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A robust time-consistent optimal investment strategy selection problem under inflation influence is investigated in this article.
The investor may invest his wealth in a financial market, with the aim of increasing wealth. The financial market includes one risk-
free asset, one risky asset, and one inflation-indexed bond. The price process of the risky asset is governed by a constant elasticity of
variance (CEV) model. The investor is ambiguity-averse; he doubts about the model setting under the original probability
measure. To dispel this concern, he seeks a set of alternative probability measures, which are absolutely continuous to the original
probability measure. The objective of the investor is to seek a time-consistent strategy so as to maximize his expected terminal
wealth meanwhile minimizing his variance of the terminal wealth in the worst-case scenario. By using the stochastic optimal
control technique, we derive closed-form solutions for the optimal time-consistent investment strategy, the probability scenario,
and the value function. Finally, the influences of model parameters on the optimal investment strategy and utility loss function are

examined through numerical experiments.

1. Introduction

Nowadays, portfolio selection is a very important research
topic in mathematical finance. As we all know, Markowitz
[1] pioneered this research topic. He measured the invest-
ment gain and risk by expectation and variance, respectively.
Nowadays, scholars call this method as the mean-variance
(MV) criterion. Li and Ng [2] and Zhou and Li [3], re-
spectively, pioneered the multiperiod and the continuous-
time MV problem, where the explicit solutions were ob-
tained. Dai et al. [4] studied the continuous-time MV
problem with transaction costs. Recently, Sun et al. [5, 6]
studied the MV problem for an insurer.

The aforementioned work under the MV criterion is
time inconsistency. That is to say, the optimal strategy made
at time ¢t may not be optimal at time s, s > t. However, time
consistency of strategy is an important and a rational re-
quirement in many practice scenarios. For example, a few
years ago, the Chinese government decided to get rid of
poverty by 2020. Naturally, they hope to get rid of poverty

at 2020. To the best of our knowledge, Strotz [7] first
formally treated time inconsistency. He proposed a game
theoretic approach and sought an equilibrium strategy.
Thus, the equilibrium strategy is time-consistent. Nowa-
days, this method becomes a mainstream way to deal with
time-inconsistency. Ekeland et al. [8] first proposed the
rigorous definition of the equilibrium strategy in a con-
tinuous-time framework. Bjérk and Murgoci [9] studied
the time-consistent investment strategy, where the model
parameters are controlled by a common Markov process. Li
et al. [10] considered the optimal time-consistent MV
problem under the Heston model. Yang [11] studied the
similar problem, where the aggregate claim and the price
are shocked by a common Poisson process. Zeng et al. [12]
studied the robust time-consistent strategy under the MV
framework. Furthermore, Yang et al. [13] extended the
time-consistent MV problem to a new interaction mech-
anism. For more other detailed and related studies, one can
refer to Bjork et al. [14], Czichowsky [15], and Kronborg
and Steffensen [16].
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However, most of the aforementioned papers ignore the
inflation risk and assume that the risky asset follows a
geometric Brownian motion, which is usually contrary to
practice investment activities according to many empirical
studies. Brennan and Xia [17] studied the asset distribution
problem under inflation influence. Han and Huang [18]
considered the defined-contribution (DC) pension problem
under inflation influence. Kwak and Lim [19] studied the
optimal consumption-investment problem under inflation
influence. Li et al. [20] studied the time-consistent invest-
ment strategy selection problem for a DC pension under
partial information and inflation influence.

On the contrary, the CEV model has become popular
among academia and practitioners since proposed by Cox
and Ross [21]. Gao [22] investigated the DC pension in-
vestment problem under the CEV model. Gu et al. [23], Lin
and Li [24], and Liang et al. [25] investigated the optimal
reinsurance and investment strategy selection problem
under the CEV model. Lin and Qian [26] studied the similar
problem, where the strategy is time-consistent. For more
other detailed and related studies about the CEV model,
readers can refer to Li et al. [27] and Zheng et al. [28].

Bearing in mind the aforementioned state of the art, in
this article, we will investigate the time-consistent investment
strategy under the CEV model with inflation influence. The
financial market includes one risk-free asset, one risky asset,
and one inflation-indexed bond. The price process of the risky
asset is governed by the CEV model. We assume that the
investor is ambiguity-averse and worries about uncertainty in
model setting. To dispel this concern, he seeks a set of al-
ternative probability measures, which are absolutely con-
tinuous to the original probability measure. Then, the new
model setting is obtained under the new probability measure.
The objective of the investor is to find a time-consistent
strategy so as to maximize his expected terminal wealth
meanwhile minimizing his variance of the terminal wealth in
the worst-case scenario. The problem’s solving steps are as
follows: first, we provide an extended HJB equation and a
verification theorem. Second, by using the stochastic optimal
control technique, we derive analytically the optimal time-
consistent investment strategy, the probability scenario, and
the value function. Finally, the influences of model param-
eters on the optimal investment strategy and utility loss
function are examined through numerical experiments.

Compared with some related current research studies,
our main contributions are given as follows:

(i) We consider a general financial market, which in-
cludes one risk-free asset, one risky asset, and one
inflation-indexed bond. The price process of the
risky asset is governed by the CEV model.

(ii) We study the time-consistent investment problem
under inflation influence.

(iii) Closed-form solutions for the optimal time-con-
sistent robust investment strategy, optimal proba-
bility scenario, and value function are derived.

