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In this paper, a mathematical model based on graph theory is proposed to calculate the heat distribution of LED lights’ convective
cooled heat sink. First, the heat and mass transfer process of a single fin under moisture environment is analyzed. +en, the heat
transfer process is characterized by a digraph, defining fins and joints of a heat sink as edges and vertices in graph theory. Finally,
the whole heat transfer process is described by two criteria achieved based on graph theory. +erefore, the temperature-heat
calculation equations of the whole heat sink are deduced.+e accuracy of this model is verified by testing the junction temperature
of different LED chips mounted on the same heat sink under moisture environment, and the relative errors between the calculated
value and the experimental data are all within 5%, and it is also concluded from the model that heat sinks with an identical heat
digraph but different types have close cooling performance and are verified by two typical heat sinks, cylindrical heat sink and
rectangular plate-fin heat sink, under the same conditions. +e mathematical model based on group theory developed in this
paper combined with computer technology is convenient for the performance analysis among a large number of heat sink fin
arrangement schemes.

1. Introduction

Nowadays, light-emitting diode (LED) has met an extensive
application in every aspect of our life. According to some
comprehensive studies’ conclusions [1–3], high LED junc-
tion temperature will not reduce the service life of LEDs
significantly yet has a negative impact on the optical per-
formance, revealing the great significance of reasonable heat
sink design to LED lanterns. Now, extensive research studies
have been conducted well and widely, concerning heat sinks
of LED lights to improve their cooling performance.

Mathematical models to analyze thermal characteristics
of heat sinks are developed by various scholars in recent
years, such as Sun [4], who established a model to predict the
peak temperature of a LED bulb by analyzing the perfor-
mance of its heat sink with effective heat conductivity, and

according to simulations and experimental results in [4],
Sun [5] extended the simplified mathematical model to
estimate the heat flow of a LED bulb in the spherical co-
ordinate system further and verified the validity of the model
by numerical simulation with the explicit finite-difference
method (EFDM), considering the actual working conditions.
Jang et al. [6] developed a correlation model to predict the
Nusselt number, which was validated experimentally, thus
evaluating the influence of orientation effect on the heat
dissipation capacity of an inclined cylindrical heat sink. Also,
the model showed that the cooling performance escalated,
accompanied with the increasing angle of inclination of the
heat sink. Subsequently, they [7] supplemented the exper-
iment to characterize the relationship between thermal re-
sistance of a plate-fin heat sink and its installation angles on
the basis of [6], which showed that the thermal resistance
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decreased first and then increased, according to the in-
creased angle. Jang further detailed the analytical model in
[8] to predict the thermal resistance of a plate-fin heat sink
and correlated the installation angle with its essential design
parameters at last. Lv and Xiong [9] deduced a temperature
distribution model of a heat sink and verified its correctness
by experiment and numerical simulation. Besides, they [10]
established a mathematic model of LED heat sinks in
greenhouses by the condition that the heat conducted into
the fin heat equals the total heat from the air convection and
the condensation of wet air.

Besides, many optimization methods were applied to
balance the influence of various factors, e.g., mass, size, and
number of fins to achieve optimal performance. Khan [11]
optimized cylindrical pin-fin heat sinks by using the entropy
generation minimization (EGM) method, concerning the
influence of heat transfer and pressure drop. Ahmed [12]
analyzed the influence of orientation effect on heat transfer
performance of heat sinks and optimized heat sinks by
numerical calculation and simulation. Lv and Liu maxi-
mized the capacity of a heat sink to dissipate heat by using a
topology optimization method in [13]. By using the particle
swarm optimization (PSO) algorithm, Lampio and Karvinen
[14] optimized cooled heat sinks. Bar-Cohen [15] studied the
total coefficient to measure the cooling capacity of heat sinks
and optimized their performance by the least-energy
method.

