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In order to solve the problems of rail gnawing and jamming during turning of rail crane, a noncircular curve scheme of the crane
based on Bezier curve is proposed. In the scheme, the quasiquartic Bezier curve with three shape parameters is chosen as the
turning curve of the inner rail. According to the single-wheel andmultiwheel situation of the crane, the tracks of the front and rear
points on the outer side are calculated through the geometric relationship of the traveling mechanism of the crane cart. Taking the
minimum deviation of the front and back points as the objective function of optimization, the optimal parameters of Bezier curve
are searched by the multistart point heuristic global optimization algorithm, and the outer rail trajectory is fitted by Hermite
interpolation. -e calculation results show that the maximum deviation of the front and rear points on the outside of the crane
during the turning process decreases significantly when the quartic Bezier curve is used as the turning track compared with the
traditional circular turning track. When the quasiquartic Bezier curve with three shape parameters is used as the inner rail, the
deviation can be further reduced by adjusting the three parameters. In addition, it is also analyzed the specific influence of turning
parameters on the deviation. Finally, ADAMS is used to carry out dynamic simulation experiment and demonstrate
the calculation.

1. Introduction

Multiple berths tend to cover modern large-scale ports, and
the distribution of berths largely depends on the natural
conditions on the shores of the ports. In order to realize the
operation of a quayside container crane for multiple berths,
the quayside container cranes need to be able to move
between multiple berths. Usually, the crane only needs to
run on the straight track, but some ports are not unidi-
rectional to the sea, and berths cannot be linearly distrib-
uted, so cranes need to turn and move. In addition, various
types of rail-operated crane such as bridge crane, gantry
crane, tower crane, and gantry crane operate along straight
line track in general engineering practice. However, in some
special cases, such as the actual need for crane operation or
due to the limitations of the natural conditions of the in-
stallation site, cranes are sometimes required to run on
curved tracks, such as gantry cranes used in the construction

of hydropower stations, tower cranes used in construction
sites, and so on, which may require cranes to run on curved
tracks. However, during the turning process of the rail-
operated crane, there will be a deviation in the trajectory of
the front and rear wheels, especially the multiwheel oper-
ating system. If the deviation is small enough, it can be offset
by the gap between the rim and the track, but if the deviation
is too large, the gap is not enough to offset this deviation,
which will cause dangerous situations such as gnawing and
jamming between the wheel edge and the track, so the
turning problem of the crane has increasingly become the
focus of the industry with the development of the crane
industry.

At present, the passing problem of the turning track of
the crane cart is mainly through the adjusting the crane
parameters such as the frame size and the wheel tread width
or adding the eccentric bearing to achieve a smooth cor-
nering. Although these methods are effective, due to fewer
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adjustable parameters and smaller adjustable range, the
result is that the turning radius of the rail will be too large or
the related motion control mechanism will be increased,
which may cause crane running stability problems, thereby
increasing the difficulty of design and manufacturing costs.

-e design studies of traditional crane turning tracks are
based on concentric circular or simply modified on con-
centric circular tracks. Gu [1] studied the turning track and
cornering conditions of the gantry crane operating mech-
anism of the hydropower station for the first time, deduced
the critical radius equation of the single-wheel and two-
wheel pure arc-turning, and gave a set of rail correction
methods. Ni [2] discussed and analyzed the basic problems
of turning track design of loading and unloading bridges and
proposed a turning design scheme that combines the
modified running track with the widened wheel tread. Xu [3]
combined with the field situation to check the minimum
radius of curvature from the application point of view and
discussed the fulcrum structure types of four different cart
operating mechanisms, respectively. -e results show that
the crane with upper vertical fulcrum structure is more
suitable for concentric circular track. Zhang et al. [4] pro-
posed the verification method for the crane running on the
curve. Compared with the design method proposed by Xu,
this method takes the contact between the wheel rim and the
track into account more carefully. Wang [5] targeted several
different types of turning carts currently designed and
manufactured by Shanghai Zhenhua Port Machinery,
mainly considering the calculation of the minimum turning
radius and the maximum deviation, and introduced several
commonly used methods such as changing base distance,
using vertical axle rotary carts, and increasing eccentric
bearings. At the same time, he pointed out that the modified
track scheme which has emerged in recent years has two
significant advantages. First, it is suitable for the small docks;
second, it does not use eccentric bearings, avoiding addi-
tional bending moments during bending, and the track tread
at the corners can also be appropriately reduced.

-e function value and the first derivative of the con-
centric circular turning track at the junction where the
straight line meets the arc are continuous, but the deviation
at the junction still increases sharply, which is due to the
discontinuity of the second derivative of both, so the con-
tinuity of the first derivative in mathematics cannot meet the
requirement of smooth transition of crane. -e curve of the
turning rail must have the continuity of the second deriv-
ative to meet this requirement. -e so-called second de-
rivative continuity is that the curvature radius of a curve is
continuous, the curvature radius of a straight line is infinite,
and the curvature radius of the arc is a certain value, and the
two are obviously discontinuous. For this purpose, a tran-
sition curve [6–8] is introduced between the two to satisfy
the continuous change of the curvature radius.

