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The aim of this paper is to study and establish the precise asymptotics for complete integral convergence theorems under a
sublinear expectation space. As applications, the precise asymptotics for p (0< p<2) order complete integral convergence
theorems have been generalized to the sublinear expectation space context. We extend some precise asymptotics for complete
moment convergence theorems from the traditional probability space to the sublinear expectation space. Our results generalize
corresponding results obtained by Liu and Lin (2006). There is no report on the precise asymptotics under sublinear expectation,

and we provide the method to study this subject.

1. Introduction

The sublinear expectation space has advantages of modelling
the uncertainty of probability and distribution. Therefore,
limit theorems for sublinear expectations have raised a large
number of issues of interest recently. Limit theorems are
important research topics in probability and statistics. They
were widely used in finance and other fields. Classical limit
theorems only hold in the case of model certainty. However,
in practice, such model certainty assumption is not realistic
in many areas of applications because the uncertainty
phenomena cannot be modeled using model certainty.
Motivated by modelling uncertainty in practice, Peng [1]
introduced a new notion of sublinear expectation. As an
alternative to the traditional probability/expectation, ca-
pacity/sublinear expectation has been studied in many fields
such as statistics, finance, economics, and measures of risk
(see Denis and Martini [2]; Gilboa [3]; Marinacci [4]; Peng
[1, 5-7], etc.). The general framework of the sublinear ex-
pectation in a general function space was introduced by Peng
[1, 7, 8], and sublinear expectation is a natural extension of
the classical linear expectation.

Because the sublinear expectation provides a very flexible
framework to model sublinear probability problems, the
limit theorems of the sublinear expectation have received

more and more attention and research recently. A series of
useful results have been established. Peng [1, 7, 8] con-
structed the basic framework, basic properties, and central
limit theorem under sublinear expectations, Zhang [9-11]
established the exponential inequalities, Rosenthal’s in-
equalities, strong law of large numbers, and law of iterated
logarithm, Hu [12], Chen [13], and Wu and Jiang [14]
studied strong law of large numbers, Wu et al. [15] studied
the asymptotic approximation of inverse moment, Xi et al.
[16] and Lin and Feng [17] studied complete convergence,
and so on. In general, extending the limit properties of
conventional probability space to the cases of sublinear
expectation is highly desirable and of considerably signifi-
cance in the theory and application. Because sublinear ex-
pectation and capacity is not additive, many powerful tools
and common methods for linear expectations and proba-
bilities are no longer valid, so that the study of the limit
theorems under sublinear expectation becomes much more
complex and difficult.

Since the concept of complete convergence of a sequence
of random variables was introduced by Hsu and Robbins
[18], there have been extensions in several directions. One of
them is to discuss the precise rate, which is more exact than
complete convergence. Precise asymptotics for complete
convergence and complete moment convergence is one of
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the most important problems in probability theory. Many
related results have been obtained in the probabilistic
space. Their recent results can be found in the studies of
Heyde [19]; Liu and Lin [20]; Zhao [21]; Li [22]; Zhou
[23]; Gut and Steinebach [24]; He and Xie [25]; Wang
et al. [26-29]; Spaataru [30]; and Kong and Dai [31].
However, in sublinear expectations, due to the uncer-
tainty of expectation and capacity, the precise asymptotics
is essentially different from the ordinary probability space.
The study of precise asymptotics of complete convergence
and complete integral convergence for sublinear expec-
tations is much more complex and difficult. The precise
asymptotics theorems under sublinear expectation have
not been reported. The purpose of this paper is to establish
the precise asymptotics theorems for p (0< p<2) order
complete integral convergence for independent and
identically distributed random variables under sublinear
expectation. As a result, the corresponding results ob-
tained by Liu and Lin [20] have been generalized to the
sublinear expectation space context.

In the next section, we summarize some basic notations
and concepts and related properties under the sublinear
expectations.