Lately, researchers also studied the cooling performance
of heat sinks, which vary in different contractures, forms,
and geometric parameters, by analyzing their thermal and
flow characteristics, thus derived and innovated novel heat
sinks. Schmid et al. [16] analyzed the influence of varying the
inter-fin base length on the natural convective heat sinks by
the numerical parametric study, and they found that inter-
fin base length determined the optimal fin spacing after the
comparison of heat sinks with two different fin orientations
with the identical base area at the same condition. Yu et al.
[17] found that it was impossible to meet the demand of
achieving the optimal performance with a lightweight at the
same time after performing parametric studies of a radial
heat sink. Jeong et al. [18] proposed a modified plate-fin heat
sink with openings and investigated the effects of its all
design parameters on heat dissipation performance, and the
novel structure can reduce 30.5% thermal resistance com-
pared with the conventional no-opening form.

In a word, existing research mainly focuses on the study
of novel heat sink development and optimization and im-
provement of heat sinks and the calculation model foun-
dation in cooling performance. Graph theory is the study of
graphs, which can analyze relationships among objects
quantitatively and has a wide application in various fields,
e.g., networking, algorithm, decision making, and elec-
tronics [19]. Especially in mechanism synthesis, a large
number of mechanisms with similar performance can be
automatically generated by using graph theory in computers
[20]. Enlightened by this, the combination of graph theory
and computer technology in order to evaluate the optimal
design among a large number of heat sinks’ fin arrangement
swiftly will play a positive role in the development of LED

cooling technology. In this study, based on our previous
research work [9, 10] and the equivalent thermal admittance
proposed in [21], we developed a mathematical model based
on graph theory to evaluate the heat performance and thus
laid the foundation for the follow-up development.

2. Mathematical Model Based on Graph Theory

2.1. Assumptions and Simplification. To carry out a steady-
state analysis of a typical plate-fin exposed to moisture
environment, as shown in Figure 1, the following essential
assumptions, also known as the Murray–Gardner assump-
tions, are made to simplify this analysis:

(i) +e fin material is isotropic, and its thermal con-
ductivity remains constant in all directions

(ii) +e thermal resistance of the condensed film is
negligible

(iii) +e latent heat of condensation of water vapor is
unchanged

(iv) Compared with the heat flowing through the side of
the fin, the heat flowing through the outermost part
of the fin is neglected

(v) +e influence of air pressure drops caused by air-
flow is neglected

(vi) +e effect of heat radiation is ignored, and the heat
sink surface is diffuse and gray

(vii) +e flow is three dimensional and laminar

2.2. Fundamentals of Heat and Mass Transfer. A typical
plate-fin and its terminology and coordinate system are
shown in Figure 1. +e origin of the length coordinate is set
at the tip of the fin, and the positive sense is in a direction
from the tip towards the base. In this process, mass transfer
accompanied by the heat transfer and the heat conducted
into the fin from LED chips equals the total energy taken
away by the air convection and the condensation of wet air.
+erefore, considering Fourier’s law of heat conduction,
Newton’s law of cooling, and the law of mass transfer in wet
air, these physical phenomena at any position x along the
length coordinate can be expressed in the following form:

(q + dq) + 2 · (H + δ) · h · T − Ta(  · dx + 2 · (H + δ)

· hD · ifg · ωa − ω(  · dx − q � 0.

(1)

According to the Chilton–Colburn analogy [22], the
relationship between heat transfer and mass transfer coef-
ficients can be expressed by the following equation:

h

hD

� cp · Le
0.48

� cp ·
α
D

 
0.48

. (2)

Hence, if H＞＞δ and the previous assumptions permit,
the equation can be written in the following form:

d2θ
dx2 −

2 · h

k · δ
  · θ +

ifg

cpLe0.48 · ω − ωa(   � 0, (3)
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where θ is the temperature excess between the fin and the
surrounding environment. Considering the boundary
conditions θ(x�b) � θb and q(x�b) � qb, we have

emx e− mx −N · ω − ωa( 

kAmemH −kAme− mH 0
  ·

C1

C2

1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �
θb

qb

 , (4)

where

C1 �
kδLm · θb + N · ω − ωa(   · e− mH + qb · e− mH

2kδLm
, (5)

