocity of the particle
exceed the boundary range in the iterative process, then the
boundary value is taken. -at is to say, if an individual bird
flies out of the space where the food is located in the process of
looking for food, or flies too fast and leaves the group, then the
individual bird is pulled back to the space where the food is
located and its flying speed is limited to the group. -e entire
algorithm calculation process is to first initialize the particle
swarm and randomly generate the initial position and velocity
of the particle swarm. -en, according to equations (1) and
(2), iteration is carried out to update the position and speed of
particle swarm until a satisfactory solution is found, that is,
the birds find the food, the search process is completed, and
the algorithm calculation process is ended.

-e basic algorithm steps of PSO [7, 8] are as follows:

(1) Initialize the particle swarm according to the for-
mula, randomly set the initial position Xi and initial
velocity Vi of each particle, and provide the particle
search algorithm with the possibility to search for the
best results.

(2) Calculate the fitness value of each particle based on
the basic principle of the algorithm.

(3) On this basis, update the best position Pi of indi-
vidual particles. -e update criterion is for each
particle, comparing its fitness value with the fitness
value of the best position Pi it has experienced and
selecting the best one as the current fitness value.

(4) On this basis, update the best position Pc of indi-
vidual particles. -e update criterion is for each
particle, comparing the fitness value of each particle
with the fitness value of the best position Pi expe-
rienced by the group and selecting the best one as the
current fitness value.

(5) Adjust the velocity Vi and position Xi of the particle
according to equations (1) and (2).

(6) Finally, if the end conditions are met, the search
process will be terminated and the search process will
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be terminated; if the end condition is not met, go to
step (2) and continue the algorithm until the con-
dition is met. Outputting the search results, the
whole algorithm to solve the problem process is
completed.

-e basic algorithm flow chart of PSO is shown in
Figure 1.

2.2. Nonlinear Finite Element 4eory of Cable-Membrane
Structures. -e structural analysis of the cable-membrane
structure in this paper uses the support lifting method in the
nonlinear finite element method. -e problem of forming
the membrane structure is a static process, and the effect of
external load is generally not considered. -erefore, the
material mechanical properties (constitutive relation) of the
cable and membrane are not considered here; only the size
and distribution of the pretension related to the equilibrium
state of the cable and membrane structure and the position
of the supporting point are considered. -erefore, the
nonlinear finite element analysis theory of the lower
membrane structure is briefly introduced here.

2.2.1. Establishing the Nonlinear Finite Element Equations of
Cable and Membrane Elements [9, 10]. -e membrane unit
here is a triangular membrane unit; firstly, the geometric
functions of the cable and membrane elements and the
geometric equations of the cable and membrane elements
are determined in the local coordinate system; on this basis,
the element balance equation of the cable and membrane
structure in the local coordinate system is established, the
coordinate transformation matrix is used to transform the
local coordinate system into the global coordinate system,
and the equilibrium equation of the structure under the
global coordinate system is obtained.

Here, the displacement vector of the element in the
global coordinate system, the equivalent load vector of the
node, and the linear and nonlinear stiffness matrix are,
respectively, represented by ΔUe, Fe, Ke

L, and Ke
NL. -e load

vector outside the element is expressed as Re. -e balance
equation of the membrane element in the global coordinate
system can be expressed as

K
e
L + K

e
NL( ΔUe

� R
e

− F
e
. (3)

-e equilibrium equation of the cable element in the
global coordinate system is similar to that of the membrane
element.

2.2.2. Establishing the Structural Balance Equation of the
Whole Cable-Membrane Structure. Suppose that the node
displacement vector, node equivalent load vector, linear and
nonlinear stiffness matrix, and external load vector (n is the
total number of elements) of the cable-membrane structure
are represented by ΔU, F, KL, KNL, and R, respectively, then
for all elements (including the membrane element and cable
element),

ΔU � 
n

i�1
ΔUe

i ,

F � 
n

i�1
F

e
i ,

KL � 
n

i�1
K

e
Li,

KNL � 
n

i�1
K

e
NLi,

R � 
n

i�1
R

e
i .