In recent years, a new type of crane turning scheme has
emerged in the crane manufacturing industry, which is called
modified orbital scheme. -e focus of this method is on the
design of its curve. -e curve of the modified track is not
composed of a simple arc, but a nonarc curve [9]. Chen et al.
[10] designed a complete noncircular turning rail by using

clothoid as the transition curve and deduced the complete
orbital equation of the clothoid. Based on this, the multiwheel
correction principle of the noncircular rail was studied.

-e Bezier curve is one of the spline curves, which has
very good geometric continuity and controllability. In the
research of trajectory planning based on Bezier curve, Huang
[11] applied rational Bezier curve to robot trajectory plan-
ning and designed and implemented an algorithm based on
rational Bezier curve. Chen et al. [12] proposed a trajectory
planning method based on fourth-order Bezier curve to
generate a local feasible trajectory that satisfies the initial and
objective state constraints of the unmanned vehicle. In this
method, the trajectory planning problem is first decomposed
into two subproblems: rail planning and velocity planning.
Han et al. [13] proposed a path planning for the anticollision
behavior of electronic vehicles based on Bezier curve. Bae
et al. [14] introduced a path planning and tracking method
for autonomous vehicles based on fifth-order Bezier curves
and used Matlab to generate the single and double lanes.

Bezier curve can smoothly transit with the straight line
segment, and its continuity can be changed by adjusting the
parameters of control points. In addition, in recent years, by
introducing various Bernstein basis functions with param-
eters, the Bezier curve can achieve the effect of local ad-
justment without changing the position of the control
points. Han and Liu [15] introduced shape parameters into
the basic function to extend the quartic Bezier curve. By
changing the value of parameter in the numerical range, the
degree of the curve close to the control polygon can be
adjusted. In the extension of basis function of cubic Bezier
curve, Hang et al. [16] introduced two parameters to make
the curve more flexible in shape adjustability. Similarly, Wu
et al. [17–20] also carried out corresponding research on the
extension of the quartic Bezier curve, respectively, intro-
ducing single, double, and three parameters into the basis
function. -e new curve constructed not only has similar
characteristics with the quartic Bezier curve but also has
more flexibility and convenience in adjusting the shape.

According to the characteristics of the noncircular curve
of crane turning, the quasiquartic Bezier curve with three
shape parameters is introduced into the design of crane
turning. Taking the deviation of the front and rear points of
the outer rail as the objective function, the global optimization
algorithm [21, 22] is adopted to optimize the parameters of
the multiple control points to form the inner rail of the Bezier
curve, and then the coordinate parameters of the front and
rear points of the outer rail are deduced directly from the
wheel coordinate parameter equation of the inner rail and the
relevant parameters of the crane through the correlation of
the rigid body motion. -e coordinate points of the modified
outer rail curve are determined according to the least squares
method. In order to ensure the smoothness of the curve
obtained after calculation, it is necessary to smooth the
discrete points and form the optimal outer rail by the Hermite
interpolation method. In this way, the optimization calcu-
lation and comparative analysis of the noncircular curved
track of the single-wheel andmultiwheel situation of the crane
are carried out, which provides a reference for the research on
the design of the noncircular curved track of the crane.
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2. Principles of Rail Optimization

-e existing crane carts generally adopt a four-point support
structure, and the wheels are mostly double-rimmed cy-
lindrical wheels. Figure 1 shows a simplified model of the
traveling mechanism of the eight-wheeled cart, where B is
the base distance of the crane and S is the gauge distance.
Figure 2 shows the balanced beam span of the eight-wheeled
cart, where K0 is the wheelbase and K1, K2, and K3 are the
spans of the first-, second-, and third-level balanced beams.

For different designs of cranes, the basic model is similar
to Figure 1, except that the number of balanced beam steps
and wheels on each fulcrum is different. Several different
crane running mechanism models are shown in Figure 3.

-ere are two main ways to optimize the crane track: (1)
first fix the inside trajectory and then fix the outside tra-
jectory—take the minimum deviation of the front and rear
points of the outer rail as the optimization target, so as to
determine the inner rail, and then determine the outer rail
from the specified inner rail; (2) first fix the outside trajectory
and then fix the inside trajectory—take the minimum devi-
ation of the front and rear points of the inner rail as the
optimization target, so as to determine the outer rail, and then
the inner rail is determined by the specified outer rail. -e
optimization scheme for the turning track of the crane is the
former. -e inner rail adopts the Bezier curve to obtain the
coordinate matrix of the front and rear points a and b of the
inner rail.-en, the coordinatematrix of front and rear points
c and d of the outer rail is obtained by using the geometric
structure relationship of the traveling cart. -en, the local
coordinate system is established with the point a as the origin,
ab as the horizontal axis, and ad as the vertical axis. -e
minimum deviation of the front and rear points of the outer
rail is the optimization objective to determine the inner rail.
Finally, the inner rail based on Bezier curve is determined by
the minimum deviation. According to the least squares
method, the coordinate points of the modified outer rail curve
are calculated. In order to ensure the smoothness of the
calculated curve, the discrete points are smoothed and the
optimal outer rail is formed by Hermite interpolation. -e
ideal curve of the outer rail needs to satisfy the requirement of
minimizing the deviation of the front and rear points. Since
the value of the deviation is positive or negative, the central
curve of the trajectory of the front and rear points is the ideal
rail curve, which can meet the requirement of minimizing the
deviation. It should be explained that for the single-wheel
case, the front and rear points of the outer rail refer to the
coordinate trajectories of the front and rear wheels on the
outside of the crane; for the multiwheel case, the front and
rear points of the outer rail refer to the coordinate trajectory
of the front and rear rotating axles of the lower balanced beam
on the outside of the crane (as shown in Figure 1 (c and d)).

