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In order to explore the potential impact of sloping road on traffic flow, an improved car-following model considering electronic
throttle (ET) dynamics and driver’s driving characteristics on slope is proposed. Based on the improved car-following model, a
new continuum model is established through the conversion relationship between microscopic variables and macroscopic
variables. Firstly, the stability condition of the model is obtained by using the linear stability theory, after that the evolution process
of traffic flow density wave near the neutral stability curve is studied by using the nonlinear analysis method, and we also get the
improved KdV-Burgers equation. At the same time, numerical experiments and experimental verification of the model are carried
out; the theoretical analysis and numerical results show that the ETeffect and aggressive driving of drivers play an important role
in alleviating traffic congestion to a certain extent.

1. Introduction

Nowadays, transportation has become an important part of
people’s economic life and plays a crucial role in the de-
velopment of society economy and the improvement of
people’s life satisfaction. However, with the development of
urbanization and travel motorization, traffic congestion is
becoming more and more serious. (e impact of urban
traffic congestion on society and individual is mainly
manifested in economic losses, environmental pollution,
and potential safety hazards. How to solve the problem of
traffic congestion has become an urgent problem for city
managers. (erefore, more and more experts and scholars
turn their attention to the research field of traffic flow
control [1–9].

To solve the problem of traffic congestion, it is nec-
essary to understand the evolution disciplinarian of traffic
flow. In order to deeply research the traffic flow, the famous
British scholars Lighthill and Whitharn [10, 11] proposed
the Fluid-Dynamical (eories in 1955, which simulated the

traffic flow as fluid and established the continuity equation
of traffic flow by using the basic principles of
hydrodynamics:

zρ
zt

+
z(ρv)

zx
� 0, (1)

where ρ, v, t, and x represent the density, velocity, time, and
spatial position, respectively.

(e relationship among flow rate, velocity, and density
of traffic flow is deduced from the theory, and then the
mathematical model describing the characteristics of traffic
flow evolution is established. Since the LWR model was put
forward, the research on the relationship of basic parameters
of traffic flow has been carried out for decades, and many
models have been put forward, which can be roughly divided
into three categories: car-following model [12–27], lattice
hydrodynamic model [28–37], and continuum model
[38–46]. (ese models have important application value,
which are the basis for defining the service level of traffic
service facilities, and they can estimate the traffic capacity
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and operation state when the traffic capacity is reached, so
they have been widely used in traffic planning.

However, most traffic flow scholars believe that the speed
assumed in the LWR model is always the equilibrium speed,
which cannot be used to simulate various non-equilibrium
traffic phenomena, such as the stop-and-go traffic, etc. To
solve this problem, the researchers proposed a higher-order
model. In 1971, Payne [47] proposed the first higher-order
model:

zv

zt
+ v

zv

zx
� −

a′
ρT

zρ
zx

+
ve − v

T
, (2)

where T is the relaxation time and a′ is the expected co-
efficient. In this model, the equilibrium velocity-density
relationship is replaced by the kinetic equation of velocity,
which allows the velocity to deviate from the equilibrium
velocity.

In the field of traffic physics, the optimization speed
model has been widely concerned because of its eximious
mathematical and physical properties, such as being ana-
lyzable and easy to simulate. (is is the optimal velocity
(OV) model proposed by Bando et al. [8, 48] in 1995,
expressed as follows:

dvn(t)

dt
� a V Δxn(t)(  − vn(t) , (3)

where a is the sensitivity coefficient, which is regarded as the
reciprocal of the driver’s reaction time T and V(Δxn(t)) is
the optimization speed function, which is monotonically
increasing and has an upper bound.

After the OV model was proposed, it received ex-
tensive attention and research in the field of trans-
portation, especially in the field of traffic physics. On
account of the OV model, various improved models were
proposed. Tilch and Helbing [49] used the measured
traffic data to identify the parameters of the OVmodel and
found that, in the OV model, vehicle acceleration was too
large, the deceleration was unreasonable, and crash would
occur. (ey believed that when the current car’s speed is
less than that of the rear car, the influence of the speed
difference should be considered. (us, a general force
model (GF) is proposed:

dvn(t)

dt
� a V Δxn(t)(  − vn(t)  + λH −Δvn(t)( Δvn(t),

(4)

where H(·) is Heaviside function and λ is the sensitivity
coefficient,

H(x) �
0, x≤ 0,

1, x> 0.
 (5)

Jiang et al. [50] used GF model to simulate the starting
process of a stationary motorcade, and they found that the
starting wave speed of the traffic flow in this model was too
low. (ey believe that not only should the influence of the
speed difference be considered when the speed of the front
car is less than that of the rear car, but also the influence of

the speed difference be considered when the speed of the
front car is greater than that of the rear car. Based on this,
they proposed a full velocity difference model (FVDM):

dvn(t)

dt
� a V Δxn(t)(  − vn(t)  + λΔvn(t). (6)

Driver’s driving behavior and vehicle running charac-
teristics are the basis of traffic flow research. At the same
time, the study of driver’s driving behavior is a complex
process, which has attracted extensive attention of scholars
in recent years. Researchers have proposed many new
models based on different perspectives of driver’s driving
behavior.