C2 �
kδLm · θb + N · ω − ωa(   · emH − qb · emH

2kδLm
. (6)

Equation (9) suggests the relationship between the
temperature excess and the heat flow at position x, and it can
be rearranged as

θt

qt

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ �

cosh(mH) −
1

kδLm
· sinh(mH)

−kδLm · sinh(mH) cosh(mH)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
·

θb

qb

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

+

1
kδHm

· cosh(ml) − 1  · N ω − ωa( 

−sinh(ml) · N ω − ωa( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(7)

2.3. Mathematical Modeling Based on Graph 0eory

2.3.1. 0e Graph Model of Heat Flow Analysis. In graph
theory, the graph is defined as a pair set G� (V, Eψ) and can
satisfy the following conditions:

(1) V is the nonempty set
(2) E ⊆ [V] 2; thus, the elements of E are 2-element

subsets of V

(3) Function ψ: E⟶V×V

Here, V denotes vertex-set and E represents edge-set, and if
all the elements of Eψ are ordered pairs, the graph is called
digraph; if a graph in which the edges are not ordered, it is
called an undirected graph. A graph (V, Eψ) with vertex-set
V� {x1, x2,. . ., xn} and edge-set E� {a1, a2,. . ., am} can be
specified by the adjacency matrix, which is the n× n matrix
A:

A � aij 
n×n

, aij � μ xi, xj , (8)

where μ(xi, xj) is the number of edges connecting vertices i
and j. Furthermore, a graph can also be represented by the
n×m matrix M called incidence matrix:

M � mx(a)( , x ∈ V, a ∈ E. (9)

For the commonly used plate-fin heat sinks, they can be
regarded as a composition of fins with joints arranged by
different geometric requirements, and the joint is the
junction connecting several fins, e.g., the W-shaped and
K-shaped heat sinks shown in Figure 2, respectively, are all
composed of four fins, but with different numbers of joints.
In order to simplify the procedure to get graph mappings
from specific heat sinks, fins and joints of a heat sink as its
elementary geometric components can be regarded as edges
and vertices in graph theory, respectively. +e undirected
graphGH (V, E), in which the subscriptH represents the heat
sink, characterizes the geometric characteristics of the heat
sink, in which V represents the joint set and E represents the
fin set, and its adjacency matrix AH of this undirected graph,
which is the n× nmatrix, can represent the actual geometric
relationship of this heat sink.

When using the heat sink to transfer heat from LED
chips to the surrounding environment, a heat transfer
network is formed and can be characterized by a digraph GF
(V′, E′), in which subscript F represents the heat flow, and
this digraph is established on the basis of undirected graph
GH by adding the following conditions:

(1) +e joint around the heat source often is regarded as
the start vertex of the digraph

(2) Adding an extra vertex as the end vertex in the
digraph, considering the influence of the sur-
rounding environment

(3) +e edge-set E′ is founded on the basis of making all
edges in set E of the graph GH (V, E) directional, and
adding directed edges from all vertices except the
start one towards end vertex

(4) Referring to the conservation of energy, constructing
another directed edge starting from the end vertex,
namely, representing the surrounding environment
towards the start vertex, thus forming a closed loop
of the digraph

If the undirected graph mapping geometric character-
istics of the heat sink has these conditions GH (V, E), |V|� n,
and |E|�m, we can easily find that |V’|� n+ 1 and |E’|�
m+n for the digraph GF (V ′, E ′), reflecting the actual heat
exchange.+erefore, the heat transfer from LED chips to the

δ

l

H

dx

x = 0

x = 0 = Tb x = t = 0

x = b x = t

Wet air flow
T dT

dx

Figure 1: A fin of typical rectangular profile and its terminology
and coordinate system.
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surrounding environment, inclusive of heat conduction and
thermal convection, can be expressed by the digraph GF (V ′,
E ′), namely, the association between multiple vertices and
edges, and the whole heat flow can also be expressed by the
incidence matrixMF by (n+ 1) × (m+n) and the elements aij
in MF are “1,” “−1,” or “0” in accordance with the scheme:

aij �

1,

−1,

0,

if the heat flow j leaves vertex i,

if the heat flowj enters vertex i,

if the heat flow j does not touch vertex i.