2.1. Quasiquartic Bezier Curve with ,ree Shape Parameters

Definition 1. ∀t ∈ [0, 1]; polynomial about t is named as a
basis function with parameters λ, α, and β, and
λ ∈ [−4, 1], β ∈ [−4, 6], α ∈ [−4, 1].

b0,4(t) � (1 − λt)(1 − t)
4
,

b1,4(t) � (4 + λ − λt)(1 − t)
3
t,

b2,4(t) � (6 − βt)(1 − t)
2
t
2
,

b3,4(t) � [4 + αt + β(1 − t)](1 − t)t
3
,

b4,4(t) � (1 − α + αt)t
4
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

It is not difficult to see that when λ � α � β � 0, equation
(1) degenerates into quartic Bernstein basis function. When
λ � α, β � 0, equation (1) degenerates into a basis function
with a single parameter. When β � 0, equation (1) degen-
erates into a basis function with two parameters.

Some properties of the equation (1) are as follows:

(1) Non-negativity: bj,4 ≥ 0(j � 0, 1, 2, 3, 4).
(2) Normativity: 

4
j�0 bj,4(t) ≡ 1.

(3) Properties of endpoints: bj,4(0) �
1, if j � 0,

0, if j≠ 0,
 ,

bj,4(1) �
1, if j � 4,

0, if j≠ 4.


(4) Symmetry: when λ � α and β � 0, bj,4(t) � b4−j,4(1 −

t) (j � 0, 1, 2, 3, 4).

K3

K0 K1 K2

Figure 2: Balanced beam span of the eight-wheeled cart.

a bB

S

d c

(i)
(ii)
(iii)
(iv)
(v)
(vi)

i. Simplified bottom
frame of crane
ii. Third-level
balanced beam
iii. Second-level
balanced beam

iv. First-level
balanced beam
v. Wheel
vi. Rail

Figure 1: Simplified model of eight-wheeled cart: (i) simplified
bottom frame of crane; (ii) third-level balanced beam; (iii) second-
level balanced beam; (iv) first-level balanced beam; (v) wheel; (vi)
rail.
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Constructing a polynomial curve through the five
points of control which are given as Pj ∈ Rd (d �

2, 3; j � 0, 1, 2, 3, 4) in t ∈ [0, 1]:

B(t) � 
4

j�0
Pjbj,4(t). (2)

Equation (2) is named as quasiquartic Bezier curve with
three shape parameters named as λ, α, and β.
-e quasiquartic Bezier curve determined by the five
control points P0(−6, 0), P1(−4, 4), P2(0, 6), P3(4, 2),
and P4(6, 4) is affected by three shape parameters as
shown in Figure 4. Fixing α � β � 0, the virtual dotted
lines from bottom to top are the corresponding pat-
terns when λ is taken in the order of −4, −3, −2, −1, 0, 1;
fixed λ � β � 0, the dotted lines from bottom to top are
the corresponding patterns when α is taken in the order
of 1, 0, −1, −2, −3, −4; fixing λ � α � 0, the solid lines
from bottom to top are the corresponding patterns
when β is taken in the order of 6, 4, 2, 0, −2, −4. It can be
seen from the figure that the three parameters have
different degrees of adjustment for the shape of dif-
ferent parts of the curve, which provides an additional
method for local adjustment of the shape of the curve.

2.2.Method of Inner Rail Forming. As shown in Figure 5, the
quasiquartic Bezier curve has five control points and three
parameters. In order to ensure the tangency between the
curved track and the straight track, the initial and final fixed
control points p0 and p4 are set at the junction of the two
straight tracks and the curved track. -e two straight tracks
intersect at point A (z, 0), and the angle between the straight
track II and the horizontal axis is a. -e variable control
points p1 and p3 are located on the extension line of the two
straight tracks, and p2 is located in the triangular area

Single-wheel No balanced beam Two-wheel First-level
balanced beam

Four-wheel
(two wheels are collinear)

Second-level
balanced beam

Four-wheel
(four wheels are collinear)

Second-level
balanced beam

Six-wheel Third-level
balanced beam

Eight-wheel Third-level
balanced beam

Figure 3: Different crane running mechanism models.
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P3

P4

P0

y (
t)

Figure 4: Effect of three parameters on the shape of the curve.
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x
Track I

Track II

Set of inner rail curve

P0 (0, 0) P1 (u1, v1)

P2 (u2, v2)

P3 (u3, v3)

P4 (u, v)

A (z, 0)
a

Figure 5: Inner rail based on quasiquartic Bezier curve.
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surrounded by the two straight tracks. By adjusting the
positions of the control points p1 and p3 on the line seg-
ments AP0 and AP4 and the position of the p2 in the tri-
angular area, the set of inner rail curve can be obtained. -e
deviation of the front and rear points of the outer rail
corresponding to each curve can be obtained according to
the theoretical calculation. On this basis, the shape of the

curve can be adjusted locally and corrected continuously by
adjusting the values of λ, α, and β. Finally, the curve cor-
responding to the minimum deviation is selected as the
inner rail during the turning process of the crane.

