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A spline finite point method (SFPM) based on a locking-free thin/thick plate theory, which is suitable for analysis of both thick and
thin plates, is developed to study nonlinear bending behavior of functionally graded material (FGM) plates with different
thickness in thermal environments. In the proposed method, one direction of the plate is discretized with a set of uniformly
distributed spline nodes instead of meshes and the other direction is expressed with orthogonal functions determined by the
boundary conditions. /e displacements of the plate are constructed by the linear combination of orthogonal functions and cubic
B-spline interpolation functions with high efficiency for modeling. /e locking-free thin/thick plate theory used by the proposed
method is based on the first-order shear deformation theory but takes the shear strains and displacements as basic unknowns./e
material properties of the FG plate are assumed to vary along the thickness direction following the power function distribution. By
comparing with several published research studies based on the finite element method (FEM), the correctness, efficiency, and
generality of the newmodel are validated for rectangular plates. Moreover, uniform and nonlinear temperature rise conditions are
discussed, respectively./e effect of the temperature distribution, in-plane temperature force, and elastic foundation on nonlinear
bending under different parameters are discussed in detail.

1. Introduction

Functionally Graded Materials (FGMs), a new type of
composite material developed in recent years, are obtained
by mixing two (such as metal and ceramic) or several
materials in a certain volume ratio [1]. Unlike traditional
composite materials, the material composition of FGMs
changes continuously along one direction without obvious
delamination, so the physical properties mutation between
different materials can be eliminated easily. FGMs are
temperature dependent and usually used in high tempera-
ture environment and, moreover, can avoid stress con-
centration [2], reduce residual stress, and improve bond
strength between material layers effectively. /erefore,
FGMs have been widely applied in many fields nowadays,

such as aerospace, medicine, mechanical, and construction
engineering, which has high scientific research value and
great potential for development [3].

At present, there are a number of research studies on the
deformation of FG plates and shells based on different
theories, including the classical laminated plate theory
(CLPT), the first-order shear deformation plate theory
(FSDT), the higher-order shear deformation plate theory
(HSDT), and the three-dimensional elasticity theory.
BeikMohammadlou and EkhteraeiToussi [4] gave inclusive
forms of governing equations for the elastoplastic buckling
of FG plates based on the CLPT. Bagheri et al. [5] analyzed
asymmetric thermal buckling behavior of elastically sup-
ported annular FG plates by the FSDT. Alshorbagy et al. [6]
used the first-order shear deformation plate model to
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investigate uncoupled thermomechanical behavior of FG
plates. Based on a novel integral first order shear defor-
mation theory, Bousahla et al. [7] studied buckling and
vibrational behavior of the composite beam armed with
single-walled carbon nanotubes resting on Winkler-Pas-
ternak elastic foundation. Using an nth-order shear defor-
mation theory, thermomechanical flexural analysis of
functionally graded material sandwich plates with P-FGM
face sheets and E-FGM and symmetric S-FGM core is
performed by Boussoula et al. [8]. Rahmani et al. [9] in-
vestigated bending and free vibration behavior of elastically
supported functionally graded sandwich plates with differ-
ent boundary conditions by an original novel high order
shear theory. By employing a new type of quasi-3D hy-
perbolic shear deformation theory, Kaddari et al. [10] dis-
cussed statics and free vibration of functionally graded
porous plates resting on elastic foundations, Zarga et al. [11]
analyzed thermomechanical bending of FGM sandwich
plates, and Mahmoudi et al. [12] studied the effect of the
material gradation and elastic foundation on the deflections
and stresses of functionally graded sandwich plate subjected
to thermomechanical loading.

It is worth noting that the above theories have their own
advantages and limitations. /e CLPT is simple and easy in
mechanical analyzing, but will induce great errors when
investigating thick plates because the transverse shear de-
formation of the plates is ignored, which is equivalent of over
stiffness. Although the transverse shear deformation along
the thickness direction is considered and the calculation
accuracy is improved in the FSDT, it is necessary to use the
shear correction factor in the calculation. /e HSDT and
three-dimensional elasticity theory have sufficient accuracy
in the deformation analysis of plates and shells, but toomany
independent unknowns make the solution complicated and
increase the computational cost. Moreover, the analysis of
thin plate based on the first or higher-order plate theory has
considered shear deformation may induce false shear strain,
namely, shear-locking [13]. /erefore, some researchers
devoted themselves to establish a general element and
method to calculate both thick and thin plates [14–16], and a
locking-free thin/thick plate theory was proposed. In this
paper, this theory is based on the FSDT but takes the in-
plane displacements, deflection, and shear strains as basic
unknowns, which can effectively avoid shear locking phe-
nomenon with simplicity and high generality.

For the past decades, analytical, semianalytic, experi-
mental, and numerical methods for FGM structures have
been proposed [17–19]./e common numerical approaches,
including the finite element methods (FEM) [20], differential
quadrature methods (DQM) [21], and meshless methods,
were quite popular in engineering because of their easy
implementation with computers [22]. When using the
traditional FEM to analyze nonlinear behaviors and large
deformation problem, not only number of unknowns is large
but also much effort needs to be expended in remeshing at
each step of the problem solving [22]. On the contrary, when
using the meshless method to analyze flat plate problem, the
remeshing can be avoided naturally [23], and the boundary
conditions processing is simple with less unknowns and high

precision. Among those, the spline finite point method
(SFPM) presented by Qin [24] is one of the spline meshless
methods. As an active branch of modern function ap-
proximation, the B-spline function is widely used. Based on
the B-spline function, orthogonal function, and minimum
potential energy principle, the displacement modes of SFPM
are constructed by the linear combination for the product of
orthogonal functions and cubic B-spline interpolation
functions. In this method, one direction of the flat structure
is discretized by a set of uniformly distributed spline nodes,
and the other one is expressed by orthogonal functions
related to the corresponding boundary conditions. /e
equilibrium equation is established with the minimum
potential energy principle. /e SFPM has been proved more
advantageous than the FEMs in analyzing the nonlinear
behaviors of plates and beams. Li et al. [25] used a bidi-
rectional B-spline QRmethod (BB-sQRM) to study the crack
control of reinforced concrete beam, in which the plane
model was discretized with a set of spline nodes along two
directions. /e results proved the high efficiency and low
computational cost of this method. Liu et al. [26] investi-
gated the free transverse vibration of FG Euler–Bernoulli
beams through the SFPM and found that it is simple for
modeling and boundary processing. Li et al. [27] derived the
displacement and stress solutions of a piezoelectric lami-
nated composite plate based on a bidirectional B-spline finite
point method (BB-sFPM). /e numerical results showed
that the method was applied to the material parameter
identification with a small loss of precision.

Existing studies showed that, in complex temperature
field, the heat conduction phenomenon and temperature
dependence of FGMs can significantly affect the bending,
buckling, and vibration of the plate [28], and the thermal
load plays an important role in determining the mechanical
behaviors of FGM structures. Besides, the FG plate generally
deforms largely when subjected to the combined action of
thermomechanical loads, and its mechanical behavior is
usually nonlinear in this situation. For the nonlinear me-
chanical problems of FG plates in thermal environment,
some relevant works were summarized in [29–32]. All these
works proved that solving mechanical problems by simple
linearization cannot meet the precision requirement in
important structural calculations. /e nonlinear analysis is
very significant to the practical engineering application.
Meanwhile, the temperature rising and lowing situations are
varied, some papers have been published about different
temperature distributions of FGM structures. Belbachir et al.
[33] analyzed the response of antisymmetric cross-ply
laminated plates subjected to a uniformly distributed
nonlinear thermomechanical loading. Tounsi et al. [34]
studied the static behavior of elastically supported advanced
functionally graded ceramic-metal plates subjected to a
nonlinear hygro-thermomechanical load. Dong and Li [35]
proposed a linear temperature rise solution to analyze the
nonlinear bending of FG rectangular plates. Farzad and
Erfan [36] investigated the thermal effect on FG nanobeams
subjected to two kinds of thermal loading, namely, linear
and nonlinear temperature rise. Considering the uniform,
linear, and nonlinear temperature distributions across the
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plate, Tebboune et al. [37] studied the thermoelastic buckling
of thick FG plates. All the conclusions showed that the
temperature distribution can affect the thermal deformation
behavior of FGM structures.