(iv) The influences of model parameters on the optimal
time-consistent investment strategy and utility loss
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function are systematically examined through nu-
merical experiments.

The remainder of this article is arranged as follows. In
Section 2, we describe the model setup. In Section 3, an
optimal robust time-consistent investment strategy selection
problem is formulated. In Section 4, the closed-form so-
lutions for the time-consistent optimal investment strategy
and optimal probability scenario are derived. In Section 5,
the influences of model parameters on the optimal time-
consistent investment strategy and utility loss function are
examined through numerical experiments. The final section
summarizes this article.

2. Model Setup

We construct a financial model and present some basic
assumptions in this section. All stochastic processes and
random variables, mentioned later, are defined on a filtered
complete probability space (Q, F,F,, P). We assume that
F ={F,,t>0} is right-continuous and is complete with
respect to P. &, stands for the information acquired by the
investor up to time t. We assume that there are no market
frictions in trading.

2.1. Financial Market. A financial market with the inflation
risk is given in this section. To the best of our knowledge,
consumer price index (CPI) is often used to describe the
inflation rate in economics and academic research. CPI can
be seen as a price level process. In this article, the inflation
price level P, () satisfies the following process:

dP, (t) = Py (t) [p,dt + o, dW, ()], (D

where y; >0 represents the instantaneous expected rate of
the inflation, o, > 0 stands for the volatility of the inflation,
and W/ (t) stands for a standard Brownian motion.

We assume that there are three assets available for the
investor: one risk-free asset, one risky asset, and one in-
flation-indexed bond. The price process P, (t) of the risk-free
asset is given by

dP, (t) = r,P, (t)dt. (2)

Here, r; >0 represents the interest rate of the risk-free
asset. The price process S(t) of the risky asset satisfies the
following CEV model:

ds () = S (1) [udt + 0,8 (AW, (D], S(0) =5, (3)

Here, p,>r, stands for the appreciation rate, o, >0
represents the price volatility, W, (t) represents a standard
Brownian motion, and f is the constant elasticity parameter.
We assume W, (t) and W, (t) are mutually independent.

Remark 1. The parameter 3 can take all real numbers.
Obviously, if =0, the CEV model will degenerate to a
geometric Brownian motion. When the CEV model is
proposed, 3 is assumed to be negative. Emanuel and
Macbeth [29] proved that 8 can also be assumed to be
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positive. The CEV model has no jump, ie., we do not
consider the jump risk in this article. We can also consider
the price process with the jump. Then, the exponential Lévy
model is a good choice. For the exponential Lévy model,
readers can refer to Yu et al. [30] and Zhang et al. [31].

The third asset to invest in is the inflation-indexed bond.
Similar to Kwak and Lim [19], the price P (¢) of the inflation-
indexed bond is given by

dp) [ dPy(0)
P(t) [’zd P, (£)

] = (ry+py)dt + 0, dW (£).  (4)

Here, r, >0 represents the real interest rate, and r, +
u, >r, stands for the appreciation rate.

2.2. Inflation-Adjusted Wealth Process. Let u, (t) and u, (),
respectively, denote the proportions of the wealth invested in
the risky asset and the inflation-indexed bond at time ¢, and
the remainder of the proportion is invested in the risk-free
asset. At time t, the investor (here, we only consider an
investor. To reflect the general situation, one can consider n
investors. For example, Yang et al. [13], Espinosa and Touzi
[32], and Yu et al. [33] studied the optimal control problem
for n agents) can choose the proportions u, (t) and u, (t) as
control strategies; we denote them as u (t) = (u, (t), u, (£)).
For each strategy u(t), the wealth process R} can be de-
scribed as

{ my () = uy ()XY, 7, (t) = [u, () - 1] XY

—ULTy =T+ g —

FL=1+0°

Then, the real wealth X7 can be described as
dX7 = [FX] +m, (t) (uy — 11) + 7, (1)7, ] dt
+ 71, (0,8 (AW, (1) + 71, (o, dW, (8).

3. Problem Formulation

MV investment strategy selection problem as a classic op-
timization problem can be given as follows:

sup,{Eq., ., [X7], —Varg, o [X7]}. (10)

Here, E, , [']=E[X§=x0,5(0) =s], Varg, ,[]=
Var[X] = xO,S(O) = 5y), X, is the investor’s initial wealth,
and T is the termination time of the investment. Obviously,
the objective of the investor is to find an investment strategy
so as to maximize his expected terminal wealth meanwhile
minimizing his variance of the terminal wealth. It is well
known that this problem is equivalent to the following
problem:

supn{EO,xO,SO [X7] - %Varo’xo)% [X2] } (11)

where y>0 represents the risk-aversion parameter.
According to Bjork and Murgoci [9] and Kronborg and

2 = _ =
r,—-oy, T=7;

3
drY (t) dS(t) dP(t)
=[ry+u () (g —1y) +uy (8) (ry + py —1y)]dt
+u, (D0, (AW, (1) + u, (o, dW, (£).
(5)
Denote
u _ R? 6)
‘P (1) (

formula, X} can be described as
RY L
(% 5,m)

= Xtu{[rl + ‘7% —ph +uy () (g, —1y)

By applying It0’s

dx* = 1 _qps

1
Py R PR

+u, (t)(r2 U -1 = af)]dt

+u, (t)azS/3 (6)dW, (1) + (u, (1) = 1)oy (AW, (t)}.
(7)

Here, X} is the real wealth with stripping out inflation.
To facilitate solving the optimization problem in Section
3, we define the following notations:

= (my (2), 71, (1)), ®)
+

Steffensen [16], we know that the optimal strategy of (11) is a
precommitment strategy, which is time-inconsistent.