Substitute the horizontal and vertical coordinate values
of P0(0, 0), P1(u1, v1), P2(u2, v2), P3(u3, v3), and P4(u4, v4)

into equation (2):

x � (4 + λ − λt)(1 − t)
3
tu1 +(6 − βt)(1 − t)

2
t
2
u2 +[4 + αt + β(1 − t)](1 − t)t

3
u3 +(1 − α + αt)t

4
u,

y � (6 − βt)(1 − t)
2
t
2
v2 +[4 + αt + β(1 − t)](1 − t)t

3
v3 +(1 − α + αt)t

4
v.

⎧⎨

⎩ (3)

3. Calculation of the Deviation

Calculating the deviation of front and rear points of the
outer rail is divided into single-wheel (including two-wheel
case) and multiwheel cases. -e multiwheel case can be
divided into four-wheel, six-wheel, eight-wheel cases, etc.
Since the multiwheel calculating methods of the deviation
are similar, we take the four-wheel case as an example to
calculate and illustrate.

3.1. Single-Wheel Case. Locate the center of the wheel inside
the crane (the center of the support) and calculate the

coordinates of the center of the wheel on the other side,
which is shown in Figure 6.

Since the constraint equations corresponding to whether
the centers of the respective rotation axles enter the curve are
different, it needs to be calculated and processed in
segments.

(1) Wheels do not fully enter the curve: at this point, the
coordinate of the inner rear wheel a of the crane is
(Xa, Ya), Xa ∈ [−B, 0], Ya � 0. -e coordinate of the
inner front wheel b is (Xb, Yb):

Xb � 4 + λ − λtb(  1 − tb( 
3
tbu1 + 6 − βtb(  1 − tb( 

2
t
2
bu2 + 4 + αtb + β 1 − tb(  

1 − tb(  t
3
bu3 + 1 − α + αtb( t

4
bu,

Yb � 6 − βtb(  1 − tb( 
2
t
2
bv2 + 4 + αtb + β 1 − tb(   1 − tb( t

3
bv3 + 1 − α + αtb( t

4
bv.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(4)

(2) Wheels completely enter the curve: at this time, the
coordinates of the front and rear wheels inside the
crane are

Xa � 4 + λ − λta(  1 − ta( 
3
tau1 + 6 − βta(  1 − ta( 

2
t
2
bu2 + 4 + αta + β 1 − ta(  

1 − ta( t
3
bu3 + 1 − α + αta( t

4
bu,

Ya � 6 − βta(  1 − ta( 
2
t
2
bv2 + 4 + αta + β 1 − ta(   1 − ta( t

3
bv3 + 1 − α + αta(  t

4
bv,

Xb � 4 + λ − λtb(  1 − tb( 
3
tbu1 + 6 − βtb(  1 − tb( 

2
t
2
bu2 + 4 + αtb + β 1 − tb(  

1 − tb( t
3
bu3 + 1 − α + αtb( t

4
bu,

Yb � 6 − βtb(  1 − tb( 
2
t
2
bv2 + 4 + αtb + β 1 − tb(   1 − tb( t

3
bv3 + 1 − α + αtb( t

4
bv.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)
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(3) Wheels are not completely out of the curve: at this
time, the coordinates of the front and rear wheels
inside the crane are

Xa � 4 + λ − λta(  1 − ta( 
3
tau1 + 6 − βta(  1 − ta( 

2
t
2
au2 + 4 + αta + β 1 − ta(  

1 − ta( t
3
au3 + 1 − α + αta( t

4
bu,

Ya � 6 − βta(  1 − ta( 
2
t
2
av2 + 4 + αta + β 1 − ta(   1 − ta( t

3
av3 + 1 − α + αta( t

4
bv,

Xb � u + v − Yb( cot α.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(6)

According to the simplified model of the running
mechanism of the cart, the geometric position relationship
between the support centers a, b, c, and d can be found, and
the expressions established are as follows:

Xa − Xb( 
2

+ Ya − Yb( 
2

� B
2
, (7)

Xc �
S

B
Ya − Yb(  + Xb,

Yc �
S

B
Xb − Xa(  + Yb,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(8)

Xd �
S

B
Ya − Yb(  + Xa,

Yd �
S

B
Xb − Xa(  + Ya,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(9)

where ta and tb are, respectively, the parameters of Bezier
curve equation at the center of the support a and b. Posi-
tioned at the central point of the rear wheel named as a, the
position coordinates of the support center b at different
times can be obtained, respectively, by combining equations
(4)–(6) with (7). -en, the position coordinates of the
support center c and d can be obtained by equations (8) and
(9).

After achieving the position coordinates of the outer
front fulcrum c, establish the local coordinate system shown
in Figure 7.

Among them, point a is the origin of the local coordinate
system, the angle between the x’ axis of the local coordinate
system and the x axis of the generalized coordinate system is
β, and the positive direction is counterclockwise. -e
transformational relations between the matrices of the
trajectory coordinate of the support center c in the gener-
alized coordinate system named as Xc, Yc and those in the
local coordinate system named as Xc

′, Xc
′ are as follows:

Xc
′ � Xc − Xa( cosβ + Yc − Ya( sin β,

Yc
′ � Yc − Ya( cosβ − Xc − Xa( sin β.