We found that there are less existing research studies for
the nonlinear behaviors of FG plates using the locking-free
thin/thick plate theory, and most of the models and analyses
employing the traditional FEMs are based on the FSDT and
HSDT. /us, in order to enrich the theoretical system of FG
plate and shell structures, increase the practicability of FGM
and the diversity of research methods, and the SFPM is
adopted in this paper to carry out the nonlinear bending
analysis of FG plates on Winkler–Pasternak elastic foun-
dations in thermal environments by the locking-free thin/
thick plate theory. /e correctness, efficiency, and generality
of the model will be verified by comparing with the pub-
lished studies. Meanwhile, several parameters, such as
volume fraction index, thickness-length ratio, length-width
ratio, temperature distribution, heating-up condition, and
foundation stiffness, will be discussed about their influences
on the in-plane temperature force and elastic foundation for
the nonlinear bending of FG plates, which can supplement
the test methods and provide further analytical means.

2. Spline Finite Point Method Formulation

Qin introduced the formulation of SFPM in his work [24];
accordingly, the n degree B-spine function can be defined
by
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Suppose the length of a FG plate is a and the width is b,
and its spline discretization model is shown in Figure 1.

For rectangular plates, there are no restrictions on the
selection of x-axis and y-axis by SFPM. As shown in Figure 1,
the plate structure can be divided by the interval value ax in x
direction, and the local coordinates of corresponding nodes
are given by

xi � x0 + iax, i � 1, . . . , N, (4)

where N stands for the number of subdivisions in x di-
rection, and

ax �
a

N
,

0 � x0 <x1 <x2 < · · · <xN− 1 <xN � a.

(5)

/e cubic B-spline function φ3(x) is employed in this
paper with the spline node xk � 0 as its center, which can be
expressed as

φ3(x) �
1
6
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/e graphs of cubic B-spline function and its derivatives
can by expressed as follows.

Figure 2 shows that the cubic B-spline function and its
derivatives are piecewise, symmetrical, and compact.

/us, the displacement function in x direction of the
plate can be represented by a linear combination of spline
interpolation functions ϕi(x) and generalized parameters ci.
/e displacement in y direction is expressed by the or-
thogonal function, which can meet the boundary conditions
at both ends. For example, the transverse displacement can
be obtained by

w(x) � 

N+1

i�− 1
ciϕi(x)Zm(y) � [ϕ] c{ }Zm(y), (7)
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Figure 1: /e spline finite point discretization model of a FGM
square plate.
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in which

c{ } � c− 1 c0 c1 · · · cN+1 
T
,

[ϕ] � ϕ− 1 ϕ0 ϕ1 · · · ϕN+1 ,
(8)

where Zm(y) is the orthogonal function. For the two ends’
simply-supported plate in y direction, w � 0 when y � 0
and b, so the corresponding orthogonal function is sug-
gested to be Zm � sin((mπ/b)y). /e spline interpolation
functions [ϕ] can be constructed in the matrix form as
follows:

[ϕ] � φ3i  Qs , (9)

Qs  � diag([g], [I], [h]), (10)
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It is very simple to deal with the displacement boundary
conditions using spline interpolation functions with the
following properties:
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Figure 2: /e cubic B-spline functions and its derivatives: (a) cubic B-spline function ϕ3(x); (b) first-order derivative of the cubic B-spline
function ϕ3′(x); (c) second-order derivative of the cubic B-spline function ϕ3″(x); (d) third-order derivative of the cubic B-spline function
ϕ″′3(x).
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ϕi(0) � 0(i≠ − 1),

ϕi(a) � 0(i≠N + 1),

ϕi
′(0) � 0(i≠ − 1, 0),

ϕi
′(a) � 0(i≠N, N + 1).

(12)

/erefore, the large number substitution method can be
used to process the boundary conditions of the plate, that is,
to substitute the corresponding row and column elements in
the stiffness matrix with very large numbers in calculation.
For instance, only elements corresponding to i � − 1 and i �

N + 1 need to be substituted for the two ends’ simply
supported plate in x direction.

3. Nonlinear Bending of FG Plates

3.1. Physical Properties of FGM. /e properties of two ma-
terials are assumed to vary along the thickness of FG plates
and follow the power function distribution; then, Young’s
modulus E(z), material density ρ(z), thermal expansion
coefficient α(z), and thermal conductivity κ(z) are related to
coordinate z in the thickness direction, which can be uni-
formly expressed as (Gupta and Talha [38])

P(z) � Pt − Pb(  ·
h + 2z

2h
 

k

+ Pb, (13)

where h denotes the thickness of the FG plate, k denotes the
material volume fraction index, and t and b denote the upper
and lower surface of the FGM, respectively.

/e temperature dependence of the FGM should be
considered in a thermal environment. Since Young’s
modulus E and thermal expansion coefficient α vary greatly
with the temperature, while the Poisson ratio μ, material
density ρ, and thermal conductivity κ generally are tem-
perature independent, so only E and α in (13) are assumed to
be related to the temperature and uniformly expressed by
(Lal et al. [20] and Zhang and Zhou [32])

P(z, T) � Pt(T) − Pb(T)  ·
h + 2z

2h
 

k

+ Pb(T), (14)

Pj(T) � P0 P− 1T
− 1

+ 1 + P1T
1

+ P2T
2

+ P3T
3

 (j � b, t),

(15)

where T is the corresponding temperature and P− 1, P0, P1,
P2, and P3 are the temperature-dependent coefficients.

3.2. Temperature Distribution. In view of that FGMs are
often applied to high temperature environment, for simu-
lating the stress state and deformation accurately, and it is
necessary to determine the temperature distribution inside
the materials and consider the influence of the thermal
stress. We assume that the upper and lower surface of FG
plates are in a steady temperature state, and the temperature
distributes uniformly along any longitudinal section and
only vary along the thickness, which is independent of
coordinates (x, y). /ere are two temperature rise conditions
to be considered in this paper.

3.2.1. Uniform Temperature Rise Condition. In this situa-
tion, the temperature is uniformly raised from the lower
surface to upper surface. /e temperature variation ΔT �

T(z) − T0 is a constant, in which T(z) is the temperature
distribution function along the thickness direction (Javaheri
and Eslami [39]) and T0 � 300K is the reference temperature
without considering the thermal strain.

3.2.2. Nonlinear Temperature Rise Condition. /e steady-
state heat transfer equation of FG plates can by expressed as
follows (Lal et al. [20]):

−
d
dz

κ(z)
dT(z)

dz
  � 0, (16)

where κ(z) is given in detail in (13) and T(z) is the tem-
perature distribution function along the thickness direction.
Both of them are the functions of z.

/e upper and lower surface temperature of the plate are
assumed to be Tc and Tm, respectively; then, the temperature
distribution function inside FG plates can be determined as
(Lal et al. [20])

T(z) � Tm + Tc − Tm( η(z), (17)

where
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in which κcm � κc − κm, κc and κm are the material thermal
conductivities of the upper and lower surfaces, respectively.

