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.e attitude motion of a rigid spacecraft is studied in the Earth-Moon circular restricted three-body problem. Firstly, the
equilibrium attitude and its stability as functions of the moments of inertia are discussed when the spacecraft is assumed at the
libration points. .en, periodic attitudes of a spacecraft with mass distribution given in the stable regions are obtained. Regarding
space mission applications, the Sun orientation is discussed, and the orbit-attitude resonances are constructed for spacecrafts
working on the libration point orbits by means of a continuation procedure.

1. Introduction

In recent decades, the dynamics about the libration points in
the circular restricted three-body problem (CRTBP) has
been studied extensively [1–17], and so far, several libration
point missions have been conducted [18–24]. As we know,
both orbital and attitude motions of a spacecraft are required
to be considered in practical missions. However, the attitude
motion near the libration point has attracted few attentions.
In the environment of CRTBP, understanding the natural
attitude motion may offer options that lessen the control
effort for the attitude control system. In the proper cir-
cumstances, the natural dynamical revolution may assist, or
even replace, the attitude control action [25]. .us, to design
the spacecraft control system better, an understanding of the
coupling orbital and attitude motion is of significance.

Kane and Marsh [26] considered the attitude stability of
an axial symmetric satellite which is located at the libration
points. .e satellite is spinning about its axis of symmetry
that is normal to the primary bodies’ orbital plane. Later,
Robinson [27] studied the attitude stability of a dumbbell
satellite located at the equilateral points. .e same author
[28] also considered the attitude stability of an arbitrary-
shaped rigid satellite which is located at a Lagrangian point,
and the author constructed a linear stability diagram about

the stable attitude of the satellite. Abad et al. [29] introduced
the use of Euler parameters in the study of a rigid body
located at L4. Brucker and Gurfil [30] identified the dy-
namics and stability of a rigid body spacecraft at the collinear
Lagrange points using Poincare maps.

It is more probable that a spacecraft is not exactly placed
at a Lagrangian point but located on a periodic orbit. Re-
cently, several authors have investigated the attitude motion
of a spacecraft on planar or three-dimensional periodic
orbits. Using the Euler angle pitch, roll, and yaw,Wong et al.
[31] introduced how to construct the rotational dynamical
equations of a rigid body. .e stability corresponding to
different mass distributions is shown at Sun-Earth La-
grangian L2 and L4, and the effects of orbital motion on its
attitude dynamics in the vicinity of a collinear Lagrangian
point are investigated. Knutson et al. [32] took much effort
to a better understanding of the attitude dynamics for a rigid
spacecraft within the CRTBP, and their analysis is expanded
to fully nonlinear orbits while limiting the orbital motion to
the planar Lyapunov families about Earth-Moon libration
points L1 and L2. In the Earth-Moon system, Guzzetti and
Howell [33] investigated a general approach to compute
orbit-attitude periodic solutions that are associated with
known CRTBP reference orbits (L1/L2 Lyapunov orbits,
DROs). Meng et al. [34] analysed the attitude motion of a
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dual-spin satellite in various halo orbits, and a semianalytical
expansion of the gravity torque is employed to explain the
mechanism of attitude motion. Bucci et al. [35] studied the
planar orbit-attitude dynamics in both a standard and a
perturbed CRTBP environment. Colagrossi and Lavagna
[36] investigated the coupling between orbit-attitude dy-
namics and the flexibility of the structure in a slightly dif-
ferent way than the one presented in this paper. More
recently, to construct a basis for understanding attitude
motion within a multibody problem with application to
spacecraft flight dynamics, a review about attitude dynamics
in the CRTBP was made by Guzzetti and Howell [25].