2. Preliminaries

We use the framework and notations of Peng [8]. Let (Q, %)
be a given measurable space, and let # be a linear space of
real functions defined on (Q,%) such that if X,,...,
X, € Z, then ¢(X,,...,X,) € Z for each ¢ € C;;,(R,),
where C; 1;, (R,)) denotes the linear space of (local Lipschitz)
functions ¢ satisfying
vx,yeR,,
(1)

for some ¢ >0,m € N, depending on ¢. # is considered as
a space of “random variables.” In this case, we denote
XeZ.

lpx) — Wl <c(1+x" +Iyl")x - yl,

Definition 1. A sublinear expectation E on % is a function
E: # — [-00, 00] satistying the following properties: for
all X,Y e #,

(a) Monotonicity: If X >Y, then EX>EY
(b) Constant preserving: Ec=c
() §ubad£litivity: E(X+Y)<EX+EY  whenever
EX + EY is not of the form +00 — 00 or —00 + 0O
(d) Positive homogeneity: E(AX) = AEX,1>0
The triple (Q, %, [E) is called a sublinear expectation
space.

Given a sublinear expectation E, let us denote the
conjugate expectation € of E by
X = -E(-X), VXeX. (2)

From the definition, it is easily shown that for all
XY e,
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¢X <EX,
E(X+c)=EX+c,
. X (3)
E(X-Y)|<EIX-Y]|,
E(X-Y)>EX - LY.

IfEY =&Y, then E(X +aY) = EX + aEY for any a € R.
Next, we consider the capacities corresponding to the

sublinear  expectations. Let ¥ c&%. A function
V: & — [0,1] is called a capacity if
V(D) =0,
V(Q) =1, (4)
V(A)<V(B), forVACB,A,Be .

It is called to be subadditive if V(AU B) <V (A) + V (B)
for all A,Be ¥ with AUB€ @. In the sublinear space
(Q, #,E), we denote a pair (V,») of capacities by

V(A) = inf{E&ET(A) <& E € #),v(A) = 1-V(A),VA € F,
(5)

where A€ is the complement set of A. By definition of V and
v, it is obvious that V is subadditive, and

v(A)<V(A), VAeZF;
V(A) = E(I(A)),v(A) =2(I(4)), ifI(A)e %,

Ef<V(A)<Eg,ef <v(A)<ig,if f<I(A)<g, f, ge .
(7)

This implies Markov inequality: VX € &,
E(|1X|?
\/(IXsz)gw, Vx>0, p>0, (8)
x

from I(|X|>x)<|X|?/x? € #. By Lemma 4.1 in Zhang
[10]; we have Holder inequality: VX, Y € #, p, g>1 sat-

isfying p ' +q ' =1,
E(XY]) < (E(IXIP)"P(E(1Y19)". (9)

And particularly, we have Jensen inequality: VX € 7,
(E(XI'N" < (E(IXF)'S, foro<rs<s. (10)

Also, we define the Choquet integrals/expectations
(C\/> Cv) bY

Cy (X) = J:OV(X>x)dx+ IO (V(X>x) - 1)dx,

(11)
with V' being replaced by V and v, respectively.

Definition 2 (Peng [1] and Zhang [9]).

(i) Identical distribution: let X, and X, be two n-di-
mensional random vectors defined, respectively, in
sublinear expectation spaces (Q,,%,,E,) and
(Q,, #,,E,). They are called identically distributed if
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El (p(Xy)) = E2 (p(X,)), Voe Cl,Lip(Rn)’

(12)

whenever the subexpectations are finite. A sequence
{X,;n>1} of random variables is said to be iden-
tically distributed if for each i>1, X; and X, are
identically distributed.

(ii) Independence: in a sublinear expectation space

(O, #,E), a random vector Y = (Y,...,Y,),
Y, € Z, is said to be independent of another ran-
dom vector X = (X,,...,X,,), X, € %, under E
if for each test functlon 9 €Cpip (R, xR,), we
have [E((p(X Y) = [[E((p(x, Y))IX xJ» whenever
9(x) = [E(|(p(x Y)|)<oco for all x and
E([p(X))) < co.

V (S, >x)<\/(maxXk > y) +exp<

1<ks<n
(ii) If EX; = E(-X,) = 0, then

Vs, |2x)<c 2, (14)

where B, = Y;_ EX2.

Lemma 2. For any X € %, we have

[ (Xt x)av< e, (Xmix) < £ () + |
I 7

o0 (o)
J V(X*In|X| > x)dx = J
f3) f3)

2ylny<2ylny+ y<3ylny,
for y > 3.