(4)

-e balance equation of the membrane element and the
cable element in the global coordinate system is assembled
into the balance equation of the cable-membrane structure
in the global coordinate system, and it can be expressed as

KL + KNL( ΔU � R − F. (5)

2.3. Form-Finding Optimization Model Based on Particle
Swarm Optimization

2.3.1. Optimization Model of Cable-Membrane Structure.
Based on the consideration of the “optimal form” [11, 12] of
the cable-membrane structure and the finite element anal-
ysis of the cable-membrane structure, a model for the cable-
membrane structure shape optimization is established. In
the optimization model, there is a need to establish the
objective function according to the optimization objective,
to analyze the characteristics of the structure and to

Start

Initialize the particles swarm, that is, randomly set the
initial position Xi and initial velocity Vi of each particle

Calculate the fitness value of each particle

For each particle, compare its fitness value with the fitness value of
the best position Pi it has experienced, and if better, up date the Pi

For each particle, compare its fitness value with the fitness value
of the best position Pi experienced by the group, and if better,

update the Pc

Adjust the particle velocity Xi and position Vi
according to equations (1) and (2)

If the condition is met, end; otherwise, go to step (2)

End

Figure 1: Classical PSO flow chart.
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determine the optimization variables, to consider various
factors affecting the determination of membrane structure
shape in order to determine the constraint conditions.

Objective function: the optimization objective is to
minimize the maximum bearing reaction force after loading
(here, because it is the form-finding stage of the membrane
structure, the load is the initial prestress applied on the
surface of the membrane structure and the prestress applied
on the cable, and the external load is 0.)

-e formula is written as

Nmax �

��������������

N2
x + N2

y + N2
z 



,

f(X) � min Nmax( ,

(6)

where f(X) is the objective function, Nx is the bearing
reaction in the x direction, Ny is the bearing reaction in the y
direction, and Nz is the bearing reaction in the z direction.

After the objective function is determined, optimi-
zation variables are selected and constraint conditions are
determined [13–15]. -e optional optimization variables
include the control point coordinates of the cable-
membrane structure, the initial pretension value of each
cable segment in the structure, and the initial pretension
value in the membrane. At the same time, the design of
cable-membrane structure should also follow certain
conditions, that is, the restriction based on the consid-
eration of the safety and design variables of the cable-
membrane structure, which is called “constraint condi-
tion.” In view of the characteristics of the cable-membrane
structure, we select the optimization variable as the initial
prestress Fi of the membrane surface applied to the cable-
membrane structure, and the initial prestress of the cable
is expressed by the initial prestress of the membrane
surface, which can reduce the optimization variable and
simplify the establishment of the model formula. Here, the
main constraint conditions are material strength limita-
tion of cable and membrane, and structural stress and
displacement constraint. Based on the abovementioned
analysis, the derivation formula is as follows:

(1) Initial pretension of the film Fi [13]: according to the
thickness t of the film material taken, the set material
safety factor α< 1, the maximum tensile force value
Fimax that the film can withstand is determined by
calculation, and the minimum tension value Fimin
that should be maintained in the film is determined
according to the requirements of the code; then, the
constraint limit value of the initial prestress of the
film can be obtained:

Fimin <Fi <Fimax. (7)

(2) -e initial pretension value of the cable Fcj [16]:

Fcj � σ · t · L ·
r

2
+

1
8 · r

 , (8)

where L represents the span required to be deter-
mined by the building shape, r represents the ratio of
vector to span, σ represents the prestress in the film,
and t represents the thickness of the film material.
-e cable initial pretension value is determined by
calculation.

(3) Node displacement constraint: dF
K ≤dF

max.
(4) Stress constraint of the membrane element and the

cable element:

σF
mmin ≤ σ

F
i ≤ σ

F
mmax,

σF
cmin ≤ σ

F
j ≤ σ

F
cmax.

(9)

According to the objective function, optimization
variables and constraints on the basis of the analysis of the
membrane structure for the shape optimization model are
established, and then, the cable-membrane structure is
optimized for shape finding by using common intelligent
optimization algorithm-particle swarm optimization
(PSO) combined with the nonlinear finite element method
and the software MATLAB and ANSYS software
programming.