Recently, using numerical techniques, Lei et al. [37]
studied the periodic attitudes and bifurcation for a rigid
spacecraft on a stationary orbit around a uniformly rotating
asteroid. Using the same method, in this present work, we
aim to construct the attitude motions of a rigid spacecraft
moving at and around the libration points in the CRTBP.
Euler angles in terms of the 3-2-1 rotation sequence that
describes the relationship between the body-fixed frame with
respect to the orbital frame are taken to define the attitude of
a rigid spacecraft. .e equilibrium attitudes and the periodic
attitude motion around them are obtained for rigid
spacecrafts working at the Earth-Moon libration points.
Based on these solutions, periodic attitudemotions along the
libration point orbit are discussed. Periodic motions of the
orbit and attitude can be a novel contribution to the ex-
ploration of the CRTBP, and it could serve as a stepping
stone for more dynamically complex environment. Con-
sidering that the solar-sail spacecraft has been studied ex-
tensively [38–41], the Sun orientation is also investigated for
the special type of spacecraft effectively using radiation
pressure on a reflective sail for propulsion.

.is paper is organized as follows. In Section 2, the
dynamical model of the CRTBP is introduced first, and the
rotational equations are given. In Section 3, the equilibrium
attitude and its stability corresponding to different shaped
rigid bodies are constructed when the spacecraft is located at
a given libration point. And, the periodic attitude motion
around the stable equilibrium attitude is obtained. .en, the
Sun orientation and the orbit-attitude resonances of a
spacecraft along a Lyapunov orbit around libration point L4
are shown in Section 4. Section 5 concludes this work.

2. Dynamical Models

In this section, we briefly introduce the basic dynamical
models used in this work.

2.1. (e Circular Restricted (ree-Body Problem. In this
paper, we consider a spacecraft moving in the CRTBP, which
describes the motion of a spacecraft P3 with infinitesimal
mass under the gravitational attraction of two massive
bodies P1 with mass m1 and P2 with mass m2, moving in
circular orbits around their barycentre. Without loss of
generality, we assume that m1 >m2, and in this case, we call
P1 as the massive primary and P2 as the secondary. Usually,
the motion of P3 is described in a barycentric rotating

coordinate system (see Figure 1), in which the origin co-
incides with the mass centre of the primaries, the x-axis is
directed from P1 towards P2, the z-axis is parallel to the
angular momentum vector of the primaries, and the y-axis is
determined by the right-handed coordinate frame.

For consideration of computation accuracy, the variables
are normalized by taking the distance between the primaries,
their total mass, and orbital period divided by 2π as the units
of length, mass, and time, respectively. Under this nor-
malized system, the mass of the secondary is
μ � (m2/(m1 + m2)), and the mass of the primary is 1 − μ. In
the barycentric coordinate frame, the primary and secondary
bodies are located at (− μ, 0) and (1 − μ, 0), respectively.

In this paper, we only consider the planar orbital motion
of the spacecraft. .e differential equations, governing the
motion of the spacecraft, can be written as [42]

€x − 2 _y �
zΩ
zx

,

€y + 2 _x �
zΩ
zy

,

(1)

where

Ω �
1
2

x
2

+ y
2

  +
1 − μ

r1
+
μ
r2

, (2)

is the effective potential of the CRTBP. .e distance of the
spacecraft from the primaries is r1 and r2 given by

r1 �

�����������

(x + μ)2 + y2


,

r2 �

��������������

(x − 1 + μ)2 + y2


.

(3)

It is known that (1) possesses a conserved quantity,
known as Jacobi integral,

C � 2Ω − _x
2

+ _y
2

 , (4)

and five Lagrangian libration points exist in the model
specified by (1). .ree of them lying on the x-axis are
denoted as collinear libration points L1, L2, and L3. .e
remaining points denoted by L4 and L5 form equilateral
triangles with the primary bodies.

2.2. Rotational Model. Now, we reconsider that the space-
craft is not a point mass but a finite-size rigid body moving
nearby a libration point in the CRTBP. It means that the
infinitesimal point mass is replaced by a finite-size one. .e
orbital motion of the spacecraft can be described in the
reference frame o − xyz (refer to Figure 1). .e attitude
motion is described by the orientation difference between
the orbital reference frame and the body-fixed reference
frame p − xByBzB (see Figure 1) which is aligned with the
principal axes of the body. .e relationship between the
body-fixed frame with respect to the orbital frame is mea-
sured in the 3–2–1 (pitch-roll-yaw) rotation sequence with
the Euler angles (θ, ϕ, andψ). Since that the dimensions of
the spacecraft are too small compared with its distance to
each of the primaries, the attitude has negligible influence
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upon the orbital motion so that we can assume that the
orbital motions are decoupled with the attitude motions.