⎧⎪⎪⎨

⎪⎪⎩

(10)

+e heat generated by LED chips flows into the envi-
ronment through several different fin branches; thus, there
are multiple heat flow loops during the whole heat transfer
process. In order to give an accurate expression, a matrix CF
by (n− 1) × (m+n) named as the heat flow loop matrix is
introduced. +e elements cij in heat flow loop matrix CF are
“1” or “0” in accordance with the scheme:

cij �
1,

0,

if the heat flow i inclusive of edgesj,

if the heat flow i exclusive of edgesj.
 (11)

+erefore, the geometric characteristics of a heat sink
composed by n vertices and m edges, namely, |V|� n, |E|�
m, can be represented by an undirected graph GH (V, E), and
the adjacency matrix AH is used to describe the geometric
relationship of edges by n vertices. After LED chips are
mounted on the heat sink, a digraph GF (V′, E′) established
by the undirected graphGH (V, E) is used to describe the heat
generated by LED chips flowing towards the surrounding
environment through the heat sink and for the digraph GF
(V′, E′), the incidence matrix MF by (n + 1) × (m+n) and
heat flow loop matrix CF by (n− 1) × (m+n) are used to
reflect the actual heat exchange. +e specific calculation of
LED temperature excess by matrix MF and CF is elaborated
in the following section.

2.3.2. Calculation of 0ermal Admittance Matrix by Graph
0eory. +e relationship between the temperature excess
and the heat flow at both ends discussed in Section 2.2 can be
analyzed by the application of the graph model to form the
heat flow digraph. +erefore, after the linear transformation
of equations (12), (13), and (14), the relation between heat

flow and temperature excess may be written in the matrix
form as

qb

qa

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ �

kδLm · coth(mb) −kδLm · csch(mb)

kδLm · csch(mb) −kδLm · coth(mb)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ ·

θb

θa

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

+

1
kδHm

· cosh(ml) − 1  · N ω − ωa( 

−sinh(ml) · N ω − ωa( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(12)

and according to the definition of the equivalent thermal
admittance Y, a parameter to measure heat transfer per-
formance of the fin was proposed in [21], and its definition
formula is as follows：

Y �
q

θ
�
1
R

. (13)

Figure 3 shows a typical thermal transmission case of a
single flat-plate fin from the fin base to the fin tip, namely,
from point A to point B, representing thermal energy flows
from high temperature to low temperature by heat con-
duction. As mentioned in Section 2.3.1, the heat flows from
vertex A towards vertex B, and the two vertices are all
connecting the vertex C which is representing the sur-
rounding environment, thus forming two directional edges
all towards the vertex C, but started from vertexA and vertex
B, respectively. We can give the following:

QA � q1 + q2,

QB � q1 − q3,
 (14)

wherein heat flow q1 and q3 represent the heat quantity by
convective heat transfer and q2 represents the heat con-
ducted through the fin. Referring to equation (13), each heat
flow equals a product of admittance and a temperature
excess:

q1 � Y1 θA − θB( ,

q2 � Y2θA,

q3 � Y3θB,

⎧⎪⎪⎨

⎪⎪⎩
(15)

Fin 1 Fin 2 Fin 3 Fin 4

Vertex 1

Vertex 3Vertex 2

(a)

Fin 1 Fin 4

Fin 2

Vertex 1

Fin 3

(b)

Figure 2: Two types of fin arrays with identical fin numbers but different joint numbers. (a) W-shaped fin array with four fins and three
vertices. (b) K-shaped fin array with four fins and one vertex.
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wherein Y2 and Y3 represent the convection thermal ad-
mittance of edge 2 and edge 3 and Y1 is measuring the
conductive performance of edge 1. Considering the one-
dimensional Fourier equation, Newton's law of cooling, and
the law of mass transfer in wet air, we have

q2 � kδH ·
θA − θB

l
,

q1 � 2 · (H + δ) · h · θa + hD · ifg · ωa − ω(  ,

q3 � 2 · (H + δ) · h · θb + hD · ifg · ωa − ω(  .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(16)