As we explained in the introduction, one usually takes
into account the time-consistent strategy. Similar to Yang
[11], Lin and Qian [26], and other related papers, we
consider the following problem:

supﬂ{Et,m (X7] - gVart,x,s [X;]}, (12)

where E, []=E[X]=x,S()=s] and Var,J[]=
Var[X] = x,S(t) = s]. The target is to develop the corre-
sponding equilibrium investment strategy, which is time-
consistent.

Problem (12) is the traditional MV problem, where the
investor is ambiguity-neutral. That is, he fully believes in the
model defined under the probability measure P. In the actual
economic activities, the investor often is ambiguity-averse
and wants to protect himself against worst-case scenarios.
Similar to Zeng et al. [12], Maenhout [34, 35], Chen and
Yang [36], and other papers, we incorporate ambiguity
aversion into MV problem (12). Since the investor is am-
biguity-averse, he may doubt the model defined under the
probability measure P. Hence, we defined an alternative
probability measure Q, which is absolutely continuous to P.
All such Q are denoted by @, that is,



={Q|Q~P}. (13)

Now, we define an admissible strategy.

Definition 1. For any fixed t € [0, T], an investment strategy
7 (t) = (m, (t), m,(t)) is called an admissible strategy for the
ambiguity-averse investor (AAI) if it satisfies the following:

(i) 7, (¢) and 7, (t) are progressively measurable with
respect to &,

(i) EZ. ([, 72 (£)5%dt] <00 and EZ, [ [; 72 (£)dt] <co,
where Q* is the probability measure under the
worst-case scenario and Eg;s[-]— txs[ | X7 =x,
§(t) =s]

(iii) Equation (9) with respect to 7 (t) has a unique
strong solution

We denote all such admissible investment strategies on
the time interval [0, T] as II.

To transform model (9) from the probability measure P
to the probability measure Q, we define a process
{0(t) =(6,(1),0,(t)) |t € [0,T]}, which satisfies the
following:

(i) 0, (t) and 0, (t) are progressively measurable with
respect to F,

(ii) E[exp{(l/Z) (1162 (t) + 62 (t)]dt}] <00

All such 0(¢) on the time interval [0,T] are denoted by

©. For any 0¢€©®, we define a real-valued process
{Z8(t) |t € [0,T]} on (Q, F, F,,P) as

Z0(t) = exp“ 0, (s)dW, (s)+J 6, (s)dW, (s)
0 0

-5 Jo 01 (s)ds — 5 Jo 05 (s)dst.
Then, Z%(t) is a martingale with respect to P. In the

following, we define a new probability measure Q, which is
given by

(14)

dQ

_ 0
Bl 7°(T). (15)

From the definition of Q, it is clear that Q is absolutely
continuous to P.

For any 0 € ©, we, respectively, define two new processes
W9 () and WT(t) by

dw<(t)
dw$ (t)

= dW, () - 0, (t)dt,
= dW, (£) - 6, (t)d.

(16)

According to Girsanov’s theorem, W? (t) and W? (t) are
standard Brownian motions with respect to Q. Furthermore,
the wealth process (9) under Q can be rewritten as

dX] = [FX] + 7, (t) (y — 11) + 71, ()T,
+ 71, (16, (10,8 + 7, (D6, ()0, |dt (17)

+ 71, (00,8 AW (1) + 1, (£)o, dW S (1),
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and corresponding CEV model (3) becomes
ds(t) = S(t) (i + 6, ()08 (1)) dt + 0,8 (1)AW S (1)].
(18)
In the following, we modify MV problem (12) under the
worst-case scenario. Through modifying MV problem (12),

we shall deal with a robust time-consistent MV strategy
selection problem as follows:

sup V" (t,x,s) = sup{me (t,x,8) ¢. (19)
mell mell
Here,
2 27
ma =50, [ G2, 001, )
t ¢, (v ¢, (v) | (20)
+ Eths [Xn] Yvartxs [X;E],

V™ (t, x,3) (t, x,5), (21)

= inf 7"¢

Qe
where ¢, (t) and ¢, (t) are nonnegative and stand for the
investor’s ambiguity aversion with respect to the model under
P. The larger ¢, (t) and ¢, () are, the more the model under Q
will deviate from the model under P. Therefore, AAI's am-
biguity aversion is an increasing function of ¢, (¢) and ¢, (t).
To embody some good properties of the model under P, AAI
deviation from P is penalized by the first two terms in (20). The
penalty terms depend on the relative entropy. The increase in
relative entropy from t to t + dt equals

% [(6, (D) + (6, (1)) ]at. (22)

The proof of (22) is similar to that in Appendix A in Zeng
et al. [12]; we omit it here.

To obtain the time-consistent investment strategy, we
present the definition of the equilibrium strategy.