For the spacecraft moving nearby a libration point, the
gravitational gradient torques exerted by the primary bodies
are the dominant torques acting on a spacecraft. .e mo-
ments of inertia of the spacecraft about the body principal
axes xB, yB, and zB are denoted by Ixx, Iyy, and Izz, re-
spectively. .e first-order gravity gradient torque exerted by
the i-th primary body about the spacecraft’s centre of mass
can be written as [31]

MxB �
3μrizBriyB

r3i
Izz − Iyy ,

MyB �
3μrixBrizB

r3i
Ixx − Izz( ,

MzB �
3μriyBrixB

r3i
Iyy − Ixx .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)

In (5), rixB, rixB, and rixB (i � 1 or i � 2) are the com-
ponents of the unit vector along riB which is the distance
from the i-th primary body to the centre mass of the
spacecraft expressed in body-fixed frame p − xByBzB.

Considering the angular velocity (ωx,ωy,ωz) of a spacecraft
in the inertial frame, there are six state variables
(ωx, ωy, ωz, ψ, ϕ, and θ) to describe its attitudemotion in this
paper. With the same nondimensional unit as the orbital mo-
tion, the kinematic differential equations are described as [31]

_ωx � − k1 ωyωz −
3(1 − μ)

r31
r1zBr1yB −

3μ
r32

r2zBr2yB ,

_ωy � k2 ωzωx −
3(1 − μ)

r31
r1xBr1zB −

3μ
r32

r2xBr2zB ,

_ωz � − k3 ωxωy −
3(1 − μ)

r31
r1yBr1xB −

3μ
r32

r2yBr2xB ,
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(6)

where
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Ixx

,
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Izz − Ixx

Iyy

,

k3 �
Iyy − Ixx

Izz

,

(7)

are the inertia ratios. Euler’s equations are solved together to
obtain the complete rotational dynamics of the rigid
spacecraft [31]:
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where (ωx
B,ωy

B,ωz
B) are the angular velocities of the space-

craft measured in the Earth-Moon rotating frame. .e re-
lationship of (ψ,ϕ, θ), (ωx,ωy,ωz), and (ωx

B,ωy

B,ωz
B) can be

transformed by [31, 37]

ωx
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ωy
B

ωz
B
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(9)

3. Attitude Motion at the Earth-Moon
Libration Points

Considering the Earth-Moon system as a case study in the
part, the attitude motions of spacecrafts at L2 and L4 are
studied.

3.1. Libration Point L2

3.1.1. Equilibrium Attitude and Its Stability. Considering
that a spacecraft is located at libration point L2, it is known
that the equilibrium attitude has zero Euler angles, i.e.,
(ψE, ϕE, θE) � (0, 0, 0) [25, 31]. By denoting the state relative
to the equilibrium attitude as (Δψ,Δϕ,Δθ), the Euler angles
of the spacecraft can be expressed by ψ � ψE + Δψ,
ϕ � ϕE + Δϕ, and θ � θE + Δθ. Around the equilibrium at-
titude, (6) can be linearized as follows [31];

Δψ€+ k1 − 1( Δ _ϕ + k1Δψ � 0,

Δϕ€ + 1 − k2( Δ _ψ +(3B + 1)k2Δϕ � 0,

Δ€θ + 3Bk3Δθ � 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(10)

where

B �
1 − μ
R3
1L

+
μ

R3
2L

,

k3 �
k2 − k1

1 − k1k2
.