Referring to equation (15), we obtain

Y1 �
kδH

l
,

Y2 � 2 · (H + δ) · h,

Y3 � 2 · (H + δ) · h.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(17)

As the basic geometric composite unit of the whole heat
sink, each fin has limited capacity to transfer heat into the
environment, and its undissipated heat is transferred to
other fins by heat conduction. +erefore, heat will be spread
on the whole heat sink by conductive transfer, namely,
through the fins connected to form the heat sink, in order to
exchange the heat into the environment by convective
transfer. Obviously, heat conduction does not consume heat
in this process, and according to the definitions mentioned
above, the convective heat transferred into the environment
by a heat sink with n vertices can be calculated as follows:

Q � 
n−1

i�1
Yi · TLED − TAmbient( , (18)

wherein Yi represents the convective thermal admittance.
Referring to the conservation of energy and relevant

contents mentioned above, the whole heat transfer process
of the LED lights by using heat sinks can be described by the
following criteria:

(i) +e algebraic sum of the heat flow at each vertex in
the graph is zero

(ii) +e algebraic sum of temperature difference of each
edge along any flow in the graph is zero
+ey can also be expressed by the following
equations:

MF · q � O, (19)

and

CF · θ � O, (20)

wherein q is the heat flux column vector by (m+ n)× 1, θ is
the temperature excess column by (n− 1)× 1, respectively,
and O is the zero vector. By associating equations (18), (19),
and (20), the temperature calculation equations of the whole
heat sink is deduced.+erefore, the incidence matrixMF and
the heat flow loop matrix CF, all derived frommatrix AH, are
the key to finish the temperature calculation.

2.3.3. Identical Digraph of Different Heat Sinks. In graph
theory, isomorphic digraphs, as the two shown in Figure 4,
have the exact same pattern, and the sole difference is the
label of their vertices and edges. In general, if digraphs G and
H are isomorphic, it can be written G �H. Besides, there are
bijections θ: V(D)⟶V(H) and φ: Eψ(D)⟶ Eψ’(H), thus
making a ∈Eψ(D) have ψ(a) � (x, y) and ψ′(φ(a)) � (θ(x) and
θ(y)) ∈Eψ’(H); such a pair of mappings is called an iso-
morphism between G and H.

Hence, based on the isomorphic digraphs concept, iden-
tical digraphs to characterize heat transfer from LED chips to
the surrounding environment through heat sinks, even with
different types, must satisfy the following conditions:

(1) +e two digraphs are isomorphic, and they have the
same digraph pattern and directions of each directed
edges

(2) +e thermal admittance of one edge in a digraph and
the mapping edge in its digraph pair is equal

3. Results and Discussion

3.1. Case 1: Verification under Moisture Environment

3.1.1. Experimental Apparatus and Procedure. +e test heat
sink is made by grinding extruded aluminum alloy 6063 to

q1

q2 q3

A B
QA QB

θA θB

The surrounding environment

E2

E1

E3

C

(a)

QBQA

θA
θB

A B

(b)

Figure 3: (a)+e actual thermal transmission of a fin and its equivalent thermal digraph. (b) In the thermal digraph, the positive direction is
set from high temperature towards low temperature.
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0.8 μm roughness by CNC milling machine, thus reducing
radiation emissivity, therefore, increasing the accuracy of the
measurement. +e main component’s materials and thermal
performance parameters are shown in Table 1 and the de-
tailed dimensions are shown in Figure 5. In order to verify
the mathematical model, the junction temperature of 20W,
25W, 30W, 35W, and 40W LED chips mounted on the
same heat sink was measured at 50%–100% relative hu-
midity with T-type thermocouple and the specific experi-
mental apparatus is shown in Figure 6. +erefore, we place
the fins of the heat sink upright, namely, parallel to the
gravity direction, to avoid the influence of the orientation
effect. +e temperature of the experimental environment is
controlled at 20°C, and the data acquisition started 1 hour
after the LED lamp is lighted when the LED chip reaches a
stable level.