However, in the field of continuummodels, there are few
studies on the driving characteristics of drivers on slopes.
(erefore, a new extended continuum model is proposed in
this paper, which considers both the driver’s driving char-
acteristics and the “electronic throttle” effect on the slope.
Firstly, this paper analyzes the impact of driver’s aggressive
driving and timid driving characteristics on traffic flow,
establishes a new car-following model based on driver’s
driving behavior in slope environment, and obtains a new
extended continuum model through the transformation
relationship between macrovariables and microvariables.
(e stability of traffic flow under the influence of driver
characteristics and electronic throttle angle in different
gradient environments is discussed through the linear
analysis. (e standard KdV-Burgers equation and solitary
wave solution of the equation are derived by nonlinear
stability analysis near the neutral stability curve. (en,
through the numerical simulation experiments of density
waves, shock waves, and rarefaction waves, the effects of
slope, driver’s driving characteristics, and “electronic
throttle” effect on traffic flow parameters such as speed,
acceleration, and traffic density are studied. Finally, a
summary of the research contents in this paper is given.

2. The Continuum Model and
Nonlinear Analysis

It is well known that timid drivers who lack proficiency
ability in driving will choose to drive cautiously, while those
who have proficiency ability in driving will choose aggressive
driving to get the best speed they want. Based on this,
considering the driver’s timid and aggressive driving psy-
chology, Cheng [51] proposed an extended continuum
model that takes into account the effects of driver’s timid and
aggressive attributions:

dvn(t)

dt
� a pV Δxn(t + ατ)(  +(1 − p)V Δxn(t − ατ)( 

− vn(t) + λΔvn(t),

(7)

where Δxn � xn+1 − xn, Δvn � vn+1 − vn, a � 1/τ, a is the
driver’s sensitivity coefficient, ατ represents an additional
reaction time and α is a variable parameter, λ is the driver’s
sensitivity coefficient to speed difference, and 0≤p≤ 1
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represents the strength influence factor of the driver’s
characteristics. When 0.5<p< 1, aggressive driving be-
havior will be dominant; on the contrary, when 0<p< 0.5,
the influence of timid driving was greater.

(e first-order Taylor expansion of the micro-variables
Δxn(t ± ατ) is carried out, while the higher-order term is
neglected, and the results are as follows:

Δxn(t + ατ) � Δxn(t) +
dΔxn(t)

dt
ατ � Δxn(t) + ατΔvn(t),

Δxn(t − ατ) � Δxn(t) −
dΔxn(t)

dt
ατ � Δxn(t) − ατΔvn(t).

(8)

Based on the Taylor expansion mentioned above, we can
get

V Δxn(t + ατ)(  � V Δxn(t) + ατΔvn(t)(  � V Δxn(t)( 

+ ατΔvn(t)V′ Δxn(t)( ,

V Δxn(t − ατ)(  � V Δxn(t) − ατΔvn(t)(  � V Δxn(t)( 

− ατΔvn(t)V′ Δxn(t)( .

(9)

In previous studies, most of themodels only considered the
situation of flat roads. However, in real life, due to the change of
terrain, roads cannot always be flat, such as mountain roads.
On the other hand, according to the actual traffic demand,
roads will be built in the form of uphill and downhill, such as
the approach part of overpasses. So, what is the difference
between traffic flow on sloping roads and that on flat roads?
How to analyze the car-following behavior on sloping highway
is a realistic problem. In recent years, in the theory of car-
following, the slope factor has also been considered by re-
searchers. For example, Yang et al. [52] gave a car-following
model on the slope to study the effects of the road’s slope on the
electricity consumption, Zhou et al. [53] came up with a
generalized car-following model of relative speed on slope, and
considering the influence of gravity, Chen et al. [54] proposed a
generalizedmodel with consideration of the gravitational force.
However, the abovemodels do not consider the driver’s driving
characteristics and the influence of electronic throttle effect on
the stability of traffic flow. In practice, the driver’s driving
characteristics and electronic throttle effect play an important
role in traffic flow. (erefore, these two factors cannot be
ignored when establishing traffic flow model.

(e following is an extended model of the relative ve-
locity of traffic flow on a gradient road proposed by Zhou
et al. [53] in 2014,

d2xn(t)

dt2
� a V Δxn(t)(  −

dxn(t)

dt
  + λaΔvn(t), (10)

with

V Δxn(t)(  �
vf,max ∓ vg,max

2
tanh Δxn − hc,θ  + tanh hc,θ  ,

hc,θ � hc(1∓ sin θ),

(11)

where vf,max represents the maximum allowable speed of a
vehicle on a road with no gradient, vg,max � mg sin θ/μ,
vg,max is proportional to slope sin θ, where μ is the coefficient
of friction, θ is slope, hc is a safe distance without slope, and
hc,θ is the safe distance on the slope.

Based on the existing traffic flowmodels, considering the
effects of driver’s characteristics and electronic throttle effect
on traffic flow, this chapter proposes a traffic flow following
model on sloping roads.
dvn(t)

dt
� a pV Δxn(t + ατ)(  +(1 − p)V Δxn(t − ατ)(  − vn(t) 

+ λaΔvn(t) + βΔφn(t),

(12)

where β is the sensitivity coefficient of angle difference
Δϕn(t) for electronic throttle.

In addition, the relationship among the electronic
throttle opining angle, acceleration, and speed of the car can
be expressed as follows [55]:

dvn(t)

dt
� −b vn(t) − v0(  + mϕn + hn, (13)

where the initial electronic throttle opining angle and speed
are ϕ0 and v0, ϕn � ϕn − ϕ0 is the angle difference of the
electronic throttle, b and m change with the v0 changes, and
hn represents the disturbance of nonmodelled dynamics
influence.