(11)

L3
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–r2
–rp

xB
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Figure 1: .e barycentric rotating reference frame o − xy and
body-fixed frame p − xByB.
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By analysing the characteristic equations of linear
equation (10), the stability conditions can be written as
[25, 28]

C2 − D> 0,

C> 0,

D> 0,

k3 > 0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(12)

where C � 3Bk2 + k1k2 + 1, and D � 4(3B + 1)k1k2.
.en, the stability diagram on the k2 − k1 plane for

spacecrafts located at L2 is shown in Figure 2(a), and col-
oured regions I and II represent that the equilibrium attitude
is stable with the corresponding mass distribution. .e
stable domains are distributed in the first and third quad-
rants, similar to the conclusions given by Guzzetti and
Howell, Robinson, and Wong et al. [25, 28, 31]. .e stability
domain in the first quadrant is a triangular region which
represents k2 > k1 > 0(Izz > Iyy > Ixx), and in the third
quadrant, the stability domain represents
0> k2 > k1(Iyy > Ixx > Izz).

3.1.2. Periodic Attitudes and (eir Stability. In this part, we
take a spacecraft with mass distribution in region I (k1 �

0.2 and k2 � 0.4) as an example. .e linear solution of at-
titude motion around the equilibrium attitude (ψE, ϕE, θE)

can be written as [31, 37]
Δψ � α1cos w1t + φ10(  + α2cos w2t + φ20( ,

Δϕ � κ1α1sin w1t + φ10(  + κ2α2sin w2t + φ20( ,

Δθ � α3cos w3t + φ30( ,

⎧⎪⎪⎨

⎪⎪⎩
(13)

where α1 and α2 are amplitudes in the yaw and roll direc-
tions, α3 is the amplitude of the pitch motion, and φ10, φ20,
and φ30 are the corresponding initial phase angles. In (13),
ω1, ω2, and ω3 are the frequencies of attitude motion, which
are determined by

ω1 �

�
2

√

2

�����������

C −
������
C2 − D

√

,

ω2 �

�
2

√

2

�����������

C +
������
C2 − D

√

,

ω3 �
����
3Bk3


,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

and the constant coefficients are determined by

κ1 � −
k1 − ω2

1
k1 − 1( ω1

,

κ2 � −
k1 − ω2

2
k1 − 1( ω2

.

(15)

In this case, there are three types of basic periodic at-
titudes emanating from the equilibrium attitude. Figure 3
represents the configurations of these types of periodic at-
titudes with α1 � 0.1, 0.2, 0.3 deg, α2 � 0.1, 0.2, 0.3 deg, and
α3 � 0.1, 0.2, 0.3 deg, respectively.

Based on these linear solutions, we construct the cor-
responding periodic attitudes (see Figure 4) in the CRTBP
model by means of numerical techniques. .e state of at-
titude is denoted by (ψ, ϕ, θ, _ψ, _ϕ, _θ), and the corresponding
period is T. If only an initial state of attitude is known, we
can obtain the periodic attitude motion by integrating (6)
over one period.

To generate a family of periodic solution, the well-known
continuation scheme called pseudo-arclength continuation
[37, 43] is used in this investigation. Based on these linear
solutions in Figure 4, the corresponding attitude families are
obtained shown in the Euler angle (ψ, ϕ, θ) space (see the
first family in Figure 5(c)). As it is shown in Figure 6, three
families of periodic attitudes have been constructed. .e
attitude periods of the families are extended in the range of
[64.584, 70.389] days, [12.557, 13.301] days, and [18.928,
20.199] days.

Meanwhile, we obtained the stability of these periodic
attitude motions. .e stability of the periodic attitude can
be reflected by its monodromy matrix, which corresponds
to the state transition matrix over one period [37, 44].
.ree reciprocal pairs of eigenvalues [45] exist in the
periodic attitude motion which is an autonomous and
Hamiltonian system. Among the three pairs of eigen-
values, there are two pairs of eigenvalues which are
denoted by (s1, s2) and (s3, s4) with s1 � (1/s2) and
s3 � (1/s4), and the other pair of eigenvalues is unitary, i.e.,
s5 � s6 � 1. Similar to the stability index defined for the
periodic orbits in the CRTBP [46–48], two stability indices
in attitude motion are defined as sh � s1 + s2 and
sv � s3 + s4. If both conditions sh < 2 and sv < 2 are satisfied,
the periodic attitude is stable; otherwise, it is unstable. .e
tangent bifurcations occur when sh � 2 or sv � 2, and the
period-doubling bifurcations take place when sh � − 2 or
sv � − 2. For the first attitude family, two pairs of eigen-
values (s1, s2) and (s3, s4) are shown in Figure 5(a), and two
stability indices sh and sv are shown in Figure 5(b). From
Figure 5, we can conclude that the periodic attitudes
corresponding to the first attitude family are always stable.
.e Euler angles along the evolution of the first attitude
family are shown in Figure 5(c).