Therefore, (16) holds.
Here, we give the notations of G-normal distribution
which is introduced by Peng [7]. a

Definition 3 (G-normal random  variable).  For
0< 0% <0* <00, a random variable ¢ in a sublinear expec-
tation space (Q, 7%, E) is called a normal (0, [¢%,3°])
distributed random variable (write & ~ (0, [6%,5%]) under
E); if for any ¢eC 1ip (R),  the  function
u(x,t) = [E(q)(x +t &) (x € R,t>0) is the unique vis-
cosity solution of the following heat equation:

V(IX1> £ (x))dx =

(iii) Independent random variables: a sequence of ran-
dom variables {X,;n>1} is said to be independent,
it X;,, is independent of (X,,...,X;) for eachi>1.

In the following, let {X,;n> 1} be a sequence of random
variables in (Q, %,E)and S, = Y, X;. The symbol ¢ stands
for a generic positive constant which may differ from one
place to another. Let a, ~ b, denote lim,_ , a,/b, =1,
a, <b, denote that there exists a constant ¢ >0 such that

<cb, for sufficiently large x, and I () denote an indicator
function.

To prove our results, we need the following four lemmas.

Lemma 1 (Theorem 3.1 in Zhang [10]). Let {X;;k ZAl} be a
sequence of independent random variables in (Q, #, E) with
EX, <0. Then,

(i) For any x, y >0,

x? 2 xy
e R o

CV(X2)<00(=>J XV (]X] > x)dx < 0o, (15)
1

o0
Cy(X* In|X]) < 00 = J xInxV (| X] > x)dx < co.
3

(16)

Proof. We only prove (16). Let f(x):= x’Inx and f~!(-)
denote the inverse function of f (-). Then, (16) follows from
the following three equations:

\/(X21n|X| > x)dx,

J:O(Zylny+)/)\/(|x|>J’)d)’(letf_l(x)zy)’ (17)

du—G(d%u) =0,
1 (0, x)

(18)
= ¢ (x),

where G (a) = (¢%a* — a?a)/2.

Lemma 3 (Theorem 3.3 and Remark 3.4 in Peng [7]
(CLY)). Suppose that {X,;n>1} is a sequence of indepen-
dent and identically distributed random varzables with
E(X,) =E(-X,) = 0. Write > = E(X?) and ¢*> =&(X?).
Then, for any continuous function ¢ satisfying
lp () <c(1 +|x]),



nlgnm[E(( )) E(p(&), (19)
3

where &€ ~ ¥ (0, [0?,6%]) under

In particular, if ¢ = g, then Lemma 3 becomes a classical
central limit theorem.

Remark 1. For any x>0, by E(xX,) = x%0%,
£(xX,)* = x%0%, and x& ~ N (0, [x%0?, x%6?]) under E, (19)
becomes

i £(o(22)) - Eod) 20)

Lemma 4 (Lemma 3 in Chen and Hu [32]). Suppose that
&~ (0, [02,3%]) under E. Let P be a probability measure
and ¢ be a bounded continuous function on R. If {B,},., is a
Brownian motion under P, then

1
E(9(8) = sup Ep[q)(JOGSdBS)], (21)

0c®

where

©® ={0; 0, is F, — adapted process such that ¢ <6, <3},

F, = 0{B,; 0<s<t}v, N is the collection of P — null subsets.

(22)

From Peng [8], if £ ~ .4 (0, [0%,3%]) under E, then for
each convex function ¢,

- 1 ([ )
Eg@) == | o0 Pan @)
but if ¢ is a concave function, the above & must be replaced
by g.If 0 =7 = g, then (0, [0?,7%]) = (0, 0*) which is a
classical normal distribution.
In particular, notice that ¢ (x) = |x|?, p>1, is a convex

function; taking ¢ (x) = |x|?, p>1, in (23), we get

_ 260 [

E(1817) = % JO xPe”*dx < co. (24)

(24) implies that

Cy (IE17) = j:o\/(w’ > x)dx <1

+J (IEIZP) 1

dx < oo, foranypzi.