3.1.2. Calculation Based on Graph 0eory. +e heat sink
shown in Figure 5 presents a typical symmetrical structure;
thus, we reduce computation by analyzing the heat flow of
one side; therefore, the amount of heat generated by the LED
chip is half. We achieve the digraph shown in Figure 7(b)
which is mapping the actual heat transfer through the heat
sink. In this digraph, the vertex 1 marked in red circle is the
heat source, also representing the start vertex in the digraph,
and the vertices in blue circles represent the actual joints of
this heat sink. Besides vertex 9, namely, the vertex in gray in
Figure 7(b) is the extra vertex acting as the end vertex
mentioned in Section 2.2, thus considering the influence of
the surrounding environment. Black lines in solid con-
necting vertices, which are mapping the actual geometrical
structure of the heat sink, indicate the heat transfer by
conduction through the heat sink pointed from high to low
temperature, and black dash lines denote all vertices in blue
circles which transfer heat from heat sink towards the en-
vironment by thermal convection. In addition, the red dash
line, namely, the E15 in Figure 7(b) denotes an illusory heat
flow from the environment towards the heat source, con-
sidering the conservation of energy and relevant contents
mentioned in Section 2.3.2, thus forming closed loops for
calculation.

Hence, the heat generated by LED chips, thus starts from
the vertex 1, along seven flow loops, all inclusive of heat

conduction and thermal convection, denoted by solid lines
and dash lines, respectively, in Figure 7(b) to finish the whole
thermal circulation, and the flow matrixes of the seven flow
loops are as follows:

C1 � e1, e2, e8, e15 ,

C2 � e1, e9, e15 ,

C3 � e3, e10, e15 ,

C4 � e3, e4, e11, e15 ,

C5 � e3, e4, e5, e12, e15 ,

C6 � e6, e7, e14, e15 ,

C7 � e6, e13, e15 ,

(21)

+e matrix AH by n× n can be easily achieved. Besides,
by analyzing the heat flow, we achieved the incidence matrix
MF and the heat flow loop matrix CF, and all the corre-
sponding matrixes for calculation are shown in Table 2.
Referring to equations (19) and (20), we got curves between
relative humidity and junction temperature of 20W, 25W,
30W, 35W, and 40W LED by calculation and conducted
experiments for comparison.

3.1.3. Results and Analysis. Figure 8 shows the calculational
and experimental relation curves between relative humidity
and junction temperature of 20W, 25W, 30W, 35W, and
40W LED chips. All curves present the same change trend,
the junction temperature of all kinds increase with the in-
creasing ambient humidity, and the changing trend of
calculation curves is basically consistent with that of ex-
perimental curves, namely, the junction temperature of LED
increasing with the increase of humidity. Comparing the
difference between calculational and experimental values, all
the temperature differences between the measured and
calculated values are all within 5°C, namely, the relative
errors between the calculated value and the experimental
data are all within 5%. +erefore, the correctness of the
temperature distribution calculation model proposed in this
paper is in good agreement with the experimental
measurements.

a4

a5

a3

a2

a1

x1

x2x3

x4

(a)

b4

b5

b3

b2

b1

y1

y2y3

y4

(b)