⎧⎨

⎩ (10)

-e relative coordinate matrices of the support center c
in the local coordinate system can be obtained through
equation (10), and then the longitudinal coordinate
matrix of the intersection point of the c-trajectory line
and the vertical axis y′ of the local coordinate system
can be obtained by the Hermite interpolation method.
-en, take the absolute value of the result of subtracting
the gauge distance S from the value of longitudinal
coordinate matrix, the deviation matrix named as D of
the outer front, and rear points at the origin of the local
coordinate can be obtained by taking half of the ab-
solute value. With the movement of the running
mechanism of the cart, deviation matrix D exhibits a
maximum deviation value named as M which affects
the orbital transitivity. -e movement of control points
p1, p2, p3 and the change of three shape parameters
generate a set of inner rail curve which will produce

a

a

b

b

c c

x

d
d

y

Figure 6: Turning of single-wheel crane.
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different M. Finally, the curve corresponding to the
minimum M is selected as the optimal inner rail.

3.2. Multiwheel Case. -ere are many kinds of common
multiwheel cranes, besides four-wheel, six-wheel, and eight-
wheel cranes. During the turning of the crane, the wheels on
first-level balanced beam can only be collinear. -erefore,
only the central coordinates of the collinear wheels (the
position coordinates of rotating center of the collinear
wheels) are calculated when establishing the mathematical
models.

In the case of two-wheel crane turning, there are only
two wheels fixed on each support, so it only needs to cal-
culate the position coordinates of the each support center.
-erefore, the mathematical model of the two-wheel turning
is the same as that of the single-wheel case.

In the case of four-wheel crane turning, here are two
cases according to whether the first-level balanced beam can
rotate around the vertical shaft:

(1) Four wheels are collinear: since the four wheels can
only rotate around the center of the vertical shaft on
the second-level balanced beam but cannot rotate
relatively, the mathematical modeling is handled in
the same way as that of two-wheel turning.

(2) Two wheels are collinear: similar to the two-wheel
case, it only needs to calculate the coordinates of the
center position of the collinear wheels (the position
coordinates of the endpoints of second-level bal-
anced beam), and the center of the revolving shafts
connected to the second-level balanced beam on the
same track is at the center line of the track.
Since the constraint equations generated by whether
the center of each revolving shaft enters the curve are
different, a segmentation calculation process is

required. Segmentation process is similar to single-
wheel case, which is divided into seven situations:

(1) b2 has entered the curve until b1 just enters the
curve.

(2) b1 has entered the curve until a2 just enters the
curve.

(3) a2 has entered the curve until a1 just enters the
curve.

(4) Crane completely has entered the curve until b2 just
leaves the curve.

(5) b2 has left the curve until b1 just leaves the curve.
(6) b1 has left the curve until a2 just leaves the curve.
(7) a2 has left the curve until a1 just leaves the curve.

-e third case (as shown in Figure 8) is selected to be
described in detail, while the other cases are similar
and will not be described again.

When the centers of the revolving shafts named as a2,
b1, and b2 are all on the curved track, the constraints of
their horizontal and vertical coordinates named as
Xa2Ya2, Xb1Yb1, and Xb2Yb2 all satisfy equation (3), and
ta2, tb1, and tb2 correspond to the three parameters of
the Bezier curve’s equation at the points a2, b1, and b2,
respectively.
According to the geometric relationship of the four-
wheel crane’s cart mechanism, the coordinate equa-
tions of the inner revolving centers are established:

Xa2
� Xa1

+ K2cos θ,

Ya2
� Ya1

+ K2sinθ,

Xb1
� Xa1

+
K2

2
cosθ + Bcosβ −

K2

2
cosc,

Yb1
� Ya1

+
K2

2
sinθ + Bsinβ −

K2

2
sinc,

Xb2
� Xa1

+
K2

2
cosθ + Bcosβ +

K2

2
cosc,

Yb2
� Ya1

+
K2

2
sin θ + B sin β +

K2

2
sin c,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

where β, c, and θ are the angles between the inner lower
balanced beam named as ab, the second-level balanced
beams named as b1b2, a1a2, and the positive direction of
x axis, respectively, and the positive direction is
counterclockwise.
Positioned at the center of the revolving shaft named as
a1, equation (11) is connected to the constrained
equations of the horizontal and vertical coordinate of
a2, b1, and b2 which contain six unknown parameters β,

Trajectory of
support center d

Trajectory of
support center c

x

x'

β

b

a
o

y y′

d

c

Figure 7: Local coordinate system.
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c, θ, ta2, tb1, and tb2, and the number of the unknown
parameters is the same as that of the independent
equations, so the coordinates of the central trajectory of
the inner support can be obtained. -e calculation of
the coordinates of the point c and d and the deviation of
the outer front and rear points are consistent with the
single-wheel case.
In the same way, the theoretical methods and situa-
tional discussion of the turning of the six-wheel and
eight-wheel carts are similar to those of the single-
wheel and four-wheel cases, and it will not be repeated
here.