Definition 2. For V(t,x,s) € [0,T] x R x R*, we choose an
admissible strategy 7* (¢, x, s) € II. Then, through choosing
three real numbers @ € R*, b€ R, and ¢ >0, we define a new
strategy by

7 (1,%,3) ={ @5)

n* (I, %,s),

for (L X,s) € [t,t +¢) X Rx R*,
for (I,x,s) € [t+¢T] xRxXR",
(23)
If for any (4, b) € R* xR and (f,x,s) € [0,T] x Rx R*,
we have
V™ (t,x,s) -V (1‘,x,s)20
9

liminf__, (24)

which holds; then, 7*(t,x,s) is called an equilibrium
strategy, and the equilibrium value function V(t,x,s) is
given by

V(t,x,s)=V" (tx,5). (25)
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As evidenced by many references such as Bjork and
Murgoci [9] and Yang et al. [13], the equilibrium strategy
defined by Definition 2 is time-consistent. Therefore, in the
following, we call the equilibrium strategy and the equi-
librium value function as the optimal time-consistent
strategy and the optimal value function. Thus, the AAT’s aim
is to find an optimal time-consistent investment strategy to
solve robust optimization problem (19).

For convenience, we define two notations:

5
C"*? ([0, T] x Rx R*) ={9(t,x,5) | for V[0, T] x R x R",
0, (£,%,5), 9., (£, x,5), 9, (£, x, 5),
¢, (£, x, s) are continuous},
(26)

and the usual infinitesimal generator &/™ for the wealth
process (17) is given by

A (9(t,%,9) = @, (t,x,5) +[Fox + 71, (£) (4 — 1) + 71, (F, + 7, ()0, (D)o, + 71, (1)6, (D)0,5 |9, (8, %, 5)

1 2 2 2
+ 3 [nl (t)o5s p

where ¢ (t,x,5) € C*?([0,T] x Rx R*), € I1, and 6 € ©.

To ensure the strategy obtained from robust MV
problem (19) is optimal, we present the following verifica-
tion theorem. The proof of this theorem is similar to that in
Theorem 7.1 of Bjork and Murgoci [9], Theorem 4.1 of Yang
et al. [13], and other papers, so we omit it here.

. 1
+ 1 (t)af](pxx (t,x,s) + [/,425 +0, (t)azsﬁ l]q)s (t,x,s) + 302

2520+ (1)ah ()P g, (1, x,5),

(27)

Theorem 1. For robust MV problem (19), if there exist two
functions W (t,x,s) and g(t,x,s) satisfying the following
extended HJB equation

2 2
SUDepp &Ig {&7”’9 (W (t,x,5)) - d”’0<§g2 (t, x, s)) +yg(t, x, )™ (g(t,x,s)) + (26(;1(?3 + (26;2(23 ]» =0, W(T,x,s) = x,
(28)
oA (g(t,x,8) =0, g(T,x,s) = x, (29)

(n",6°) = argsupep Inf {Mﬂ (W (t,%,5)) - d”’a(%gz (t, x, s)) gt %, )™ (g (t,x,5)) +

then V (t, x,s) = W (t, x, s), ng,s [Xf] =g(t,x,s), n* is the
optimal robust time-consistent investment strategy for AAI
and 0" is the optimal probability scenario for the market.

4. The Solution to the Robust MV Problem

This section is devoted to solve robust MV problem (19). By
solving HJB equations (28) and (29), we can derive the

(6, (1)’
20, (¢)

(62(t))2} 30
o O

solution to robust MV problem (19). To solve robust MV
problem (19), similar to Maenhout [34, 35] and Chen and
Yang [36], this article assumes that ¢,(t) =a; and
¢, (t) = @y, where «; and «; are nonnegative.

Now, we give an explicit expression for HJB equation
(28).

According to (27), we obtain

M”ﬂ(%gz (t, x, 5)) = y9g, +[Fx+ 1 () (1 = 71) + 1, (OF, + 1, (D6, (Do, + 7, ()6, (D0," | ya g,

Lr oy 22
+3 [”1 (t)oys g

+ 11, (003 (19,95 + V9G]

1 5 o
+705(007] (95 + 799.) + 125799, + 50357 [vd. +v99,]

(31)

yg(t, x, $) ™ (g(t,x,5)) = ygg; + [Fx + 71, () (uy — 1) + 71, (7, + 71, ()0, (H)o, + 7, (£)6, (t)azsﬁ]yggx

1 1
+5 [M (0037 + 7 (001 ]y g + 5799, +5035°

#2949, +m ()05 ()57 g g



where g (t,x,s) is abbreviated as g and g;, g,» G.x> 95> Gss>
and g, are the partial derivatives of g with respect to the
corresponding variables.
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Then, HJB equation (28) can be more explicitly
expressed as

SUP reqy gelg{wt + [7x + 11, (1) (uy — 1p) + 11, (T, + 71, ()0, ()0 + 7, (1)6, (t)azsﬂ]Wx

#3 [ O3 4 2 (00| (W o = 72) + s + 03 (075" W,

1
+50§52ﬁ+2(wss - yg?) +m (t)oésyh—l (st - ygsgx) +

where W (¢, x, s) is abbreviated as W and W,, W, W, W,
W, and W, are the partial derivatives of W with respect to
the corresponding variables.