3.3. Nonlinear Geometric Equation. Using the locking-free
thin/thick plate theory for thick and thin plates, which takes
the in-plane displacements u and v, deflection w, and shear
strains cxz and cyz as the independent unknowns, the shear
strain conditions of thick plate (c≠ 0) and thin plate (c � 0)
can be met simultaneously. /e specific formula derivation
and description is given in Appendix B. /us, the dis-
placement field can be obtained by

u � u0 − zφx,

v � v0 − zφy,

w � w0,

cxz �
zw

zx
− φx,

cyz �
zw

zy
− φy,

(19)

where u, v, and w are the total displacements, u0, v0, and w0
are the corresponding displacements of a point on the
neutral surface, and φx and φy are the rotations about the y-
axis and x-axis, respectively. In order to establish the stiffness
equation easily, the strain equation of the plate is expressed
as
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− φx,y − φy,x

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

,

c  �
c1

xz

c1
yz

⎧⎨

⎩

⎫⎬

⎭ �
w0,x − φx

w0,y − φy

⎧⎨

⎩

⎫⎬

⎭,

(21)

and the nonlinear strain is

εNL
  �

εNL
x

εNL
y

cNL
xy

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�

1
2

w0,x 
2

1
2

w0,y 
2

w0,xw0,y

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (22)

3.4. Constitutive Equations in !ermal Environment. In a
thermal environment, the constitutive equations of FG
plates on Winkler–Pasternak elastic foundation can be
defined by (Lal et al. [20])

σ{ } � Qf  ε{ } + Pf − Qf  α{ }ΔT,

Pf � K1w + K2∇
2
w,

ST � α{ }
T

Qf 
T
ε{ } + pΔT,

(23)

where [Qf] is the elastic modulus of FG plates considering
temperature dependence, α{ } is the thermal expansion co-
efficient array, Pf is the foundation reaction per unit area, K1
and K2 are the linear normal stiffness and shear stiffness of
the elastic foundation, respectively,
∇2 � (z2/zx2) + (z2/zy2) is the second order Laplace dif-
ferential operator, ST is the entropy density function, and p is
the specific heat capacity of materials. /e matrix and vector
expressions for the aforementioned physical quantities are
defined as follows:

Qf  �

Qε
f  [0]

[0] Q
c

f 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Q
ε
f  �

E(z, T)

1 − μ2

1 μ 0

μ 1 0

0 0
1 − μ
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Q
c

f  �

5E(z, T)

12(1 + μ)
0

0
5E(z, T)

12(1 + μ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

α{ } � α(z, T) α(z, T) 0 0 0 
T
.

(24)

/e following stress expression is employed to analyze
the geometrically nonlinear problems in the thermal
environment:
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σ∗  �

σ0x

σ0y

τ0xy

0

0

0

0

0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

0

0

0

σ1x

σ1y

τ1xy

τ1xz

τ1yz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

σNL
x

σNL
y

τNL
xy

0

0

0

0

0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

−

Nθ
x

Nθ
y

Nθ
xy

Mθ
x

Mθ
y

Mθ
xy

0

0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (25)

For the plate analysis, stresses are usually rewritten as the
generalized forces as follows:

σ∗  �

N{ }

M{ }

Fs 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
�

[A] [B] [0]

[B] [D] [0]

[0] [0] [C]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

ε0  + εNL 

ε1 

c 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

Nθ 

Mθ 

0{ }

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(26)

in which

N{ } � Nx Ny Nxy 
T
,

M{ } � Mx My Mxy 
T
,

Fs  � Fsx Fsy 
T
,

(27)

N
θ

  � 
h/2

− (h/2)
Q

e
f  α{ }ΔT dz,

M
θ

  � 
h/2

− (h/2)
Q

e
f  α{ }zΔT dz,

(28)

where Nθ and Mθ are the thermal force and thermal
moment caused by temperature, respectively. [A], [B],
[D], and [C] are the stretching stiffness, stretching-
bending coupling stiffness, bending stiffness, and shearing
stiffness, respectively, and the specific expressions are
given by

([A], [B], [D]) � 
h/2

− (h/2)
Q

e
f  1, z, z

2
 dz,

[C] � 
h/2

− (h/2)
Q

c

f dz.

(29)

/erefore, (26) can be simplified as

σ∗  � D
∗

  ε∗  − F
∗

 , (30)

in which

D
∗

  �

[A] [B] [0]

[B] [D] [0]

[0] [0] [C]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

F
∗

  �

Nθ 

Mθ 

0{ }

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

ε∗  � ε∗ L + ε∗ NL �

ε0 

ε1 

c 

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

+

εNL 

0{ }

0{ }

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
.

(31)

3.5. Spline Discretization Modeling. /e FG plate is dis-
cretized uniformly in x direction, and the displacement
functions can be constructed by the cubic B-spline inter-
polation functions and orthogonal functions as follows:

u0 � 
r

m�1
[ϕ] a{ }mXm(y),

v0 � 
r

m�1
[ϕ] b{ }mYm(y),

w0 � 

r

m�1
[ϕ] c{ }mZm(y),

cxz � 
r

m�1
[ϕ′] f mFm(y),

cyz � 
r

m�1
[ϕ] g mGm(y),

(32)

where r is the convergent series, [ϕ] is the cubic B-spline
interpolation function defined by (9), and Xm(y), Ym(y),
Zm(y), Fm(y), and Gm(y) are the orthogonal functions
which meet the boundary conditions in y direction. All FG
plates are simple supported at all ends (SSSS) in this study, so
the boundary conditions are given by

w0 � u0 � φy � 0, atx � 0, a,

w0 � v0 � φx � 0, aty � 0, b.
(33)

In order to satisfy the boundary conditions at y� 0 and b,
the corresponding orthogonal functions are suggested to be

Xm(y) � cos
mπ
b

y ,

Ym(y) � sin
mπ
b

y ,

Zm(y) � sin
mπ
b

y ,

Fm(y) � sin
mπ
b

y ,

Gm(y) � cos
mπ
b

y .

(34)
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/us, (32) can be expressed in thematrix form as follows:

V{ } � N
c

  δ{ }, (35)

in which V{ } � u0 v0 w cxz cyz 
T
are the displacements

and shear strains of a point on the neutral surface. However,
in the calculation, the boundary conditions can be processed
simply by substituting (19) into (35), i.e.,

V0  � [N] δ{ }, (36)

in which V0  � u0 v0 w φx φy 
T
, φx and φy are the

rotations of normal to the neutral surface about the y-axis
and x-axis respectively, δ{ } is the generalized displacement
parameter, and both [Nc] and [N] are the displacement
shape functions of the plate, i.e.,

N
c

  � Nc[ ]1 Nc[ ]2 Nc[ ]3 · · · Nc[ ]r ,

[N] � [N]1 [N]2 [N]3 · · · [N]r ,
(37)

N
c

 m �

[ϕ]Xm 0 0 0 0
0 [ϕ]Ym 0 0 0
0 0 [ϕ]Zm 0 0
0 0 0 [ϕ′]Fm 0
0 0 0 0 [ϕ]Gm

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

[N]m �

[ϕ]Xm 0 0 0 0
0 [ϕ]Ym 0 0 0
0 0 [ϕ]Zm 0 0
0 0 ϕ′ Zm − ϕ′ Fm 0
0 0 [ϕ]Zm

′ 0 − [ϕ]Gm

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(38)

δ{ } � δ{ }
T
1 δ{ }

T
2 δ{ }

T
3 · · · δ{ }

T
r

 , (39)

δ{ }m � a{ }T
m b{ }

T
m c{ }T

m f 
T
m g 

T
m

 , m � 1, 2, 3, . . . , r.