On the foundation of equation (13), the formula of the
ET opening angle difference between the car n and car n + 1
can be expressed as follows:

Δϕn � ϕn+1 − ϕn �
1
m

dvn+1(t)

dt
−
dvn(t)

dt
+ bΔvn(t) .

(14)

Equation (14) is introduced into equation (12) and the
following formula is obtained:
dvn(t)

dt
�

m

m + β
a V Δxn(t)(  − vn(t)  +

β
m + β

dvn+1(t)

dt

+
m

m + β
a(2p − 1)ατV′ Δxn(t)(  + λa +

bβ
m

 Δvn(t).

(15)

In order to study the influence of the vehicle dynamics
information in the stability of traffic flow, we convert dis-
crete variables into continuous variables though the fol-
lowing relations:

vn(t)⟶ v(x, t),

vn+1(t)⟶ v(x + Δ, t),

V Δxn(t)( ⟶
vf,max ∓ vg,max

2
Ve(ρ),

V′ Δxn(t)( ⟶ V′(h(c, θ))⟶
vf,max ∓ vg,max

2
Ve
′(ρ),

(16)
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where the space between the two cars is expressed as Δ and
ρ(x, t) and v(x, t) represent the macroscopic density and
macroscopic velocity, respectively. (e average headway is
expressed as h � 1/ρ, Ve(ρ) means the equilibrium speed,
and V′(h) � −ρ2Ve

′(ρ).

After a simple analysis, we develop the Taylor series
expansion for v(x + Δ, t) and get the following formula after
ignoring the higher-order terms:

Δvn(t) � v(x + Δ, t) − v(x, t) � v′(x, t)Δ +
1
2
v″(x, t)Δ2,

dvn+1(t)

dt
�
dv(x + Δ, t)

dt
�

zv(x, t)

zx
v(x + Δ, t) +

zv(x + Δ, t)

zt

� vx v + Δvx(  +
z v + Δvx( 

zt
� vvx + Δvxvx + vt + Δvxt.

(17)

(e new extended continuum model is obtained by
transforming micro-variables into macro-variables and
sorting them out as follows:

vt + v −
β
m
Δvx − λa +

bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) Δ vx

� a
4∓ sin θ

2
Ve
′(ρ) − v(x, t)  +

β
m
Δvxt

+ λa +
bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) 

1
2
Δ2vxx.

(18)

3. Linear Stability Analysis

In order to do the qualitative analysis of the extended new
model, this paper adopts the linear stability analysis method.
All vehicles are assumed to have the same speed and
headway in the steady state. (en, based on the basic idea of

the fluid dynamics simulation theory of traffic flow proposed
by Richards et al. [56, 57], the traffic flow is analogized to a
fluid, and its continuity fluid dynamics equation is estab-
lished to study.

zρ
zt

+ ρ
zv

zx
+ v

zρ
zx

� 0,

zv

zt
+ v −

β
m
Δ

zv

zx
− λa +

bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) Δ 

zv

zx

� a
4∓ sin θ

2
Ve(ρ) − v  +

β
m
Δvxt + λa +

bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) 
Δ2

2
vxx.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(19)

4 Mathematical Problems in Engineering



In order to facilitate the study of linear analysis, the
equations are rewritten into matrices as follows:

zU
⇀

zt
+ A
⇀zU
⇀

zx
� E
⇀

, (20)

where

U
⇀

�
ρ

v

⎡⎢⎣ ⎤⎥⎦,

A
⇀

�

v ρ

0 v −
β
m
Δvx − λa +

bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) Δ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

E
⇀

�

0,

a
4∓ sin θ

2
Ve
′(ρ) − v(x, t)  +

β
m
Δvxt

+ λa +
bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) 

1
2
Δ2vxx

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(21)

and the eigenvalues of A
⇀
are

λ1 � v,

λ2 � a
4∓ sin θ

2
Ve
′(ρ) − v(x, t)  +

β
m
Δvxt

+ λa +
bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) 

1
2
Δ2vxx.

(22)

(rough the research and calculation, it is obvious to
find that the macro traffic flow velocity v is larger than the
characteristic velocity. (e phenomenon proves that the
proposed extension of the traffic flow model satisfies the
anisotropy.

Traffic congestion is a phenomenon of unstable traffic
flow. Small disturbances caused by human or objective
factors will diffuse upward along the traffic flow, making the
original smooth traffic flow gradually evolve into traffic
congestion, resulting in the instability of the traffic flow
system. If the small disturbance can be gradually reduced

and disappear in the process of propagation, or controlled in
a certain small range, then the vehicles in the traffic flow
system can run smoothly, thereby achieving the purpose of
controlling traffic congestion.

It is assumed that the traffic flow system is uniform at the
beginning, and the constants ρ0 and v0 represent the initial
density and the initial velocity in the uniform state. As a
result, the expression of the steady-state solution of uniform
flow is

ρ(x, t) � ρ0,

v(x, t) � v0,
(23)

and then disturbance is added to observe the change of the
traffic density. (e expression is as follows:

ρ(x, t)

v(x, t)
  �

ρ0
v0

  +
ρk

vk

 exp ikx + σkt( . (24)

Combining equations (19) and (23) and ignoring the
nonlinear higher-order terms, we get

σk + v0ik( ρk + ρ0ikvk � 0,

a
4∓ sin θ

2
Ve
′ ρ0( ρk −

Δ2k2

2
λa +

bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  vk

− v0 − λa +
bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  Δ ikvk +

β
m
Δikσk − a − σk vk � 0.