2.3.2. Parameter Setting of PSO

(1) Initialize the particle swarm [17]: first, initialize the
population. -e content of the initialization pop-
ulation includes setting the population size of the
population and the position and velocity of each
particle in the population.

(2) Constraints processing method: based on the basic
principle of particle swarm optimization algorithm,
the position of particle i is obtained, and the update
equation of particle position is set. In this way, the
optimal position of the individual particle and the
global optimal position of the particle are selected
through search and calculation.
Optimal position of individual particles:

Pi(t) �
Xi(t), if F Xi(t)( <F Pi(t − 1)( ,

Pi(t − 1), if F Xi(t)( ≥F Pi(t − 1)( ,


(10)

where Pi(t) represents the optimal individual position
of particle i at time t, Xi(t) represents the current
position of particle i at time t, Pi(t − 1) represents the
optimal individual position of particle i at time t− 1,
F(Xi(t)) represents the adaptive value of particle i at
time t, and F(Pi(t − 1)) represents the adaptive value of
particle i at time t− 1.
When the adaptive value at time t is less than the
adaptive value at the optimal position of the individual
at the previous moment, the optimal position of the
individual is updated to the current position; otherwise,
it remains the optimal position of the individual at the
previous moment.
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-e global optimal position of the particle:

g � arg min
1≤i≤N

F Pi(t)( ,

G(t) � Pg(t),
(11)

where g represents the particle number with the
minimum adaptive value of the optimal position of
each individual; minF(Pi(t)) represents the minimum
adaptive value of the optimal position of each indi-
vidual; arg represents the particle number corre-
sponding to the extraction of the adaptive value; G(t)

represents the global optimal position at time t;
and Pg(t) represents the optimal position of the in-
dividual with the minimum adaptive value at time t.
Since this problem is a constrained optimization
problem, the dynamic penalty function is used for the
shape-finding optimization of the membrane structure,
and the adaptive value of the particle is expressed as

F Xi(t)(  � f Xi(t)(  + r
t



ng

k�1
Gk Xi(t)( 

2
 ⎛⎝ ⎞⎠, (12)

where F(Xi(t)) represents the adaptive value of the ith
particle at time t, f(Xi(t)) represents the objective
function value of the ith particle at time t, r is the
penalty factor, r� 2.0, Gk(Xi(t)) represents the kth
constraint violation of the ith particle at time t, and ng

represents the total number of constraints.
-e constraint violation quantity is defined as follows:

Gk Xi(t)(  � max gk Xi(t)( , 0( , k � 1, 2, . . . , ng.

(13)

(3) Particle transboundary processing: when the particle
is updated in position, it may cross the boundary of
geometric constraint or performance constraint, so it
is necessary to transgress the boundary in order to
maintain the population size. For geometric con-
straint processing, the flying back strategy is adopted
to pull the out-of-bounds particles back to a random
position within the feasible region:
Xi,j(t) � XL

j + r XU
j − XL

j , if Xi,j <XL
j

Xi,j(t) � XU
j − r XU

j − XL
j , if Xi,j >XU

j

⎫⎪⎬

⎪⎭
, (14)

where r is the random number that obeys the distri-
bution of U(0, 1) and XU

j and XL
j represent the upper

and lower limits of the j-dimension, respectively.

2.3.3. Particle Swarm Optimization Form-Finding Steps and
Flow Chart

(1) Optimization steps:

(i) Initialize the population: a set of individuals are
randomly generated in the optimization interval
to form the initial population, and each individual
corresponds to a set of optimization variables.

(ii) -e nonlinear finite element method is used to
conduct form-finding analysis for each indi-
vidual in the population, and the objective
function values of each individual are obtained.

(iii) For each individual in the population, that is,
particles, particle swarm optimization algorithm
is adopted to carry out the operation. Based on
the comparison and selection, the optimal po-
sition of individual particles and the global
optimal position are obtained.

(iv) Reach the iteration condition and output the
optimal result.

(v) Input the data obtained from the optimal results
into ANSYS to obtain the stress distribution
diagram of the membrane surface, the support
reaction force, etc.