4. Optimal Calculation of Inner Rail Based on
Global Optimization Algorithm

-e noncircular inner rail formed by the quasiquartic Bezier
curve with three shape parameters is continuously optimized
by the position of five control points and the change of
parameters. -e goal of optimization is to minimize the value
of M. At this point, the position coordinates of the control
points and the value of the three parameters can form the
optimal inner rail. However, in most practical engineering
applications, the noncircular inner rails are usually designed
symmetrically according to the natural conditions of the port
shore, and its specific performance in Figure 5 is as follows:
due to the limitations of the natural conditions of each port
site, two straight lines derived from the straight tracks in-
tersect at the fixed point A and the complementary angle a of
the angle between two lines is known. -en, point A is taken
as the center of a circle. According to the actual area of the
installation site, the land occupation of the noncircular inner
rail, the size of the turning radius, and the engineering re-
quirements, a reasonable radius is chosen to form a circle, and

the intersection of the circle and the straight tracks I and II,
respectively, fixes the positions of the control points p0 and
p4, so the shadow area is an isosceles triangle named as
ΔP0AP4. So far, the change of the position of the control
points p1, p2, and p3 and the parameters λ, α, and β deter-
mine the shape of the inner rail, thus affecting the value of the
optimization target M.

Generally speaking, the optimization problem of crane
turning on the noncircular inner rail can be expressed as
follows:

GlobalminM P1 u1, v1( , P2 u2, v2( , P3 u3, v3( , λ, α, β( .

(12)

It can be seen from Figure 5 that the control points p1
and p3 move randomly on the line segments AP0 and AP4.
In view of the symmetry design of the inner rail, the optimal
trajectory of the point p2 can be determined on the line
connecting the point A and the midpoint of the p0p4.
-erefore, the following relationships can be established:

z � u + vcotα,

v2 �
v u2 − z( 

(u − 2z)
,

u3 � z − v3cotα.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

-en, the global optimization problem of the inner rail
can be simplified as follows:

Global

min M u1, u2, v3, λ, α, β( ,

s.t.

0≤ u1 ≤ z;
u

2
≤ u2 ≤ z; v≤ v3 ≤ 0,

−4≤ λ≤ 1; −4≤ β≤ 6; −4≤ α≤ 1.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(14)

In summary, the optimization problem of the inner rail
contains multiple variables, with nonlinear, nonconvex
features and multiple constraints. -e objective function is
discontinuous, nondifferentiable, and highly nonlinear. In
addition, it has no explicit analytical expression, so the
classic local optimization method is no longer applicable.
Although the local optimization algorithm is much more
mature than the global optimization algorithm and is easy to
be implemented in general, its results completely depend on
the selection of neighborhood function and initial points. It
is easy to fall into the local minimum during the search
process, so it cannot be realized in most cases of global
optimization.

At present, the global optimization algorithms developed
at home and abroad generally fall into two types: deter-
ministic and random. -e former includes the branch and
bound method, integration method on level set, falling
trajectory method, tunnel method, sequence method, and
filling functionmethod, while the latter includes the uniform
distribution search method, multistart algorithm, clustering
algorithm, simulated annealing, tabu search, genetic

y

a1 a2
x

d1

b1

b2

c1

c2
c

d d2

a

b
θ

γ

β

Figure 8: Turning of four-wheel crane when the two wheels are
collinear.
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algorithm, neural network, ant colony algorithm, particle
swarm algorithm, and so on. GlobalSearch algorithm in the
toolbox of Matlab, which belongs to the multistart heuristic
algorithm, is chosen as the method this time. Its basic
principle is that first, the global search solver generates
several initial testing points based on distributed search;
second, these initial points are used to call the local solver
named as fmincon to continually discriminate and search
the extreme points in their respective basins through the
SQP (sequence quadratic programming) algorithm and the
starting points are deleted with little hope of success; finally,
the evaluation function is used to compare the extreme
points of each basin to get the global optimal value. It has
been proved by many experiments that the GlobalSearch
algorithm can not only obtain more accurate, stable, and
reliable value of M but also reduce the time of program
operation compared with other global optimization
algorithms.

5. Case Calculation and Analysis

At present, there are no international standards for the basic
parameters of cranes. In practical engineering, countries,
regions, and even wharfs will design and determine them-
selves according to different requirements. However, some
basic parameters of quayside container cranes have been
formed in various regions of the world, such as gauge
distance, base distance, and so on. Combining with the
actual project, according to the current existing parameters
of quayside container cranes, the following data of quayside
container cranes and rails are selected: track angle
a� 70°∼90°; gauge distance S� 20m∼35m; base distance
B� 10m∼15m; wheel distance K0 �1m; and radius of arc
inner rail R� 120m∼150m.

5.1. Comparative Analysis of Rail Optimization in Single-
Wheel and Multiwheel Cases. According to the model of
crane turning established above, by selecting the track angle
a � 90°, the gauge distance S � 30m, the base distance
B � 15m, the track K0 �1m, and the radius of arc inner rail
R � 120m and calculating by global optimization algo-
rithm, the curve parameters of inner rail and corre-
sponding deviations of different cranes shown in Table 1
are obtained.

As shown in Table 1, it is not difficult to see that
regardless of the type of crane, the parameters and de-
viations of the final optimization returned are very close.
In addition, although the points p1 and p3 move ran-
domly on AP0 and AP4, the optimal position of the two
points is basically symmetrical about the median line,
which also confirms that the optimal trajectory of point
p2 is on the line connecting point A and the midpoint of
p0p4. At the same time, it can be seen from Figure 9 that
the inner and outer rail trajectories and deviation maps
in single-wheel and multiwheel cases are almost coin-
cident. In order to facilitate the comparison of the cir-
cular rail, quartic Bezier curve track, and quasiquartic
Bezier curve track with three shape parameters and to

analyze and discuss the effect of different parameters on
the deviation of noncircular inner rail, the single-wheel
crane is selected as the main research object.