(25)
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(e equations are rewritten into matrices as follows:

C
⇀

· X
⇀

� B
⇀

,

X
⇀

�

ρk

vk

⎛⎝ ⎞⎠,

B
⇀

�

0

0
⎛⎝ ⎞⎠,

C
⇀

�

σk + ikv0ikρ0 −
Δ2k2

2
λa +

bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  

a
4∓ sin θ

2
Ve
′ ρ0(  − v0 − λa +

bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  Δ ik

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(26)

Regarding ρk and vk as the unknown parameters in the
equations, then we will get σk that satisfies the following
quadratic equation:

σk + ikv0(  −
Δ2k2

2
λa +

bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  

− v0 − λa +
bβ
m

− a(2p − 1)ατρ20
4∓ sin θ

2
Ve
′ ρ0(  Δ ik +

β
m
Δikσk − a − σk  − a

4∓ sin θ
2

Ve
′

ρ0( ikρ0 � 0. (27)

According to the control theory of stability criterion, the
stability condition of traffic flow is obtained. (erefore, in
terms of the neutral stability of stable well, we get

as �
ρ0(4∓ sin θ/2Δ)Ve

′ ρ0(  +(bβ/m)

(2p − 1)ατρ20(4∓ sin θ/2)Ve
′ ρ0(  − λ

. (28)

Performing the Taylor expansion for σk, we will get

Im σk(  ≈ − a v0 + ρ0
4∓ sin θ

2Δ
Ve
′ ρ0(   + o k

3
 . (29)

According to equation (29), we infer that

c ρ0(  � v0 + ρ0
4∓ sin θ

2Δ
Ve
′ ρ0( , (30)

this is the same as that of Jiang Rui-Wu Qingsong’s velocity
gradient model [58] and modified model.

Figures 1 and 2 correspond to the phase diagrams of
parameter space (ρ, a) of the newly proposed model in the
uphill and downhill road environments. (e parameters are
λ � 0.5, Δ � 10m, τ � 0.5 s, α � 0.8, m � 5, b � 0.5, β � 1.2
when considering the influence of electronic throttle angle,
p � 0.8 when considering driver’s aggressive driving, and
p � 0.2 when considering driver’s timid driving, and the
neutral stability lines of drivers in different slope
θ � 0, 2, 4, 6 situations are simulated, respectively. (e

parametric space (ρ, a) is divided into two parts by the
neutral stability curve: the instability region below the curve
and the stability region above the curve.

In Figure 1, the stability region becomes larger and larger
with the increase of slope θ on the uphill slope; similarly, in
Figure 2, the stability region becomes smaller and smaller
with the increase of slope θ on the downhill slope. Further,
comparing the lower part of the neutral stability curve of the
model with different driver’s characteristics in the uphill and
downhill scenarios, we can see that the unstable area of
aggressive driving is smaller than that of timid driving,
which indicates that the traffic flow of aggressive driving is
more stable than that of timid driving. Similarly, in the uphill
and downhill scenarios, the stability region considering the
influence of electronic throttle angle is larger than that
without considering the influence of electronic throttle
angle, which indicates that considering the influence of
electronic throttle angle will make traffic flow more stable. It
can be concluded that when the uphill slope is larger, the
traffic flow is more stable, and the driver’s aggressive driving
helps to improve the stability of the traffic flow; when the
downhill slope is smaller, the traffic flow is more stable, and
the driver’s aggressive driving helps to improve the stability
of the traffic flow. At the same time, considering the elec-
tronic throttle factor can effectively restrain traffic
congestion.
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Figure 1: (e neutral stability curves in uphill situation. (a) Aggressive driving without ET. (b) Timid driving without ET. (c) Aggressive
driving with ET. (d) Timid driving with ET.
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Figure 2: Continued.
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4. Nonlinear Analysis

For the sake of exploring the behavior of the system near the
neutral stability, equation (19) is adopted to introduce a new
coordinate system [38] as follows:

z � x − ct. (31)

(e equation can be converted into the following
formula:

−cρz + qz � 0,

−cvz + vz v − λa +
bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) Δ −

β
m
Δvz 

� a
4∓ sin θ

2
Ve(ρ) − v  + λa +

bβ
m

− a(2p − 1)ατρ2
4∓ sin θ

2
Ve
′(ρ) 
Δ2

2
vzz − c

β
m
Δvzz,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(32)

where q � ρv is the flow of traffic, which can be obtained
from equation (31):

vz �
cρz

ρ
−

qρz

ρ2
, (33)

vzz �
cρzz

ρ
−
2cρ2z
ρ2

−
qρzz

ρ2
+
2qρ2z
ρ3

+ b2ρz, (34)

Bringing equations (33) and (34) into equation (32), we
can get

− c
cρz

ρ
−

qρz

ρ2
  +

cρz

ρ
−

qρz

ρ2
 

q

ρ
− λa +

bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) Δ −

β
m
Δ

cρz

ρ
−

qρz

ρ2
  

� a
4∓ sin θ

2
Ve(ρ) −

q

ρ
  + λa +

bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) 
Δ2

2
cρzz

ρ
−
2cρ2z
ρ2

−
qρzz

ρ2
+
2qρ2z
ρ3
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Δ

cρzz
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−
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ρ2