3.2. Libration Point L4

3.2.1. Equilibrium Attitude and Its Stability. Similarly, we
obtain the equilibrium attitude of the rigid spacecraft fixed at
libration point L4 with (ψE,ϕE, θE) � (0, 0, − (arctan

�
3

√

(1 − 2μ)/2)). And the Euler angles of the spacecraft can be
expressed by ψ � ψE + Δψ, ϕ � ϕE + Δϕ, and θ � θE + Δθ by
denoting the state relative to the equilibrium attitude as
(Δψ,Δϕ,Δθ). .en, (6) could be linearized about the
equilibrium attitude at L4 as follows [31]:

Δψ€+ k1 − 1( Δ _ϕ + Lk1Δψ � 0,

Δϕ€+ 1 − k2( Δ _ψ + Mk2Δϕ � 0,

Δθ€+(2M − 5)k3Δθ � 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(16)

where
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Figure 2: Stability diagram for a rigid spacecraft at libration points L2 (left panel) and L4 (right panel) in the Earth-Moon system.

–0.4 –0.2 0 0.2 0.4
ψ (deg)

0

–0.02

–0.01

0.01

0.02

0.03

ϕ 
(d

eg
)

α1 = 0.2deg
α1 = 0.1deg

α1 = 0.3deg

(a)

α2 = 0.2deg
α2 = 0.1deg

α2 = 0.3deg

–0.4 –0.2 0 0.2 0.4
ψ (deg)

–1

–0.5

0

0.5

1

ϕ 
(d

eg
)

(b)

α3 = 0.2deg
α3 = 0.1deg

α3 = 0.3deg

–0.4 –0.2 0 0.2 0.4
θ (deg)

–0.4

–0.2

0

0.2

0.4

θ 
(d

eg
/T

un
it)

(c)

Figure 3: Linear periodic attitudes for a rigid spacecraft at libration point L2 in the Earth-Moon system. In all the following plots, the black
dot stands for the equilibrium attitude.
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�����
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√
,

(17)

with

a � − tan 2θE. (18)

By analysing the characteristic equations of (16), the
stability conditions can be written as [25, 28]

C2 − D> 0,

C> 0, D> 0,

k3 < 0,

⎧⎪⎪⎨

⎪⎪⎩
(19)

where C � k1k2 + (M − 1)k2 + (L − 1)k1 + 1 and
D � 4LMk1k2.

.en, the stability diagram on the k2 − k1 plane for
spacecrafts located at L4 is shown in Figure 2(b), and col-
oured regions III and IV represent that the equilibrium
attitude is stable with the corresponding mass distribution.
.e stable domains are distributed in the first and third
quadrants, similar to the conclusions given by Guzzetti and

Howell, Robinson, and Wong et al. [25, 28, 31]. .e stability
domain in the first quadrant is a triangular region which
represents k1 > k2 > 0(Izz > Ixx > Iyy), and in the third
quadrant, the stability domain represents
0> k1 > k2(Ixx > Iyy > Izz).

3.2.2. Periodic Attitudes and (eir Stability. In this part, we
take a spacecraft of the mass distribution in region III with
k1 � 0.4 and k2 � 0.2 as an example. .e linear solution of
attitude motion around the equilibrium attitude (ψE,ϕE, θE)

can also be written in a similar form to (13), where α1, α2,
and α3 are the amplitudes and φ10, φ20, and φ30 are the initial
phase angles. Different with the case of L2, the frequencies
ω1, ω2, and ω3 here are determined by

ω1 �
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2

√

2

�����������

C −
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C2 − D

√

,

ω2 �
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2
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2

�����������
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√

,

ω3 �
����������
(2M − 5)k3


,
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(20)
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and the constant coefficients are determined by

κ1 �
ω2
1 − Lk1

k1 − 1( ω1
,

κ2 �
ω2
2 − Lk1

k1 − 1( ω2
.