(25)

Definition 4. A sublinear expectation E is called to be
continuous if it satisfies

Continuity from below: E(X,)TE(X) if 0<X,TX,
where X,, X e #

Continuity from above: [E(Xn)l[E (X) if 0<X,1X,
where X,, X € Z
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I:emma 5. Suppose that the conditions of Lemma 3 hold and
E is continuous, set A, (x) = \/((IS I//n) 2 x) = V(|§| 2 x),
here and later, & ~ ./V(O [02,3%]) under E; then,

A, = sup|A, (x)| — 0,

asn — OQ. (26)
x>0

n

Remark 2. Lemma 5 is a powerful tool for studying the
uniform convergence of the central limit theorem under
sublinear expectations, which plays a key role in proving the
theorems in this paper.

Proof of Lemma 5. If 0 = g, then Lemma 3 is a classical
central limit theorem. In the classical probability, (26) fol-
lows from the central limit theorem and an important fact
that P (|é] > x) is a continuous function of x. Therefore, we
only need to prove the situation ¢ <o.

Obviously, A, (0) =1 -1 = 0; thus, A, = sup,.,l4, (x)].

For 0 <u <1, let ¢ (x) be a Lipschitz even function and
nondecreasing for x >0 such that 0 < ¢ (x) <1, for all x and
¢(x)=0if |x|<p and @ (x) =1 if |x| > 1. Then,

I(|x|=1) <o (x)<I(|x|=p). (27)

This combines equation (7), for x>0,

ot 3] )
) O] )

= A, (%) + Ay (x) < sup|An1 (x)| +sup A, (x),
x>0 x>0

ks

(28)

where A, (x) = E[o(S,/vnx)] - Elp(&/x)] and

A, (x) = E[g(&/x)] - E[g (ué/x)] 2 0.
On the other hand,

Anmz[ﬁ[gp(%)] —[E[«)(%)]
(o)) #lo(5)] )]

= Am(f) A (x)= - sup|An1 (x)l —sup A, (x).
U x>0 x>0

(29)
Thus,
A, = sup|An (x)| < sup|An1 (x)| +sup A, (x). (30)
x>0 x>0 x>0

Therefore, in order to prove that (26), it suffices to show
that

nhillm sup|An1 (x)| (31)
lim supA,(x) = (32)
1" x50
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Write F,(x)= E (¢(S,/\nx)) and F(x) = Obviously, 0<F, (x)and F (x) <1; F, (x) and F(x) are
E(p(&/x)) x>0 nonincreasing functions on [0, +00). Thus, for any x, >0,
1 x=0" the limit lim,_,, F(x) exists. Actually, taking x,Tx, and

x,1 %, by contlnulty of E, we have
s (o) o) P )
lim F(x)—hm[E [0 i =F(¢ £ = F(x,)from0<¢ i, Te £ ; (33)
xX—x} xh1x, xn X0 Xn X0
limwF(x) = lim [E(go(nf)) =1=F(0)from0<¢(né)T1.
|F(x,) - F(x,)| <e. (39)

Hence, F(x) is continuous for 0 <x<o0o. As well as
lim, , F(x)= limnHmE(¢(E/n)) =0 from 0< ¢ (&/n)]0.
Therefore, let € be an arbitrary positive number; there
exist points 0 < x; < x,, ..., X,, < 0o satisfying the conditions

1-F(x;)<=

k=1,... 1, (34)

&
F(x) = Flxn) <5 m-

F(x,,) <=

Furthermore, by (19) and Remark 1, there exists a
number #, such that for n>#n, and we have

|F,(x¢) - F k=1,....,m. (35)

()| <

Ifx <x<x,(k=1,...
F,(x)—F(x)<F,(x;)— F(x;) + F(x;) -
Fn(x)_F(x)an(karl)_F(xk+1)+F(xk+1)_

,m — 1), then for n> n,, we get

F(ka) <&

F(Xk) > —
(36)

If 0 < x < x;, then for n>n,
F,(x)-F(x)<1-F(x)<s
F,(x)=F(x)>F,(x;) - 1=F,(x;) = F(x;) + F(x;) - 1> —e.

(37)

If x> x,,, then for n>n,,

F,(x) - F(x)<F,(x,,) =F,(x,,) - F(x,) + F(x,,) <e

F,(x)—F(x)>0-F(x,)> —¢.