Theorem 2. For robust MV problem (19), the optimal robust
time-consistent investment strategies are given by

(4 =11) + 2yBo3B(t) + 20,B03B(t) 7(r—1)

) 33
(@ + 7)03s% 39

my (f) =

7 (t)=( R () (34)

@ +y)ot

The optimal probability scenarios for the market are
given by

1y = 71 + 203 (yB(1) + 0, B(1)]*

(32)
2 2
Ao @(r)} o
20, 2a,
ar
o* (t) = _1—2, 35
' (o + 7)o, 39
6 (1) = 2Ba,0,B(t)  ay[(, — 1) + 2yBo3B(t) + 2a,P05B(1)]
2 s (ay + 7)o, ’
(36)
The optimal value function is given by

W (t,x,s) = xe T 4 B(t)s +C(t), (37)

where C(t) is given by (60), and B(t) and B(t) are deter-
mined by the following ordinary differential equations
(ODEs):

B'(t) - 2u,BB(t) — 202yB°B" - 20, 2B (t) +
- _ 1

1 B (t) - 2B(t) [‘Mz/g + 40¢2ﬁ20'%B(t)] + m

o, [ty — 1y + 2% (yB(t) + a,B(1))] _

(o + V)ZU%

0>

with boundary conditions B(T) = 0 and B(T) = 0.

Proof. According to the structure of the wealth dynamics
(17) and the boundary conditions W (T,x,s)=
g(T,x,s) = x, we will seek the solution to HJB equations
(28) and (29) with the following parametric form:

W(t xs)=A)x+B{t)s ?+C(t), (39)
with boundary conditions
A(T)=1,B(T)=0,C(T) =0,
(40)

g(t,x,s) = A(t)x +B(t)s # +C(1),

with boundary conditions

=0,
2(a, + Y)U%

— {[yz — 7, + 2050, (B(t) + B(t))] X [/42 — 7, +2Bo% (yB(t) + oczB(t))]}

(38)
A(T) = 1,B(T) = 0,C(T) = 0. (41)

Then, the partial derivatives of W (¢, x,s) and g(t, x, s)
are given by

W,= A (t)x+B (t)s # +C (t), W, = A(t),W,, =0,
W, =-2BB()s L, W =2B(2B+1)B(t)s 2, W, =0,

g =A Ox+B (t)s+C (t),g, = A(t), ger = 0,

gs = —Zﬁﬁ(t)s_zﬁ_l, Gss = 2ﬂ(2ﬁ + I)E(t)s_zﬁ_z’ Gex = 0.
(42)

Substituting equations (39)-(42) into equation (32), we
obtain
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[A(6) + FA()]x + | B (t) - 2u,B (1) - zagyﬁzﬁz]s‘zﬁ +C' (1)

65 (1)
2a,

+03B(2B+ DB() + supen Inf {

61 (1)

@

+

- %ng (yo’ A (1) + m, (t)?zA(t)} - 0.

According to the first-order optimality condition, 6, (t)
and 6, (t), solving the minimization problem in equation
(43), we obtain

[A" (1) + FA(t)]x + [B’ (t) - 2u,BB(t) - 20°yB* B’ — 20,02 B (1) | %# + C' (£) + 62 B(2B + 1)B(t) + supepy

+0,(t)[m, (1o, A(t) — 20,8B ()5 "]

+ 7,0, ()0, A(t) - %nf (yoss A% (8) + 1y (0)[(y — 1) A (D) + 2y03BA(1)B(1)]

01 (t) = —0o,a,7, (DA(2),

0, (t) = —o,a,m, SPA() + 20c2[30257ﬁB(t).

Plugging (44) and (45) into equation (43) yields

{—%nf [a2A2 (1) + yA° (t)]agszﬂ 1, ()1 — 11 )AE) + 2y BARB(8) + 20,02 BA (DB (1))

B %ﬂg [al A2(t) + yA2 (t)]af o, (t)'r“zA(t)} - 0.

According to the first-order optimality condition, 7} (t)
and 75 (t), solving the maximization problem in equation
(46), we obtain

(1y — 1) A(t) + 2yPo3 A(1)B(t) + 2,03 BA (t)B (1)
a, A2 () + yA (t) |02 (£)s%

m () =

(47)

[A' () +FA(t)]x +{ B' (t) - 2u,BB(t) - 20°yB° B - 2, 8*62B* (t) +

FAL (1)

+1C (1) +03B(2B+ 1)B(t) + 5
2| a A2 (t) + YA~ (t) |0?

=0.

7,A(t)
a, A2 () + yA° (£) |02 (1)

7, (t) =

(43)

(44)

(45)

(46)

(48)

Inserting (47) and (48) into equation (46) and after

simplifying give

(12— 1) A1) + 2B A(DB(2) + 20,03BA (B (D)) -
2|0, A2 () + YA (t) |02

(49)
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By substituting (40), (42), (44), (45), (47), and (48) into
equation (29) yields

[A' (1) + FA(t)|x +{B' (t) - 2, B (t) - 40,8’ 03 B(£)B (t)
1
[a2A2 (t) + sz (t)]oﬁ

+ [[(#2 = 1)A® +2030,B(A(OB(t) + A()B(1))]

x (1, = 71 )A(8) + 2yBo3 A(DB (1) + 20,03BA (£)B(1)]]

_ o 0
R AMA®) [(4r = 71)A(t) + 2yBo3 A()B(1) + 20,03BA (£)B (t)]2 Y (50)
[oczAZ (t) + yZZ (t)]ztf%
=2 a ) a
AT+ 2popr B+ —2AOAD  anAOAD L,
a2 0) 4y ()] o2 (420 + 92 )] 7
Thus, we must solve the following ODEs:
A () +T7A(t) =0,A(T) =1, (51)

B'(t) - 2u,BB(t) — 203y B” — 20, 0 B* ()
. [(uy = 71) A D) + 2yBo2A (B (1) + 20,03BA (1B (1)’ 0B 0, (52)
2[a2A2 (1) + yA° (t)]ag