(40)

So, the linear strain in (31) can be denoted by the
generalized displacement parameter as follows:

ε∗ L � B
p

L  Bb
L  B

c

L  
T
δ{ }, (41)

where [B
p
L] � [B

p
L]1 [B

p
L]2 · · · [B

p
L]r , which is similar to

[Bb
L] and [B

c

L], and

B
p
L 

m
�

ϕ′ Xm [0] [0] [0] [0]

[0] [ϕ]Ym
′ [0] [0] [0]

[ϕ]Xm
′ ϕ′ Ym [0] [0] [0]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

B
b
L 

m
�

[0] [0] − ϕ″ Zm ϕ″ Fm [0]

[0] [0] − [ϕ]Zm
″ [0] [ϕ]Gm

′

[0] [0] − 2 ϕ′ Zm
′ ϕ′ Fm

′ ϕ′ Gm

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

B
c
L m �

[0] [0] [0] ϕ′ Fm [0]

[0] [0] [0] [0] [ϕ]Gm

⎡⎣ ⎤⎦.

(42)

/e nonlinear strain can be constructed as

ε∗ NL �
1
2

[Q] Q{ }, (43)

in which

[Q] �

zw

zx
0

0
zw

zy

zw

zy

zw

zx

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Q{ } �

zw

zx

zw

zy

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

. (44)

Substitute (37) into (44), i.e.,

ε∗ NL � BNL  δ{ }, (45)

in which

BNL  � BP
NL  [0] [0] 

T
�
1
2 [Q] [0] [0] 

T
[J],

[J]m �
0 0 ϕ′ Zm 0 0

0 0 [ϕ]Zm
′ 0 0

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

Q{ } � 
r

m�1
[J]m c{ }m � [J] δ{ }.

(46)

/us, (31) can be rewritten as

ε∗  � BL  + BNL (  δ{ }. (47)

3.6. Nonlinear Equilibrium Equation. Based on the virtual
work principle, the virtual work equation of a thermo-
mechanical FG plate is given by

d δ{ }
TΨ � B

A
d ε∗ 

T σ∗ dA − d δ{ }
T

F{ } � 0, (48)

whereΨ is the vector sum of internal and external forces, {F}
denotes the transverse external force, d δ{ } and ε{ } are the
virtual displacement and virtual strain, respectively, and
σ∗{ } � Nx Ny Nxy Mx My Mxy Fsx Fsy 

T
are the

generalized forces and given in detail in (27).
/e nonlinear equilibrium equation of the FG plate on

Winkler–Pasternak elastic foundation is given by

Ψ � KS + KF + Kθ(  δ{ } − F{ } − FR  � 0, (49)

where KS stands for the nonlinear bending stiffness, KF

denotes the elastic foundation stiffness, Kθ is the thermal
geometric stiffness, and FR  is the thermal load caused by
the environment temperature, which can be expressed as
follows, respectively:
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KS � B
A

BL 
T

D
∗

  BL dA + 2B
A

BNL 
T

D
∗

  BL dA

+ B
A

BL 
T

D
∗

  BNL dA + 2B
A

BNL 
T

D
∗

  BNL dA,

(50)

KF � B
A

[R]
T

Kl [R]dA, (51)

Kl  �

K1 0 0
0 K2 0
0 0 K2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

[R] �

[0] [0] [ϕ]Zm [0] [0]

[0] [0] [ϕ′]Zm [0] [0]

[0] [0] [ϕ]Zm
′ [0] [0]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(52)

Kθ �
1
2
B

A
[J]

T
N

θ
 [J]dA, N

θ
  �

Nθ
x Nθ

xy

Nθ
xy Nθ

y

⎡⎢⎢⎣ ⎤⎥⎥⎦, (53)

FR  � 
V

B
p

 
T

Qf  α{ }ΔT + B
b

 
T

Qf  α{ }zΔT dV. (54)

/e differential of Ψ can be written as

dΨ � K0 + K
∗
σ + KNL dδ � K

∗
T dδ , (55)

in which

K0 � B
A

BL 
T

D
∗

  BL dA, (56)

K
∗
σ � B[J]

T
Nf [J]dx dy + B[R]

T
Kl [R]dx dy

+
1
2
B[J]

T
N

θ
 [J]dx dy,

(57)

KNL � B
A
2 BNL 

T
D
∗

  BL  + 2 BL 
T

D
∗

  BNL 

+ 4 BNL 
T

D
∗

  BNL dA,

(58)

where [Nf] �
Nx Nxy

Nxy Ny
  and the third term of (57) is the

effect of the in-plane temperature force. It is caused by the
temperature change and boundary constraint and regarded as
an axial load in this paper. /e nonlinear equilibrium
equation (50) can be solved by the Newton–Raphsonmethod.

4. Results and Discussion

4.1. Material Properties. For the common FG plate, the
upper surface is usually ceramic rich and the lower surface is
metal rich. In this paper, two kinds of FG plates are studied.
/e first kind is the combination of Al/ZrO2 and Al/Zr2O3,
which is temperature independent. /e typical values of
Young’s modulus E, the thermal expansion coefficient α,
thermal conductivity κ, and the Poisson ratio μ are listed in
Table 1 from Valizadeh et al. [40]. /e second kind is

SUS304/Si3N4, which is temperature dependent. /e tem-
perature-dependent coefficients are listed in Table 2 from Fu
et al. [41]. /e thermal material properties of SUS304 and
Si3N4 under different temperatures are calculated in Table 3
according to (15) in Section 3.

4.2. Model Comparisons and Validations

4.2.1. Correctness and Generality Studies of SFPM. /e
bending of Al/Al2O3 FGM square plate with different
thicknesses and volume fraction indexes k are calculated and
compared with some published research studies in Table 4.
Numerical results of CLPT and FSDT are also included. In
this example, the spline discretization level N× r� 12× 3.
/e FG plates are subjected to transverse sinusoidal load
q � q0 sin((π/a)x)sin((π/b)y), and q0 is the intensity of the
transverse load at the plate center. /e nondimensional
transverse displacement w � (10Ech

3/q0a4)w, where
Ec � 380GPa, and w is the center deflection.

It can be noticed that, in Table 4, for the bending of FGM
thin and thick plates, the present approach is very close to
the result of FSDTand other published literature methods. It
illustrates that the proposed SFPM based on the locking-free
thin/thick plate theory is applicable to the plates of various
thickness, and the model established in this paper is correct
and general.

4.2.2. Convergence studies of SFPM. /e nonlinear bending
of Al/ZrO2 FGM square plates with different discretization
levels are calculated and compared with the NS-FEM results
that are given by Nguyen-Xuan et al. [45]. /e numerical
results are listed in Table 5 with various volume fraction
indexes. /e deflection errors obtained by comparing the
SFPM and NS-FEM results under different discretization
levels are shown in Figure 3. In this example, the FG plates
are subjected to a transverse uniformly pressure, the non-
dimensional center transverse displacement
w � 100wEmb3/12(1 − μ2)qa4, (a/h) � 5, (a/b) � 1, μ � 0.3,
and Em � 70GPa.

It was proved by Nguyen-Xuan et al. [45] that the NS-
FEM can gain super-accurate and super-convergent stress
solutions, and it can produce the stress solution that can be
much more accurate than that of the FEM. As shown in
Table 5 and Figure 3, with the increase of the spline sub-
divisions in x direction N and convergent series r, the results
of SFPM converge to the NS-FEM results gradually. When
the discretization level N× r is 12× 3, 16× 3, 20× 3, 12× 5,
and 12× 7, the maximum error is 0.80%, 0.29%, 0.23%,
0.52%, and 0.21%, respectively, which are all less than 1%. It
means that the spline discretization level N× r� 12× 3 can
reach high precision. In order to improve the computational
efficiency and reduce the calculation cost, the spline dis-
cretization level N× r� 12× 3 is used in all of the following
analyses, in which the number of unknowns is (12 + 3)×

3× 5� 225, and the results are able to meet the precision
requirement. In Figure 3, we can see that the SFPM can
nearly reach the same accurate and convergent as NS-FEM,
and with less unknowns.