(21)

According to (13), there are also three types of basic
periodic attitudes emanating from the equilibrium attitude.
By the pseudo-arclength continuation method, the corre-
sponding attitude families are obtained shown in the Euler
angle (ψ, ϕ, θ) space (see the second family in Figure 7(c)).
As it is shown in Figure 8, three families of periodic attitudes
are constructed. .e attitude periods of the families are
extended in the range of [70.326, 92.214] days, [18.953,
26.250] days, and [34.120, 56.691] days, respectively.

We also investigated the stability of these periodic at-
titude motions. For the second family, two pairs of eigen-
values denoted by (s1, s2) and (s3, s4) are shown in
Figure 7(a), and two stability indices sh � s1 + s2 and sv �

s3 + s4 are shown in Figure 7(b). As we can see from these
figures, both stable and unstable attitude solutions exist in
the second family. And, the bifurcation points can be ob-
tained corresponding to sh � 2 or sv � 2 and sh � − 2 or
sv � − 2, and the bifurcation families may be obtained from
the bifurcation points (see the bifurcation point A in
Figure 7(c) for the second family corresponding to sh � 2).
.e Euler angles along the evolution of the second attitude
family are shown in Figure 7(c), accordingly, which consists
of the stable (black) and unstable (red) attitude solutions.

4. Applications

.e attitude solutions of a spacecraft located at libration
points L2 and L4 have been discussed in Section 3. .ey may
be considered in many interesting mission applications. As
mentioned by Guzzetti and Howell [25], the body axis of the
vehicles at the libration points is designed to maintain
approximately along with the line through the primaries for
power generation or direct communication. .us, the ori-
entation of a spacecraft at a libration point should be
discussed.

Also, the spacecraft is not probable placed at a libration
point in a space mission but rather moves along a periodic
orbit around the libration points [25]. Generally speaking,
the spacecraft on the periodic orbit may have similar attitude
characteristics to that at the libration point. .us, we aim to
construct periodic attitude motion of a spacecraft moving
along the libration point orbit starting with the solutions at
the corresponding libration point.

In this section, both of the above problems are studied by
taking libration point L4 as an example.

4.1. Application to the SunOrientation. .e attitude motions
of a spacecraft located at libration point L4 have been ob-
tained in Section 3.2, and it can be discussed to space
orientation.

Firstly, for the axisymmetric spacecraft (Ixx � Iyy, i.e.,
disk-like vehicle) whose axis of symmetry orthogonal to the
orbital plane, it can be spinning about this axis with any
arbitrary spin velocity [25] within the CRTBP.Moreover, the
spacecraft never changes its initial orientation for an ob-
server fixed in the rotating frame if the spin velocity about
the axis of symmetry equals the angular rate of the rotating
frame [33]. In the Earth-Moon CRTBP, the orientation can
maintain alignment with the Sun if we adjust the spin ve-
locity of the spacecraft equals to the Sun’s angle rate. .us,
the spacecraft can be used in the Sun orientation, in this
special case.

.en, following the attitude solutions corresponding to
the third family of the spacecraft with Ixx ≠ Iyy in Section
3.2, we study how the solutions can be employed to the Sun
orientation..e rotating period of the Sun around the Earth-
Moon centre is approximately 29.49 days, and the period of
attitude motion of the spacecraft is in the range of [34.120,
56.691] days. Obviously, the principle axes of the spacecraft
cannot always align with the Sun, but the periodic alignment
may exist. Subsequently, choosing the period of its attitude
motion with 39.32 days, the direction of the principle xB-axis
of the spacecraft, the position angle of the Sun aligning at the
initial time, and their relationship in evolution are shown in
Figure 9; cross points of the blue curves and the black lines
mean the alignment of the spacecraft with the Sun. A pe-
riodic relationship of the spacecraft and the Sun occurs with
a resonant ratio N1: N2 � 4: 3(refer to Figure 9) implying
that the Sun accomplishes N1 revolutions about the Earth-
Moon barycentre, and the spacecraft requires to complete
N2 periods of the attitude motion. Other periodic rela-
tionships of N1: N2 can be obtained similarly. .e blue
curve represents the direction of the principle xB− axis of the
spacecraft at libration point L4; the black lines represent the
position angle of the Sun in the Earth-Moon coordinate
system, and the red dashed lines denote the boundary of
their each resonant period. With this periodic relationship,
the Sun orientation will be realized.