A% (1)
Z[alAz(t) N yZZ(t)]o§

C'(t) + 5B (2B + 1)B(t) + =0, C(T) =0, (53)

A () +TA() =0, A(T) =1, (54)

B' (t) - 2u,fB(t) - 40,755 B(t)B(t)

1 [[(42 = 7)) A®) + 2050, B(A(H)B(8) + A(+)B(1))]

+ 2
[oczAZ(t) oy (t)]ag

X [(1, = 11 )A (1) + 2pB2 A (B (1) + 20,02BA (£)B (1)) (55)

_QAMAQ®) [(uy =) A () + zyﬁagZ(t)Ez(t) + 2azo§ﬁA(t)B(t)]2 o0 B0,

[ocZAZ(t) N yzz(t)] o
= = =2 A3 (YA
C' () + BB+ B(E) + rZA(t)A_(;) oA (O4A®) ——=0,C(T) =0. (56)
[“1142 (t) +pA (t)]ff% [oclA2 (t) + yZZ (t)] o}

First, solving equations (51) and (54), respectively, we By substituting (57) and (58) into (52) and (55), we
obtain can obtain B(t) and B(t) which are the solutions of

ODEs (38). _
Inserting (57), (58), and B(t) into equation (56), we
obtain the solution to equation (56) which is given by

A() =T, (57)

A(t) =T, (58)
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_ 2 (T - T_
C) = W +2B2B+ 1) Jt B(s)ds.  (59)
1 1

By substituting (57), (58), and B(t) into equation (53),
and solving it, we obtain
=

)

c (T-10)+ B2+ 1)JtTB(s)ds.

2w )l
(60)

Inserting (57), (58), B(t), and B(t) into (47), we can
obtain (33). By substituting (57) and (58) into (48), we can
obtain (34). Plugging (33) into (45) and (34) into (44), we
yield (36) and (35), respectively.

Based on Theorem 2 and the notation setting (8), we
have the following theorem. O

Theorem 3. For the wealth process (7), the optimal robust
time-consistent investment strategies to robust MV problem
(19) are given by
(4 — 1) + 2yBo3B(t) + 20, 03B (1) Fa-p

x (0, + y)o3s?h ; ’

uy (t) =
(61)

7, e—?(T— t)

u, (t) =——=———
A

+ L. (62)

Remark 2. From the expressions of optimal robust time-
consistent investment strategies (61) and (62), we note that
u; (t) is related to the appreciation rate y, and price volatility
0, of the risky asset and the current wealth x, whereas u] (¢)
is related to the parameters y; and o, of the inflation level
and the current wealth x. This difference between u] (¢) and
u; (t) is mainly because the inflation price process and the
risky asset price process are independent in our model
assumption.

5. Numerical Experiments

This section is devoted to providing the influences of model
parameters on the optimal time-consistent investment
strategy and utility loss function by numerical experiments.
In the following, unless otherwise stated, we choose the basic
parameter setting as given in Table 1.

5.1. The Influences of the Parameters on uj (t). We first
present the effects of model parameters on u] (t), where
u; (t) is determined by (61).

Let s € [2,10]; Figure 1 shows the effect of s on uj (¢).
From Figure 1, it is evident that uj (t) is a decreasing
function of s, which describes the price of the risky asset.
Form the meaning of s, we know that larger s implies that the
investment risk becomes greater. Therefore, as s increases,
the AAI will wish to invest less in the risky asset.

Figure 2 presents two curves about the effect of  on
u; (t), where parameter 8 € [0.1,0.6]. From Figure 2, we can
see that when s = 2, u] (t) is a decreasing function in f3, while

TaBLE 1: Values of model parameters.

y x T t B s a a
10 10 9 01 2 2 1

H o, n Uy 03 ry

0.05 0.3 0.03 0.08 025 0.02 2

0.018

0.017

0.016 L L 1
2

0.09 T T T T T T T T T

0.08 -7 i
0.07 + -7 R
0.06 -7 R

ui (1)

0.05 + -7 R
0.04 + i
0.03 + s=2 1
0.02 + i

0.01 1 1 1 1 1 1 1
01 015 02 025 03 035 04 045 05 055 0.6

B
FIGURE 2: Effect of 8 on uj (t).

if s = 0.5, uj (¢) is an increasing function in 8. When s = 2
(s = 0.5), the larger f3 is, the greater (less) s# will be and hence
the greater (less) the risk will be; thus, the AAI will wish to
invest less (greater) in the risky asset.

Let y, € [0.05,0.1]; we present the effect of i1, on 1} (¢) in
Figure 3. From Figure 3, it is clear that u] () is increasing
with respect to p,, which is the appreciation rate of the risky
asset. Larger u, implies that the expected income of the risky
asset becomes greater. As a result, the AAT will wish to invest
more in the risky asset.

Let 0, € [0.2,0.6]; Figure 4 displays the effect of o, on
u; (t). From Figure 4, we can observe that uj (t) is a de-
creasing function of ¢,. Recall that g, is the price volatility;
therefore, with the increase of ¢,, the investment risk will
increase. Thus, the AAI will wish to invest less in the risky
asset.