Mathematical Problems in Engineering 9



Table 1: Material properties of the first kind of FGM (from Valizadeh et al. [40]).

Material E (GPa) μ κ(W/mk) α(×10− 6/K)

Al 70 0.3 204 23.0
ZrO2 200 0.3 2.09 10
Zr2O3 151 0.3 2.09 10
Al2O3 380 0.3 10.4 7.2

Table 2: Temperature-dependent coefficients for the material properties of the second kind of FGM (from Fu et al. [41]).

Material Properties P0 P− 1 P1 P2 P3

Si3N4

E (Pa) 348.43e+ 9 0 − 3.070e − 4 2.160e − 7 − 8.964e − 11
μ 0.28 0 0 0 0

α(1/K) 5.8723e − 6 0 9.095e-4 0 0
κ(W/mK) 12.04 0 0 0 0

SUS304

E (Pa) 201.04e+ 9 0 3.079e − 4 − 6.534e − 7 0
μ 0.28 0 0 0 0

α(1/K) 12.330e − 6 0 8.086e − 4 0 0
κ(W/mK) 9.19 0 0 0 0

Table 3: /ermal material properties of Si3N4 and SUS304 under different temperatures (according to (15) in Section 3).

Material Temperature E (Pa) μ α(1/K) κ(W/mK)

Si3N4

T� 300K 322.27e+ 9 0.28 7.48e − 6 9.19
T� 400K 315.69e+ 9 0.28 8.01e − 6 9.19
T� 600K 303.92e+ 9 0.28 9.08e − 6 9.19

SUS304
T� 300K 207.79e+ 9 0.28 16.32e − 6 12.04
T� 400K 204.78e+ 9 0.28 15.32e − 6 12.04
T� 600K 190.89e+ 9 0.28 18.31e − 6 12.04

Table 4: Comparisons of the nondimensional center transverse displacement for Al/Al2O3 FGM square plates with different thicknesses and
volume fraction indexes.

Volume fraction index k Source
w

a/h� 4 a/h� 10 a/h� 100

1

CLPT 0.5623 0.5623 0.5623
FSDT 0.7291 0.5889 0.5625

Carrera et al. [42] 0.7171 0.5875 0.5625
Neves et al. [43] 0.6997 0.5845 0.5624
Zenkour [44] 0.7036 0.5848 0.5624

Present 0.7077 0.5860 0.5625

4

CLPT 0.8281 0.8281 0.8281
FSDT 1.1125 0.8736 0.8281

Carrera et al. [42] 1.1585 0.8821 0.8286
Neves et al. [43] 1.1178 0.8750 0.8286
Zenkour [44] 1.1114 0.8737 0.8286

Present 1.1166 0.8773 0.8285

10

CLPT 0.9354 0.9354 0.9354
FSDT 1.3178 0.9966 0.9360

Carrera et al. [42] 1.3745 1.0072 0.9361
Neves et al. [43] 1.3490 0.8750 0.8286
Zenkour [44] 1.3211 0.9977 0.9361

Present 1.3226 0.9964 0.9399

10 Mathematical Problems in Engineering



4.2.3. Validation of the Elastically Supported FG Plate in
!ermal Environments. /e center deflection-load curves
for SUS304/Si3N4 FGM square plates on Win-
kler–Pasternak elastic foundations in thermal environ-
ments are calculated and compared with the results from
Lal et al. [20]. /e FG plates subjected to uniformly
distributed transverse loads q with a nonlinear tem-
perature rise, the nondimensional pressure
q∗ � (qb4/Emh4), ΔT � T(z) − T0, and T0 � 300K. /e
values of Em with different temperature increments are
listed in Table 3. /e nondimensional linear normal and

shear stiffness of the foundation are k1 � (K1a
4/Emh3)

and k2 � (K2a
2/Emh3), respectively. /e volume fraction

index k � 2, (b/a) � 1, and (b/h) � 20. /e model is shown
in Figure 4 and the comparisons can be observed in
Figure 5.

As shown in Figure 5, the results of this paper are in
good agreement with the published results using different
approaches. /e model for FG plates on Win-
kler–Pasternak elastic foundations in the thermal envi-
ronment with a nonlinear temperature rise is correct.
Since the uniform temperature rise solution can be

Table 5: Comparisons of the nondimensional center transverse displacement for Al/ZrO2 FGM square plates with different volume fraction
indexes and discretization levels.

Method Discretization level
Volume fraction index k

0.5 1 2

SFPM (N× r)

4× 3 0.2369 0.2835 0.3300
6× 3 0.2352 0.2799 0.3237
8× 3 0.2345 0.2767 0.3197
10× 3 0.2340 0.2748 0.3164
12× 3 0.2333 0.2731 0.3132
14× 3 0.2328 0.2723 0.3119
16× 3 0.2327 0.2720 0.3113
12×1 0.2373 0.2785 0.3210
12× 5 0.2329 0.2726 0.3123
12× 7 0.2328 0.2721 0.3114

NS-FEM [45] (mesh)

8× 8 0.2332 0.2723 0.3116
12×12 0.2326 0.2716 0.3107
16×16 0.2324 0.2713 0.3104
20× 20 0.2322 0.2711 0.3101
32× 32 0.2321 0.2709 0.3099

N stands for the number of spline subdivisions in x direction, and r is the convergent series.

Discretization of SFPM and NS-FEM
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Figure 3: Convergence efficiency of the SFPM results compared with the NS-FEM results: (a) under different spline subdivisions N;
(b) under different convergent series r.
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obtained by simplifying the nonlinear temperature rise
function, the correctness of the model for FG plates with a
uniform temperature rise also can be verified. As the
number of the foundation parameters increases, the
nonlinear center deflection decreases. /is is because the
foundation parameters make the stiffness of the plate
increase. Meanwhile, the larger the temperature incre-
ment ΔT is, the larger the nonlinear center deflection is.
/is is because the thermal load FR  increases with the
increase of ΔT, which causes the nonlinear bending de-
formation to increase.

4.3. Parameter Studies. In this section, the following di-
mensionless parameters, nondimensional uniformly dis-
tributed transverse load (q∗), and foundation stiffness (k1
and k2) are defined as

q
∗

�
qb4

Emh4,

k1 �
K1a

4

Emh3,

k2 �
K2a

2

Emh3.

(59)

/ere are three heating-up conditions to be considered
(unless otherwise stated):

C1: Tm � 400K, Tc � 300K; C2: Tm � 300K, Tc � 400K;
and C3: Tm � 400K, Tc � 400K.

And two kinds of situations for the in-plane temperature
force:

S1: the in-plane temperature force is considered and S2:
the in-plane temperature force is neglected. S1 is the default
situation unless otherwise stated.

4.3.1. Discussion of Temperature Distribution

(1) Effect of Volume Fraction Index and Length-!ickness
Ratio. In order to compare the nonlinear center deflection of
FG plates under uniform and nonlinear temperature rise
conditions, the uniformly distributed transverse load and
elastic foundation are not considered temporarily. Taking
the first kind of FGM as the research object, the center
deflection for Al/ZrO2 square plates (a � b � 1m) under
two kinds of temperature rise conditions with different
length-thickness ratios and volume fraction indexes are
shown in Table 6.