−
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ρ2
+
2qρ2z
ρ3

 .
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Figure 2:(e neutral stability curves in downhill situation. (a) Aggressive driving without ET. (b) Timid driving without ET. (c) Aggressive
driving with ET. (d) Timid driving with ET.
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(e traffic flow q is expanded as follows:

q � ρVe(ρ) + b1ρz + b2ρz. (36)
b1 and b2 can be easily solved, because the traffic flow is

stable and uniform. Inserting equation (36) into equation
(35), we will receive

− c
cρz

ρ
−

Ve(ρ)ρz

ρ
  +

cρz

ρ
−

Ve(ρ)ρz

ρ
  Ve(ρ) −

β
m
Δ

cρz

ρ
−

Ve(ρ)ρz

ρ
  

−
cρz

ρ
−

Ve(ρ)ρz

ρ
  λa +

bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) Δ

� a
4∓ sin θ

2
Ve(ρ) − Ve(ρ) −

b1ρz

ρ
−

b2ρzz

ρ
  − c

β
m
Δ

cρzz

ρ
−
2cρ2Z
ρ2

−
Ve(ρ)ρzz

ρ
+
2Ve(ρ)ρ2z

ρ2
 

+ λa +
bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) 
Δ2

2
cρzz

ρ
−
2cρ2Z
ρ2

−
Ve(ρ)ρzz

ρ
+
2Ve(ρ)ρ2z

ρ2
 .

(37)

According to equation (36), When balancing the coef-
ficients of ρz and ρzz on both sides of the equation, the value
of b1 and b2 can be obtained. (erefore, we get

b1 �
1
a

Ve(ρ) − c(  Ve(ρ) − c − λa +
bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) Δ ,

b2 � −
1
a

Ve(ρ) − c(  λa +
bβ
m

− a(2p − 1)ατ
4∓ sin θ

2
Ve
′(ρ) 
Δ2

2
− c

β
m
Δ .

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(38)

Letting ρ � ρh + ρ(x, t) near the neutral stability con-
dition and introducing the Taylor expansions into the
second order of ρ, we will obtain

ρVe(ρ) ≈ ρhVe ρh(  + ρVe( ρ

ρ�ρh

ρ⌢ +
1
2
ρVe( ρρ

ρ�ρh

ρ2.

(39)

Bringing equation (32) into equation (39), and then
turning ρ to ρ, we can derive that

−cρz + ρVe( ρ + ρVe( ρρρ ρz + b1ρzz + b2ρzzz � 0. (40)

Aiming at obtaining the standard KdV-Burgers equa-
tion, we perform the following transformations:

U � − ρVe( ρ + ρVe( ρρρ ,

X � mx,

T � −mt.

(41)

Putting equation (41) into equation (40), the KdV-
Burgers equation is received as follows:

UT + UUX − mb1UXX − m
2
b2UXXX � 0. (42)

One analytic solution of the above KdV-Burgers equa-
tion is

U � −
3 −mb1( 

2

25 −m2b2( 
1 + 2 tanh ±

−mb1

10m2  X +
6 −mb1( 

2

25 −m2b2( 
T + ζ0  + tanh2 ±

−mb1

10m2  X +
6 −mb1( 

2

25 −m2b2( 
T + ζ0  , (43)

in which ζ0 is an arbitrary constant.
(erefore, for the proposed new macro-hydrodynamic

model, the neutral stability conditions are gotten by linear
stability analysis, and the KdV-Burgers equation

describing traffic congestion is acquired by nonlinear
analysis near the neutral stability curve, and the KdV-
Burgers equation solitary wave solution of vehicle density
is obtained.
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5. Numerical Simulation

(e stability of the model is determined by the slope angle θ
of the road and the sensitivity coefficient β of the angle
difference of the electronic throttle. In order to facilitate the
study of whether the proposed model equations (18) can
explain the phase transition phenomenon of traffic flow on
the slope road, we discretize the model equation (18) as
follows:

vxx �
v

j
i+1 − 2v

j
i + v

j
i−1

(Δx)2
,

vxt �
v

j+1
i+1 − v

j+1
i  − v

j

i+1 − v
j

i 

Δt × Δx
,

ρj+1
i � ρj

i +
Δt
Δx

ρj
i v

j
i − v

j
i+1  +
Δt
Δx

v
j
i ρj

i−1 − ρj
i .

(44)

(a) If the traffic is heavy (i.e., v
j
i < c

j
i )

v
j+1
i � v

j

i − v
j

i+1 − v
j

i  v
j

i − c
j

i 
Δt
Δx

+ a
4∓ sin θ

2
Ve ρj

i  − v
j

i Δt

+ c
j

i −
β
m
Δvc 

1
2
Δ

v
j
i+1 − 2v

j
i + v

j
i+1

(Δx)2
Δt

+
β
m
Δ

v
j+1
i+1 − v

j+1
i − v

j
i+1 + v

j
i

Δx
.

(45)

(b) If the traffic is light (i.e., v
j

i ≥ c
j

i )

v
j+1
i � v

j
i − v

j
i+1 − v

j
i  v

j
i − c

j
i 
Δt
Δx

+ a
4∓ sin θ

2
Ve ρj

i  − v
j
i Δt

+ c
j
i −

β
m
Δvc 

1
2
Δ

v
j
i+1 − 2v

j
i + v

j
i+1

(Δx)2
Δt

+
β
m
Δ

v
j+1
i+1 − v

j+1
i − v

j
i+1 + v

j
i

Δx
,

(46)

where c
j
i � [λ+ bβ/m − a(2p −1)ατ ρj2

i (4∓sinθ/2)Ve(ρ
j
i )]Δ+

(β/m)Δ(v
j
i+1 − v

j
i /Δx), ρj

i and v
j
i represent the density and

the speed under the condition of (i, j), and j and i represent
the time and the space section, respectively. Here, the space
step and the time step are represented by Δx and Δt.