(2) Optimize the flow chart, as shown in Figure 2.

3. Form-Finding Analysis of Cable-Membrane
Structures Based on Particle Swarm
Optimization Algorithm

Based on the optimization model of the cable-membrane
structure based on particle swarm optimization algorithm
established in the previous chapter, the optimization analysis
of several typical cable-membrane structures is carried out,
and the optimization results obtained from the optimization
model are compared with the force density method to prove
its feasibility, correctness, and effectiveness.

3.1. Rhombic Hyperboloid Cable-Membrane Structure.
-e structure shape of the rhombic hyperboloid cable
membrane is square, as shown in Figure 3 [18]. Its diagonal
distance is 10m, its height is 4m, and the material pa-
rameters of the structure are as follows: the initial pretension
of the film surface is σ � 20N/cm, the tensile strength is
Et � 2550N/cm, the shear stiffness is Gt � 800N/cm, and
Poisson’s ratio is c � 0.3. 4 corners of the structure are fixed,
4 edges are flexible side cables, and the initial pretension of
side cables is 30 kN, EA � 3 × 104 kN. -e equation of the
surface under the coordinates used in this paper is

z � f ·
(x − 5)2

a2 −
y2

b2
  − 2, (15)

where f � 2, a � 5m, and b � 5m.
Particle swarm optimization (PSO) is used to optimize

the membrane structure and the results are compared with
those of the traditional force density method. Figure 4 shows
the mesh division diagram for form-finding, Figure 5 shows
the form-finding morphology diagram based on ANSYS,
and Figure 6 shows the membrane surface stress diagram
based on ANSYS. Table 1 shows the calculation results and
analytical values determined by the particle swarm opti-
mization algorithm for the structure shape; Table 2 shows
the calculation results and analytical values determined by
the force density method for the structure shape; and Table 3
shows the support reaction force obtained by using ANSYS
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software for the initial prestress of the membrane based on
the particle swarm optimization algorithm.

3.2. Form-Finding Optimization Analysis of Rotating Cate-
naryCable-Membrane Structure. Select the catenary surface,
a minimal surface with an analytical solution [19]. As shown
in Figure 7, it is the projection plan of the structure of the
rotating catenary mask, and its surface equation is as follows:

z � h − a ln
������

x2 + y2


+

����������

x2 + y2 − a2


  − ln a , (16)

where h � 22.9243m, a � 10m, and the outer ring is 50m.
-e particle swarm optimization algorithm is used to

optimize the form-finding of the cable-membrane structure,
and the results are compared with the traditional force density
method. Figure 8 shows the mesh division used for form-
finding, Figure 9 shows the form-finding shape diagram
obtained based on ANSYS software, and Figure 10 shows the
stress distribution diagram of the catenary mask surface
obtained based on ANSYS software. Table 4 shows the cal-
culation results and analytical values determined by particle
swarm optimization for the structure shape, Table 5 shows the
calculation results and analytical values determined by the
force density method for the structure shape, and Table 6
shows the support reaction force obtained by using ANSYS
software for the initial prestress of themembrane based on the
particle swarm optimization algorithm.

3.3. Form-Finding Optimization Analysis of Saddle Face
Cable-Membrane Structure. -e shape of the cable-mem-
brane structure of the saddle is shown in Figure 11 [20]. -e
two long edges of the structure are circular curved fixed
boundaries with a length of 31.4m, and the two short edges
are direct fixed boundaries with a length of 20m.-e results
are obtained by using ANSYS.

Particle swarm optimization (PSO) is used to optimize the
structure of the cable membrane. -e optimized result is
compared with that of traditional force density method. Fig-
ure 12 shows the mesh division used for saddle surface form-
finding, Figure 13 shows the form-finding shape diagram based
onANSYS software, and Figure 14 shows the stress distribution
diagram of the membrane surface based on ANSYS software.
Table 7 shows the calculation results of the particle swarm
optimization algorithm for the determination of the structure
shape, Table 8 shows the calculation results of the force density
method for the determination of the structure shape, and
Table 9 shows the support reaction force obtained by using
ANSYS software for the initial prestress of themembrane based
on the particle swarm optimization algorithm.