Table 6 presents that the center deflections with the
uniform temperature rise are larger than that with the
nonlinear temperature rise. It illustrates that the effect of the
in-plane temperature force is weaker under the nonlinear
temperature rise condition with C2. /is is because the
overall temperature of the plates is higher with the uniform
temperature rise, so the influence of the thermal geometric
stiffness Kθ is greater than the nonlinear bending stiffness Ks

in this case.With the increase of volume fraction index k and
thickness h of the plate, the relative deviation between two
kinds of temperature rise conditions becomes bigger and
bigger until the FGM tends to homogeneous the material
again (k⟶+∞). It shows that the type of temperature rise
condition has a greater influence on FGM thick plates.

(2) Effect of FGM Combination andWidth-Length Ratio. /e
nonlinear bending of two kinds of FG plates with different
width-length ratios is calculated and compared in Table 7. In
this example, the volume fraction index k� 2, b� 0.2m,
heating-up condition is C2, and two temperature rise
conditions are considered.

Table 7 shows that the relative deviation between two
kinds of temperature rise conditions increases with width-
length ratio b/a of the plate. It illustrates that the type of
temperature distribution function has a greater influence on
FGM rectangle plates. Besides, the relative deviation of
Si3N4/SUS304 is smaller which presents that the effect of

a

z
b

y

h

x

Metal

Ceramic

Pasternak (K2)

Winkler (K1)

Figure 4: /e model of FGM square plates on Winkler–Pasternak
elastic foundations.
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2: (k1, k2) = (100, 0)
3: (k1, k2) = (100, 10)

T0 = 300K SUS304/Si3N4
k = 2 b/a = 1 b/h = 20

Figure 5: /e nondimensional transverse deflection-load curves
for SUS304/Si3N4 FG plates on Winkler–Pasternak elastic foun-
dations subjected to uniform pressure and nonlinear temperature
rise.
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temperature rise condition is related to material combina-
tion. /e temperature dependent FGM is less affected be-
cause the thermal material properties decrease with the
increase of temperature, and the variation of nonlinear
bending stiffness Ks is different under two kinds of tem-
perature rise conditions. /e following analyses only con-
sider the nonlinear temperature rise condition.

4.3.2. Discussion of In-Plane Temperature Force

(1) Effect of Volume Fraction Index and Heating-Up Con-
dition. To compare the nonlinear center deflection of FG
plates under in-plane temperature forces, the uniformly
distributed transverse load and elastic foundation are still
not considered. /e Al/Zr2O3 square plates are under dif-
ferent temperature increments, a � b � 1m and
(h/a) � (1/20). And the center deflection-volume fraction
index curves are shown in Figure 6.

As shown in Figure 6(a), when the lower surface of the
plate is heated separately, the center deflection is negative
and changes more greatly with the volume fraction index
k� 0∼2, and it is basically unchanged after k> 2. /is is
because the FGM properties change greatly with k� 0∼2,
after that the FGM tends to be homogeneous with k in-
creasing. In Figure 6(b), the upper surface of the plate is
heated separately. /e bending deformation of the FG plate
under the in-plane temperature force is positive and similar
to that of the plate subjected to transverse mechanical loads

in normal temperature. /e center deflection reaches the
smallest when k� 0 and increases with the increase of k. /is
is because the thermal expansion coefficient α and thermal
conductivity κ of ceramic are smaller than those of metal.
/erefore, the temperature change of the upper surface has
little influence on the deflection. Figure 6(c) shows that the
homogeneous plate (k� 0) does not deform and the center
deflection is 0 when the upper and lower surfaces of the plate
are heated simultaneously. /is is because the temperature
stays the same along the thickness and the thermal moment
Mθ � 0. However, for FG plates, the temperature distri-
bution function and thermal expansion coefficient are not
only the functions of thickness z but also related to k, so the
deformation is similar to Figure 6(a).

It can be observed from Figure 6 that the center de-
flection increases with the temperature. /is is because the
in-plane temperature force is pressure when the plate is
heated up, which makes the geometric stiffness matrix in
K∗σ negative and the total stiffness decrease. /us, the in-
plane temperature force can soften the structure. It has a
greater effect on FG plates than on homogeneous plates
when the bending deformation is small, and the effect is
related to the material properties and environment
temperature.

(2) Coupling Effect with Transverse Loads. /e uniformly
distributed transverse load is added into the consideration
on the basis of (1). /e nondimensional center deflection-
load curves for FGM square plates with different volume

Table 6:/e center deflection for Al/ZrO2 FGM square plates under two kinds of temperature rise conditions and C2 with different volume
fraction index curves and length-thickness ratios.

Volume fraction index a/h Uniform temperature rise w (10− 3m) Nonlinear temperature rise w (10− 3m) Relative deviation (%)

Ceramic (k� 0)
10 1.1256 0.9292 17.45
40 4.5128 3.8579 14.51
100 11.0478 9.9061 10.33

k� 1
10 1.2389 0.9498 23.33
40 4.7344 3.8599 18.47
100 12.0037 9.9700 16.94

k� 5
10 1.6656 1.0781 35.27
40 6.3468 4.3977 30.71
100 15.3185 11.4510 25.25

Metal (k⟶+∞)
10 1.9929 1.5890 20.27
40 7.7468 6.5119 15.94
100 21.3131 17.1271 11.32

Relative deviation is evaluated between the values in columns 3 and 4.

Table 7: /e center deflection for Al/Zr2O3 and Si3N4/SUS304 FG plates under two kinds of temperature rise conditions and C2 with
different width-length ratios ((h/b) � (1/20)).

b/a Uniform temperature rise w (10− 3m) Nonlinear temperature rise w (10− 3m) Relative deviation (%)

Al/Zr2O3

1 0.4295 0.3781 11.97
2.5 0.7505 0.6190 17.52
5 0.8862 0.6450 27.22

Si3N4/SUS304
1 0.2097 0.1916 8.62
2.5 0.3459 0.2984 13.74
5 0.4162 0.3113 25.21

Relative deviation is evaluated between the values in columns 3 and 4.
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fraction indexes and heating-up conditions are shown in
Figure 7.

It can be observed that the nonlinear center deflection
increases with the volume fraction index k in Figure 7./is is
because the larger k is, the more metal and the less ceramic
the plate has./e composition changes from pure ceramic to
ceramic-metal composite, which makes the elastic modulus
and stiffness of the FG plate decrease. Besides, under dif-
ferent heating-up conditions, the center deflection values
with the same volume fraction index are much different
from one another when q∗ is small, and they tend to be close
with the increase of q∗. For example, for the FG plate with
k� 2 under three heating-up conditions, the nondimen-
sional center deflections are − 0.112, 0.002, and -0.004,

respectively, and the maximum deviation is 0.114 while
q∗ � 0. However, when q∗ � 50, the center deflections are
0.948, 1.013, and 0.980, respectively, and the maximum
deviation becomes 0.065. It illustrates that the influence of
the environment temperature and in-plane temperature
force decreases with the increase of nonlinear bending de-
formation of the plate. /e large deflection is mainly con-
trolled by the transverse distributed loads.

(3) Effect of Length-Width Ratio and!ickness-Length Ratio.
/e nondimensional center-load curves for Al/Zr2O3 FGM
square plates with various length-width ratios are shown in
Figure 8. /e nonlinear bending of two kinds of FG plates
with different length-width ratios and thickness-length
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Figure 6: /e center deflection-volume fraction index curves for Al/Zr2O3 FGM square plates under in-plane temperature force with
different temperature increments: (a) heating the lower surface of the plate separately; (b) heating the upper surface of the plate separately;
(c) heating the upper and lower surfaces of the plate simultaneously.
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ratios are calculated and compared in Table 8. In this ex-
ample, the volume fraction index k� 2.