5.2. Comparative Analysis of the Deviations between Circular
and Noncircular Rails. Under the same turning parameters,
the comparison of the inner and outer rail trajectories and
the deviations of outer front and rear points between the
circular rail, quartic Bezier curve track, and quasiquartic
Bezier curve track is shown in Figure 10.

When the crane runs on the circular rail, the maximum
deviation is 22.49mm at the start of the curve, and the
deviation is zero after entering the curve completely, which
means the front and rear trajectories coincide and no de-
viation problem occurs, and a larger deviation occurs again
when the crane just leaves the curve. When the Bezier curve
is used as the inner rail, the maximum deviation will not
exceed 4.7mm, and the deviation of trajectory is very small
and smooth during the turning process, especially avoiding
the sharp increase of the deviation when the cart enters and
leaves the curve, thus greatly reducing the probability of
jamming and gnawing when the cart just enters and leaves
the curve and highlighting the superiority of the Bezier curve
as the inner rail.

After further observation of Figure 10, it is found that the
inner and outer trajectories are almost coincident when
using quartic Bezier curve and quasiquartic Bezier curve
with three shape parameters as inner rails, and their shape is
only slightly different in the local position, but there are
obvious differences in the deviations. When the quasiquartic
Bezier curve is chosen as the inner rail, the maximum de-
viation is 4.3645mm, which is smaller than the maximum
deviation (4.6819 mm) when the quartic Bezier curve is used
as the inner rail, and the overall trend of the deviation is
more stable, which guarantees the traceability of the front
and rear wheels on the outside. -erefore, it will achieve
better results in avoiding and eliminating the hidden dangers
that wheels gnaw and jam rails.

5.3. Influence of the Parameters of the Crane Cart on the
Deviation. It is not difficult to find out from the model of
crane turning that the parameters affecting the deviation are
the base distance B, the gauge distance S, the radius R of arc
inner rail, and the angle a between two straight rails. By
analyzing the influence of these parameters on the turning of
the crane, the variation law of the deviation can be further
understood.

Figure 11 shows the variation trend of the deviation of
the inner rail based on quasiquartic Bezier curve under
different parameters. It can be seen that with the increase of
the base distance B and the gauge distance S, the deviation
also shows an upward trend. However, the radius R of arc
inner rail and the angle a between two straight rails are
inversely proportional to the deviation, that is, the increase
of R and a will reduce the value of the deviation. Never-
theless, no matter what kind of parameters, the maximum
deviation M of the noncircular rail based on Bezier curve is
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Table 1: Optimization parameters and deviations of different cranes’ inner rail.

Type of crane u1 (mm) u2 (mm) V3 (mm) λ α β M (mm)
Single-wheel 38910 116490 −81083 0.5712 0.4741 0.4408 4.3645
Four-wheel 39258 116170 −80739 0.5939 0.4851 0.4756 4.3373
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Figure 9: Optimized inner and outer rail trajectories and deviation maps in single-wheel and multiwheel cases.

–2 0 2 4 6 8 10 12 14 16
Abscissa of rail x (mm)

–12

–10

–8

–6

–4

–2

0

2

4

O
rd

in
at

e o
f r

ai
l y

 (m
m

)

Arc inner rail
Arc outer rail
Inner rail based
on quartic bezier curve

Outer rail based
on quartic bezier curve
Inner rail based
on quasiquartic bezier curve
Outer rail based
on quasiquartic bezier curve

Partial enlarged view

Partial enlarged
view

×104

×104

(a)

–2 0 2 4 6 8 10 12 14 16
0

5

10

15

20

25

D
ev

ia
tio

n 
of

 th
e f

ro
nt

 an
d 

re
ar

 p
oi

nt
s (

m
m

)

Arc inner rail
Inner rail based on quartic bezier curve
Inner rail based on quasiquartic bezier curve

Partial enlarged view

Abscissa of rail x (mm) ×104

(b)

Figure 10: Comparison of trajectories and the deviations of front and rear points. (a) Comparison of trajectories. (b) Comparison of the
deviations of front and rear points.

10 Mathematical Problems in Engineering



10 10.5 11 11.5 12 12.5 13 13.5 14 14.5 15
Base distance B (m)

1

1.5

2

2.5

3

3.5

4

4.5
M

ax
im

um
 d

ev
ia

tio
n 

M
 (m

m
)

–2 0 2 4 6 8 10 12 14 16
Abscissa of rail x (mm)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

D
ev

ia
tio

n 
of

 th
e f

ro
nt

 an
d 

re
ar

 p
oi

nt
s (

m
m

)

B = 12m
B = 10m

B = 15m
B = 14m

×104

(a)

M
ax

im
um

 d
ev

ia
tio

n 
M

 (m
m

)

S = 25m
S = 20m

S = 35m
S = 30m

20 25 30 35
Gauge distance S (m)

3.2

3.4

3.6

3.8

4

4.2

4.4

4.6

4.8

–2 0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

D
ev

ia
tio

n 
of

 th
e f

ro
nt

 an
d 

re
ar

 p
oi

nt
s (

m
m

)

Abscissa of rail x (mm) ×104

(b)

Figure 11: Continued.
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much smaller than that of the circular rail, which has great
advantages.