Figure 3: Planar projection of rhomboid hyperboloid.

Start

Input initial

Initialize the population

Form-finding analysis of membrane structures using
nonlinear finite element analysis

Perform particles swarm algorithm optimization
calculations

Satisfy termination condition

Output optimal individual

End

No

Yes

Figure 2: Optimization of the flow chart.

Figure 4: Meshing diagram of rhomboid hyperboloid.
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Figure 6: Stress distribution diagrams of the rhombic hyperbolic mask. (a) Particle swarm optimization algorithm form-finding model.
(b) Force density method.

Z
Y X

Figure 5: Form-finding of rhombic hyperboloid.

Table 1: Results and analytical values of particle swarm optimi-
zation for structural morphology determination.

Node X Y Z Z (analytical value) Error (%)
1 5.389 1.72E− 15 −1.992 −1.988 0.21
2 5.972 1.48E− 15 −1.934 −1.924 0.50
3 6.575 1.81E− 15 −1.814 −1.802 0.69
4 7.206 6.55E− 16 −1.624 −1.611 0.82
5 7.872 6.84E− 16 −1.351 −1.340 0.80
6 8.577 2.15E− 15 −0.988 −0.976 1.17
7 9.317 9.77E− 15 −0.534 −0.509 4.67
Maximum error 4.67

Table 2: Calculation results and analytical values of force density
method for determination of structural morphology.

Node X Y Z Z (analytical value) Error (%)
1 5.489 1.64E− 15 −1.992 −1.981 0.56
2 5.972 1.78E− 15 −1.932 −1.924 0.39
3 6.674 1.93E− 15 −1.808 −1.776 1.78
4 7.304 2.98E− 15 −1.613 −1.575 2.34
5 7.969 5.99E− 16 −1.339 −1.295 3.30
6 8.675 1.61E− 15 −0.978 −0.920 5.98
7 9.327 6.36E− 16 −0.529 −0.502 5.07
Maximum error 5.98
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Table 3: Reaction force of the rhombic-shaped hyperbolic form-finding support.

Node Reaction force in the X direction (kN) Reaction force in the Y direction (kN) Reaction force in the Z direction (kN)
Left corner 47.843 0.16E− 10 −33.444
Upper corner 0.12E− 07 −47.851 33.444
Bottom corner 0.19E− 09 47.851 33.444
Right corner −47.843 0.37E− 07 −33.444
Note. -e node number is in the plane projection of the surface, starting from the central point of the structure (excluding the central point of the structure),
and the node number is from the inner circle to the outer circle along the x-axis forward (excluding the corner point) [8].

1 2 3 4 5 6 7

Figure 7: Projection plan of the rotating catenary.

Figure 8: Grid division diagram of the rotating catenary surface.

Figure 9: Form-finding pattern of rotary catenary.
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4. Results and Discussion

4.1. Rhombic Hyperboloid Membrane Structure. Results
analysis: the optimal result is obtained when the initial
prestress applied is 20N/cm according to the optimization

model of cable-membrane structure form-finding based on
particle swarm optimization algorithm. It can be seen from
Figure 5 that the surface of the form-finding morphological
graph is relatively flat and its curvature is relatively small.
According to Figure 6(a), it can be obtained that the
maximum stress value on the membrane surface is 1.92 kN/
m, and the minimum stress value on the membrane surface
is 1.85 kN/m, with a difference of 3.65% between the two
sizes. -us, it can be seen that the stress distribution on the
membrane surface is relatively uniform. Comparing and
contrasting the results of Tables 1 and 2 and the analytical
solution, it can be seen that the maximum error between the
nodal coordinate value and the theoretical solution value of
rhomboid hyperboloid generated by particle swarm opti-
mization algorithm is 4.67% and the maximum error is
smaller than that obtained by the force density method.
-erefore, the particle swarm algorithm to get the results of
the calculation accuracy is higher than the traditional force
density method. By comparing the calculated results in
Tables 1 and 2 with the analytical solutions, it is found that
the particle swarm optimization algorithm is feasible. By
comparing the bearing reaction obtained in Table 3 with that
obtained by professional software in the literature, there is
little difference. Comparing with other bearing reaction
obtained by applying initial prestress, this is the smallest,
which can prove that this method is correct.