Figure 5 illustrates the effect of the risk-free interest rate
r, on uj (t), where r; € [0.02,0.06]. This figure shows that
u; (t) is a decreasing function with respect to r,. Larger r;
implies that the expected income of the risk-free asset
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0.035 T T T T T T T T T

0.03 + 1

0.025 | 1

()

0.02 + J

*
1

0.015 | 1

0.01 | J

005 1 1 1 1 1 1 1 1 1
0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.1
Hy

F1GURE 3: Effect of y, on uj (t).

0.04
0.035
0.03
0.025 |
S ool
0.015 |
0.01 |
0.005 |

0
02 025 03 035 04 045 05 055 0.6
0

Fi1GURE 4: Effect of 0, on uj (t).

0.028
0.026
0.024 +
0.022 +
0.02
0.018 |+
0.016 |+
0.014 -
0.012 +
0.01 |

uy (1)

008 L L L L L L L
0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06
A1

FIGure 5: Effect of | on uj (1).

becomes greater. A natural result is that the AAT will invest
more in the risk-free asset. That is to say, the AATI will invest
less in the risky asset.

Figure 6 discloses that u] (¢) is a decreasing function of
a,, where a, € [1,6]. Recall that a, stands for the AATs
ambiguity aversion. Larger «, implies that the model un-
certainty becomes greater. Hence, the AAI will invest less in
the risky asset.

Figure 7 shows the effect of y on uj (¢), where y € [2,8].
From Figure 7, we see that uj (t) is a decreasing function
with respect to y. This is obvious. Since y is the risk-aversion
parameter, larger p implies that the less aggressive the AAI
will be. Therefore, the AAT will invest less in the risky asset.
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0.024 T T T T T T T T T
0.022

0.02
0.018

®

0.016

*
1

u

0.014
0.012
0.01

0.008 S
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
5]

FIGURE 6: Effect of «, on u; (1).

0.024
0.022 p
0.02 +
0.018 |
0.016 |
0.014 |
0.012 |
0.01
0.008 |

uy (0)

0.006
2

FIGURE 7: Effect of y on uj (t).

Figure 8 reveals that uj (t) is increasing with respect to ¢,
where t € [2,9]. This implies that, as the termination time of
the investment approaches, the AAI will invest more in the
risky assets.

5.2. The Influences of the Parameters on u; (t). Now, we il-
lustrate the effects of model parameters on the optimal
robust time-consistent investment strategy u; (t), where
u; (t) is determined by (62).

Differentiating (62) with respect to y,, we obtain

ou; (t) 1 _F(T-1)
= e >0, (63)
o x(ay +y)oi

that is, uj (t) is increasing with respect to y;. This implies
that, as the interest rate of the inflation-indexed bond in-
creases, the AAI should retain more investments in the
inflation-indexed bond.

Differentiating (62) with respect to o,, we have

ou; (t) _ 2(ry +py — 7’1),,—7(T—t) <
00, x(a +y)o7

0, (64)

so we know that u] (¢) is decreasing with respect to ;. Recall
that o, is the volatility of the inflation-indexed bond.
Therefore, larger o, implies that the investment risk in the
inflation-indexed bond becomes larger. Hence, the AAI
retains less investments in the inflation-indexed bond.
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0.035

0.034 +

0.033 |

0.032 +

uy (1)

0.031 +

0.03 |

0.029

Ficure 8: Effect of t on uj (1).

Differentiating (62) with respect to r;, we obtain

ou; (t) 1 F(T-n

or, - x("‘l"’)’)"%o

<0, (65)

which implies that u; (t) is decreasing with respect to r.
The reason is similar to what we have explained in
Figure 5.

In the following, we analyze the effect of r, on u} (t) by
the numerical experiment. We set y; = 0.02,0, = 0.04, o, =
10, y=2,x=10,T =10,t =5,r, € [0.01,0.03], and the
result is shown in Figure 9. From Figure 9, we can observe
that u3 () is an increasing function with respect to r,. Recall
that r, stands for the real interest rate of the inflation-
indexed bond. Hence, the larger r, is, the more the AAI will
invest in the inflation-indexed bond.

5.3. The Influences of Model Parameters on Utility Loss
Function. In Sections 5.1 and 5.2, we studied the case under
the robust model. This part uses numerical experiments to
investigate the influences of model parameters on utility loss
function.

First, we give some results under the ambiguity-neutral
case.

For an ambiguity-neutral optimization problem, all
admissible investment strategies 77 (f) are denoted by II.
Then, the wealth process becomes

dX} = [FX] + 70, (1) (uy - 11) + 75, (OF, | dt

(66)
+75, ()0, (AW, (£) + 7, (o, dW, (1),
and the objective function is as follows:
71 _Y 7
suprer {Bos[X5] - IVar L[XF]) (@)

Similar to what we have proved in Theorem 2, we can
obtain the following theorem.

Theorem 4. For problem (67), the optimal time-consistent
investment strategies are given by

11

0.989

0.988 |

(O]

U,

0.987 +

0.986 |+

0.985 |

0.984 . . . . . . . . .
0.01 0.012 0.014 0.016 0.018 0.02 0.022 0.024 0.026 0.028 0.03

n

FIGURE 9: Effect of 7, on u; (1).