Figure 4: Two digraphs (a, b) represented by the same pattern.
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3.2. Case 2: Verification of Close Cooling Performance of Heat
Sinks with Identical Heat Digraphs but Different Types. As
shown in Figure 8, a cylindrical heat sink and a rectan-
gular plate-fin heat sink are used in this case, and for the
rectangular plate-fin heat sink, we treat its base as a joint
such as the cylindrical one, thus making the two heat sinks
sharing a similar heat flow digraph. Referring to equation
(15) in Section 2.3.2, the equivalent thermal admittance Y
of each edge is equal, considering all fins of the two heat
sinks having identical geometry size under the same
working condition.+us, it can be easily deduced from the
model mentioned above that heat sinks sharing an
identical heat digraph but different types have close
cooling performance. In order to verify this conclusion,
we tested the junction temperature of 20°W LED chips,
respectively, mounted on two typical heat sinks, cylin-
drical heat sink and rectangular plate-fin heat sink, all
with 6 fins of the same size, apparently belonging to two

different geometrical structures but sharing with an
identical heat sink graph, as shown in Figures 8 and 9,
respectively, using the same experimental method and
heat sink materials, as mentioned in Section 3.1.

We achieve the digraph shown in Figure 10 which maps
the actual heat transfer through the heat sink, the heat along
with six flow loops expressed by equation (22), to finish the
whole thermal circulation, and corresponding matrixes for
calculation are shown in Table 3:

Table 1: Main component’s materials and thermal performance parameters.

Components Materials Density/kg·m−3 Conductivity/W·m−1 K−1 Specific heat/J·kg−1 K−1 +ermal emissivity
Heat sink Polished aluminum alloy 6063 2690 202 900 0.1
LED chip Semiconductor material 6150 130 417 —
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Figure 5: +e heat sink and its specific dimensions.
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Figure 6: Simplified model of the experimental apparatus.
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Figure 7: Vertices and edges of the heat sink (a) and the digraph of
the heat flow (b).
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Table 2: +e matrix representation of the heat flow graph.

Each matrix +e specific matrix

+e adjacency matrix AH by n× n (8× 8)

0 1 0 1 0 0 1 0
1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 1 0 0 0
0 0 0 1 0 1 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+e incidence matrix MF by (n+ 1)× (m+n) (9×15)

1 0 1 0 0 1 0 0 0 0 0 0 0 0 −1
−1 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 −1 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 −1 1 0 0 0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 −1 1 0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1 −1 −1 −1 −1 −1 −1 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+e flow matrix CF by (n− 1)× (m+n) (7×15)

1 1 0 0 0 0 0 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0 1 0 0 0 0 1
0 0 1 1 0 0 0 0 0 0 1 0 0 0 1
0 0 1 1 1 0 0 0 0 0 0 1 0 0 1
0 0 0 0 0 1 1 0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 1 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Figure 8: Continued.
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Figure 8: Calculational and experimental relation curves between relative humidity and junction temperature of 20W, 25W, 30W, 35W, and
40W LED chips.
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Figure 9: (a) Cylindrical heat sink and (b) rectangular plate-fin heat sink.
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Figure 10: +e digraph of the two heat sinks.

Table 3: +e matrix representation of the heat flow graph.

Each matrix +e specific matrix

+e adjacency matrix AH by n× n (7× 7)

0 1 1 1 1 1 1
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 0 0 0 0 0 0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+e incidence matrix MF by (n+ 1)× (m+n) (8×13)

1 1 1 1 1 1 0 0 0 0 0 0 −1
−1 0 0 0 0 0 1 0 0 0 0 0 0
0 −1 0 0 0 0 0 1 0 0 0 0 0
0 0 −1 0 0 0 0 0 1 0 0 0 0
0 0 0 −1 0 0 0 0 0 1 0 0 0
0 0 0 0 −1 0 0 0 0 0 1 0 0
0 0 0 0 0 −1 0 0 0 0 0 1 0
0 0 0 0 0 0 −1 −1 −1 −1 −1 −1 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+e flow matrix CF by (n− 1)× (m+ n) (6×13)

1 0 0 0 0 0 1 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 0 0 1 0 0 0 1
0 0 0 1 0 0 0 0 0 1 0 0 1
0 0 0 0 1 0 0 0 0 0 1 0 1
0 0 0 0 0 1 0 0 0 0 0 1 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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C1 � e1, e7, e13 ,

C2 � e2, e8, e13 ,

C3 � e3, e9, e13 ,

C4 � e4, e10, e13 ,

C5 � e5, e11, e13 ,

C6 � e6, e12, e13 .