5.4. Dynamic Simulation Experiment Based on ADAMS.
Take the traveling mechanism of a single-wheel crane as an
example. Because the metal structure of the crane has no
effect on the simulation, it is directly simplified into a frame
form. According to the parameters determined above and
the data obtained after optimization, establish the corre-
sponding 3D model in SolidWorks software. -e wheels are
cylindrical with double rims. -e diameter of wheel tread is
800mm, the diameter of outer edge of wheel is 850mm, the
width of rail top surface is 100mm, and the width of wheel
tread is 125mm. Import the 3D model into ADAMS in x_t

format and add material properties to each part and cor-
responding constraints according to Table 2, and the final
model is shown in Figure 12.

Add a constant speed (750mm/s) to the frame in the x-
axis direction. After setting the end time and steps of
simulation, start the simulation and view the results through
the postprocessor interface.

As shown in Figure 13, the eight wheels are kept in
contact with two rails during the turning process of the
crane, and no rail jamming and gnawing occurred. -e
contact force fluctuates up and down by 375KN. -erefore,
the traveling mechanism of the crane cart can run safely and
stably on the optimized rails.

After further observation of Figure 14, it is found that the
left and right parts of wheels do not contact with the sides of
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Figure 11: Diagrams of the deviation under different parameters. (a) Variation of the deviation at different base distances (B). (b) Variation
of the deviation at different gauge distances (S). (c) Variation of the deviation at different radii (R) of arc inner rails. (d) Variation of the
deviation at different angles (a) between two straight rails.
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rails at the beginning of running on the straight track, so there is no contact force. When the traveling mechanism of

(a)

(b)

Figure 12: Simplified simulation model of traveling mechanism of single-wheeled cart. (a) Turning system structure. (b) Single-wheel
structure.
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Figure 13: Contact force between middle part of wheel and top surface of rail.

Table 2: Types of constraints between parts.

Part name Part name Constraint type Number of constraints
Inner rail Ground Fixed joint 1
Outer rail Ground Fixed joint 1
Left part of wheel Middle part of wheel Fixed joint 4
Right part of wheel Middle part of wheel Fixed joint 4
Middle part of wheel Wheel shaft Fixed joint 4
Wheel shaft Balanced beam Revolute joint 4
Balanced beam Frame Revolute joint 4
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Figure 15: Contact force between wheels and arc rails.
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the crane cart runs on the curved rail, different wheels have
contact forces with the sides of rails at different times.
Among them, the left part of wheel 4 generates a maximum
contact force about 17574N with the side of rail at 215
seconds.

Figure 15 shows the contact force between wheels and
rails when crane turns on the arc rails. -e left part of wheel
2 and wheel 3, respectively, generates about 1481.7 KN and
1286.2 KN contact force when crane just enters arc rails, and
the left part of wheel 1 generates about 882.1 KN contact
force when crane leaves arc rails. -erefore, compared with
crane running on the optimized track, it is not difficult to
find that wheels have a greater contact force when entering
and exiting arc rails, which will cause wheels to jam and
gnaw rails. In this case, wheel 2 and wheel 3 are more likely
to jam and gnaw rails than other wheels, especially wheel 2.

6. Conclusion

(1) In the rail optimization of noncircular curve of
crane turning, the Bezier curve is introduced in this
paper. Taking the minimum deviation of the outer
front and back points as the optimized target, the
global optimization algorithm is used to search for
the best inner rail. Finally, the trajectory of outer
rail is fitted by interpolation method. By comparing
the quartic Bezier curve as the inner rail with the
traditional circular rail, the results show that the
deviation of the circular inner rail is several times
larger than that of the inner rail based on quartic
Bezier curve when the crane just enters and leaves
the curve, which is also an important reason for
crane jamming and gnawing rails. -is highlights
the advantage of the Bezier curve as the inner rail of
crane turning.

(2) In order to further reduce the deviation, a qua-
siquartic Bezier curve with three shape parameters
is introduced in this paper. Similarly, the algo-
rithm is used to find the optimal position of the
control points and the optimal value of three
parameters which form the best inner rail. -e
results show that the three shape parameters have
different effects on the inner rail, and the inner rail
can be fine-tuned by changing the value of the
parameters. -erefore, compared with the quartic
Bezier curve, using the quasiquartic Bezier curve
with three shape parameters as the inner rail not
only further reduces the maximum deviation but
also makes the deviation of the front and rear
points of the outer rail tend to be stable, which
guarantees the traceability of the outer front and
rear wheels in the course of traveling and reduces
the probability of wheels jamming and gnawing
rails.

(3) In addition, it is also analyzed that the deviation will
increase with the increase of the base distance B and
the gauge distance S and decrease with the increase
of the radius R of arc inner rail and the angle a

between two straight rails. Finally, the practical
feasibility of the scheme is verified through dynamic
simulation experiments. -e deviation of the crane
track has a great influence on the safety of the actual
engineering operation. Taking the quasiquartic
Bezier curve with three shape parameters as the
inner rail can bring certain reference value to the
actual production.
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