ﬁi‘ (t) = (.”2 ~ 1’1) +221)ﬁ0'532 (t)e*7(T* t)’ (68)
yoish
T (1) = 2T (69)
Py
Furthermore, the optimal value function is given by
W, (txs) = xe T 4 B (t)s %+ C, (1), (70)
where

T
Bi(0) =PI [ f (9 h 0
t

(42 = ”1)2 —2r,B(T-1)
BZ(t)zzi[l_e ! ],

r1Byo;
, (71)
fr () =2B(py —1,)B, (1) + %’

=2

" (T—t)+ BB+ 1) JTB (s)ds
290 2 B :

C(t) =

Based on Theorems 2 and 4, we can define the utility loss
function as

W, (t,x,s)

L(t)=1- Wtrs)

(72)
In the following, we investigate the effects of model pa-
rameters on L(t).

(i) The influence of ambiguity aversion on the utility loss:

Let a, =4 and oy =2,3,4,5,6,7,8; we can obtain
W, (t,x,s) = 10.2370. The values of W (t,x,s) and
L(t) are presented in Table 2. From Table 2, we know
that the utility loss function is a decreasing function in
oy, where a, stands for the ambiguity aversion which
arises from the inflation-indexed bond. By comparing
the AATs utility loss at different «;, we find that the
more ambiguity averse the AAI is, the less conser-
vative investment strategy the AAI will be (because
W(t,x,s) is decreasing in «,). Because AAI's
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TasLe 2: Effect of a; on W (¢, x,s) and L(t).
a 2 3 4 5 6 7 8
W (t, x, s) 11.7217 11.7212 11.7209 11.7207 11.7205 11.7204 11.7202
L(t) 0.12666 0.12663 0.1266 0.12658 0.12657 0.12656 0.12655
TaBLE 3: Effect of a, on W (¢, x,s) and L(t).
a, 2 3 4 5 6 7 8
W (t, x,s) 11.0307 11.0386 11.0429 11.0455 11.0472 11.0484 11.0492
L(t) 0.0719 0.0726 0.0730 0.0732 0.0733 0.0734 0.0735
0.077 T T T T T T T T T 0.1266
0.076 0.1264 +
0.075 0.1262 +
0.074 | ozl
= 0.073 + et
= =~ 01258 |
0.072 +
0.1256
0.071
0.1254
0.07 }+
0.1252 P —
05 06 07 08 09 1 1.1 12 13 14 15

L(1)

069 —
0.05 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.1
Uy

FiGUure 10: Effect of y, on L(t).
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0.069

035 04 045 05 055 0.6

0

Ficure 11: Effect of 0, on L(t).

investment is robust, he will invest more money in the
risk-free asset, so AAI will suffer less utility loss.

Let ay=4 and a,=2,3,4,5,6,7,8 we have
W, (t,x,s) = 10.2370. The values of W (t,x,s) and
L(t) are presented in Table 3. From Table 3, it is
evident that the utility loss function is an increasing
function in a,, where a, stands for the ambiguity
aversion which arises from the risky asset.

(ii) The influence of market parameters on the utility loss:
Figure 10 discloses that L(t) is a decreasing function
with respect to u,, where y, € [0.05,0.1]. This indi-

cates that the utility loss increases as the appreciation
rate of the risky asset diminishes.

L)

N

Ficure 12: Effect of s on L(t).

0.1273

0.1272
0.1271 |
0.127
0.1269 |+
0.1268 |
0.1267 |
0.1266 |

0.1265 . .
02 025 03

035 04 045 05 055 0.6

0y

FiGure 13: Effect of 0, on L(¢).

Figure 11 reveals that L(t) is an increasing function
with regard to o, where o, € [0.2,0.6]. Larger o,
implies that the investment risk becomes greater, and
thus, the AAI will suffer from more utility losses.

Let s € [0.5,1.5]; Figure 12 gives the influence of
parameter s on the utility loss. From Figure 12, we can
observe that L(t) is an increasing function of s. The
larger the s is, the larger the price volatility will be,
that is, the greater the risk will be, and hence, the AAI
will suffer from more utility losses.

Let 0, € [0.2,0.6]; Figure 13 shows that the utility loss
is a decreasing function of 0,. Comparing Figures 11
with 13, it is clear that the effect of the volatilities of
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the risky asset and the inflation on the utility loss is
opposite.

6. Conclusions

We have investigated a robust time-consistent MV strategy
selection under the inflation risk for an AAIL The AAI doubts
the model setting under the original probability measure.
Then, he seeks a set of alternative probability measures,
which are absolutely continuous to the original probability
measure. Furthermore, we modify the model setting under
the alternative probability measures. We form the AATs
objective under the framework of the robust MV criterion.
As we all know, this problem is time-inconsistent. To solve
this time-inconsistent problem, we seek the equilibrium
strategy from the game framework. The equilibrium strategy
is time-consistent. By using the stochastic optimal control
technique, we derive the closed-form solutions for the op-
timal time-consistent investment strategy and the optimal
value function. Finally, the influences of model parameters
on the optimal time-consistent investment strategy and
utility loss function are examined through numerical
experiments.

Compared with Zeng et al. [12], Zheng et al. [28],
Maenhout [34, 35], and other studies about the robust MV
problem, the inflation risk and the CEV model are simul-
taneously introduced in this article. In addition, the influ-
ence of the model parameters of the inflation on the optimal
time-consistent investment strategy and the utility loss are
systematic analysis by numerical experiments.

It may be interesting to extend the current framework to
that with dividend and state-dependent risk-aversion
function or that in a partial information market in the future
research. For these future research topics, we may need to
adopt the methods used in BjOk et al. [14], Yu et al. [37], and
Raychaudhury and Pal [38].
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