As shown in Figure 8, the nonlinear center deflection
values increase with the increase of length-width ratio a/b of
the plate. /e larger the uniformly distributed transverse
load q∗ is, the more significant the influence of the length-
width ratio is. Table 8 shows that, with the increase of length-
width ratio a/b and thickness-length ratio h/a, the relative
deviations between situation S1 and S2 become smaller. It
illustrates that the thermal environment effect decreases
gradually, and the in-plane temperature force has a greater
influence on the thin plate with the small length-width ratio.
Meanwhile, the calculationmethod employed in this paper is

suitable for the analysis of both thick and thin plates, and the
locking-free thin/thick plate theory has a wide applicability.

4.3.3. Discussion of Elastic Foundation. (1) Effect of Trans-
verse Distributed Load, Length-Width Ratio, and Heating-Up
Condition. /e nondimensional center deflection-load
curves for Al/Zr2O3 FG plates are shown in Figure 9. /e
nonlinear bending of Al/ZrO2 plates under different length-
width ratios and heating-up conditions are calculated and
compared in Table 9. In this example, the plates are rested on
Winkler–Pasternak elastic foundations with a � b � 1m and
volume fraction index k� 2.

0 10 20 30 40
q∗ = qb4/Emh4

50

k  =  0
k  =  1 k  =  5

k  =  2
k1 = 0, k2 = 0

1.0

0.8

0.6

0.4

0.2

0.0

–0.2

w/
h

Al/Zr2O3 T0 = 300K
h/a = 1/20 a = b = 1

(a)

0 10 20 30 40
q∗ = qb4/Emh4

50

k  =  0
k  =  1 k  =  5

k  =  2
k1 = 0, k2 = 0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

w/
h

Al/Zr2O3 T0 = 300K
h/a = 1/20 a = b = 1

(b)

0 10 20 30 40
q∗ = qb4/Emh4

50

k  =  0
k  =  1 k  =  5

k  =  2
k1 = 0, k2 = 0

1.0

0.8

0.6

0.4

0.2

0.0

w/
h

Al/Zr2O3 T0 = 300K
h/a = 1/20 a = b = 1

(c)

Figure 7: Comparisons of the nondimensional center deflection-load curves for Al/Zr2O3 FGM square plates with different volume fraction
indexes and heating-up conditions: (a) C1; (b) C2; (c) C3.
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Figure 9 shows that the stiffness of the FG plates in-
creases and the center deflection decreases obviously after
considering the effect of the elastic foundations, which
indicates that the elastic foundations can stiffen the
structure and weaken the bending behavior effectively. /e
center deflection decreases continuously with the increase
of foundation parameter values. It can be observed that the
shear stiffness K2 has a more obvious stiffening effect on
the plates than the linear normal stiffness K1. As the
uniformly distributed transverse load q∗ increases and the
nonlinear deformation becomes larger and larger, the
stiffening effect caused by K2 becomes more and more
obvious.

As shown in Table 9, the relative deviations III are close
to one another under different length-width ratios, which
indicates that the influence of K2 is unrelated to the shape

and size of the plate. However, the relative deviations I and II
decrease with the increase of the length-width ratio. It il-
lustrates that the shape and size can affect the stiffening effect
caused byK1./e smaller the length-width ratio is, the larger
the stiffening effect is. Besides, the relative deviations I under
the three heating-up conditions become closer to one an-
other as the length-width ratio increases. It shows that the
influence of thermal environment decreases gradually, but
the stiffening effect of the elastic foundation is unrelated to
the heating-up condition.

(2) Effect of Volume Fraction Index and !ickness-Length
Ratio. /e Al/Zr2O3 square plates (a � b � 1m) are elasti-
cally supported. /e center deflection with different volume
fraction indexes and thickness-length ratios are shown in
Table 10.
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Figure 8: /e nondimensional center deflection-load curves for Al/Zr2O3 FG plates with C2 and various length-width ratios.

Table 8: /e nondimensional center deflection for two kinds of FG plates under C1and q∗ � 25 with different length-width ratios and
thickness-length ratios (k1 � k2 � 0).

a/b h/a
Al/Zr2O3 SUS304/Si3N4 Al/ZrO2

w/h (S1) w/h (S2) Relative deviation (%) w/h (S1) w/h (S2) Relative
deviation (%) w/h (S1) w/h (S2) Relative deviation (%)

0.5
1/80 − 0.6564 − 0.2506 161.93 − 0.8646 − 0.3371 156.48 − 0.6424 − 0.2378 170.14
1/40 − 0.1436 − 0.0703 104.27 − 0.2491 − 0.1506 65.41 − 0.1716 − 0.0795 115.85
1/20 − 0.0209 − 0.0109 91.74 0.0496 0.0419 18.38 − 0.0329 − 0.0167 97.01

1
1/80 − 0.5611 − 0.2446 129.39 − 0.0281 0.1177 123.87 − 0.5760 − 0.2291 151.42
1/40 0.5289 0.4074 29.82 0.7349 0.6255 17.49 0.4689 0.3490 34.36
1/20 0.6098 0.5013 21.64 0.5721 0.5219 9.62 0.7138 0.5538 28.89

1.5
1/80 0.6530 0.4882 33.76 0.9058 0.7202 25.77 0.6542 0.4675 39.94
1/40 1.1281 0.9480 19.00 1.0927 0.9780 11.73 1.0351 0.8506 21.69
1/20 1.0085 0.9143 10.30 0.9997 0.9420 6.13 0.9514 0.8137 16.92

2
1/80 1.0240 0.8320 23.08 1.3184 1.1976 10.09 0.6609 0.5130 28.83
1/40 1.1382 1.0186 11.74 1.2892 1.2262 5.14 1.1504 1.0423 10.37
1/20 1.1709 1.0843 7.99 1.2641 1.2441 1.61 1.0734 0.9937 8.02

Relative deviation is evaluated between the values in S1 and S2.
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Figure 9: /e nondimensional center deflection-load curves for elastically supported Al/Zr2O3 FG plates with (a) C1; (b) C2; (c) C3.

Table 9: /e center deflection for elastically supported Al/ZrO2 FG plates with different length-width ratios and heating-up conditions
under q∗ � 25 and (h/a) � (1/40).

a/b Heating-up
conditions (Tm/Tc)

k1 � 0
k2 � 0

w (10− 3m)

k1 � 10
k2 � 10

w (10− 3m)

k1 � 100
k2 � 10

w (10− 3m)

k1 � 100
k2 � 100

w (10− 3m)

Relative
deviation I (%)

Relative deviation
II (%)

Relative
deviation III (%)

0.5
C1 10.740 − 1.297 − 0.524 − 0.097 112.08 59.60 81.49
C2 8.988 1.054 0.532 0.096 88.27 49.53 81.95
C3 1.096 − 0.674 − 0.220 − 0.041 161.50 67.36 81.36

1
C1 11.723 2.416 1.821 0.285 79.39 24.63 84.35
C2 20.079 4.669 3.267 0.490 76.75 30.03 85.00
C3 10.169 3.550 2.482 0.351 65.09 30.08 85.86

1.5
C1 22.120 9.730 7.980 1.170 56.01 17.99 85.34
C2 23.925 11.402 9.361 1.383 52.34 17.90 85.23
C3 22.049 11.529 9.253 1.250 47.71 19.74 86.49

2
C1 28.761 18.494 14.506 2.527 35.70 21.56 82.58
C2 29.198 19.504 17.374 2.737 33.20 10.92 84.25
C3 28.903 17.556 15.577 2.624 39.26 11.27 83.15

Relative deviation I is evaluated between the values in columns 3 and 4; relative deviation II is evaluated between the values in columns 4 and 5; Relative
deviation III is evaluated between the values in columns 5 and 6.
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Table 10 shows that, for the thin plates (h/a� 1/80), the
relative deviations I are smaller than that of the thick plates
(h/a≥ 1/50)./e relative deviations II are larger than and the
relative deviations III are close to those of the thick plates. It
illustrates that the linear normal stiffness K1 has a greater
influence on the thin plates, while the influence of shear
stiffness K2 and the stiffening effect of the elastic foundation
are unrelated to the thickness-length ratio. By comparing the
three relative deviations with the same thickness-length ratio
and different volume fraction indexes, the stiffening effect of
the elastic foundation on FG plates is found to increase with
k.