Conclusions: according to the above analysis results, when
the initial prestress applied to the membrane is 20N/cm,
the form-finding result is optimal. It is feasible to use the
particle swarm optimization model to optimize the form-
finding of the rhomboid hyperboloid with high calculation
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Figure 10: Stress distribution diagrams of the rotating catenary mask. (a) Particle swarm optimization algorithm form-finding model.
(b) Force density method.

Table 4: Results and analytical values of particle swarm optimi-
zation for structural morphology determination.

Node X Y Z Z (analytical value) Error (%)
1 10.868 2.708 18.097 18.072 0.14
2 13.628 3.447 14.630 14.196 2.97
3 16.889 4.124 11.808 11.417 3.31
4 20.65 5.262 9.323 9.029 3.15
5 25.411 5.877 6.977 6.796 2.59
6 31.172 8.474 4.670 4.516 3.30
7 38.433 11.559 2.301 2.255 2.00
Maximum error 3.31

Table 5: Calculation results and analytical values of the force
density method for determination of structural morphology.

Node X Y Z Z (analytical value) Error (%)
1 37.433 10.559 2.866 2.58 9.98
2 29.172 8.474 5.731 5.164 9.89
3 22.411 7.377 8.597 7.892 8.20
4 17.15 6.262 11.462 10.825 5.56
5 14.389 5.124 14.328 13.059 8.86
6 12.128 3.447 17.193 15.85 7.81
7 10.868 2.708 20.059 18.072 9.91
Maximum error 9.98
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accuracy, and it is easy to operate, easy to implement, and fast
to calculate.

4.2. Rotating Catenary Membrane Structure. Results analy-
sis: according to the optimization model of cable-membrane
structure form-finding based on particle swarm optimiza-
tion algorithm, the form-finding result of the rotating cat-
enary surface is optimal when the initial prestress applied is
20N/cm. It can be seen from Figure 9 that the surface of the
form-finding morphological graph is relatively flat and
smooth, and its curvature is relatively small. According to
Figure 10(a), it can be obtained that the maximum stress
value of the membrane surface is 2.14 kN/m, and the
minimum stress value of the membrane surface is 1.99 kN/m.
-e error difference between the two sizes is 7.01%.

Table 6: Reaction force of the rotating catenary surface form-finding support.

Node Reaction force in the X direction (kN) Reaction force in the Y direction (kN) Reaction force in the Z direction (kN)
1 −0.11131E− 01 3.2134 4.3685
2 0.0076 24.613 −4.4950
10 24.613 −0.0076 −4.4950
15 13.475 20.480 −4.5011
18 3.2134 0.11131E− 01 4.3685
82 −0.0076 −24.613 −4.4950
90 0.11131E− 01 −3.2134 4.3685
162 −3.2134 −0.11131E− 01 4.3685
Note. -e node number is in the plane projection of the surface, starting from the central point of the structure (excluding the central point of the structure)
and the node number is from the inner circle to the outer circle along the x-axis forward (excluding the corner point).

Figure 11: Projection plan of the saddle surface.

Figure 12: Saddle mesh division diagram.

Figure 13: Saddle surface form-finding pattern.
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Comparing the calculation results and the analytical solution
(Tables 4 and 5), it can be seen that the maximum error
between the calculated results of the rotating catenary gen-
erated by particle swarm optimization (PSO) and the theo-
retical analytical solution is 3.31% and the maximum error of

the calculated result obtained by the specific force density
method is 9.98% smaller; therefore, the particle swarm al-
gorithm to get the results of the calculation accuracy is higher
than the traditional force density method. According to the
comparison between the calculated results in Tables 4 and 5
and the analytical solution, the particle swarm optimization
algorithm is feasible. Comparing the bearing reaction ob-
tained in Table 6 with that obtained by applying initial
prestress, this is the smallest, which proves that this method is
correct and the form-finding result is optimal.