(38)

Thus, |F, (x) — F(x)| < ¢ for all x and n > n,. That is, (31)
holds.

Next, we prove that (32).

Because F is continuous on [0,00), F is uniformly
continuous on [0, 2]. Therefore, for any € >0, there is § >0
(can be assumed J§<2), such that Vx,x, € [0,2]; if
|x; — x,| <, then

Let max(1/2,1 - 6/2,0/0) <u <1, for any x € (0, 1]; we
have 0 <x/p <2x <2 and |x/u — x| <§. Hence,

Az(x)=[E<<P<§>> ((yf)) F(x) - F(M)

(40)
Thereby,
sup A, (x)<e (41)
0<x<1
For x>1, let ® ={0;0,isF, —adapted process such that
0/x<0,<0/x} and O ={0;0,is F,— adapted process such

that thata Ix <6, <polx}; combmlng any a>0, &/la ~ W (0,
(0% a?,5%/a?]) under E. By Lemma 4,

o) 45)

1 1
< supEP< 0,dB >>—supEP(go< 0,dB ))
0c® 0 OOt 0
1
< supEP< HSdBS>>—supEP<go< 6/\— ))
0e® 0c® 0

(
()
(

L _
< supEP((p (95st> ( (@xﬂ)dlg))
0c® 0 X
1
<c supEP<J 0,dB; - )
6c® 0

<c, sup
9&@)

9/\— )dB )

2

Ep(es —(95/\@)) ds
X

e
il

o(l—p)
_C(PT,

=, sup

¢ 0O

(42)

where ¢, is the Lipschitz constant of ¢.

Therefore,



6
supA, (x)<c,o(1-p) — 0, p—1". (43)
x>1
The combination of (41) and (32) is established. This
completes the proof of Lemma 5. O

3. Main Results and Proofs

Our results are stated as follows.

Theorem 1. Let {X, X,,;n>1} be a sequence of independent
and identically distributed random variables in (Q, Z,E).
We assume that E is continuous and

E(X)=E(-X) =0,
lim E(X]-c) =0,

E(X*)=7"<oo, (44)
§(x*) = o2,
Cy(X?) < 0.
Then,
i S uslza) =c (). o

here and later, &€ ~ ¥ (0, [02,5°]) under E.

Theorem 2. Under the conditions of Theorem 1, for 0< p< 2,

Mathematical Problems in Engineering

2
2-p

lim ¥ ° i nipcv(lsnlpl(|sn| >en) = -——Cy(&).  (46)
n=1

For p =2, we have the following theorem.

Theorem 3. Let {X, X,,;n>1} be a sequence of independent
and identically distributed random variables in (Q, 7 ,E).
We assume that E is continuous and

E(X)=E(-X) =0,
. ~ 2 +
C@@E(Xl —c) =0,

[E(Xz) =0° < 00, (47)

Cy(X*In|X]) < co.

Then,
. |
im et Ol (s 2en) =20,(€). )

Remark 3. Theorems 1-3 extend the corresponding results
obtained by Liu and Lin [20] from the probability space to
sublinear expectation space.

Proof of Theorem 1. Note that

& Z \/(|Sn| 281’1) = ¢ Z V(€| >evn) + € Z [\/(ls,,l an) - V(¢ Zex/ﬁ)] =1, (e) + I, (¢). (49)
n=1 n=1 n=1

Hence, in order to establish (45), it suffices to prove that

lim 1, () = Cy(&), (50)
lim I, () = 0. (51)

tim 1, (¢) = lim, & [ V(181> ev@)dx = lim [ V(182 »)dy
E— E— 1 E— 82

- [ v(1eP s )y = ()

_ Without loss of generality, here and later, we assume that
EX? = 1. Let M > 12,

Obviously, (50) follows from

(52)

|Iz(£)|§£2 Z |\/(|Sn|28n)—\/(lflzgx/ﬁ)|+£2 Z \/(|Sn|2£n)+£2 z V(€| = evn) = I, (€) + I, (€) + L5 (¢).

n<[Me 2] n>[Me 2]

n>Me 2]

(53)
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Let A, = sup,.olV(IS,| > Vnx) - V(|£] > x)|, from (26),
A,— 0 as n—00. So, by Toeplitz’s lemma, if

X, — X, w; 20, and i, w; — 00, then
(Tt wxil Ty @) — X,
lim I, (¢) < M,
e—0
(54)
lim ZnS[MS’Z]An -0
e—0  Me? '

en?

n
i=1

&n
V(S,>en) < Z\/<|Xi| 25) + eXp<_m

from (n*/2 (2n?/
12))}=21In(1 + (2n/12)).