4.2. Application to the Earth-Moon Libration Point Orbits

4.2.1. Method. .e amplitude Am adim of a target periodic
orbit is defined along the direction from reference origin
point o to libration point L4. .en, a parameter σ within the
range of [0, 1] is introduced to characterize the amplitude of
its corresponding orbit.

Observing the amplitude σAm, one can get that the case
of σ � 0 represents the libration point at that the attitude of a
rigid body has been studied in Section 3, the case of σ � 1
corresponds to the target libration point orbit, and the case
of σ ∈ (0, 1) corresponds to the intermediate orbit. By
continuing from σ � 0 to σ � 1, the orbit can transit from a
libration point to the target periodic orbit. Meanwhile, the
attitude motion can be adjusted gradually starting from a
libration point to the aiming periodic orbit. Based on this
continuation method, the attitude motion of a rigid
spacecraft moving along a libration point orbit with am-
plitude of Am can be constructed. .e solutions are helpful
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in understanding the natural rotational motion which may
offer options that reduce the control effort for the attitude
control system in a number of applications.

4.2.2. Orbit-Attitude Motion. Orbit-attitude behaviours that
are periodic in the Earth-Moon CRTBP rotating frame are
the main topic of this part. In this section, the planar li-
bration point orbit of L4 with amplitude 0.01 in normalized
unit is adopted as an example to construct the attitude
motions of a spacecraft along it. Using the continuation

process, attitude motions of a spacecraft from libration point
L4 to the corresponding periodic orbit can be constructed. In
the process of continuation, differential corrector is used,
and the procedure to construct attitude motions along the
other libration point orbits is similar.

.e period of libration point orbit of L4 with amplitude
0.01 is approximately 28.58 days. .en, compare it with the
periods of the attitude motions at libration point L4 shown
in Section 3.2. As we can see, the periods of the attitude
motion are extended from 18.953 days to 92.214 days. .ere
exists one type of periodic motion, orbit-attitude resonant
motion. In our study, several orbit-attitude resonances are
found which satisfied N1 · Tattitude � N2 · Torbit. .e equa-
tion implies that the spacecraft accomplishes N1 attitude
motion revolutions in the same time interval that N2 orbital
motions along the libration point orbit are required. .e
process is as follows: (1) comparing the periods of the at-
titude motion and the orbit of the spacecraft, the suitable
terms of N1and N2 can be obtained straightforwardly. (2)
.rough the method introduced in Section 4.2.1, the cor-
responding orbit-attitude resonant motion would be con-
structed gradually. (3) .e results of orbit-attitude
resonances with N1 · Tattitude � N2 · Torbit will be validated
and shown. In this part, for the amplitude 0.01, the reso-
nance of N1: N2 � 1: 1 corresponding to the planar case
and N1: N2 � 1: 3 and 2: 5 corresponding to the three-
dimensional case is shown in Figure 10. Other kinds of
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resonance between orbit and attitude motion may exist, but
they are not shown in this paper.

5. Conclusions

.e overall goal of this paper is providing a better under-
standing about the attitude motion of a rigid spacecraft
within the circular restricted three-body problem. In the
Earth-Moon CRTBP, the equilibrium attitude of a spacecraft
and its stability are obtained when the spacecraft is fixed at
the libration points L2 or L4. For a spacecraft in the stability
domain, three families of periodic attitude motions around
the equilibrium attitude are constructed by the pseudo
arclength continuation method. .ese solutions are appli-
cable to the Sun orientation, and with these solutions as
initial guesses, several orbit-attitude resonances are con-
structed when spacecrafts are located on periodic orbits. .e
method to obtain periodic attitude motion along a libration
point orbit in this paper may be employed to identify po-
tential natural behaviours in other dynamical models.
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