Conclusions: according to the analysis of the above-
mentioned results, it is shown that the form-finding opti-
mization model of the cable-membrane structure based on
the particle swarm optimization algorithm is feasible for
form-finding optimization of the rotating catenary surface,
and it is easy to operate, easy to implement, and fast to
calculate, and when the initial prestress applied is 20N/cm,
the shape-finding result is optimal.

4.3. Saddle Membrane Structure. Results analysis: according
to the optimization model of cable-membrane structure
form-finding based on particle swarm optimization algo-
rithm, when the initial prestress applied is 10N/cm, the
form-finding result of the saddle surface cable-membrane
structure is optimal. It can be seen from Figure 13 that the
surface of the form-finding morphological graph is relatively
flat and smooth, and its curvature is relatively small.
According to Figure 14(a), it can be obtained that the
maximum stress on the film surface is 0.968 kN/m, and the
minimum stress is 0.943 kN/m, with a difference of 2.58%. It
can be seen that the stress distribution on the film surface is
relatively uniform and symmetrical. -e maximum stress on
the film surface appears at themidpoint of the four sides, and
the minimum stress on the film surface appears at the four
supports. By comparing Tables 7 and 8, it can be seen that the
saddle surface generated by particle swarm optimization
algorithm is more stable than the node coordinate calculated
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Figure 14: Saddle mask face stress distribution. (a) Particle swarm optimization algorithm form-finding model. (b) Force density method.

Table 7: Calculation results of particle swarm optimization for
structural morphology determination.

Node X Y Z
7 10.001659 1.608521 −2.001515
85 9.999437 4.317881 −1.999383
84 9.999712 7.134952 −1.998242
83 10.000081 9.986165 −1.997328
82 10.000153 12.843590 −1.996686
81 10 15.7 −1.996453
80 9.999847 18.556410 −1.996686
79 9.999919 21.413835 −1.997328
78 10.000288 24.265047 −1.998242
77 10.000563 27.082119 −1.999383
27 9.998341 29.791479 −2.001515

Table 8: Calculation results of the force density method for de-
termination of structure morphology.

Node X Y Z
7 10.001716 1.607515 −2.000918
85 9.999519 4.318502 −1.999654
84 9.999747 7.136213 −1.999196
83 10.000076 9.987353 −1.998890
82 10.000142 12.844280 −1.998663
81 10 15.7 −1.998573
80 9.999858 18.555720 −1.998663
79 9.999924 21.412647 −1.998890
78 10.000253 24.263787 −1.999196
77 10.000481 27.081498 −1.999654
27 9.998284 29.792485 −2.000918
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by the force density method. Comparing the bearing reac-
tion obtained in Table 9 with that obtained by applying
initial prestress, the maximum bearing reaction is the
smallest, which proves that this method is correct and the
form-finding result is optimal.

Conclusions: according to the abovementioned analysis
results, it is feasible to use the particle swarm optimization
model of the cable-membrane structure to optimize the
form-finding of the saddle surface, which is simple to
operate, easy to realize, fast to calculate, and the form-
finding result is optimal when the initial prestress applied is
10N/cm.

5. Conclusions

Form-finding is a key step in the design of membrane
structures. Form-finding of cable-membrane structures
based on particle swarm optimization algorithm is proposed
in this study. -e optimization objective, design variables,
and constraint conditions are determined in the proposed
optimization model. Form-finding of different membrane
structures including rotating catenary membrane structure,
saddle membrane structure, and rhombic hyperboloid
membrane structure is carried out. -e optimization results
from the proposed PSO are validated since the results
compare well with those from the traditional force density
method. -e initial prestresses of the three membrane
structures are obtained while the form-finding result is
optimal, respectively. -e proposed PSO shows more ac-
curate results in form-finding of cable-membrane structures
compared with the traditional force density method.
Membrane structures are used widely around the world
while the form-finding methods are not so accurate and
efficient; intelligent optimization methods such as PSO pave
a way for the form-finding of membrane structures in amore
accurate and efficient way. Moreover, PSO can be employed
in the optimization of membrane structures considering the
loading on them such as wind, which will be performed in
the future research.
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