Since {-X, —X;} also satisfies the conditions of Theorem
1, we replace the {X, X;} with the {-X,-X;} in the upper
form:

12+ n){1+ (2/3)In(1 + (e*n/

&n 1
\/(—SnZ&’l) < Vl\/(lX| 2[11—2) +@. (57)
Therefore,
V([S,| 2 en) <V(S, > en) + V(=S, 2 en) < n\/( 1X| > %)
1
en?
(58)

Iy(e) +In(e) <’ )

ysn) 1
n>[Me 2]

+—+
12 etn?

(n\/(IXI >

etn?

Let ¢ — 0 first; then, let M — o0; we get

sli_n?o (In2(8) + I3 (e)) = 0, (61)
from (44) and (15).

From this, combining with (53) and (54), (51) is
established. This completes the proof of Theorem 1. O

2P i nipc\/(lsnlpl(|8n| 2511)) =& i \/(lSnl > en) v b
n=1

—_

n=

Hence, from Theorem 1, in order to establish (46), it
suffices to prove that

EIE* 5 (@ -1 _
)K€ xV(|X|=cex)dx + M~ (letcex = y) ~ ¢

Taking ¢ as the proof process of Lemma 5, by (7), (27)
and identically distributed of X, X;, for any x >0,

\/(|Xi| 2x) < E[(p(%)] = E[(p(%)] <V (X[ = px).
(55)

Hence, for n>Me ?>12¢2,
y =eén/12 in Lemma 1 (i),

taking x =en and

5 (56)

2
1+zln 1+2 Sn\/(lez(@>>+L
3 12 12 &tn

2

More generally, for any x >0andn> Me™ ~, we have

ule+ x)n) 1
+ :

12 (e + x)*n?
(59)

\/(|Sn| > (e+ x)n) < n\/(lXI >

This implies from Markov’s inequality and (24) that

J V(X[zy)dy+ M
(60)
Proof of Theorem 2. Since

Cy (IS,IP1(IS,| = en)) =V(|S,|=en) when p=0, so by
Theorem 1, we only discuss the case 0 < p <2. Note that

in—lp JOO pxp_l\/(|Sn| zx)dx. (62)
n=1 en

. el (® _

lim ety [ e (s o) = 2o )

(63)



Let M >12. Note that
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2oL [
€ 7pzn—PJ' pxpfl\/(|8n|2x)dx
n=1 en

=& pz J pxp1 (Iflz%)dx

_ 1 ([ . X 64)
i 1(\/ B —\/(lflz—))d (
5 ns%ﬁ] 1P ) e px (I l x) N X
+ef JOO 1(\/ |Sn|2x —\/(Iflzi))dx
n>[§e 2] ( ) \/ﬁ
=], (e) +7, (e) + ]3(5)~
Hence, in order to establish (63), it suffices to prove that ()] < 2P Z LPJ ! (|Sn| Zx) - \/<|5| 2i> dx
n<[Me 2]” \/ﬁ
lim 7, (¢) = —cv(f ) (65) o
p < ? Z JO p(y+e)p_l‘\/(|5n|2(y+£)n)
n<[Me 2]
lim ], (¢) =0, (66)
a0 ~ V(&= (y +&)vn)|dy
MIEIOO li‘gﬂp|]3 (&) =0 (67) <Py Jb” ply+ef'n,dy

We first prove (65); let y = x/+/n, then

S 1 o _
hm ], (e) = hm & PZHP/Z J pyp 1\/(Iflzy)dy
n=1 EW

lim sz"’j Ldtj Py V(€ = y)dy

e—0 1 tP 2

[eS) y2le 1
—1; 2-p p-1 I
~ lim ¢ j py” W(IE = y)dy jl e

e—0

L 2P > p - )’2 - pl2+1
sHOZ—Ps Je \/(|5|>y)<( ! dy

n<[Me2)

v F Z Jmp(y+£)1’_l(\/(|5n|2 (y+£)n)

n<[Me 2]