5.1. Shock Waves and Rarefaction Waves. Firstly, the influ-
ence of the proposed model on the spatial and temporal
evolution of density and velocity under congestion and

rarefaction conditions after adding small perturbations is
studied, which corresponds to two Riemann initial condi-
tions, written as follows:

ρ1up � 0.04(veh/m),

ρ1down � 0.18(veh/m),
(47a)

ρ2up � 0.18(veh/m),

ρ2down � 0.04(veh/m),
(47b)

among them, ρ1up and ρ2up are the density of upstream ve-
hicles and ρ1down and ρ2down are the density of downstream
vehicles. Equation (47a) is the traffic flow from smooth to
congested, and the traffic density wave shows shock wave
propagation. Equation (47b) is the traffic density wave that
propagates in rarefaction wave when the congested traffic
flow is dispersed. (e initial conditions of velocity corre-
sponding to the initial conditions of Riemann are as follows:

v
1,2
up � ve ρ1,2

up ,

v
1,2
down � ve ρ1,2

down .
(48)

(e result by comparing equation (18), the balanced
velocity function is equations (45) and (46):

ve � vf 1 − exp 1 − exp
nm

vf

ρm

ρ
− 1    , (49)

among them, vf is the free flow speed, ρm is the vehicle
density when the road is congested, and nm is the propa-
gation speed of the density wave in the congested state. (e
total length of road 20 km is divided into 200 equal length
units; each time step Δt is 1s, using the following other
parameters: a � 0.4(1/s), λ � 0.5, Δ � 10m, τ � 0.5 s,
α � 0.8, m � 5, b � 7, β � 1.2, θ � 4. (e traffic flow of the
new model proposed by the numerical simulation changes
with time under two initial Riemann conditions, as shown in
Figures 3 to 6.

In the macro traffic flow, the shock wave refers to the
stable traffic flow with low density. Because of the sudden
disturbance, the density of the traffic flow at a certain lo-
cation increases rapidly, and the change of density is close to
the step function. In the actual traffic scene, the shock wave is
often generated in traffic flow. For example, when the
number of lanes or the available area of the road is reduced,
the traffic flow in front of the road will form a shock wave,
and where there is a disturbance, the traffic flow will sud-
denly increase. For the stable traffic flow, the traffic density
wave generated by the sudden disturbance that makes the
traffic flow density increase sharply is the shock wave.

(e sparse wave in the macroscopic traffic flow refers to
the stable traffic flow with a large initial density. At a certain
position and time, because the density of the external
disturbance traffic flow suddenly decreases, the traffic flow
wave generated in the traffic flow is called the sparse wave.
For example, in actual traffic, when a traffic flow with high
density stops at a red light and waits, the waiting vehicle
pulls out after the red light turns green, the density
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Figure 3: (e shock wave in the initial Riemann condition (47a) on uphill slope. (a) Aggressive driving with ET. (b) Timid driving with ET.
(c) Aggressive driving with ET. (d) Timid driving with ET. (e) Aggressive driving without ET. (f ) Timid driving without ET. (g) Aggressive
driving without ET. (h) Timid driving without ET.
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Figure 4:(e rarefaction wave in the initial Riemann condition (47b) on uphill slope. (a) Aggressive driving with ET. (b) Timid driving with
ET. (c) Aggressive driving with ET. (d) Timid driving with ET. (e) Aggressive driving without ET. (f ) Timid driving without ET. (g)
Aggressive driving without ET. (h) Timid driving without ET.
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Figure 5: (e shock wave in the initial Riemann condition (47a) on downhill slope. (a) Aggressive driving with ET. (b) Timid driving with
ET. (c) Aggressive driving with ET. (d) Timid driving with ET. (e) Aggressive driving without ET. (f ) Timid driving without ET. (g)
Aggressive driving without ET. (h) Timid driving without ET.
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Figure 6: (e rarefaction wave in the initial Riemann condition (47b) on downhill slope. (a) Aggressive driving with ET. (b) Timid driving
with ET. (c) Aggressive driving with ET. (d) Timid driving with ET. (e) Aggressive driving without ET. (f ) Timid driving without ET. (g)
Aggressive driving without ET. (h) Timid driving without ET.
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decreases, and the resulting traffic flow fluctuations become
sparse waves.

As shown in Figures 3 and 4, the effects of driver’s
driving characteristics and electronic throttle angle are
brought into the uphill road with a slope angle of θ � 4.
Figure 3 reflects the evolution of density and velocity of
traffic flow during the formation of shock wave in traffic
congestion. Figure 4 shows the variation of density and
velocity of traffic flow density wave with time in the process
of rarefaction wave formation. Figures 3(a) and 3(c) and
Figures 4(a) and 4(c) are the density evolution of radical
driving. Figures 3(b) and 3(d) and Figures 4(b) and 4(d) are
the density evolution of timid driving. (e right side is the
corresponding evolution chart without considering the in-
fluence of electronic throttle angle. Figure 3 shows the re-
verse propagation of shock wave. In Figure 4, we can see that
the moving front of sparse wave moves steadily with time.