(22)

Table 4 shows the experimental and calculated temper-
ature excesses between the environment and the junction of
20°WLEDmounted on a cylindrical heat sink and rectangular
plate-fin heat sink in the humidity range of 50%–100%. It
suggests that the junction temperature of LED increases with
the increase of humidity, which is consistent with the con-
clusion in Section 3.1.3 and the conclusions of other papers
[10]. Besides, the two heat sinks with identical digraph and
thermal admittance matrix performed closely, thus verifying
the correctness of heat sinks with an identical heat digraph but
different types having close cooling performance.

4. Conclusion

+is study developed a mathematical model based on graph
theory, in association with computer technology, in order to
lay a foundation to evaluate the optimal design among a
large number of heat sinks’ fin arrangement swiftly. After
analyzing the heat and mass transfer process of a single fin
under moisture environment, the whole heat dissipation
process transferred from LED chips into the air through a
heat sink can be represented by a digraph and described by
two criteria considering the conservation of energy. On the
basis of previous work, the concept of improved thermal
admittance considering the effect of humidity is proposed;
therefore, the temperature-heat calculation equations of the
whole heat sink are deduced.

Based on experimental results, the following state-
ments are concluded: the junction temperature of 20W,
25W, 30W, 35W, and 40W LED chips mounted on the
same heat sink was measured at 50%–100% relative hu-
midity to compare with the calculation results, and the

relative errors between the calculated value and the ex-
perimental data are all within 5%, thus verifying the
calculation model we constructed under moisture
environment.

+e experimental and calculated temperature excesses
between the environment and the junction of 20°W LED
mounted on a cylindrical heat sink and rectangular plate-fin
heat sink are in the humidity range of 50%–100%, thus verifying
the correctness of heat sinks with an identical heat digraph but
different types having close cooling performance.

Abbreviations

Tambient: Ambient temperature (°C)
h: Surface heat transfer coefficient (W·m−2 K−1)
Nu: Nussle number
Pr: Prandtl number
l: Characteristic length (m)
υ: Kinematic viscosity (m2·s −1)
k: +ermal conductivity (W·m−1 K−1)
g: Acceleration of gravity (m·s−2)
q: +ermal power (W)
θ: Temperature excess between the fin and the

surrounding environment (°C)
R: +ermal resistance (K·W−1)
L: Length of the fin (m)
ω: Relative humidity (%)
H: Height of the fin (m)
δ: +e thickness of the fin (m)
Gr: Grashof number
β: Volume expansion coefficient (1/K)
Le: Lewis number
α: +ermal diffusivity (m2·s −1)
Ifg: Latent heat of moisture (J·kg−1)
cp: Specific heat of moisture (J·kg−1 K−1)
hd: Mass transfer coefficient (kg·m−2·s−1).

Data Availability

+e data used to support the findings of this study are in-
cluded within the article.

Table 4: Experimental temperature excesses of a 20°W LED chip mounted on a cylindrical heat sink and a rectangular plate-fin heat sink
against calculation values at 20°C ambient temperature.

Ambient
relative
humidity (%)

Calculation
(°C)

Experimental
temperature excesses on
a rectangular heat sink

(°C)

Relative errors between
experiment and

calculation for the
rectangular heat sink (%)

Experimental
temperature excesses on
a cylindrical heat sink

(°C)

Relative errors between
experiment and

calculation for the
cylindrical heat sink (%)

50 22.8 24.10 5.39 22.60 0.88
55 23.1 24.23 4.66 22.71 1.72
60 23.3 24.49 4.86 22.95 1.53
65 23.5 24.87 5.50 23.30 0.87
70 24.1 25.35 4.95 23.76 1.43
75 24.8 25.97 4.49 24.35 1.85
80 25.4 26.70 4.86 25.05 1.42
85 26.3 27.56 4.58 25.85 1.76
90 27.2 28.54 4.68 26.75 1.67
95 28.3 29.62 4.47 27.76 1.94
100 29.5 30.37 2.86 28.88 2.14
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