+ V(]2 (y +&)Vn))dy

= 827}7 Z

n<[Me2)

1
W(]n (&) + ], (o),

(69)

where
/2 bn 1
T (@) = [ p(y 40784y,

T (&) = J:op(y + P (V([S,]2 (y + o) + V(I8

2p Jm
=— V(&= y)d
2-pJo” e > (y+e)vn))dy.
o (70)
~lim 2P eZ_PJ YV (1E] > y)dy
e—=02-p e Since n < Me™ % implies e/n < VM, one can easily obtain
p that
T2- (&) T (e) <A P 1 P<(A1/2p mAl/p)P
(68) 5 (&) <A 7\/EA%<21’)+8 <(A,P+ ,
from (25). 1/2
A, 0 .
Now, we prove (66). Let b, = (v/n AY?P)™! Then, < T oo

(71)
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By Lemma 1 (ii), Markov’s inequality, and (24), we get

o2 [® p-1 nEX? Efz a1 1 _ p/2—1< 1 >p2 Up-12 | .
Ty (8) <cn an (y+e) <(y+e)2n2 O +orn ydy < J 7(y+£)3 de cn 7\/EA;/2P+8 <A, 0 asnm 00.
(72)
From (69)-(72) and That is, (66) is established.
Yeime2) (1nP?) = O(eP72) — 00,6 — 0, using Toe- Finally, we prove (67):
plitz’s lemma, we get
2 Jo1 (&) + 75, ()
R T
n<[Me2]
Z ey (AV2 4 AVPTI2 1pi2)
ns[Me ) — 0, &e—0.
Zn<[M£ 2] (l/nP/z)
(73)
IHCIEEED) Hmpx"“(\/(lsnl >x) + W(Ifl zi))dx(lety -=)
n>[Me2] n en \/ﬁ n-—¢
(74)
(o)
<? Y j PO+ P (V([S,12 (3 + on) + V(El 2 (y + )vi) )dy
n>[Me2] 0
By (59), Markov’s inequality, and (24),
IXCIETEEDY J o (v (XIzc(y +om ¢ B\
no[Me-2] * 0 (y+e)'nr  (y+e)in?
2-p o0 i p-1 2-p L (> p-5
<€ xV (X[ =c(y +e)x)dx (y+ef dy+e Z - (y+e)F "dy
Me2 0 n>Me 2] 0
t
<<827PJ (y+e)P” 1dyj \/(|X|>t)dt+M (letc(y+e)x =1t) (75)
cMe™2 (y+e) (y + S)
<P JO (y+ s)P*’dyJ V(X] = 6)de + M
ce!
= J 7 tV(|1X|>t)dt + M~
Let ¢ — 0 first, then let M — oo, we get (67) from  Proof of Theorem 3. Note that
(44) and (15). This completes the proof of Theorem 2. [
© 1 00 © 1 00
Z;C\/(Silﬂsn] zsn)) =& Z \/(|Sn| 2511) Z " J 2x\/(|S | >x) X. (76)
n=1 n=1 n=1 en
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Hence, by Theorem 1, in order to establish (48), it
suffices to prove that

00

L

e—0lne ! “n
n=1

However,

J 2x\/(|S |>x)
T lnzl J zw(mu%)@

b ZZ% | 2x<\/(|8n| >x) - \/<|£| 2%>>dx

lnslf

nsMe h
1 1 [« X
+ F n>§fz; Jgn 2X<\/(|Sn| > X) - \/(lﬂ ZW>>(1X
=K, (&) + K, (&) + K5 (¢).
(78)

[ ympvaazy

Thus, (79) follows

hm K, (¢e) = hm

lns 1

s—>0 lns Ine ! J

= lim
e—0 lne”

s—>0 l

+ [T avags nay
0

)