In the process of traffic flow from unblocked to con-
gested, because the upstream traffic is unblocked at the
beginning and the downstream traffic is blocked, when the
upstream traffic flow encounters the downstream conges-
tion, the upstream traffic slows down one after another,
which leads to the change of traffic flow from free flow to
blocked flow. When all roads are completely blocked, all
vehicles almost stop driving and turn into blocked flow. (e
reverse propagation of shock wave is well demonstrated.

On the contrary, in the process of traffic congestion
dissipation, we can see from the figure that because the new
model is anisotropic traffic flow model, the speed of traffic
flow is increasing, the number of vehicles in unit length is
decreasing, and the density of traffic flow is decreasing. (is
is because the upstream traffic is blocked at the beginning,
and the downstream traffic is unblocked. Upstream vehicles
can accelerate to leave the blocked area. It can be seen that
the waves front of sparse waves will move smoothly with the
passage of time. Obviously, under different initial Riemann
conditions, different frontal motion phenomena will occur
between traffic congestion and free traffic flow. At the same
time, displacement of shock wave and sparse wave can be
observed.

It can be concluded that radical driving can make shock
wave and sparse wave smoother than timid driving, which is
consistent with theoretical analysis. Moreover, the impact of
driver’s radical driving and electronic throttle angle has a
positive impact on both traffic waves, mainly for shock wave.
In addition, the impact of radical driving and electronic
throttle angle can be obvious to help alleviate traffic con-
gestion. (at is to say, the new continuum model can
smooth the wave front.

As shown in Figures 5 and 6, the effects of driver’s
driving characteristics and electronic throttle angle are
considered on the downhill road with a slope of 4. Figure 5
reflects the evolution of density and velocity of traffic flow
during the formation of shock wave in traffic congestion.
Figure 6 shows the variation of density and velocity of traffic
flow density wave with time during the formation of sparse
wave. Figures 5(a) and 5(c) and Figures 6(a) and 6(c) are the
density evolution of radical driving. Figures 5(b) and 5(d)
and Figures 6(b) and 6(d) are the density evolution of timid

driving, and the right side is the corresponding evolution
chart without considering the influence of electronic throttle
angle. Figure 5 shows the reverse propagation of shock wave.
In Figure 6, we can see that the moving front of sparse wave
moves steadily with time.

Similarly, it can be concluded that, during downhill
driving, radical driving can make shock wave and sparse
wave smoother than timid driving, which is consistent with
theoretical analysis. (e impact of driver’s radical driving
and electronic throttle angle on both traffic waves is a
positive impact, which mainly manifests as shock wave. In
addition, the impact of radical driving and electronic throttle
angle can be clearly obtained to help alleviate traffic con-
gestion. (at is to say, the new continuum model can
smooth the wave front.

5.2. Slope Angle Parameter θ. In order to observe the evo-
lution of traffic flow density wave more intuitively, the
average density ρ0 at initial change refers to Herrmann and
Kerner [59]:

ρ(x, 0) � ρ0 + Δρ0 cosh− 2 160
L

x −
5L

16
   −

1
4
cosh− 2 40

L
x −

11L

32
   .

(50)

(e road length is L � 32.2 km and the initial density is
ρ0. In this section, the following periodic boundary condi-
tions are used:

ρ(L, t) � ρ(0, t),

v(L, t) � v(0, t).
(51)

Referring to Kerner and Konhauser [60], we introduce
the following expression of the relationship between equi-
librium velocity and density as follows:

Ve(ρ) � Vf

1
1 + exp ρ/ρm − 0.25/0.06( ( 

− 3.72 × 10− 6
 ,

(52)

where vf and ρm represent free flow velocity and maximum
density, respectively, and the other remaining parameters
are set as follows:

vf � 30m/s,

ρm � 0.2veh/m,

Δx � 100m,

m � 5,

b � 7,

β � 1.2.

(53)

Assume that the initial traffic flow is in local equilibrium
everywhere; that is, v(x, 0) � Ve(ρ(x, 0)). On this basis,
other parameters are set as follows: ρm � 0.2 veh/m,
Δt � 0.5 s, a � 0.2, α′ � 0.9, α″ � 0.3, λ � 0.8, Δ � 4. Con-
sidering the driver’s driving characteristics on different slope
θ � 0, 2, 4, 6 and the influence of electronic throttle angle
on traffic flow stability, the new extended model is compared
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Figure 7:(e evolution of traffic flow density wave in temporal and spatial during driver’s aggressive driving uphill. (a)With ETwhen θ � 0.
(b) With ET when θ � 2. (c) With ET when θ � 4. (d) With ET when θ � 6. (e) Without ET when θ � 0. (f ) Without ET when θ � 2. (g)
Without ET when θ � 4. (h) Without ET when θ � 6.
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Figure 8:(e evolution of traffic flow density wave in temporal and spatial during driver’s timid driving uphill. (a) With ETwhen θ � 0. (b)
With ETwhen θ � 2. (c) With ETwhen θ � 4. (d) With ETwhen θ � 6. (e) Without ETwhen θ � 0. (f ) Without ETwhen θ � 2. (g) Without
ET when θ � 4. (h) Without ET when θ � 6.
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Figure 9: (e evolution of traffic flow density wave in temporal and spatial during driver’s aggressive driving downhill. (a) With ETwhen
θ � 0. (b)With ETwhen θ � 2. (c)With ETwhen θ � 4. (d)With ETwhen θ � 6. (e)Without ETwhen θ � 0. (f ) Without ETwhen θ � 2. (g)
Without ET when θ � 4. (h) Without ET when θ � 6.
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Figure 10:(e evolution of traffic flow density wave in temporal and spatial during driver’s timid driving downhill. (a)With ETwhen θ � 0.
(b) With ET when θ � 2. (c) With ET when θ � 4. (d) With ET when θ � 6. (e) Without ET when θ � 0. (f ) Without ET when θ � 2. (g)
Without ET when θ � 4. (h) Without ET when θ � 6.
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with the model only considering driver’s driving
characteristics.