5. Conclusions

/is paper proposes a SFPM to study the thick and thin FG
plates in thermal environments based on a locking-free thin/
thick plate theory. /e material parameters and temperature
are assumed to vary along the thickness direction of the
plates. By comparing with the published models, the new
model is validated to be correct with high precision and good
convergence for rectangular plates. /e numerical results
show that the proposed method performs well in analyzing
the nonlinear bending of elastically supported FG plates
without shear locking. /e effect of the temperature rise
condition, in-plane temperature force and elastic foundation
on the nonlinear bending under different parameters, in-
cluding the volume fraction index, thickness-length ratio,
length-width ratio, heating-up condition, and foundation
stiffness, are discussed through several examples, and the
conclusions are summarized as follows:

(1) For the nonlinear bending analysis of FG plates, the
effect of thermal environment is related to material
combination, and the temperature independent
FGM is more affected. And thermal environment has
greater influence on the plates with larger length-
thickness ratios and with larger width-length ratios.
Two kinds of temperature rise conditions are dis-
cussed, as the length-thickness ratios decrease and

width-length ratios increase, the stiffnesses of the
plates increase, so the relative deviations between
two kinds of temperature rise conditions increase.
And the uniform temperature rise condition has
more effect on bending behavior than the nonlinear
one with C2.

(2) /e in-plane temperature force is generated when
the cold shrinkage and thermal expansion defor-
mation of the material is constrained by the
boundary. It is related to the environment temper-
ature and the material properties and can soften the
structure and make the bending deformation in-
crease with temperature rises because the in-plane
temperature force produces bending moments that
deform the plate. /e softening effect is obvious on
thin plates with small length-width ratio, and greater
on FGMs than homogeneous materials. /e phe-
nomenon conforms to the general law of mechanics,
the smaller the stiffness is, the larger the deformation
is.

(3) As the nonlinear deformations of FG plates increase,
the influence of the in-plane temperature and
thermal environment decreases gradually. /e large
deflection is mainly controlled by external me-
chanical loads and obviously effected by the length-
width ratio. Due to the small thickness of plate, the
bending moment generated by the in-plane tem-
perature force is limited, so the influence of the in-
plane temperature and thermal environments is
limited.

(4) /e proposed method is applicable not only to
theoretical research but also to some engineering
application, such as the elastic foundation analysis.
/e analysis found that the elastic foundations can
stiffen the structure and weaken the bending be-
havior effectively, and the nonlinear bending de-
creases with the increase of the foundation
parameters. /e linear normal stiffness K1 has a

Table 10: /e center deflection for elastically supported Al/Zr2O3 FG plates with different volume fraction indexes and thickness-length
ratios under q∗ � 25 and C2.

h/a Volume fraction index
k1 � 0
k2 � 0

w (10− 3m)

k1 � 10
k2 � 10

w (10− 3m)

k1 � 100
k2 � 10

w (10− 3m)

k1 � 100
k2 � 100

w (10− 3m)

Relative
deviation I (%)

Relative
deviation II (%)

Relative
deviation III (%)

1/80
k� 0.5 6.283 4.160 2.620 0.329 33.79 37.02 87.44
k� 2 8.796 4.396 2.703 0.331 50.02 38.51 87.75
k� 3 9.023 4.505 2.742 0.332 50.07 39.13 87.89

1/50
K� 0.5 17.529 3.826 2.685 0.400 78.17 29.82 85.10
k� 2 19.474 4.168 2.846 0.413 78.60 31.72 85.49
k� 3 19.949 4.210 2.866 0.414 78.90 31.92 85.55

1/25
K� 0.5 25.824 6.302 4.505 0.708 75.60 28.51 84.28
k� 2 26.643 6.434 4.590 0.717 75.85 28.66 84.38
k� 3 27.276 6.550 4.610 0.719 75.99 29.62 84.40

1/10
k� 0.5 93.084 14.748 10.547 1.698 84.16 28.49 83.90
k� 2 95.220 14.953 10.655 1.710 84.30 28.74 83.95
k� 3 99.585 15.540 11.004 1.716 84.40 29.19 84.41

Relative deviation I is evaluated between the values in columns 3 and 4; Relative deviation II is evaluated between the values in columns 4 and 5; Relative
deviation III is evaluated between the values in columns 5 and 6.
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greater influence on thin plates. /e shear stiffness
K2 has a more obvious stiffening effect than K1, and
the larger themechanical load is, themore significant
the effect is. /e stiffening effect is unrelated to the
thickness-length ratio and the heating-up condition,
but it can be affected by the length-width ratio a/b
and volume fraction index k./e smaller the value of
a/b and the larger the k, the stronger the effect.

Appendix

A. Calculation of the Nonlinear Spline Integral

/e integral of product of three B-spline interpolation
functions is needed when using SFPM for nonlinear cal-
culation. Taking the calculation of 

a

0 [ϕ]T[ϕ] b{ }k[ϕ]dx as an
example,

[ϕ]
T
[ϕ] b{ }k[ϕ] � [ϕ]

T
b− 1( kφ3

x
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h
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x

h
− N − 1 [ϕ].

(A.1)

According to the matrix form of spline interpolation
functions equations (32) and (33), equation (A.1) can be
rewritten as

[ϕ]
T

[ϕ] b{ }k( [ϕ] � φ3i  Qs  b{ }k(  Qs 
T φ3i 
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(A.6)

given t � (x/h) − i, and x � 0, t � − i, x � a � Nh, t � N − i,
so equation (A.6) can be rewritten as

h 
N− i

− i
φ3(t)φ3 t − s1(  

N+1

k�− 1
b
∗
k( 1φ3 t − s2( ⎡⎣ ⎤⎦dt, (A.7)

where s1 � j − i and s2 � k − i, i, j, k � − 1, 0, 1, . . . , N, N + 1.

B. The Specific Formula Derivation and
Description of Locking-Free Thin/Thick
Plate Theory

Based on the locking-free thin/thick plate theory for thick
and thin plates, the displacement field can be expressed as
follows:
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w � w0,

cxz �
zw

zx
− φx,

cyz �
zw

zy
− φy.

(B.1)

/e bending shear strain energy of thick plates is given
by

U �
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given

κ{ } � − B1  Vw  + B2  Vc ,
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Substituting equation (B.4) into equation (B.2) gives
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For (zU/z Vy ) � 0, i.e.,
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λa2 L3 
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in which

L1  � 
Sf

B1 
T B1 dS,

L2  � 
Sf

B2 
T

B2 dS,

L3  � 
Sf

B1 
T

B2 dS,

λ �
h2

5(1 − μ)a2.

(B.7)

For the thin plates, h⟶ 0, λ⟶ 0, i.e., Vc  � 0. So,
equation (B.5) degenerate to the bending shear strain energy
of thin plates, i.e.,

U �
1
2


Sf

Vw 
T

B1 
T
[D] B1  Vw dS. (B.8)

Equation (B.2) degenerates to

U �
1
2


Sf

κ{ }
T
[D] κ{ }dS. (B.9)

Equations (B.9) and (B.2) show that there is no false
shear strain for thin plates and the shear deformation is
considered for thick plates. /e locking-free thin/thick plate
theory is suitable for the analysis of different thickness plates
without shear locking.
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