1 [} [E
SJ yllnyldy+J ylny i
0 1 y

= [T avaaznay [

Mathematical Problems in Engineering

Hence, in order to establish (77), it suffices to prove that

. _ 2
lim K () = 2Cy(&”), (79)
lim K, () =0, (80)
Mlgqoohrslglgppg (£)| =0. (81)

We first prove (79). Because lim,,__q. y|ln y| = 0, there is
¢, >0, such that y|ln y|<¢, for any y € (0, 1]. Therefore,
combining with Markov’s inequality and (24),

|3
dy +EJEP J' yydy—c<oo. (82)

j 2V (€] >y)dy(lety })

row_ 29V(JE 2 y)dy (letu = evF)

=TT avaaz ey

(83)

— J 4yIn yV(|¢] = y)dy
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Now, we prove (80). Let d,, = (\/EA}/“)”. Then,

1 o0
|K2(8)|51ng—1HEWZSZ]ELZW(BHIM) (lfl>7)dx<let<y+s> %)
lnsl J 2(y+£)|\/(|$n|2(y+s)n)—\/(|€|2(y+s)\/ﬁ)|dy
n<[Me2]
_lns 1 n<[M£_Z]J 2(y +e)A,dy
11_1 5 sz(y+£)(v(|sn|2(y+$)n)+\/(|f|2(y+g)\/ﬁ))dy
Ry i
1 1
Tlnet Z E(K21(5)+K22(5)),

n< [Me2]

where

d,
K, (¢) = nJ 2(y+e)A,dy,
0

Ky (e) = nJ:O2(y +s)(\/(|$n| >(y+ e)n) + V(¢ = (y+£)\/ﬁ))dy

n

Since n< Me™ % implies €/ < VM, one can easily obtain
that

2
1
K, (e)< Ann(\/—Am + s) < (A,IIM + VM A:I/Z) < A”Z — 0 asn — oo.
n n

By (59), Markov’s inequality, (24), and cn(d, + ¢) > c/n,
we get

[e9)

1 El¢* )d

2(y+g)(n\/(|X|2cn(y+€))+n2(y+8)4+n2(y+£)4

Ky, (e)<cen Jd

n

CJ t\/(IXIZt)dt+cj %dy (leten(y +¢) =t)
d,n(y+e)

cn (d +s

00 -2
< L\/_t\/(|X|>t)dt+ (\/_A“ )

—> 0 asn— oo.

11

(84)

(85)

(86)

(87)
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From (84)-(87) and
Ynsime2)1/n=0(ne ') — 00,6 — 0, using Toeplitz’s
lemma, (80) follows

|K2 (S)I <

Mathematical Problems in Engineering

n< [Me2]

Finally, we prove (81) as follows:

1 Z A+ Ky (e)  Yoeier (A7 + Ky (e)n)
<
Ine 1 n

0, S€ 0.
ZnS[Me‘Z] (1/1’1) 7 we— (88)

1 1 (* X X
|K3(s)|g — —J Zx(\/ |S |2x +\/(|E|2—>>dx (lety: )
Ine 1@[%;72]112 o ( ’ ) Vn noe
(89)
1 [e¢]
“ Y[ 20w a(u(is ) O am) VA (v,
Ine n>[Me2] 0
By (59), Markov’s inequality, and (24),
K @)<— ¥ JOO (y+s)(n\/(|X|>c(y+e)n)+ L, B )d
3 Ine! A - (y+o'n? (y+o)'n?
! JOO Jm(+)v(|X|>(+))dd+ < Ziro(+)*3d
ne ! Jae: o y+ex >c(y+ex)dy dx lns_lm[MrZ]nz 0 y+e) “dy
(e8] 00 -1
~lni‘1 IO (y+£)JM72 ﬁwxm))dt dy+21;1\j_1
cMe 2 (y+e) y (90)
1 [eS) et/ (cM)—e 1
«—L j t\/(lezt)dtJ L ayem
ln£ 1 ce ! 0 y+£
1 o & -1 -1
o | waxizn(n S mes e Jaes M
Ine ! Jeen cM
[e¢] (e¢]
s | emvaxizode [ vaxizodee v
Lete — 0 first and then let M — oo; we get (81) from  of  the  Guangxi  China  Science = Foundation
(47) and (16). This completes the proof of Theorem 3. [ (2018GXNSFAA281011).
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