Figures 7 and 8 are the evolutionary charts of temporal
and spatial density waves of traffic flow with driver’s ag-
gressive driving and timid driving considered, respectively,
in the proposed continuum model on the uphill slope.

Figures 7(a)–7(d) and Figures 8(a)–8(d) are the evo-
lution of new extended continuum model, while
Figures 7(e)–7(h) and Figures 8(e)–8(h) do not consider
the effect of electronic throttle angle. When the slope angle
is fixed, the influence of electronic throttle angle can re-
strain the traffic congestion effectively and make traffic flow
more stable. By comparing the change of traffic flow density
wave from top to bottom, it can be concluded that the
density wave fluctuation of the new macro model appears
after the amplitude and frequency of the model which only
considers the driver’s driving characteristics. At the be-
ginning, the slope is small, and the effect of small distur-
bance will be magnified, which will lead to the instability of
traffic flow, and eventually the phenomenon of stop-and-go
or traffic flow cluster appears. However, with the increase of
slope and the passage of time, the effect of small distur-
bance will be reduced or even dissipated, and traffic flow
will not stop at times or traffic flow cluster phenomenon.
(erefore, the greater the gradient of the uphill road, the
greater the role of traffic congestion suppression, thus the
more stable the traffic flow. In addition, in Figures 7 and 8,
it can be concluded that the stability of traffic flow becomes
more and more stable with the increase of slope, and the
stability of traffic flow can be effectively improved by
considering electronic throttle factors. At the same time,
the comparison between Figures 7 and 8 shows that the
driver’s radical driving is more helpful to alleviate traffic
congestion and improve traffic flow stability than the
driver’s timid driving.

Figures 9 and 10 are the evolutionary charts of temporal
and spatial density waves of traffic flow with driver’s ag-
gressive driving and timid driving considered, respectively,
in the proposed macro traffic flow model on the downhill
slope.

Figures 9(a)–9(d) and Figures10(a)–10(d) are density
maps considering the effect of electronic throttle angle.
Figures 9(e)–9(h) and Figures 10(e)–10(h) are density maps
without considering the effect of electronic throttle angle.
When the slope angle is fixed, the comparison between
(a–d) and (e–h) of Figures 9 and 10 can be obvious. (e
influence of electronic throttle angle can effectively restrain
traffic congestion and make traffic flow more stable. By
comparing the change of traffic flow density wave in (a–d)
and (e–h) of Figures 9 and 10 , it is obvious that the density
wave fluctuation of the new traffic flow model occurs after
the amplitude and frequency of the model only considering
the driver’s driving characteristics. At the beginning, the
gradient of the ramp is small, the effect of small disturbance
will not be amplified, and the inhibition effect on traffic
congestion is obvious; thus the traffic flow tends to be
stable. With the increase of slope angle, the effect of small
disturbance becomes more and more obvious, and the
traffic flow becomes more and more unstable, so the time-

stop effect or traffic flow cluster effect will appear with the
change of time. In addition, in Figures 9 and 10, it can be
seen that the stability of traffic flow between aggressive
driving and timid driving will become more and more
unstable with the increase of slope, and considering elec-
tronic throttle factors can effectively improve the stability
of traffic flow. At the same time, the comparison of Fig-
ures 9 and 10 shows that the driver’s radical driving is more
helpful to alleviate traffic congestion and improve traffic
flow stability than the driver’s timid driving in downhill
driving.

6. Conclusion

Based on the classical car-following traffic flow model, this
paper studies the change rule of traffic flow on sloping roads
and proposes a car-following model on sloping roads. (e
driver’s driving characteristics and the electronic throttle
(ET) dynamics are introduced into the model. (e new car-
following model is transformed into a new continuum
model by using the relationship between micro-variables
and macro-variables. (e stability condition of the new
model is obtained by linear analysis theory; the KdV-Burgers
equation solitary wave solutions for describing traffic flow
change near the neutral stability curve are derived by using
nonlinear analysis. According to the results of numerical
simulation and experimental verification, the correctness of
the model is verified. To sum up, we have reasonable reasons
to draw conclusions from the following points. Firstly, in the
course of driving on the ramp, radical driving can make
shock wave and sparse wave smoother than timid driving,
which is consistent with the theoretical analysis. Moreover,
the impact of driver’s radical driving and electronic throttle
angle is a positive impact on shock wave and sparse wave; it
is mainly reflected in the shock wave. In addition, the impact
of radical driving and electronic throttle angle is obvious to
help alleviate traffic congestion. (at is to say, the new
continuum model can smooth the wave front of traffic flow
wave. (rough theoretical analysis and numerical experi-
ments, it is obvious that the traffic flow of aggressive driving
is more stable than that of timid driving; that is, aggressive
driving helps to alleviate traffic congestion when the slope
angle of the ramp is unchanged whether on the uphill or
downhill. When the driver’s driving characteristics remain
unchanged, on the uphill slope, the larger the slope angle is,
the more stable the traffic flow is; on the downhill slope, the
smaller the slope angle is, the more stable the traffic flow is.
Last but not least, whether uphill or downhill, considering
the ET effect can make the traffic flow more stable.
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